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performance of Newton-MR as compared with several other
Newton-type alternatives on a few machine learning problems.
© 2022 The Author(s). Published by Elsevier Ltd on behalf
of Association of European Operational Research Societies
(EURO). This is an open access article under the CC BY
license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

For a twice differentiable function f : R — R, consider the unconstrained optimiza-
tion problem

min f(x). 1
min () (1)
The canonical example of second-order methods is arguably the classical Newton’s
method whose iterations are typically written as

Xpt1 = Xp +appr, Wwith  pp=— [H(Xk)}il g(xk), (2)

where xi, g(xx) = Vf(xx), H(xx) = V2f(xx), and ) are respectively the current
iterate, the gradient, the Hessian matrix, and the step-size that is often chosen using
an Armijo-type line-search to enforce sufficient decrease in f [76]. When f is smooth
and strongly convex, it is well known that the local and global convergence rates of the
classical Newton’s method are, respectively, quadratic and linear [18,73,76]. For such
problems, the Hessian matrix is uniformly positive definite. As a result, if forming the
Hessian matrix explicitly and/or solving the linear system in (2) exactly is prohibitive,
the update direction pj is obtained approximately using conjugate gradient (CG), re-
sulting in the celebrated Newton-CG [76].

Newton-CG is elegantly simple in that its iterations merely involve solving linear
systems followed by a certain type of line-search. Despite its simplicity, it has been shown
to enjoy various desirable theoretical and algorithmic properties including insensitivity
to problem ill-conditioning [81,94] as well as robustness to hyper-parameter tuning [15,
60]. However, in the absence of strong-convexity, Newton’s method lacks any favorable
convergence analysis. Indeed, recall that to obtain the update direction, pg, Newton-CG
aims at (approximately) solving quadratic sub-problems of the form ([76])

min (gxu). p) + 5 (. H(x1)p) )

However, if the Hessian is indefinite (as in non-convex settings) or if its positive semi-
definite but g(x;) ¢ Range(H(xy)) (as in weakly convex problems), (3) is simply
unbounded below.
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In this light, many Newton-type variants have been proposed which aim at extending
Newton-CG beyond strongly convex problems to more general settings, e.g., trust-region
[32] and cubic regularization [25,26,75]. However, many of these extensions involve sub-
problems that are themselves non-trivial to solve, e.g., the sub-problems of trust-region
and cubic regularization methods are themselves non-linear and (potentially) non-convex
[92,93]. This has prompted many authors to design effective methods for approximately
solving such sub-problems, e.g., [16,24,25,34,52,61,85]. These methods can be highly
effective in many settings. For example, the trust-region method coupled with CG-
Steihaug [85] has shown great promise in several machine learning applications [93].
However, solving such non-trivial sub-problems can be a major challenge in many other
settings. For instance, despite the obvious advantages of the CG-Steihaug method, e.g.,
one matrix-vector product per iteration and the ability to naturally detect negative
curvature directions, it is not guaranteed to solve the trust-region sub-problem to an
arbitrary accuracy. This can have negative consequences for the convergence speed of
the trust-region method. Indeed, if either of the negative curvature or the boundary
is encountered too early, the CG-Steihaug method terminates and the resulting step is
only slightly, if at all, better than the Cauchy direction [32]. If this occurs too often, the
trust-region method’s convergence can slow down to be comparable to that of the simple
gradient descent method.

Recently, [68] proposes a novel Newton-type method, which not only enjoys sub-
problems in the form of linear-systems, but as long as these sub-problems are solved
exactly, it has provably fast global convergence for weakly convex objectives. To allow for
optimization of a larger class of problems beyond convex, while maintaining the simplicity
offered by linear sub-problems, one can consider replacing (3) with an equivalently simple
ordinary least-squares (OLS)

1 2
in = |H : 4
min o IH(xx)p + g(xx) || (4)

Clearly, regardless of the Hessian matrix, there is always a solution (in fact at times
infinitely many solutions) to the above OLS problem. For example, exact minimum
norm solution to the above OLS amounts to iterations of the form

Xpi1 = Xg + appr,  with  pp = — [H(xz)]" g(x), (5)

where At denotes the Moore-Penrose generalized inverse of matrix A, and a4, is an
appropriately chosen step-size. Our aim in this paper is to give an in-depth treatment of
the above alternative and study the convergence properties of the resulting algorithm,
which we call Newton-MR,' under a variety of settings.

1 The term “MR” refers to the fact that the sub-problems are in the form of Minimum Residual, i.e.,
least squares, as depicted in Algorithms 1 and 2.
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The rest of this paper is organized as follows. We end Section 1 by introducing the
notation used throughout the paper. In Section 2, we take a look at high-level conse-
quences of using a direction from (an approximation of) (4). Convergence properties
of Newton-MR are gathered in Section 3. This is done, first, by extensive discussion
on various assumptions underlying the analysis in Section 3.1, followed by a detailed
theoretical development to obtain local and global convergence of Newton-MR in Sec-
tion 3.2. Numerical examples are provided in Section 4. Conclusions and further thoughts
are gathered in Section 5.

Notation In what follows, vectors and matrices are denoted by bold lowercase and bold
uppercase letters, e.g., v and V, respectively. We use regular lowercase and uppercase
letters to denote scalar constants, e.g., ¢ or L. The transpose of a real vector v is denoted
by vT. For two vectors, v, w, their inner-product is denoted as (v,w) = vTw. For a
vector v, and a matrix V, ||v|| and ||V|| denote the vector 2 norm and the matrix
spectral norm, respectively. For any x,z € R?, y € [x,z| denotes y = x + 7(z — x) for
some 0 < 7 < 1. For a natural number n, we denote [n] = {1,2,...,n}. For any finite
collection S, its cardinality is denoted by |S|. The subscript, e.g., xx, denotes iteration
counter. For a matrix A € R4 Range (A) and Null (A) denote, respectively, its range,
i.e., Range (A) = {Ax | x € R?} and its null-space, i.e., Null(A) = {y € R? | Ay = 0}.
The Moore-Penrose generalized inverse of a matrix A is denoted by Af. The identity
matrix is written as I and the indicator function of a set S is denoted as 1;sy. When the
minimum is attained at more than one point, “Argmin” denotes the set of minimizers,
otherwise “argmin” implies a unique minimizer. Finally, we use g(x) = Vf (x) and
H(x) £ V2f (x) for the gradient and the Hessian of f at x, respectively, and at times we
drop the dependence on x by simply using g and H, e.g., g; = g(xx) and Hy = H(xy).

2. Newton-MR

Before providing a detailed look into the convergence implications of using (4), let us
first study higher-level consequences of such a choice as they relate to solving (1).

2.1. Minimum residual sub-problem solver

For solving OLS problems, a plethora of iterative solvers exists. Each of these itera-
tive methods can be highly effective once applied to the class of problems for which they
have been designed. Among them, the one method which has been specifically designed
to effectively obtain the least-norm solution for all systems, compatible or otherwise, in-
volving real symmetric but potentially indefinite/singular matrices (such as those in (4))
is MINRES-QLP [29,30]. In fact, by requiring only marginally more computations/stor-
age, it has been shown that MINRES-QLP is numerically more stable than MINRES
[79] on ill-conditioned problems.
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Perhaps a natural question at this stage is “what are the descent properties of the
(approzimate) solution to (4) using MINRES-QLP?" Recall that the t*® iteration of
MINRES-QLP yields a search direction, pg), which satisfies

p](f) = argmin Tk(P) = ||gk + chpll ) (6)

pel: (Hy,gk)

where Ky(Hy,gr) = Span{gy, Hpgr, ..., [Hr]" ' g} denotes the Krylov sub-space of
order t, [49]. Since 0 € K;(Hy, gr), it follows that for any ¢ in (6), we have rk(pg)) <
r%(0), which implies

2
<p;(€t)7Hkgk> < - HHkPEJ) /2 <0.

