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Abstract

An algorithm is presented and analyzed that, when given as input a d-mode tensor A,
computes an approximation A. The approximation A is computed by performing the following
for each of the d modes: first, form (implicitly) a matrix by “unfolding” the tensor along that
mode; then, choose columns from the matrices thus generated; and finally, project the tensor
along that mode onto the span of those columns. An important issue affecting the quality of
the approximation is the choice of the columns from the matrices formed by “unfolding” the
tensor along each of its modes. In order to address this issue, two algorithms of independent
interest are presented that, given an input matrix A and a target rank k, select columns that
span a space close to the best rank k subspace of the matrix. For example, in one of the
algorithms, a number ¢ (that depends on k, an error parameter €, and a failure probability ¢)
of columns are chosen in ¢ independent random trials according to a nonuniform probability
distribution depending on the Euclidean lengths of the columns. When this algorithm for
choosing columns is used in the tensor approximation, then under appropriate assumptions
bounds of the form

|a-4] < 3™ i Gl + e Al
i=1

are obtained, where Ap; is the matrix formed by “unfolding” the tensor along the i-th mode
and where (Af;)), is the best rank k; approximation to the matrix Ay). Bach ||Ay — (A ||
term is a measure of the extent to which the matrix Ap; is not well-approximated by a rank-k;
matrix, and the €||Al|, term is a measure of the loss in approximation quality due to the
choice of columns (rather than, e.g., the top k; singular vectors along each mode). Bounds
of a similar form are obtained with the other column selection algorithm. When restricted
to matrices, the main tensor decomposition provides a low-rank matrix decomposition that is
expressed in terms of the columns and rows of the original matrix, rather than in terms of its
singular vectors. Connections with several similar recently-developed matrix decompositions
are discussed.

1 Introduction

In this introductory section, we first, in Section 1.1, provide a review of relevant tensor algebra,
and then, in Section 1.2, we describe two results relating to the quality of approximation obtained
by projecting a matrix onto a subset of its columns. (These results are of independent interest,
and they will be used in an essential way in our main tensor approximation.) Then, in Section 1.3,
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we describe our main result, a randomized algorithm to compute an approximation to a tensor
and a theorem providing an associated quality-of-approximation bound. Finally, in Section 1.4
we provide an outline of the remainder of the paper.

1.1 Review of Tensor Algebra

Before stating our main result, we provide a brief review of relevant tensor algebra and a definition
of notation that we will use. We shall use calligraphic letters to denote higher-order or multi-
mode tensors with d > 2 modes. For example, let A € R *"2X"X%d he g d-mode tensor of size
ni X no X -+ X ng. Consider the following definitions:

e Given a tensor A and a particular mode o € {1,...,d}, define the matrix Ap, € R XNa

where N, = Hi;éa n; and where the columns of the matrix consist of varying the o!”

coordinate of A while leaving the rest fixed. We refer to the (usually implicit) construction
of Ay as matricizing [25] or unfolding [32] A along mode o and define the a-rank of the
tensor A to be the rank of the matrix Ay

e Given a tensor A, a particular mode «, and any n, X ¢, matrix B, define the a-mode
tensor-matriz product to be the d-mode tensor of size ny X -+ Xng_1 X o X Ngy1 X -+ XNy
whose 71 - - - 74 element is

(A xq B);,. g Z-Azl i1t 1-ig Biia - (1)
i=1

(To understand this notation better, consider how it is applied to a m x n matrix A, i.e., to
a 2-mode tensor. In this case, e.g., the SVD of A may be written A = Urxvl =¥ x,U ><2V
Note that the a-mode tensor-matrix product satisfies (A xo, B) X s C = (A% C) Xq B =
A xq B x s C, assuming that the various individual products are defined.)

e Given a tensor A, if we denote the SVD of A, by A}, = UA[Q]EA[Q]VAT = Uy (the
latter being an abuse of notation in favor of simplicity), where, e.g., Ujy) is an ng X rank(A[ 1)
matrix, then the higher-order SVD of A is the decomposition of A of the form

A=S8 x4 U[l] X2"'XdU[d}a (2)
where the rank(A[;}) x - -+ x rank(Afg) tensor S is the so-called core tensor.

o If Ujg)k, 18 @ ng X ko matrix consisting of the left singular vectors corresponding to the top
ko singular values of Ap,, then

fl =85 x; U[l],kl Xg -+ Xy U[d},kda (3)

is the best rank-(k1,ko,...,kq) approzimation to the tensor A. (See [32, 33] for further
discussion of this decomposition and approximation.)

e Given a d-mode tensor A, define the (square of its) Frobenius norm to be

1A% = Z Z AF iy

i1=1 Zdl



Remark: See [32, 25] and references therein for a more detailed description of these tensor-
related definitions.

Remark: Tensors are a natural generalization of matrices (see, e.g., [21] for more details)
and have been studied in several fields. For example, tensors have been studied in mathematics
and computer science for their algebraic properties, their ability to efficiently represent multidi-
mensional functions, and the relationship between their properties and problems in complexity
theory [21, 18, 23, 37, 4]. In addition, tensors provide a natural way to represent many large and
complex data sets [32, 31, 22, 25, 34, 41, 5, 42, 43].

Remark: It is worth emphasizing that computing the rank of a general tensor A (defined
as the minimum number of rank one tensors into which A can be decomposed) is an NP-hard
problem, that only weak bounds are known relating the a-rank and the tensor rank, and that
there does not exist definitions of tensor rank and associated tensor SVD such that the optimality
properties of the matrix rank and matrix SVD are preserved [29, 24, 30, 23, 33, 27, 35, 36, 47].

