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Modeling spatial and temporal behavior is crucial for
progress in science and engineering
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Challenge: Differential equations describing scientific
phenomena often rely on a fine spatial/temporal discretization
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Challenge: Some phenomena are difficult to derive with

differential equations
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Machine learning has been very successful at solving
challenging problems across fields
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“Neural networks; universal approximation theorem”: Cybenko (1989),
Hornik (1991), Leshno (1993), etc. 5




Talk outline

 Incorporating differential equation structure into neural networks
« End-to-end differentiable simulations

« Other areas of scientific ML: uncertainty quantification, geometric
deep learning



Standard problem: Train a model to extrapolate trajectories, with

preliminary training data
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The trained neural network (NN) can’t generalize

1.00

0.75

10.50

10.25

10.00

1—0.25

—0.50

-0.75

—-1.00

B0 0.2 0.4 0.6 0.8 1.0 8.0 0.4 0.6

t | t

Training data (initial condition) Predicted solution

N
1
L= N Zupred(ea ‘/Bj) o utrue(xj))Z
J



We have an idea of the “physics” of the process: it models
transport phenomena
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Physical laws can be incorporated into the ML process through
“physics-informed” neural networks
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Systematic investigation of scientific phenomena using
physics-informed neural networks

How well does this approach generalize
to relevant engineering problems?
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At certain ODE/PDE coefficients, the physics-
informed NN approach fails to find an answer
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Example: At certain ODE/PDE coefficients, the physics-
informed NN fails to find an answer
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Now we understand the failures:
address them by changing the learning paradigm
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Curriculum regularization:
Start with simple ODE/PDEs, then make the problem harder

——Regular training = Curriculum training
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Curriculum regularization: decreases error by orders of
magnitude, captures “sharp” features in the solution

Convection:
solution
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Curriculum regularization decreases error by orders of
magnitude, captures “sharp” features in the solution
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X

Regular physics-informed training tries to predict the

solution for the whole state space
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Sequence-to-sequence learning:
solve one “time segment” at a time
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Sequence-to-sequence learning:
solve one “time segment” at a time
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Sequence-to-sequence learning greatly decreases error for
all systems of study
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Summary on the challenges with incorporating physical
laws into NNs, and changing the learning paradigm

« Physics-informed NNs is a promising method that works in certain
cases, but can fail easily for common scientific problems

« The PDE constraint can make the loss landscape very hard to
optimize

« Changing the learning paradigm can greatly decrease error:
curriculum regularization, sequence-to-sequence learning



Solving a new parameterized differential equation each
time is inefficient

» Solution 1

Parameter 1

» Solution 2

Parameter 2




Solution: solve the family of equations

Parameter 1 > » Solution 1
Parameter 2 > » Solution 2
Parameter 3 > » Solution 3
Parameter n > » Solution n

Learn a set of basis functions that can map to all the solutions




Before:
physical laws were only enforced approximately (“soft” constraint)

1 Loss between NN dicted soluti
R 2 predicted solution
,C(UQ) — 5 (U(e, X, t) — U(Qf, t)) and true, observed solution
. . Fit to observation data such that
meln L(U@) S.t. F(U@) =0 the PDE constraint is respected
minﬁ(u ) 4+ A\ H F(u ) ||2 “Soft” constraint: penalty if the
0 0 F 0) 112 PDE constraint is not satisfied



Solution: enforce the physical laws exactl/y (“hard” constraint)

£ (up) = %(ﬂ(@,x,t) —u(z b))

m@inﬁ(u@) s.t| F(ug) =0

L Ao

0

Loss between NN predicted solution
and true, observed solution

Fit to observation data such that
the PDE constraint is respected

“Soft” constraint: penalty if the
PDE constraint is not satisfied

Enforce differential equations exact/y through constrained optimization
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NN architecture incorporating constrained optimization
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Testing:
Predicted solutions for many PDEs
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Goal: Predict solutions on the whole spatial domain
without solution data

2D Darcy flow:
—V - (a(z)Vu(z)) = f(z) = € (0,1)?
u(r) =0 z € 9(0,1)?

Train: Set coefficients a(x) randomly, train by enforcing PDE constraint (no solution data)
Test: Predict solution for problems with different values of a(x) (not from the training set)

Problem setup: Given different a(x), predict the solutions of all PDEs in the test set, on the
whole spatial domain.
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Within minutes of training: fast inference/low prediction
error on full spatial domain for 50+ different PDEs

Average interior PDE loss on test set
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Hard-constrained network architecture is much closer to
the numerical solution
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NN constrained architecture applied to another problem

1D convection (transport phenomena):

Ou(x,t) Ou(z,t)

— TAlE)—— =0
Boundary - T
condition: u(z =0,t) = S’Ln(gt),

Initial condition:u(x,t = 0) = sin(wx)

Problem setup: Given only boundary and initial conditions
and random B(x), predict the solutions of all PDEs in the
test set, on the whole spatiotemporal domain.



Within minutes of training: fast inference/low prediction
error on full spatiotemporal domain for 50+ different PDEs

Soft constraint (baseline) — Hard constraint (ours)
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Hard-constrained architecture is much closer to the
numerical solution
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Summary on NN architecture building in hard constraints

* Previous limitations:
* Not generalizing to many different solutions
« Physical laws aren’t enforced exactly

* Now:
« Generalize to many different solutions
« Enforce physical laws exactly

« Can solve new problems (with different initial conditions, different parameter
coefficients, etc.) quickly and accurately



Learning discrete points with neural networks

Tt —7 T Input - output mapping

_ Use an NN to approximate
Lt+1 = N(@, xt) the next step >

Issues:
- Compounding errors over time



Measurements come from an underlying continuous trajectory
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Can we learn continuous approximations from discrete points?

to+h
Tyl = Tt + N (0, z(t))dt

to
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Learning discrete points versus continuous dynamics

A

Discrete measurements ¢

Continuous model: as h = 0,

we approach Discrete-only model: on the correct

the true underlying trajectory trajectory when h = At, but wrong as h > 0
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We can verify continuity through convergence tests

Li41 = Tt + hN(Q, $t)

Low error only at h = At = 0.1, the
trained NN has not learned a
continuous model (and fails the

convergence test)

— Euler-Net: x; + hN (0, ;)

- - - Baseline numerical Euler: xy + hF(z;)
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Train on At = 0.1, evaluate at all h step
sizes and compute error at some final T



Looking ahead to other directions...

« Uncertainty quantification: What if we have noise in our data,
and/or don’t know the exact form of our differential equations?

« Exploiting symmetry: What if we know that there are important
symmetries that need to be respected in our scientific systems?



Allen-Cahn reaction-diffusion system

Actual solution (and
sampled training data)

Regular Gaussian
Process

Physics-informed
Gaussian Process
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Non-linear pendulum example
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Symmetry is present in many scientific problems

cP54-K Si,, cHe-Si t-CdHg cP1-Po
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Rotations, reflections, permutations, translations...
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Other ways to add hard constraints: build NNs that
respect given symmetries

Invariant Module };, / Equivariant Module )¢
f2

f(gx) = f(x) f(gx) = gf(x) »




Atomistic systems have many symmetries

Equivariance and iterative calculations are
important:

{
<

1) We use an equivariant GNN, though
our relaxation method is not )
constrained to any particular GNN

DFT

Potential Energy

2) Many individual steps (similar to

numerical solvers) works better than v
Ground

one step State — 1 .
Geometry
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