In other words, p;@t) from MINRES, for all ¢, is a descent direction for ||g(x)|| at xj. Let
Pr = pg) for some t > 1. As a consequence of such particular descent property of pg,
the step-size, ay, can be chosen using Armijo-type line search [76] to reduce the norm of
the gradient. Hence, we chose aj < 1 as the largest value such that for some 0 < p < 1,
we get

lgrill” < llgrll® + 20ar (pr, Higy) - (7)

This can be approximately achieved using any standard back-tracking line-search strat-
egy.

2.2. Invezity
From the above discussion, we always have (pg, Hrpgr) < 0, which implies that

llgr1ll < gl - (8)

In other words, by appropriate application of Hessian and regardless of non-convexity
of the problem, one can always obtain descent directions corresponding to the auxiliary
problem

i [|lg(x)]|. (9)
In certain applications, e.g., chemical physics [2,66] and deep learning [46-48], instead
of minimizing the function, the goal is to find zeros of its gradient field, which can be
obtained by solving (9). However, when the goal is solving (1), a natural question is
“what is the class of objective functions for which (9) is equivalent to (1)?” Clearly, any
global optimum of (1) is also a solution to (9). However, the converse only holds for a
special class of non-convex functions, known as invez [55,69].



[ F. Roosta et al. / EURO Journal on Computational Optimization 10 (2022) 100035

Definition 1 (Invezity). Let X C R? be an open set. A differentiable function f : X — R
is said to be invex on X if there exists a vector-valued function ¢ : X x X — R? such
that

f(Y) - f(X) 2 <¢(Y7 X)a g(X)> ) Vx,y eX. (10)

The class of functions satisfying (10) with the same ¢ is denoted by Fg. The class of all
invex functions is denoted by F.

Invexity characterizes the class of functions for which the first order optimality con-
dition is also sufficient. It is also easily seen that, by choosing ¢(y,x) = y — x in
Definition 1, differentiable convex functions are subsumed in the class of invex functions;
see [14,69] for detailed treatments of invexity. Much like all generalized convex functions
[23], invexity has been introduced in order to weaken, as much as possible, the convex-
ity requirements in optimization problems, and extend many results related to convex
optimization theory to more general functions.

Invexity has recently garnered attention in the machine learning community. Re-
stricted to a special subclass, often referred to as Polyak-FLojasiewicz functions (cf.
Section 3.2.3), numerous works have established the convergence of first-order optimiza-
tion algorithms, e.g., [7,37,57,59,78,90]. In addition, it has recently been shown that
several deep learning models enjoy such invex properties in certain regimes, e.g., [6,64].
For more general non-convex machine learning models, [33] proposes a novel regulariza-
tion framework, which ensures the invexity of the regularized function and is shown to
be advantageous over the classical ¢5-regularization in terms of the sensitivity to hyper-
parameter tuning and out-of-sample generalization performance.

2.8. Connections to root finding algorithms

Considering (9) in lieu of g(x) = 0 is, in fact, a special case of a more general
framework for solving non-linear system of equations involving a vector valued function
F : R™ — R™. More specifically, as an alternative to solving F(x) = 0, minimization
of |F(x)|| has been considered extensively in the literature; e.g., [10,11,28,74,80,97,100].
Consequently, Newton-MR can be regarded as a member of the class of inexact Newton
methods with line-search for solving nonlinear systems [35,40,41,70]. In our case, the non-
linear system of equations arises from optimality condition g(x) = 0, i.e., F(x) = g(x),
which has a symmetric Jacobian. Hence, through the perspective of the application of
MINRES within its iterations, Newton-MR can be viewed as a special case of more
general Newton-GMRES algorithms for solving non-linear systems [1,12,13,19,20,58].

In light of these connections, the bare-bones iterations of Newton-MR do not consti-
tute novel elements of our work here. What sets our contributions in this paper apart is
studying the plethora of desirable theoretical and algorithmic properties of Newton-MR,
in the context of (9) and its connection to (1). In particular, we give a thorough treat-
ment of the implications of the assumptions that we make as well as the novel inexactness
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conditions that we propose as they relate to convergence of Newton-MR. For example,
in most prior works on Newton-GMRES, the Jacobian of the non-linear function is as-
sumed full-rank [12,13,20,91]. This, in our setting here, amounts to assuming that the
Hessian matrix is invertible, which can be easily violated in the non-convex settings. In
fact, to address rank deficient cases, the ubiquitous approach has been to employ reg-
ularization techniques such as Levenberg-Marquardt [8,9,36,45,53,95]. By introducing a
novel assumption on the interplay between the gradient and the sub-space spanned by
the Hessian matrix, we obviate the need for full-rank assumptions or the Hessian regu-
larization techniques. As another example, to guarantee convergence, we will introduce
a novel inexactness condition that constitute a major relaxation from the typical relative
residual conditions used, almost ubiquitously, in prior works.

3. Theoretical analysis

In this section, we study the convergence properties of some variants of Newton-MR
(Algorithms 1 and 2). For this, in Section 3.1, we first give the assumptions underlying
our analysis. Under these assumptions, in Section 3.2, we provide detailed local/global
convergence analysis of these Newton-MR variants.

3.1. Assumptions

For the theoretical analysis of Newton-MR, we make the following blanket assumptions
regarding the properties of the objective function f in (1). Some of these assumptions
might seem unconventional at first, however, they are simply generalizations of many typ-
ical assumptions made in the similar literature. For example, a strongly-convex function
with Lipschitz continuous gradient and Hessian satisfies all of the following assumptions
in this Section.

Assumption 1 (Differentiability). The function f is twice-differentiable.

In particular, all the first partial derivatives are themselves differentiable, but the
second partial derivatives are allowed to be discontinuous. Recall that requiring the first
partials be differentiable implies the equality of crossed-partials, which amounts to the
symmetric Hessian matrix [56, pp. 732-733].

In the literature for the analysis of non-convex Newton-type methods for (1), to obtain
non-asymptotic quantitative convergence rates, it is typically assumed that the function is
sufficiently smooth in that its gradient and Hessian are Lipschitz continuous. Specifically,
for some 0 < Lg < 00,0 < Ly <00, and V X,y € R4, it is assumed that

lg(x) — gl < Le x =¥, (11a)
H(x) = H(y)|| < Lu [|x = yI| - (11b)
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For Newton-MR, the smoothness is required for the auxiliary function ||g(x)||?, which
amounts to a more relaxed smoothness condition.

Assumption 2 (Moral-smoothness). For any xo € RY, there is 0 < L(xg) < oo, such that

IH(x)g(x) - Hy)g(y)| < L(xo) [x - ylI”, V(x,y) € X x R, (12)
where Xy £ {x € R? | [|g(x)| < |lg(x0)]} and 0 < 8 < o0.

Note that in Assumption 2, the constant L(xq) depends on the choice of xo. We recall
that, for 8 = 1, Assumption 2 is similar to the assumption that is often made in the
analysis of many non-linear least-squares algorithms for minimizing ||F(x)||2 for some
non-linear mapping F(x) in which V||F(x)||* is assumed Lipschitz continuous (on a
level-set). We refer to Assumption 2 as “moral-smoothness” since by (12), it is only the
action of Hessian on the gradient that is required to be Lipschitz continuous, and each
gradient and/or Hessian individually can be highly irregular, e.g., gradient can be very
non-smooth and Hessian can even be discontinuous.