1.2 Randomized Algorithms for Matrix Problems

Before stating our main tensor approximation result, we also discuss two intermediate results
related to the quality of approximation obtained by projecting a matrix onto a subset of its
columns. (These two intermediate results are discussed separately since they are of independent
interest.) Given an m x m matrix A, we wish to choose columns of A such that the projection
of the matrix onto those columns “captures” as much of the matrix as possible, i.e., that is a
basis for a space close to the space spanned by the top singular vectors of the matrix. Thus, in
particular, if A is well approximated by a low-rank matrix, then we would like A = P, )4,
where C' is a matrix consisting of the chosen columns and where Py, () is a projection onto the
column space of C.

In Section 2 the following two algorithmic results are presented in more detail. Each algorithm
takes as input a matrix A and a number ¢ of columns to choose (the second algorithm also takes
as input a number ¢ of iterations to perform), and each algorithm returns as output an m x ¢
matrix C' whose columns consist of the chosen columns. Let € be an error parameter and ¢ be a
failure probability (due to the randomization in the algorithm). In addition, let Ay be the best
rank-k approximation to A and let ||-||» denote the Frobenius norm of a matrix.

e In the SELECTCOLUMNSSINGLEPASS algorithm (described more precisely in Algorithm 2
in Section 2.1), the columns of C are chosen from the columns of A in ¢ i.i.d. trials by
sampling randomly according to the probability distribution proportional to the Euclidean
lengths squared of the column. If ¢ > 4(1 + /8log(1/6))?k/e? columns are chosen in this
manner then under appropriate assumptions (which are stated more precisely in Theorem
2 in Section 2.1) we have that

2
|4~ COrA[[; < 1A~ Al + €l AllE, (4)
with probability at least 1 — 4.

e In the SELECTCOLUMNSMULTIPASS algorithm (described more precisely in Algorithm 3 in
Section 2.2), the columns of C' are chosen from the columns of A in ¢ iterative rounds. In
each round, ¢ columns are chosen from A in ¢ i.i.d. trials by sampling randomly according
to the probability distribution proportional to the KEuclidean lengths squared of the columns
of residual of the matrix A after subtracting the projection of A on the subspace spanned by
the columns sampled in all the previous rounds. If ¢ > 4(1+/8log(1/6))?k/€e? columns are



chosen in this manner in each of the ¢ rounds, then under appropriate assumptions (which
are stated more precisely in Theorem 3 in Section 2.2) we have that

1
|4 -t Al < 7 14— Adllz + ¢ Al (5)

with probability at least 1 — 4.

Remark: In (4) and (5), the ||A — Ak||§; term is a measure of the extent to which the matrix
A is not well-approximated by a rank-k matrix, and the €| A||% or € ||A||% term is a measure
of the loss in approximation quality due to the choice of columns (rather than, e.g., the top k
singular vectors). This latter measure is of the form of an arbitrary (but fixed) precision, scaled
by a measure of the size of the matrix A.

Remark: Recent work in the randomized algorithms literature has focused on algorithms
for extremely large linear algebra problems [16, 17, 44, 7, 2, 1, 8, 9, 10, 11, 12, 14, 15, 38, 6].
We should note that algorithms from this literature are quite different from traditional numerical
analysis approaches and generally may be viewed as fitting within the following framework. They
will be allowed to read the data from external storage a small number of times and keep a
small randomly-chosen and rapidly-computable “sketch” of the data in RAM. Computations will
then be performed on the “sketch” and the results of these computations will be returned as
approximations to the solution of the original problem. In the interests of simplicity, we will not
discuss in detail the resource requirements for the algorithms we present, except to note that they
are efficient within the Pass Efficient Model of data streaming computation [9, 10]. In this model,
the data are assumed to be stored externally (e.g., on a tape or disk and not in RAM) and the
scarce computational resources are the number of sequential-access passes over the data and the
additional scratch space and computational time required; see [10, 11] for a detailed discussion
of these issues.

Remark: As discussed in Section 2, the second column selection algorithm is presented in
the recent work by Rademacher, Vempala, and Wang [38].

1.3 Summary of the Main Result

In this subsection, we present the main result of the paper. Our main result is a randomized
algorithm to compute an approximation to a tensor and a theorem providing an associated quality-
of-approximation bound. We first describe the algorithm and then we present the theorem.

The APPROXTENSORSVD algorithm (described in Algorithm 1) takes as input a d-mode
tensor A4 € R™ X %" and numbers ¢;,7 = 1,...,d. The algorithm returns as output matrices
Cpy of size n; x ¢; for all i = 1,...,d. Let Ap be the matrix formed by “unfolding” the tensor
A along the i-th mode. The algorithm works by choosing (for every i € {1,...,d}) ¢; columns
from the (not explicitly constructed) matrix Ap;) to construct (explicitly) an n; X ¢; matrix, which
we will denote (with an abuse of notation in the interests of simplicity) by Cf;. The columns
may be chosen from Ay using either the SELECTCOLUMNSSINGLEPASS algorithm or with the
SELECTCOLUMNSMULTIPASS algorithm (in the latter case a number ¢ of iterations to perform is
also input to the APPROXTENSORSVD algorithm). In both cases, the matrix bounds from (4)
and (5) (see also Section 2.1 and Section 2.2) will translate into bounds for tensor approximation.
Regardless of how the matrices Cj; are determined, we note that C’[Z-]C['Z'T} is a projection matrix
onto the space spanned by the columns of C;j. Thus,

fl:Axl C[I]C[—E Xo - Xq C[d]C[Z} (6)

is an approximation to the original tensor A.



APPROXTENSORSVD Algorithm
Data : tensor A € R"* %" ¢, /1 < ¢; < H;’izl,j;éi nj,t=1,...,d.

Result : matrices CJ;) € R" <% for all 4 = 1,...,d such that

A~ A X1 C[HC[E X9 C[Q}C[;] X3 Xqg C[d]C’[J&]

fori=1,...,d do
Form Cf;) by calling

e the SELECTCOLUMNSSINGLEPASS algorithm with input Ap;) and ¢;, or

e the SELECTCOLUMNSMULTIPASS algorithm with input Ap, ¢;, and ¢ ;

end

Algorithm 1: The APPROXTENSORSVD Algorithm.

The following theorem provides our main quality-of-approximation bound for the APPROX-
TENSORSVD algorithm. In this theorem, we bound the Frobenius norm of the error tensor
& = A— A. The proof may be found in Section 3.2.

Theorem 1 Let A € R™**" be q d-mode tensor, and let n = 1+ \/(8/8)1log(1/d), for any
0 < § < 1. Let matrices Cl,i € {1,...,d}, be computed by the APPROXTENSORSVD algorithm
(Algorithm 1).

e If the columns are chosen with the SELECTCOLUMNSSINGLEPASS algorithm (see Algorithm
2 in Section 2.1) then, with probability at least 1 — do,

HA— A x1 CyCy X2 ... Xd C[d}C[J,Q]HF < zd; HA[i] - (A[i])kiHF +de|Alp,  (7)
iz

if ¢i > 4nk;/(B€?) for all i =1,... d.

e [If the columns are chosen with the SELECTCOLUMNSMULTIPASS algorithm (see Algorithm
3 in Section 2.2) then, with probability at least 1 — tdo,

4= axieme <o xaccl| <

0 : iHAM_(A[i])kiHFerftHAHFa (8)
i=1

F~ 1—€e4“
if ¢; > 4n*k;/(Be?) for every one of the t rounds and for all i =1,...,d.

Remark: In (7), each HAM — (A HF term is a measure of the extent to which the matrix
Ay is not well-approximated by a rank-k; matrix, and the de || Al term is a measure of the
loss in approximation quality due to the choice of columns (rather than, e.g., the top k; singular
vectors along each mode). This latter measure is of the form of an arbitrary (but fixed) precision,
scaled by the (fixed) number of modes times a measure of the size of the tensor A. A similar
interpretation holds for the bound (8).

Remark: Recent work in applied linear algebra has focused on such areas as:



e computing approximate decompositions of tensors [32, 33, 31, 25, 26, 27, 35, 36],

e randomized algorithms for extremely large matrix problems [16, 7, 2, 10, 11, 12, 17, 38],
and

e computing low-rank matrix approximations that are expressed in terms of the rows and
columns of the matrix rather than in terms of its singular vectors [39, 40, 3, 20, 19, 12, 15].

Our main approximate tensor decomposition combines ideas from the first two of these areas.
As discussed in greater detail in Section 4, when our main approximate tensor decomposition is
applied to two-mode tensors, i.e., to matrices, it sheds light on the third area.

1.4 Outline of the Paper

In the next section, Section 2, we discuss several results related to approximating a matrix by
projecting the matrix onto subsets of its columns. These results are of independent interest, and
they will be used in our main tensor approximation. In Section 3, we prove Theorem 1 and provide
a discussion of our main result. In Section 4, we consider the case when our main approximate
tensor decomposition is applied to a two-mode tensor, i.e., to a matrix. Particular attention is paid
to how our our main approximate tensor decomposition relates to several recently-developed low-
rank matrix decompositions that are expressed in terms of the columns and rows of the original
matrix, rather than in terms of its singular vectors. Finally, in Section 5, a brief conclusion is
presented.

2 Projecting Matrices on Subsets of their Columns

Given an m X n matrix A, we wish to choose columns of A such that the projection of the matrix
onto those columns “captures” as much of the matrix as possible, i.e., that is a basis for a space
close to the space spanned by the top singular vectors of the matrix. Thus, in particular, if A is
well approximated by a low-rank matrix, then we would like A & Py,q,(c)A, where C' is a matrix
consisting of the chosen columns and where P, is a projection onto the column space of C.

In Section 2.1 and Section 2.2, two column selection results are presented. In each subsection,
an algorithm is first described and then a theorem is presented that states the conditions under
which an approximation of the given form is obtained. Thus, the two theorems in this section
quantify the sense in which (for the two different choices of C') A & Py,qn(c) A-

2.1 Choosing the Columns in a Single Pass

The SELECTCOLUMNSSINGLEPASS algorithm (described in Algorithm 2) takes as input a matrix
A and a number ¢ of columns to choose. It returns as output a matrix C' such that the columns
of C are chosen from the columns of A in ¢ i.i.d. trials by sampling randomly according to the
probability distribution (9). More formally, for an m x n matrix A and a multiset S C {1,...,n},
let C = Ag denote the m x |S| matrix whose columns are the columns of A with indices in S.
The SELECTCOLUMNSSINGLEPASS constructs the multiset S by randomly sampling according to
(9) and returns the matrix C' = Ag.

Remark: The SELECTCOLUMNSSINGLEPASS algorithm is so-named since, given probabilities
of the form (9), the matrix C' can be constructed in one pass over the (externally-stored) data
matrix A. If the probabilities {p;}! ; that are used by the algorithm are not given based on a
knowledge of the application area then one pass over the data and O(m + n) additional space is
sufficient to calculate them; see [10] for more details on these resource requirements.



SELECTCOLUMNSSINGLEPASS Algorithm

Data : AcR™ " ccZ st 1<c<n.
Result : C € R™*¢, s.t. CCTA ~ A.
Compute (for some positive § < 1) probabilities {p;}]- s.t.