Example 1 (A morally-smooth function with discontinuous Hessian). Consider a quadrat-
ically smoothed variant of hinge-loss function,

1 2
f(x)zimax{o,b(a,@} )
for a given (a,b) € R? x R. It is easy to see that

g(x) =b(a,x)a ljyax>0), VXE R<,
H(X) = anaT ]l{b<a,x)>0}a Vx ¢ N7

where V' 2 {x € R? | b(a,x) = 0}. Clearly, Hessian is discontinuous on N Since N is
a set of measure zero, i.e., u(N) = 0 with respect to the Lebesgue measure u, we can
arbitrarily define H(x) £ 0 for x € N (in fact, any other definition would work as well).
It follows that for any x,y € R, we have

2
IH(x)g(x) — H(x)g(x)| = b* ||la]” |[(a,x) a Lipax)>01 — (2, ¥) @ Lipay) >0}
< b al’ [(a,%) Lm0y — (@) Lipay)>0)]
4
<b*|al |x -yl

The last inequality follows by considering four cases with Ty xy>01 = Lipay)>0}
and Ty xy>01 # Lipay)>0}- Indeed, for the former two cases, the last inequality
follows immediately. For the latter two cases, suppose without loss of generality that
Tipax)>0p = 1 and Ly yy>03 = 0. In this case, we use the fact that by b(a,y) <0, we
have b(a,x) < b(a,x) — b(a,y).
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It is easy to show that (12) is implied by (11), and hence, it constitutes a relaxation
on the typical smoothness requirements for gradient and Hessian, commonly found in
the literature.

Lemma 1 (Moral-smoothness (12) is less strict than smoothness (11)). Suppose (11)
holds. Then, for any xo, we have (12) with § =1 and L(xo) = L3 + Lu |lg(x0)|.

Proof. Suppose (11) is satisfied and fix any xo with the corresponding Xy as defined in
Assumption 2. Since for any two matrices A, B and two vectors x,y, we have |Ax —
By| < [|A[[lx =yl + Iyl A = BJ, it implies that Vx € Xy, Vy € R

IH(y)g(y) - H(x)g(x)|| < [[H{)| lg(x) — gl + g [H(x) — H(y)|
< LZlly — x| + Lu lg®)|l ly — ||
< (L2 + Lullgo)l) lly — x|,

where the last inequality follows since x € Ay. O

By Lemma 1, any smooth function satisfying (11) would also satisfy Assumption 2
with 8 = 1. Below, we bring examples which show that the converse does not necessarily
hold.

Example 2 (Smoothness (11) is strictly stronger than moral-smoothness (12)). In this
example, for three regimes of 0 < § < 1,8 =1, and 8 > 1, we give concrete counter-

examples of functions on R, i.e., d = 1, which satisfy (12) but not (11).

1. For 0 < 8 < 1, consider a solution to the following ODE

@) @) =, o> a0 2 (14 8)a) 7, flwo) =b, f(z0) =0,

where b € R,a € R™. Such a solution can be of the form

fl@)=b+ ,/%/r\/tﬁ“ — (1 +B)a dt, (13a)

and satisfies (12) with 0 < 8 < 1, and L = 1. It is easily verified that f”(z) and f"'(z)
are both unbounded; hence f violates (11). Note that, on (xg,00), (13a) is convex,
and hence by definition, it is invex.

2. For 8 = 1, the condition (12) implies that H [V2f(x)]2 + <V3f(x),g(x)>H <L In
one variable, for b € R,a € RTT, the solution to the following ODE

f'@)f(x) =2, x>z02V2a, f(zo)=>b—alog(vV2a), f(z0)=0,
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can be written as
1
flz) = §x\/x2—2a—alog( x2—2a+$) +0, (13b)

which satisfies (12) with 8 = L = 1. It can be easily verified that

2
— 2 and f@)=-—22
z% —2a (x2 — 2a)

f(w) =

)

MY

which are unbounded, and so, f does not satisfy (11a) or (11b). It is clear that, on
(20, 00), (13b) is convex, and hence it is invex.
Similarly, for b € R,a € R, one can consider

f'@)f' (@) = -z, @e(-V2a,v2a), f(0)=b, ['(0)=-V2a.

The solution to this ODE is of the form

fl@)=0b— g‘ /2a — 2 — q arctan <\/2ax—7m2> , (13c¢)

which satisfies (12) with 5 = L = 1. However, since

2
—, ad @)= ———
2a — z? (2a — x2)?

f(w) =

)

are both unbounded, such a function does not satisfy either of (11a) or (11b).

. For 8 > 1, the condition (12) implies that [sz(x)]2 + (V3 f(x),g(x)) = 0. In one

variable, the solution to the following ODE
(f"@)° + @) f (@) =0, x>c/2, fc/2)=a, f(c/2)=0, f'(c)=3b/Ve,
can be written as

f(@) =a+b2z—c)¥2 (13d)

This implies that there are non-trivial function which can satisfy (12) for g > 1. In
addition, since

" _ 3b " _ —3b
f (3?)— (2!17—0)1/27 f (.Z‘)— (2:1:_0)3/2;

are both unbounded, it implies that such f does not satisfy either assumptions in
(11). Tt is clear that, on (¢/2,00), (13d) is convex, and hence it is invex.
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Assumption 2 allows for Hessian to grow unboundedly, however it implies a certain
restriction on the growth rate of the action of Hessian on the gradient, i.e., H(x)g(x).

Lemma 2 (Growth rate of H(x)g(x)). Under Assumption 2, for any xo € R?, we have

y 26\ H@eg)|™"
> (77) T

where L(xg), 8 and Xy are as defined in Assumption 2.

Proof. If L(xg) = 0, then the result follows immediately. Suppose L(xg) > 0. Under
Assumption 2, Lemma 5 with h(x) = ||g(x)||* /2, gives

g+ p)I” < 1800 + 2 (H(xIg(x). ) + 5 oot ol ¥xe Ao, vp e R

Let m(p) 2 [lg(x)||” + 2 (H(x)g(x), p) + 2L(x0)/(8 + 1) |p]|**". Consider p* # 0 such
that

Vm(p*) = 2H(x)g(x) + 2L(xo) [[p*| "' p* = 0.
It implies that |[p*||°~'p* = —H(x)g(x)/L(x0). As a result, for such p*, we must
have |p*[|” = [H(x)g(x)|l /L(xo), and (H(x)g(x),p*) = — [H(x)g(x)| [|p*||, where
the equality follows since p* is a scalar multiple of H(x)g(x). Since m(p) is convex, it

follows that

2L(x0) | e

minm(p) = lg(x)[* — 2 [H(x)g((x)|| |[p*] +

(B+1)
— e - 2 ||H(X)z%'(1)i)HT 42 ||H(1’<)é’;(x)||lT
L(x0)? (B+1)L(x0)"
B 2 B 2 B+41
~ sl - (505 (- (XM) HG)g00]
The result follows since we have m(p) > ||g(x + p)||> > 0,¥p. O

We also require the following regularity on the pseudo-inverse of the Hessian matrix.
Assumption 3 (Pseudo-inverse regularity). For any xq € R?, there is a y(xo) > 0, s.t.
IHE) < 1/7(x0), ¥x € X, (14)

where Xj is as in Assumption 2.
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It turns out that (14) is equivalent to the regularity of the Hessian matrix on its range
space.

Lemma 3. (14) is equivalent to
[H(x)pll = v(xo) [P, Vx€ Xy, and Vp e Range(H(x)). (15)

The proof of Lemma 3 follows simply by considering the eigenvalue decomposition of
H. Assumption 3 is trivially satisfied for all strongly convex functions. However, it is also
satisfied for any function whose (possibly rank-deficient) Hessian is uniformly positive
definite in the sup-space spanned by its range.

Example 3 (Functions satisfying Assumption 3). A simple example of a non-strongly
convex function satisfying Assumption 3 is the undetermined least squares f(x) =
|Ax —b||* /2 with full row rank matrix A € R™*? n < d. This problem is clearly
only weakly convex since the Hessian matrix, ATA € R4*?  is rank-deficient. However,
it is easy to see that (14) holds with y(x¢) = 7 = 02(A), where o, is the smallest
non-zero singular value of A.

Finally, we make the following structural assumption about f with regards to the
gradient and its projection onto the range space of Hessian.

Assumption 4 (Gradient-Hessian null-space property). For any x € R?, let U, and Uy
denote arbitrary orthogonal bases for Range(H(x)) and its orthogonal complement, re-

spectively. A function is said to satisfy the Gradient-Hessian Null-Space property, if for
any xg € R%, there is a 0 < v(xg) < 1, such that

v(x0) H(U,t)Tg(x)H2 < (1 - v(xo)) [UIg®)|?, Vx € X, (16)
where A} is as in Assumption 2.
Lemma 4 gives some simple, yet useful, consequences of Assumption 4.
Lemma 4. Under Assumption 4, we have
vixo) lg@)IP < |ULgx) 2, ¥x e A, (17a)

(1= vx0)) I8 = [[(U2) 80|, v € (1)

Proof. For a given xo € R¢, take any x € Xj. For (17a), we have

a0l = || (U0 + U (U)o = 10T +]|(U2)" 800
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1—v(xo)
v(x0)

1 T 2
ey UL G0)]

IULg(x)II” + || ULg(x)|* =

Also, (17b) is obtained similarly. O

Assumption 4 ensures that, as long as the gradient is non-zero, its angle with the
sub-space spanned by the Hessian matrix is uniformly bounded away from zero. In other
words, the gradient will never become arbitrarily orthogonal to the range space of Hes-
sian.

Example 4 (Over-parameterized ERM using linear predictor models). Consider an em-
pirical risk minimization (ERM) problem involving linear predictor models [84],

fx) =) filalx), (18)
i=1

where a; € R%i = 1,...n are given data points and each f; : R — R is some nonlin-
ear misfit or loss corresponding to the i data point. Consider the over-parameterized
settings (n < d), which has recently garnered significant attention within the machine
learning community, e.g., [64,71,86,88]. Assume that the data points are linearly inde-
pendent, i.e., Range ({ai}?zl) = R™. Further, suppose each loss function f; is such that if
fI'(t) = 0 then we must also have that f/(t) = 0. Many loss functions satisfy this assump-
tion, e.g., the convex function ¢% for any p > 1, so that f;(alx) = (a;,x)*. Another
example is when each f; is such that f/(¢) > 0,Vt, e.g., logistic function log(1 + e~ ") or
any strongly convex. Note that even if each f; is strongly convex, since we have n < d,
the overall objective f in (18) is still only weakly convex.

Define
T 1" (afx)
al f”(aTx)
A= |er™ D= 2 € R,
a}l ’ f”(aTx)

It is easy to see that

g(x) = AT : , H(x)=ATDA.

For the gradient to be in the range of the Hessian, we must have for some v € R?

ATDAv = AT[f'(alx),..., f'(alx)]T. (19)
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Under the assumption on f;, it can be seen that v = ATDT[f/(a]x),..., f'(alx)]T,
satisfies (19), where AT = AT(AAT)™' € R¥" Hence, Assumption 4 holds with
v(xg)=v=1.

3.2. Convergence analysis

In this section, we discuss the convergence properties of Newton-MR. For this, in
Section 3.2.1, we first consider the slightly simpler, yet less practical, case where the sub-
problems (20) are solved exactly (Algorithm 1). Clearly, this is too stringent, and as a
result, in Section 3.2.2, it is subsequently relaxed to allow inexact solutions (Algorithm 2).
Convergence under a generalized variant of Polyak-F.ojasiewicz inequality will be treated
in Section 3.2.3.

The following simple Lemma relating to (12) is frequently used in our theoretical anal-
ysis. The proof can be found in most textbooks and is only given here for completeness.

Lemma 5. Consider any x,z € R, 0 < f <00, 0 < L < oo and h: R? — R. If
IVh(y) = VhG)| < Ly = x[”, ¥y € [x.2],
then
h(y) < h(x) + (Vh(x),y = x) + L[y = x| " /(8 +1), Yy € [x,2].

Proof. For any y € [x,z|, using the mean value theorem, we have

h(y) — h(x) — (Vh(x / (Vhx+ 7(y — X)),y — %) dr — (Vh(x),y — x)

< ly = x|l [ [Vhx + 7(y = x)) - Vhx)| dr
0

1

+1 +1
<Lly-x|"" [rfr < 2y - <7 o
0

3.2.1. Exact update
The underlying sub-problem of Newton-MR, at k" iteration, involves OLS problem
of the form (4). Under the invexity assumption, the Hessian matrix can be indefinite

and rank deficient, and as a result, the sub-problem (4) may contain infinitely many
solutions. Indeed, the general solution of (4) is written as

p=—[H g + (I —Hy [Hk]T> q, VqeRY
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Algorithm 1 Exact Newton-MR.

Input:

- Initial iterate xo € Rd, Line-search parameter 0 < p < 1, Termination tolerance 0 < €

for k =0,1,2,--- until ||gk] < e do
Find pj using (20), i.e., set pr = — [Hz]" g
Find step-size, ay, such that (7) holds with p
Set X1 = Xk + arPk

end for

Output: x for which [|g(x)|| < €

which implies that when Hj has a non-trivial null-space, the sub-problem (4) has in-
finitely many solutions. Among these, the one with the minimum norm is defined uniquely
as

min ||p|| s.t. p € Argmin | gr + HiD||, (20)
peR peRd

which yields py = — [Hk]T gr. In our analysis below, among all possible solutions, we
will choose the least norm solution, to get iterations of the form (5). The resulting
Newton-MR variant with exact update (20) is depicted in Algorithm 1.

Theorem 1 gives the convergence guarantees of Algorithm 1.

Theorem 1 (Convergence of Algorithm 1). Consider Assumptions 1 to J. For the iterates
of Algorithm 1, we have

2 1— 2
leall® < (1= 207(x0) el 277 el

1/8
where T(xg) = ((1 —p)(1+75) (V(Xo)’y(X()))H_B/L(Xo)) , p is the line-search parame-
ter of Algorithm 1, xg is the initial iterate, (B, L(X¢)) are as in Assumption 2, v(Xo) is
as in Assumption 3, and v(xg) is defined in Assumption 4.