@/ 2
pi 2 B|AD| /)14, 9)

where A® is the i-th column of A as a column vector.
S={}h
fort=1,...,cdo
Pick i; € {1,...,n} with Pr[i; = o] = pa;
§=8U{u};
end
C = Ag;

Algorithm 2: The SELECTCOLUMNSSINGLEPASS Algorithm

Remark: Although any choice of sampling probabilities could be used in the SELECT-
COLUMNSSINGLEPASS algorithm, a judicious choice of these probabilities allows us to prove
interesting error bounds for the quality of the approximation; see [10, 11] for a detailed dis-
cussion. Sampling probabilities of the form (9) (with 8 = 1 and where A is the i-th column of
the matrix A and ‘A(i)‘ is its Euclidean length) are optimal in a sense made precise in [10].

The following theorem is our main quality-of-approximation result for the SELECTCOLUMNSS-
INGLEPASS algorithm.

Theorem 2 Suppose A € R™* ™ and let C be the m X ¢ matriz constructed by sampling c
columns of A with the SELECTCOLUMNSSINGLEPASS algorithm. If n =1+ +/(8/5)log(1/d) for
any 0 < § < 1, then, with probability at least 1 — 4,

2
|A - CCTA|, < I|A— Agll7 + el A7, (10)
if ¢ > 4n’k/(B€?).

Proof: Let the m x ¢ matrix C be that matrix whose columns consist of appropriately rescaled
copies of the columns of (', as discussed in conjunction with the LINEARTIMESVD algorithm of
[11]. First, note that since CC* = Po = Pp = CC™ is a projection onto the full column space
of C, it follows that

|4 -ccta| < HA—Pé’kAH;. (11)

The theorem follows by combining this with the results of [11].
o
Remark: The crucial role played in the algorithm by the nonuniform sampling probabilities
should be emphasized. By providing a bias toward columns that are more informative (in the sense
of having greater Euclidean length), sampling probabilities of the form (9) allow the algorithm
to obtain substantial variance reduction relative to less informative (e.g., uniform) probabilities.
This allows a martingale argument to be successfully applied so that bounds of the form (10)
hold not only in expectation but also with exponentially high probability.



Remark: In many applications the data may be generated in such a way that all of the
columns have approximately the same Euclidean length. In these cases, uniform probabilities
are approximately optimal and we can obtain meaningful bounds for the approximation error.
More precisely, if there exists some positive constant 5 < 1 such that Vi : ‘A(i)‘Z < ﬂin ||A||§;
then the uniform probabilities are nearly optimal and we can sample uniformly with only a small
p-dependent loss in accuracy; see [10, 11] for a detailed discussion.

Remark: The relationship of this algorithm with the LINEARTIMESVD algorithm of [11]
(and thus with the algorithms of [16, 7, 10, 12, 17, 38]) should also be emphasized. In the
LINEARTIMESVD algorithm of [11], the columns of A that are sampled by the algorithm are
scaled prior to being included in C, by dividing each sampled column by a quantity proportional
to the square root of the probability of picking it. This scaling allows one to prove that the top
k singular values of the matrix C , i.e., the scaled version of ', and the top k singular values of
A are close. Additionally, it allows one to prove that under appropriate assumptions

4= Pesa], < 14— a2 +ellar., (12)

in both expectation and with high probability, for both the spectral and Frobenius norms, £ =
2, F. Algorithms of this flavor were first analyzed in [16], and have also been studied in [44, 7, 2,
1,8,9, 10, 11, 12, 14, 15, 17, 38]. In this paper in the projection matrix to the full space spanned
by the columns of C, namely P = CCt = CCT = Pg, rather than Py ;. Clearly, any scaling of
the columns of C does not affect this full projection matrix.

2.2 Choosing the Columns in Multiple Passes

The SELECTCOLUMNSMULTIPASS algorithm (described in Algorithm 3) was originally presented
in [38]. The algorithm takes as input a matrix A, a number ¢ of rounds to perform, and a number
¢ of columns to choose per round. It returns as output a matrix C' such that the columns of C'
are chosen from the columns of A in the following manner. There are ¢ rounds, and each round
consists of 2 passes over the data. In the first round, let £ = 1. Sampling probabilities of the
form (9) are computed in the first pass of the first round, and in the second pass a multiset Sy
of columns of A is picked in ¢ i.i.d. trials by sampling according to the probabilities (9). For
each subsequent round ¢ = 2,...,t, sampling probabilities of the form (14) are constructed that
depend on the lengths of the columns of the the m x n matrix E;, that is the residual of the matrix
A after subtracting the projection of A on the subspace spanned by the columns sampled in the
first £ — 1 rounds.

More formally, let the indices of the columns that have been chosen in the first £ — 1 rounds
form the multiset {S1,S2,...,S—1} (where the multiset of columns S; were chosen in the i-th
round) and let Cy 1 = Ayg, s, .5, ,1 denote the m x [S1[|S2|- - |S,— 1| matrix whose columns are
the columns of A with indices in {S1,S9,...,S¢—1}. Then,

EBp=A—- Ay, 503 Afs,, 5 nA=A—CraCL A (13)

Sampling probabilities of the form (14) are then constructed in the first pass of each round
¢ =2,...,t, and ¢ columns are chosen from A by sampling in ¢ i.i.d. trials according to the
probabilities (14) in the second pass of each round ¢ = 2,...,t. (Note that if, by definition,
E, = A, then for £ =1 the sampling probabilities (14) are the same as those of (9).)