Proof. We first note that, by (8), all iterates of Algorithm 1 remain in Xy. Let U, € R4X"
be any orthogonal basis for the range of Hy and r = rank (H;) < d. It follows that
(Higk, pr) = — <gk,Hk [Hk]T gk> = — ||Uggk||2. Using (7), we get the reduction in the
gradient norm as

2 2 2
Igk+1lI” < llgwll™ — 200 [[Ufgk|I”- (21)

All that is left is to obtain a non-zero iteration independent lower-bound on «y, i.e.,

ap > a > 0, for which (21) holds. For this, using Assumption 2 and Lemma 5, with
2

X = Xp, Z = X + Pk, Y = Xk + api, and h(x) = [|g||” /2, we get

2071 L(x0)

2 2
lgrr1ll” < llgell” + 2o (Hrgr, Pr) +
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Assumption 3 implies ||px|| = H[Hk]T ng < |lgrll /[v(x0)]? 1. Hence, it follows that

2071 L(x0) k|
H(x0) P (B +1) '8

2 2 2 +1
lgrsal® < llgell* — 20 | UTge]” + i

Using the above as well as (21), we require for « to satisfy

2081 L(x0)

1 2 2
oo e < el — 200 [UTe

2 2
lgrll” — 2o |ULgell” +

But from (17a) and Assumption 4, this is implied if o satisfies o F1L(x0) ||lgx||”T* <

[(%0)] 71 (B+1) (1—p)w(x0) || g |, which s given if a < (1 — p) (14 B)v(x0) [¥(x0)] '+ /

L(x0))"? || gk ||(175)/ﬁ. This implies that any step-size returned from the line-search will

be at least as large as the right-hand side. Now, using Assumption 4 and Lemma 4 again,
2

we get g1l < [lgrl® — 200 [Ufgell” < (1 - 2pov(x0)a) lgil*. O

Remark 1. The convergence rate of Theorem 1, for § # 1, seems rather complicated.
However, one can ensure that it is indeed meaningful, i.e., the rate is positive and strictly
less than one. From Lemma 2 and Assumptions 3 and 4, it follows that Vx € X}, we have

y 26\ HE)g) ™ _ (26 |7 [Hx) (UULg)|”""
1o 2 (577 260 (+%7) 1860

B
z( 28 ) (1 (x0) Vo)) P+ lg(a0) |7

B+1

where U, € R¥*" is any orthogonal basis for the range of H(x). It can also be shown
that

p((L+B)1—p)'’ < € (0,1), V5 € (0,00),

with equality holding at p = /(1 + /3). Hence, noting that v(x¢) < 1, we obtain
Lixo) > 2°p"(1 = p)(1 4 B) (v(x0)1(x0))" " lg)[' ™7 ¥x € %,
which ensures
0<1—2p7(x0) el ™? <1, k=o0,1,.... (23)

Remark 2 (Parallels between Newton-MR/Newton-CG and MINRES/CG). In the tradi-
tional settings of strongly convex and smooth functions, the global convergence rate in
Theorem 1 with 5 =1 is identical to that of Newton-CG; see [81] for example. However,
the former indicates the rate of reduction in the norm of the gradient of the function,
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while the latter corresponds to the reduction in the function value itself. This relationship
is reminiscent of the convergence guarantees of MINRES and CG for linear systems in-
volving symmetric positive-definite matrices. Indeed, while having identical convergence
rates, the former is stated in terms of the reduction in the norm of the residual of the
iterates, while the latter indicates the reduction in the error of the iterates themselves.
Also, recall that MINRES, unlike CG, can be applied beyond positive-definite matrices.
In the same spirit, Newton-MR, unlike Newton-CG, is applicable beyond the traditional
convex settings to invex functions.

Similarly as in the case of many Newton-type methods, we can obtain local conver-
gence guarantees for Newton-MR with unit step-size, i.e., ap = 1. We further show that
such result greatly generalizes the classical analysis of Newton-CG. We will show that
local (super-)linear rate of convergence is possible under either Assumption 2 with 5 > 1,
or Assumption 5.

Assumption 5. For some 0 < 8 < oo and 0 < Ly < oo, we have Vx € R%, Vp €
Range(H(x)),

((x+p), (H(x +p) — H(x))p) < Lu g(x +p)|| o] (24)

Although, we do not know of a particular way to, a priori, verify Assumption 5, it is
easy to see that (24) with 8 = 1 is implied by (11b), and hence weaker. In fact, unlike the
usual local convergence analysis of Newton-type methods, analyzing iterations in terms
of gradient norm allows us to weaken (11b) and instead consider (24).

Theorem 2 (Error recursion of Algorithm 1 with oy = 1). Consider Assumptions 1, 3,
and j. Suppose Xy, € Xy and consider one iteration of Algorithm 1 with oy = 1.

(i) If Assumption 2 holds, then

2L(X0)
1+ B)[y(xo

2 1+ 2
gl < ¢ e gl =+ (= 2v(x0)) il

(it) If Assumption 5 holds and H(x) is continuous, then

L
lgerill < gy p e el V=G0 el

Here, L(x¢),v(x0),v(X0) and Ly are defined, respectively, in Assumptions 2, 3, 4, and
5. Also, B refers to the respective constants of Assumptions 2 and 5.

Proof. Recall that (20) and oy = 1 implies that xx1; = X + px, where we have py =
- [H (xk)]T g (xx). Throughout the proof, let U, and Uy denote any orthogonal bases
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for Range(H(x)) and its orthogonal complement, respectively. (i) From (22) with o, = 1
and using Assumptions 3 and 4, we get

2L (xo)
(B + Dy(x0)]

2L(xo)
(1+ B)[v(xo)]' 7

(ii) Since by assumption g(x) is continuously differentiable, using mean-value theorem
for vector-valued functions ([31, Theorem 7.9-1(d)]) for gr+1 = g (X + Pk), we have

2 2 2 —+1
lgkll” < llgell® — 2 ULl + el

legell ™7

< (1 2v(x0)) llgxll* +

1
Hgk+1||2 = (8k+1,8ht1) = <gk+lagk + / [H (xx + tPx) Px] dt> . (25)
0

Note that
g (xx) = H (x) [H (xx)]" g (xx) + Uy [Ux]" g (xx) = —H (xs) pr. + Uy [Ux] g (xz).

Hence, it follows that

1
gkl = <gk+1, —H (xz) pr + / H (xi, + tpr) Pi] dt> + <gk+1an_ [Ui]Tg(Xk)>
0

< <gk+l, [ 16+ tp) - () b dt> + gl || [Ux]" & o)

IN

/t’1 (g1, (H (xx + tpx) — H (x)) tpw)] dt + /1 = v(xo0) llgr+1] |kl
0

where the inequality follows by Lemma 4. Using Assumptions 3 and 5, we get

1
2 1
lgr+1ll” < Lna llgrrall [Ipxl w/tﬂdﬂr V1 —v(xo) llge+1ll Ikl

0

and hence,

Ly
lgeill < 7575 1Pl + /1= v(x0) Il
Ly 1+
< g | e+ VTG el
Ly
el + V1= v(xo) el - O

= 01 A)h o) 7
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Remark 3. Theorem 2-(ii) implies convergence in gradient norm with a local rate that
is linear when v(xg) < 1, super-linear when v(xg) = 1, and quadratic when v(xg) =
B = 1. For example, when v(xg) < 1, for any given /1 —v(xg) < ¢ < 1, if ||gg] <

1/
Qc‘ 1— v(xo))(1 +5)[7(x0)]1+ﬁ/LH) , we get ||gesa] < c|lgell. In other words,
the local convergence rate is problem-independent, which is a similar characteristic to
that of exact Newton-CG; see [81]. If v(x¢) = 8 = 1, then Theorem 2-(ii) implies that

L
— el (26)

27(x0)

which greatly resembles the quadratic convergence of Newton-CG, but in terms of ||g]|

lgr+1]l <

in lieu of ||xj, — x*||. For strongly-convex objectives, (26) coincides exactly with the well-
known bound on ||g|| in the literature, e.g., see [18, Eqn. (9.33)]. For comparison, the
local convergence rate of the Newton-type method proposed in [68] for strongly-convex
objectives is superlinear.

3.2.2. Inexact update

Clearly, in almost all practical application, it is rather unreasonable to assume that
(20) can be solved exactly. Approximations to (20), in the similar literature, are typically
done by requiring

IHepr + il < 0 llgkll (27)

for some appropriate 0 < 6 < 1. In other words, we can simply require that an ap-
proximate solution pg is, at least, better than “p = 0” by some factor. Such inexactness
conditions have long been used in the analysis of Newton-CG, e.g., see [17,21,76,81]. How-
ever, Newton-MR allows for further relaxation of this condition. Indeed, as we will later
see in this section, we can further loosen (27) by merely requiring that an approximate
solution satisfies

1-0)
2

( 2
(Hypr, gr) < — gl (28)
It is easy to see that (27) implies (28). In our theoretical analysis below, we will employ
(15) and hence we need to ensure that for the update directions, pj, we have pj €
Range(Hy,). In this light, we introduce the following relaxation of (27)

Find p € Range(H) s.t. p satisfies (28). (29)

The inexactness condition in (29) involves two criteria for an approximate solution p,
namely feasibility of p in (28) and that p € Range(Hy). To seamlessly enforce the latter,
recall that the ¢ iteration of MINRES-QLP can be described as follows [29, Table 5.1
and Eqn (3.1)]
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p) = argmin ||p||, subject to p € Argmin |[Hp +g|, (30)
peRd peK.(H,g)

where K¢(A,b) = Span {b, Ab, ..., A’"'b} denotes the t"*-Krylov sub-space generated
by A and b with ¢t < r £ rank (A). If v(x¢) = 1 in Assumption 4, then we necessarily
have g € Range(H), and hence p® € Range(H),Vt. Otherwise, when v(xg) < 1 in
Assumption 4, which implies g ¢ Range(H), we cannot necessarily expect to have p(*) €
Range(H). However, one can easily remedy this by modifying MINRES-QLP iterations to
incorporate K;(H, Hg) instead of K;(H,g). Compared with (30), this essentially boils
down to performing one additional matrix-vector product to compute the vector Hg,
which is then normalized and used as the initial vector within the Lanczos process; see
[22,54] for similar modifications applied to MINRES. Clearly, this will not change the
guarantees of MINRES-QLP regarding the monotonicity of the residuals as well as the
final solution at termination, i.e., pt = — [H]Jr g. Since for all ¢, we have p; € Range(H),
it follows that any feasible p; satisfies (29). We note that, in general, the Krylov subspace
methods that define their iterates in H - K;(H, g), as opposed to K;(H, g), can have a
slower convergence, e.g., see [43]. However, in our experience, such a side-effect can be
negligible given the relatively small number of iterations that is often required to satisfy
the inexactness condition (28), as opposed to (27); see also Remark 4.

For the analysis of Newton-type methods, to the best of our knowledge, (29) has never
been considered before and constitutes the most relaxed inexactness condition on the
sub-problems in the similar literature.

Remark 4 ((28) is more relazed than (27)). For a fixed 6, the relative residual of any
solution to (28) is often much larger than that required by (27). Indeed, from (30) and
[29, Lemma 3.3], we have (py, Hi, (Hrpr + g1)) = 0. Now, from (28) we get

(1+0) gl
> 2(gk, Hipr + 8k) (From (28))
= 2(gk, Hypr + k) + 2 (Hypr, (HxPr + 8k)) ((pr, Hy, (Hypx + g1)) = 0)

= 2 (gx + Hypi, Hypi + 1) = 2| Hipr + gl°

which implies

1+6
| Hipr + grll <4/ —5 llgk | - (31)

Hence, (28) is equivalent to requiring the relative residual condition albeit with the
tolerance of /(1 + #)/2. This in turn implies that for a given 0, we can satisfy (29) in
roughly less than half as many iterations as what is needed to ensure the more stringent
(27).
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Algorithm 2 Inexact Newton-MR.

Input:

- Initial iterate xo € ]Rd7 Inexactness tolerance 0 as in Condition 1, Line-search parameter 0 < p < 1,
Termination tolerance 0 < €
for k =0,1,2, - until ||gk]l < e do
Find pj using (29) with inexactness tolerance 6
Find step-size, ay, such that (7) holds with p
Set X1 = Xk + arPr
end for

Output: x for which ||g(x)]| < e

The inexactness tolerance has to be chosen with regards to Assumption 4. Indeed,
under Assumption 4, for the exact solution, py = — [Hk]Tgk, we have (Hypy,gr) =
—(Hy, [Hk}Tgk,gm < —u(x0) |lgxll>. Hence, it suffices to choose 6 in (28) such that
0 >1-—2v(xp).

Condition 1 (Inezactness tolerance ). The inexactness tolerance in, 0, in (28) is chosen
such that 6 € [1 — 2v(x0), 1), where v(xo) is as in Assumption /.

Of course, because of v(xg), the interval in Condition 1 also depends on xg, which con-
sequently affect the range of possible choices for §. In this sense, the proper notation for
inexactness tolerance is 6(xg). However, to simplify our results, we drop the dependence
of 6(x¢) on xg. Also, note that if v(x¢) > 1/2, then we can take 6 to be negative.

Replacing the exact update (20) in Algorithm 1 with the inexact condition (29) and
considering Condition 1, we get an inexact variant of Newton-MR, depicted in Algo-
rithm 2, and Theorem 3 provides its convergence properties.

Theorem 3 (Convergence of Algorithm 2). Consider Assumptions 1 to J. For the iterates
of Algorithm 2, we have

lgerall® < (1= 207 o) el 77) el (32)

where 7(xg) = 7(x0) [(1 — 9)/(2V(x0))](1+’6)/ﬁ, and p is the line-search parameter of
Algorithm 2, v(xg) is defined in Assumption 4, 7(Xg) is as defined in Theorem 1 and 0
is given in Condition 1.

Proof. Similar to the proof of Theorem 1, we get (22). By [30, Lemma 3.3 and Section
6.6], we know that ||Hypg|| is monotonically non-decreasing in MINRES-type solvers,
ie., [[Hgpi| < HHk [Hk]Tng < |lgkll- Since py € Range(Hy), from Assumption 3 it
follows that

1 1
< ——||H < — . 33
||pkH = ’V(XO) || kpk” = ’Y(XO) ||gk|| ( )
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This, in turn, implies that

2L (xp)aP*t
B+ Db (o) P 18

2 2 1
lgrsill” < llgkll” + 2o (Higk, Pr) + |5+ .

Now, as in the proof of Theorem 1, to obtain a lower bound on the step-size
returned from the line-search, using the above and (7), we consider « satisfying
2L(x0)o? gk " < (8 + Dy(xo))1a(l — p)(1 — 0) lgl>. This, in turn, im-
plies that the step-size returned from the line-search (7) must be such that a >
(1= 0)(1 = p)(1+ B)[7(x0)]**# /(2L(x0)))"/” |gel| ™77 With this lower-bound on
the step-size, we obtain the desired result by noting that ||ng2 + 2pa (pr, Higr) <
(1= pa(1—0)) lexl® O

Recalling that 1 — 6 < 2v(x() from Condition 1, we can obtain a bound similar to
(23) with 7(x0) replacing 7(x¢), for the rate given by Theorem 3.