Remark: The SELECTCOLUMNSMULTIPASS algorithm is so-named since, given probabilities
of the form (14), ¢ columns can be extracted in one pass over the (externally-stored) data matrix
A. Of course, in each round the probabilities {p;}_, that are used by the algorithm may be



SELECTCOLUMNSMULTIPASS Algorithm

Data : AcR™" ccZtst. 1<c<n,teZt.
Result : C € R™*¢, s.t. CCTA ~ A.

S={}h
for/=1,...,tdo
if / ==1 then
‘ E1 = A;
else
‘ E,=A— ASAng;
end

Compute (for some positive § < 1) probabilities {p;}" ; s.t.
_ D /15,12
pi = BB IEl

where Eé” is the ¢-th column of F, as a column vector.
fort=1,...,cdo
Pick iy € {1,...,n} with Pr[i; = o] = pa;
S=5U{ith
end

end
C = Ags;

(14)

Algorithm 3: The SELECTCOLUMNSMULTIPASS Algorithm




computed with one pass over the data and O(1) additional space. The algorithm is thus efficient
in the Pass Efficient Model; see [10] for more details on these resource requirements.

Remark: We should emphasize that Rademacher, Vempala and Wang, motivated to improve
the magnitude of the additional additive error in the bound (12), explored alternative construc-
tions for the matrix C [38]. They developed the column selection procedure we are presenting as
the SELECTCOLUMNSMULTIPASS algorithm.

The following theorem is our main quality-of-approximation result for the SELECTCOLUMNS-
MuLTIiPAss algorithm.

Theorem 3 Suppose A € R™™ qand let C be the m X tc matriz constructed by sampling c
columns of A in each of t rounds with the SELECTCOLUMNSMULTIPASS algorithm. If n =1+
(8/8)log(1/0) for any 0 < § < 1, then, with probability at least 1 — to,

1
|A-cot Al < 74— Adli + € Al (15)

if ¢ > 4n’k/(Be?) columns are picked in each of the t rounds.

Proof: The proof will be by induction on the number of rounds ¢. Let S; denote the set of columns
picked at the first round, and let C* = Ag,. Thus, C! is an m x ¢ matrix, where ¢ > 4n?k/(B¢2).
By Theorem 2 and since 1 < 1/(1 — ¢€) for € > 0, we have that

2 1
|a-ct e af, < 1A - Al + <l (16)

holds with probability at least 1 — §, thus establishing the base case of the induction.

Next, let (S1,...,S;-1) denote the set of columns picked in the first ¢ — 1 rounds and let
Cct1 = A(sy,...,5,_)- Assume that the proposition holds after ¢ — 1 rounds, i.e., assume that by
choosing ¢ > 4n?k/(B€?) columns in each of the first t — 1 rounds, we have that

2 1
|[a-ct et a|| < T=la- A+ e Al ()

holds with probability at least 1 — (¢ — 1)d.

We will prove that it also holds after ¢ rounds. Let F; = A — Ct~! (Ct_1)+ A be the residual
of the matrix A after subtracting the projection of A on the subspace spanned by the columns
sampled in the first # — 1 rounds. (Note that it is ||E¢||% that is bounded by (17)). Consider
sampling columns of E; at round ¢ with probabilities proportional to the square of their Euclidean
lengths, i.e., according to (14), and let Z be the matrix of the columns of F; that are included
in the sample. (Note that these columns of E; have the same span and thus projection as the
corresponding columns of A when the latter are restricted to the residual space.) Then, by
choosing at least ¢ > 4n%k/(Be?) columns of E; in the ¢-th round we can apply Theorem 2 to E;
and get that

1B — 2ZF B[, < 1B — (B % + e | Bl (18)

holds with probability at least 1 —§. By combining (17) and (18) we see that if at least 4n%k/(B€?)
columns are picked in each of the ¢ rounds then

€
1—€

holds with probability at least 1 —¢d. The theorem thus follows from (19) if we can establish that

1A — Akl + € | All% (19)

|~ ZZV B} < B — (B)l% +

E,~ ZZVE, A-Ct(chT A (20)
1B~ (Bl < 1A= Az (21)



But (20) follows from the definition of Ey, since C* (C’t)+ = ot (Ct_1)+ + ZZ™ by the con-

struction of Z, and since ZZ+C*! (Ct*I)Jr = 0. To establish (21), and thus the theorem, notice
that

18— E e = [[(1-ot e ) a- (et ey )a) [ e
< (-t )a- (1-ct (e )AkHF (23)
< |(1-ct et T) (a- Ay Hi (24)
< A= A (25)

(22) follows by definition of E;, (23) follows since (I —Ctt (Ct*1)+> Ay is a rank k£ matrix, but

not necessarily the optimal one, (24) follows immediately, and (25) follows since I — C*~! (Ct_l)+
is a projection.
o

Remark: As contrasted with the algorithm and theorem of the previous subsection, this
algorithm and theorem demonstrate that by sampling in ¢ rounds and by judiciously computing
sampling probabilities for picking columns of A in each of the ¢ rounds, the overall error drops
exponentially with ¢. This is a substantial improvement over the results of Theorem 2; in that
case, if ¢ > 4n°kt/(Be?) then the additional additive error is (€/v/) || Al

Remark: Rademacher, Vempala and Wang provided the first proof of a theorem in which the
additional error drops exponentially with the number of passes [38]. In particular, they proved
that there exists a rank k& matrix in the subspace spanned by C that satisfies (in expectation) a
bound of the form (15). Thus, by Markov’s inequality, they obtain a bound of the form (15) that
holds with probability at least 1 —§ if ¢ = O(¢2/3). Our proof is simpler, and we obtain (15) with
probability at least 1 — 4 if ¢ = O(tlog(t/6)).

3 Analysis and Discussion of the Main Tensor Approximation

In this section, our main result, which was summarized in Section 1.3, is analyzed in more detail.
In Section 3.1, the APPROXTENSORSVD algorithm (described in Algorithm 1 in Section 1.3) is
elaborated upon. Then, in Section 3.2, the proof of Theorem 1, the main quality-of-approximation
theorem for the APPROXTENSORSVD algorithm (and which was also presented in Section 1.3),
is presented. Finally, in Section 3.3, several remarks are made.

3.1 Elaboration on the Main Result

The APPROXTENSORSVD algorithm (described in Algorithm 1 in Section 1.3) takes as input a d-
mode tensor A € R * %" and numbers ¢;,i = 1,...,d. The algorithm returns as output matri-
ces Oy of size n;xc; foralli = 1,...,d. The algorithm works by choosing (for every i € {1,...,d})
c; columns from the (not explicitly constructed) matrix Ap;) to construct (explicitly) the n; X ¢;
matrix CJ;. The columns may be chosen from Aj;) using either the SELECTCOLUMNSSINGLEPASS
algorithm (described in Section 2.1) or with the SELECTCOLUMNSMULTIPASS algorithm (de-
scribed in Section 2.2). In the latter case a number ¢ of iterations to perform is also input to
the APPROXTENSORSVD algorithm. In both cases, the matrix bound (10) from Theorem 2 (of
Section 2.1) or (15) from Theorem 3 (of Section 2.2) will translate into a bound for the tensor
approximation. Regardless of how the matrices Cf;) are determined,

A=Ax CryCyy X2+ xa ClayCly (26)
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is an approximation to the original tensor A, and Theorem 1 provides a bound for a measure of
the size of A — A.

3.2 Proof of Theorem 1

Let £ =& = A— A, where A is the approximation (6), let II; = C’[i]C’[E, foralli=1,...,d, and

recall that II; is an exact projection onto the column space of the matrix Cp;. Then,

‘(cjd‘F HA_AdeId"i_Axdﬁd_AxlﬁlX2"'Xdﬁd‘F (27)

< HA—AdeIdHF+ H(A—.AX1 I Xg - Xgq_1 ﬁd—l) XdﬁdHF (28)

< HA—AxdedHF+ HA—AM I g+ Xq_1 ﬁdAHFa (29)

where (28) follows by subadditivity and where (29) follows since the liIZ are projection matrices,

foralli=1,...,d. If we next define &;_1 = A — A x111; Xg--- X4q_1IIz_1, then we similarly see
that B B B B

] £ s+ sl o0

Continuing in this manner, we can show that

e, <> - 2

F

Since “unfolding” A along any mode does not change the value of its Frobenius norm (since it is
simply a reordering of indices in a summation) it follows that, for every i : 1 < i < d,

HA—AxifIi

(32)

]

= HAM - (Ax; C[i]c[j])“

F

Note that the Frobenius norm on the left hand side of (32) is a tensor norm and that the Frobenius
norm on the right hand side of (32) is a matrix norm. It is this latter quantity that Theorems
2 and 3 bound. By applying the appropriate matrix bound from Theorem 2 or Theorem 3, the
two statements of the theorem follow from (31) and (32).

3.3 Remarks on the Main Result

Remark: The error bounds (7) and (8) have a natural interpretation: projecting the tensor A
onto an approximation to the best rank-k; space across each of its modes incurs an error that
depends on the sum of the residuals of the best low-rank approximations across each mode plus
an additional error due to the degree to which the space spanned by the columns of Cj; is close
to the space spanned by the top k singular vectors of Ap).

Remark: The APPROXTENSORSVD algorithm may be viewed as computing an approxima-
tion to the best rank-(k1,ke,...,kx) approximation to the tensor A [32, 33]. To see this, consider
the TENSORSVD algorithm (described in Algorithm 4). This algorithm takes as input a d-mode
tensor A and numbers k;,7 = 1,...,d (which are the target ranks along each of the d modes), and
it returns as output matrices U}y, for i = 1,...,d, where each Up;j s, contains the top k; singular
vectors of Ap;. In this case, if we define the error tensor

£=A—Ax1UnyUppg, X2 %a Ug e Ulg (33)
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then by reasoning similar to that in the proof of Theorem 1 it can be shown that

. (34)

d
£< ; |4 - (4,

When applied to matrices, this bound is suboptimal by a factor of 2.

TENSORSVD Algorithm

Data :tensor A € RM**nd L 1 <k; <m;i=1,...,d.
Result : matrices Uy, € R™ ¥ki for all 4 = 1,...,d such that

A A1 Uppie, Uy X2 Uiy Uiy gy X3+ Xa U e, Ul

Ka®

fori=1,...,d do
Compute the top k; left singular vectors of A;; and denote them by Up 4,

end

Algorithm 4: The TENSORSVD Algorithm.

Remark: Assume, for simplicity, that the tensor A is stored externally and assume that
ki = O(1) and that n; = n for every i = 1,...,d. Then the matrices C; each occupy only O(n)
additional scratch space. In general, of course, O(n?') additional scratch space will be needed
to compute the probabilities of the form (9) and (14), and this will be comparable to the overall
memory requirements. On the other hand, if the columns are chosen with the SELECTCOLUMNSS-
INGLEPASS algorithm (Algorithm 2) and if the uniform probabilities are approximately optimal
for each of the d nodes, then only O(n) additional scratch space and computation time are needed
by the APPROXTENSORSVD algorithm (Algorithm 1), resulting in a substantial scratch memory
and time savings. See [10] for additional discussion of resource issues within the framework of
the Pass Efficient Model of data streaming computation.