Remark 5. For § = 1 — 2v(xg), i.e., when sub-problems are solved exactly, Theorem 3
coincides with Theorem 1. More generally, for any v(x¢) € (0,1] and 0 € [1 — 2v(xq), 1),
we get a rate similar, up to a constant factor of (1 —6)/(2v(xg)), to that of the exact
update in Theorem 1, i.e., the effects of the problem-related quantities such as L(xq) and
~v(xg) remain the same. This is in contrast to Newton-CG, for which in order to obtain
a rate similar to that of the exact algorithm, one has to solve the linear system to a
high enough accuracy, i.e., # < /K, where & is the condition number of the problem.
Otherwise, the dependence of the convergence rate on the problem-related quantities is
significantly worsened; see [81, Theorem 2].

Similar local convergence results as in Theorem 2 can also be obtained for the case
where the update direction, pg, is obtained approximately. Note that, again as in Re-

mark 5, when 0 = 1—2v(xg), the results of Theorem 4 coincide with those of Theorem 2.

Theorem 4 (Error recursion of Algorithm 2 with a = 1). Under the same assumptions
of Theorem 2, suppose Xy, € Xy, and consider one iteration of Algorithm 2 with oy = 1.

(i) If Assumption 2 holds, then

2L(X0)

2 2
ol < Ty 8l + el
(ii) If Assumption 5 holds and H(X) is continuous, then
< —_— .
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Here, L(xq),7v(x0) and Ly are defined, respectively, in Assumptions 2, 3, and 5, 3 refers
to the respective constants of Assumptions 2 and 5, and 0 is an inexactness tolerance
chosen according to Condition 1.

Proof. The proof is very similar to that of Theorem 2. (i) This follows immediately

from (22) with ax = 1 and using (28) coupled with (33). (ii) We first replace gy =

—H;pr+(Hipr + k) in (25). As in the proof Theorem 2-(ii), from (31), we get ||gr+1|| <
148 . . e B }

Lu |lpell” ™" /(1 + 5) + /(1 + 0)/2||gk|l, which using (33) gives the result. O

Remark 6. Here, as in Remark 3, one can obtain local linear convergence rate that is
problem-independent. For example, from Theorem 4-(ii), it follows that if 1/(1 4+ 6)/2 <
¢ < 1 and the gradient is small enough, we get ||gr+1]| < c|lgkll; see [58, Section 6] for a
similar statement in the context of more general nonlinear equations. This implies that
local convergence in the norm of the gradient is very fast even with a very crude solution
of the sub-problem. We also note that if v(xo) = 8 = 1, and 6 € O(||gx|®) — 1, then
Theorem 4-(ii) implies a quadratic convergence rate.

Finally, we can obtain iteration complexity to find a solution satisfying ||g(x)|| < €
for a desired € > 0.

Corollary 1 (Iteration complexity of Algorithm 2). Under the same assumptions as in
Theorem 3, consider finding an iterate for which ||gi|| < € for a desired e > 0. Then, we

have the following two cases:

(i) With > 1 in Assumption 2 then k € O (log(1/e)).
(ii) With 0 < 8 < 1 in Assumption 2, then k € O (e(ﬁ_l)/ﬁ log(l/e)).

Proof. Recall that we always have |gi| < ||[g*~"| < ... <|/gol|. Dropping the depen-
dence of T(xg) on xg, we have the following.

k
(i) For 8 > 1, from (32), we have [lgi|® < (1 _2p?ug0||“—ﬂ>/ﬁ) llgol?, which, in

order to obtain ||g||* < €, implies that we must have

k= log (¢/ [lgoll) /10g (1 — 207 lgoll =777

Now, noting that —log(1 — 1/z) € O(1/x), we obtain the result.
(ii) For 8 < 1, as long as ||gx||* > €, from (32), we have

leel® < (1= 207 gl "~77°) ol < (1 207D lg .

Now, we obtain the result as above. O
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Corollary 1 implies that (inexact) Newton-MR is guaranteed to converge for func-
tions, which traditionally have not been considered suitable candidates for Newton-type
methods. For example, Algorithm 2 can still be applied for optimization of a twice contin-
uously differentiable objective for which we have < 1 in Assumption 2. Such functions
can be extremely non-smooth, and as a consequence, they have been labeled, rather
inaccurately, as cases where the application of curvature might be useless, e.g., [4,5].

3.2.8. Convergence under generalized Polyak-Lojasiewicz inequality

The set of global optima of an invex function, f(x), is characterized by the zeros of
the gradient, g(x). If, in addition, the distance to the optimal set, in terms of iterates
and/or their respective function values, is also somehow related to g(x), then one can
obtain rates at which the iterates and/or their objective values approach optimality. In
this section, we consider an important sub-class of invex problems, which allows us to
do that.

Definition 2 (Generalized Polyak-Lojasiewicz inequality). Let X C R? be an open set.
A differentiable function f on X is said to satisfy the generalized Polyak-f.ojasiewicz
(GPL) inequality on X if there exist 1 < < co and 0 < p < 0o such that

1/(n—-1)
Fo0 - int 0 < (Lleeal”) L e (34)

The class of functions satisfying (38) is denoted by }'g 5 L,

It is clear that ]:55 L c F (cf. Definition 1). Most often in the literature, Polyak-
Lojasiewicz (PL) inequality is referred to as (34) with n = 2, e.g., [57], which excludes
many functions. The generalized notion of Polyak-Tojasiewicz in (34) with any 1 <
1 < oo encompasses many of such functions. For example, the weakly convex function
f(z) = z* clearly violates the typical PL (i.e., with 7 = 2), but it indeed satisfies (34)
with 7 = 4 and p = 256. In fact, any polynomial function of the form f(z) =%, a;z?
with a; > 0,i =1,...,p satisfies (34).

But “how large is the class F,ﬁ 5 L in Definition 27?7 We aim to shed light on this ques-
tion by considering other classes of functions that are, in some sense, equivalent to ]-'g 5 L,
In doing so, we draw similarities from various relaxations of strong convexity. More
specifically, to alleviate the restrictions imposed by making strong convexity assump-
tions, several authors have introduced relaxations under which desirable convergence
guarantees of various algorithms are maintained; e.g., the quadratic growth condition [3],
the restricted secant inequality [89], and the error bounds [65]. The relationships among
these classes of functions have also been established; see [57,72,83,98,99]. We now give
natural extensions of these conditions to invex functions and show that .F,fi L'is an
equivalent class of functions.
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Let us define the set of optimal points of the problem (1) as
X2 {x* eRY| f(x*) < f(x), ¥x € RY}. (35)

Further, assume that X'™* is non-empty, and denote the optimal value of (1) by f*. Recall
that when f is invex, X* need not be a convex set, but it is clearly closed; see [69, p.
14].

Definition 3 (Generalized functional growth property). A differentiable function f is said
to satisfy the generalized functional growth (GFG) property if there exist 1 < n < oo,
0 < 41 < 0o and a vector-valued function ¢ : R? x R — R?, such that

£ = £ > pmin gy x)|7,  VxeRY (36)

The class of functions satisfying (36) with the same ¢ is denoted by fg f;lcj

Definition 4 (Generalized restricted secant inequality). For a vector-valued function
¢ : RT x RY — R? define YV3(x) £ {y* € X* | [|¢(y*, x)|| < [¢(y,x)[|, Vy € X*}. A
differentiable function f is said to satisfy the generalized restricted secant (GRS) in-
equality if there exist 1 < n < 00, 0 < p < 0o and a mapping ¢ : R? x R¢ — R<, such
that

min_(-g(x), ¢(y,x)) > p min [[¢(y,x)||", vx € R% (37)
YEYV} (%) yeX*

The class of functions satisfying (37) with the same ¢ is denoted by Fg ?i

It is easy to see that when f is convex and ¢(y, x) =y —x, we have Vj(x) = {[x]x~},
where [x]y+ = arg mingcx+ |y — x|| is the unique orthogonal projection of x onto the set
of optimal solutions X'* (which, in this case, is convex). Hence, the generalized condition
(37) coincides with, and hence is a generalization of, the usual definition of restricted
secant inequality for convex functions with n = 2; see [57,83,98,99].