Remark: Although sampling with respect to the proper probability distribution is critical for
our provable results, one might expect that in many cases columns will all be approximately the
same length due to the manner in which the data are generated, in which case uniform sampling
may be successfully employed. This was seen to be the case for an application of our CUR
algorithm (see [12] and Section 4.2) to kernel-based learning [14, 15, 45].

4 Restricting the Main Tensor Approximation to Matrices

In this section, we consider the special case of the APPROXTENSORSVD algorithm when restricted
to input tensors that are matrices, i.e., 2-mode tensors. In Section 4.1, we present the restriction of
Theorem 1 to matrices. Then, in Section 4.2, we provide a discussion about how the approximate
matrix decomposition generated by this restriction relates to several recently-developed low-rank
matrix decompositions.

4.1 Approximating the Left and Right Singular Subspaces of a Matrix

When restricted to input tensor that are matrices, the APPROXTENSORSVD algorithm (described
in Algorithm 1 in Section 1.3) takes as input an m x n matrix A and two numbers, ¢ and r. The
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algorithm returns as output two matrices, an m X ¢ matrix C' consisting of ¢ columns of A and
an r X n matrix R consisting of r rows of A. (For notational convenience, we have let A = A
be the input matrix, and let ¢ = ¢; and r = ¢3.) The algorithm works by choosing ¢ columns
from A and r columns from AT (or, equivalently, r rows from A). The columns and rows may
be chosen from A using either the SELECTCOLUMNSSINGLEPASS algorithm (described in Section
2.1) or with the SELECTCOLUMNSMULTIPASS algorithm (described in Section 2.2). In the latter
case a number ¢ of iterations to perform is also input to the APPROXTENSORSV D algorithm.
When restricted to input tensors that are matrices, the approximation

A= Axi CpiCfy) %2 CppiCfy (35)
may be written in usual matrix notation as
A=CCtAR*R. (36)

As in the more general case of d-mode input tensors, quality-of-approximation bounds for the
matrix A by the matrix A will follow from the matrix bound (10) from Theorem 2 (of Section
2.1) or (15) from Theorem 3 (of Section 2.2). The following theorem bounds the error A — A and
is a corollary of Theorem 1.

Theorem 4 Let A € R™*" be a matriz, i.e., a 2-mode tensor, and let n =1+ /(8/8) log(1/d),
for any 0 < 6 < 1. Let C and R be computed by the APPROXTENSORSVD algorithm (Algorithm

1),

e [f the columns and rows are chosen with the SELECTCOLUMNSSINGLEPASS algorithm (Al-
gorithm 2) then, with probability at least 1 — 24,

|A—CCTARTR||,, <2[|A — Agllp + 2¢||All (37)
if c,r > A’k /(Be?).
e [If the columns and rows are chosen with the SELECTCOLUMNSMULTIPASS algorithm (Al-
gorithm 3) then, with probability at least 1 — 2t4,
2
|4 = CCTARTR| . < 7= 1A = Akl +2¢" [ Al (38)

if c,r > 4nk/(Be?) in each of the t passes.

4.2 Connections with Recently-Developed Low-Rank Matrix Decompositions

As described in Section 4.1, when our main algorithm is applied to an m X n matrix A rather
than a general tensor A, our main result consists of constructing an m x ¢ matrix C' and an r x n
matrix R and approximating A by a matrix A of the form

A=CCTAR'R = CUR, (39)

where U = CTAR™ is a ¢ X r matrix. Thus, if ¢ and r are constant (independent of m and n),
then A is approximated by the product of three matrices, where the middle matrix is a constant-
size matrix and the left and right matrices consist of a small number of columns and rows of A,
respectively. More generally, a CUR decomposition is a low-rank matrix decomposition of the
form A =~ CUR, where C' is a matrix consisting of a small number of columns of A, R is a matrix
consisting of a small number of rows of A, and U is an appropriately-defined low-dimensional
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matrix. Low-rank matrix decompositions with this structure, i.e., those expressed in terms of
columns and rows of the original matrix, have been considered recently by Stewart [39, 40, 3],
by Goreinov, Tyrtyshnikov, and Zamarashkin [20, 19], and by Drineas, Kannan, and Mahoney
9, 12, 14, 15].

Stewart was interested in computing sparse low-rank approximations to sparse matrices, and
he developed the quasi-Gram-Schmidt method [39, 40, 3]. Given as input an m X n matrix A and
a rank parameter k, this variant of the QR decomposition returns (in our notation) an m x k
matrix C' and a nonsingular upper-triangular k¥ X k£ matrix S¢. The matrix C' consists of &
columns of A whose span approximates the column space of A, and the matrix S¢ orthogonalizes
these columns, i.e., is such that C' = Q¢ S¢, where the m x k matrix Q¢ has orthogonal columns.
A key feature of this algorithm is that the matrix Q¢ is not explicitly computed, and it is not
needed for certain computations (such as projections) since one can store S and C and use the
relation Q¢ = CSE1 to recover the action of Q. The quasi-Gram-Schmidt method can be used
to compute a sparse low-rank approximation to a sparse matrix A in the following manner. First,
after applying it to A, apply it to AT to get a k x n matrix R of rows of A and a nonsingular
upper-triangular k& x k matrix Sg such that R” = QrSg, where Qg has orthogonal columns.
Then, it can be shown that A ~ CUR, where the matrix U minimizing ||A — CUR||% is of the
form

U = S:'QLAQRrSR" (40)

= (S5Sc) " CTART (S5Sp) . (41)
Several things should be noted about this result. First, the derivation of (41) assumes that the
upper-triangular matrices S¢ and Sg are invertible, which is guaranteed by the particular greedy
strategy, based on the QR decomposition, that Stewart uses to select the columns and rows of A
to be included in C and R, respectively. Second, with this U, the approximation takes the form

A~ CUR = QcQLAQRQ- (42)

Thus, although Stewart forms his C' (and R) by choosing columns (and rows) in a manner that
guarantees their linear independence, whereas in this paper we randomly sample columns to
form a C (and rows to form an R) that may be rank deficient, (39) and (42) indicate that both
algorithms construct a low-rank approximation to a matrix A by projecting A onto the spaces
spanned by C' and R. Finally, an error bound provided by Stewart for the quality of approximation
is

|A—CUR|% < €& + €k, (43)

where ec and eg ( ~ ||A — Ag||p) are errors associated with the column and row projections,
respectively [39]. That this is likely to be an overestimate by a factor of approximately 2 [39, 3]
is related to the suboptimality of (34) when applied to matrices and the multiplicative factor of
2 in in Theorem 4.

Goreinov, Tyrtyshnikov, and Zamarashkin [20, 19] were interested in applications such as
scattering in which large coefficient matrices have blocks that can be easily approximated by
low-rank matrices. They first note that if an m x n matrix A is exactly rank k& then there exists
a set of & columns of A, denoted by the m x k matrix C, and a set of k rows of A, denoted by
the k& x m matrix R, such that the k x k submatrix of A consisting of the intersection of those
columns and those rows, denoted W, is nonsingular, and further that A = CW ~'R. They then
show that if A is approximated by a rank-k matrix to within an accuracy e, then for e sufficiently
small

|a—cw r], =0 (14l W [5e)
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provided that the matrix W is nonsingular. In both these cases, U = W ™!, but they note that
this is clearly unsatisfactory since if W is ill-conditioned or singular then it may not be that A ~
CW 'R in any meaningful sense. Motivated by this, they define more general decompositions,
which in our notation are of the form A ~ C'UR and which they call a pseudoskeleton component
of A. In [20], they show that if the matrix A is approximated by a rank-k matrix to within an
accuracy e, i.e., if there exists a matrix E such that rank(A — F) < k and ||E|, < € (where €
does not need to be assumed to be sufficiently small) then there exists a choice of k columns and
k rows, i.e., C' and R, and a low-dimensional k£ X k matrix U constructed from the elements of C'
and R, such that A ~ CUR in the sense that

|A—CUR|, < e (1 + 2VEm + 2\/kn> . (44)

Although the primary goal of [20, 19] was not to analyze algorithms to construct the matrices
C, R, and U, in [20] the choice for these matrices is related to the problem of determining the
minimum singular value o, of £ X k submatrices of n X k matrices with orthogonal columns. In
addition, in [19] the choice for C' and R is interpreted in terms of the maximum volume concept
from interpolation theory, in the sense that columns and rows should be chosen such that their
intersection W defines a parallelepiped of maximim volume among all & X k submatrices of A.

In [12, 14, 15], Drineas, Kannan, and Mahoney describe the so-called CUR decomposition.
In particular, the LINEARTIMECUR and CONSTANTTIMECUR algorithms of [12] (so named
due to their relationship with the correspondingly-named SVD algorithms of [11]) compute an
approximation to an m X n matrix A by sampling ¢ columns and r rows of the matrix A to form
mxcand rxn matrices C' and R, respectively. The matrices C and R are constructed by randomly
sampling with carefully-chosen and data-dependent nonuniform probability distributions, and
from C and R a ¢ X r matrix U is constructed such that under appropriate assumptions:

|A—CURJ, < A= Agll + |l Al (45)

with high probability, for both the spectral and Frobenius norms, £ = 2, F'. The form of the matrix
U described in [12] permits bounds of the form (45) to be obtained, where, e.g., the suboptimal
multiplicative factor of 2 is not present. In [14, 15] it is shown that if A is a symmetric positive
semidefinite (SPSD) matrix, then one can choose R = C? and U = W, thus obtaining an
approximation A ~ A = CW+CT. This approximation is SPSD and has provable bounds of the
form (45), except that the scale of the additional additive error is somewhat larger [14, 15]. The
CUR decompositions of [12, 14, 15] are quite similar in flavor to the algorithms discussed in this
paper, and they have been applied to recommendation system analysis [13] and to kernel-based
statistical learning [14, 15, 45]. See [14, 15] for a discussion of the CUR matrix decomposition,
its relationship with recent work in learning theory, and its relationship to the Nystrom method
from integral equation theory.

5 Conclusion

We conclude by noting that tensor decompositions of the form we are considering have been
studied in several data analysis areas. Depending on the processes generating a given data set,
such a multilinear description may provide superior results relative to a simple linear description
of the data. It has been argued, e.g., that data consisting of natural images consist of multiple
factors, each of which has a linear property, and thus that the entire data set exhibits a multi-
linear property. For example, in [42, 43] the data consisted of images of p male subjects, each
photographed in ¢ poses, subject to r different illuminations, having s different expressions, and
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stored as a grayscale image with ¢ pixils; this was represented as a p X ¢ X r X § X t tensor A.
In addition, higher-order tensors arise in higher-order statistics since for multivariate stochastic
variables the basic higher-order statistics are symmetric higher-order tensors, in the same way
as the covariance of a stochastic vector is a symmetric matrix. The use of these methods has
been applied to independent component analysis by exploiting the statistical independence of the
sources [32, 33, 31]. Finally, note that the model proposed by Tucker [41] as well as the related
the “canonical decomposition” [5] or the “parallel factors” model [22] also provide decompositions
for higher-order tensors and have a long history. They have received attention recently; see, e.g.,
[32, 28, 30, 34, 36] and references therein.
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