Definition 5 (Generalized error bound property). A differentiable function f is said to
satisfy the generalized error bound (GEB) property if there exist 1 <7 < 00, 0 < p < 00
and a vector-valued function ¢ : R? x R4 — R?, such that

lgGl = i min gy, x)["", vxeR (38)

The class of functions satisfying (38) with the same ¢ is denoted by .7-"(%’: 55

Lemma 6 establishes a loose notion of equivalence among the classes of functions
mentioned above, as they relate to invexity. However, when restricted to a particular class
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of invex functions for a given ¢, Lemma 6 shows that .7-'7? 5 L NJFg can indeed be larger. In

contrast, for when ¢(y, x) = y—x, equivalence between these classes has been established

in [57]. This is in particular so since, unlike [57], here we have made no assumptions on

the smoothness of f such as Lipschitz-continuity of its gradient. This is a rather crucial

distinction as for our main results in this paper, we make smoothness assumptions that

are less strict that those typically found in the literature; see Assumption 2 in Section 3.1.

Lemma 6.

(i) For any ¢, we have

GFG GRS GEB GPL
‘7:¢m7uﬂ‘7:¢ gftiw,um]:‘i’ gf¢,n,umf¢ g}-mu NFp.

(ii) There exists a ;;\5, for which

GPL _ TGPL - GFG -
Fon =FL ﬁf¢§F¢7n7#ﬂF¢.

(iii) These classes are equivalent in the sense that

UL Fol = LTG0 Fo} = UAFENI N Fo} = P
¢ ¢ ¢

Proof. (i) We start by showing that, for any f € Fg, (36) implies (37). Consider any

x € RYand y* € Yj(x). By (36) and invexity as well as noticing that Vj(x) C A* =
F(y*) = 17, we have pmingen- [6(y, )" < F(x) — f(y*) < — (b(y*, %), gx).
Since the last inequality holds for all y* € y;(x), we can minimize the right-hand
side over all Yj(x) to get

: n < 1 —

which is exactly (37). A simple application of Cauchy-Schwarz inequality on
(37) and noting that minyey: ) [|¢(y,%)[| = minyex- |¢(y,x)|, it follows that
pmingex- @y, 0)[7 < mingex- 6y, %) gl T x is such that
mingex+ [|@(y,x)|| = 0, then the inequality (38) trivially holds, otherwise divid-
ing both sides by minye v+ [|@(y,x)| gives (38).

To get (34) from (38), note that by invexity, for any y € X*, we have f(x)— f* <
16y, )| (0], hence £(x) — f* < minyex- [$y,x)| &), which using (38)
gives (34).

We will show that (34) implies that there exists a ¢ for which (36) holds. Indeed,
for any invex function f, we can always define a corresponding :;5 as
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0, g(x)=0
¢(y7 X) = .
() = £/l ) g(x), g(x) #0

Now suppose f € FFFF. For any x € X*, the inequality (36) trivially holds. Suppose
x ¢ X*, which implies g(x) # 0. For any y € X*, we have

HA H” fy) = fEI" _ (fx) = )"

Py x) FEOIE FOIK (F) = 17

1
T
where the last inequality follows since by (34), we have (f(x)— f*)(lfn) >
1/ llg)I", vx € X.
(iii) This isThe is a simple implication of the first two parts. O
If fe .7:5? f L where .F,f 5 L is the class of Generalized Polyak-Fojasiewicz (GPL) func-
tions as defined in Definition 2, we immediately have the following convergence guarantee
of Algorithm 2 in terms of objective value f(xy). Similar results for Algorithm 1 can also
easily be obtained.

Theorem 5 (Convergence of Algorithm 2 under GPL inequality (34)). Under the same
assumptions as in Theorem 3, if f(x) satisfies GPL inequality (34), there are constants
0<C<o0,0< (<1 andw >0, such that for the iterates of Algorithm 2 we have the
following.

(i) With g > 1 in Assumption 2, we get R-linear convergence as
f(xx) = inf f(x) <Ok,
xcR4

where C' = C(XOJ%N); and 0 < C = C(x()vﬂa U ?(XO)) <1
(ii) With 0 < 8 < 1 in Assumption 2, we get R-sublinear convergence as

f@w—nﬁﬂmsc(ﬁg)ﬂ

x€R?

where C' = C(XOan7,u7p7677/:(X0))7 and w = W(Uaﬁ) > 0.

Here, p is the line-search parameter of Algorithm 2, n and p are as in Definition 2, and
T(xo) is as in Theorem 3.

Proof. (i) For notational simplicity, we drop the dependence of 7(x) on xg. Consider
B > 1. From (32) and (34), we have

)n/(2(n—1))

. 1
FOs) = inf 109 < oy (el
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1 N 1 k ,\ /=)
= pt/(n=1) ((1_2PT||80|( BVB) llgoll )

k

o "7

/(2(n-1))
= e | (- Qp?HgOH(l_ﬂ)/B)n n
i

—_——
c ¢

where 7T is as in Theorem 3, and by (23) we also have that 0 < ¢ < 1.
(if) Now take 0 < 8 < 1. From (32), we have

2 ~ 1— (1
el < (1= 207 gl 777 lgwl® = llgll® - 207 gl 77,

which, implies [|ge41]® < [lgol® — 2p?2§:0 ngH(HB)/’B. Rearranging the last in-

. . (1+8)/8 2 2 2
equality gives 207 17| 7 < llgoll® — llgn 11> < llgol>. From (8), we get

(k+1)2p7 || g"|| 615 < |lgoll?, which gives

8/(1+8) 1 \P/a+B)
k| < =1 2 1
Il < (e heol®) " (57)
Using (34), we get
— inf
$6) = inf, 169
1 /((n—1))
< oy el
1 B/(1+8) 1 \A/0+8) n/((n—1))
< 7 | (2097 llgoll” L
‘ul/(nfl) P
SR S
: __ bk
= A llgol2) T (L) (=D +5)
~ i (27 ol (i) -

c

The following Lemma shows that, under some assumptions, the norm of the gradient
at each point can be estimated using the distance of the point to the optimality set X™*.

Lemma 7. Under Assumptions 2 to /, for any xo € R?, there exists a constant 0 <
Lg(x0) < 00, such that

I8l < Lg(x0) min [jx —x*[|, Vx e X, (39)

X*CX*

where X* is as in (35).
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Proof. By Assumption 2, since X* C Aj, we have |H(x)g(x)| = |H(x)g(x) —
H(x*)g(x*)|| < L(x0) |[x — x*||, V(x*,x) € X*xR%. Since the left-hand side of the above
inequality is independent of xg, we get |H(x)g(x)|| < L||x — x*||, V(x*,x) € X* x R4,
where L £ inf, ecra L(x0). Now, from Assumptions 3 and 4, it follows that for any
(x,x*) € Xy x X*, we have

1 L
o)) MO8 < S )

[ECI] IR

| Bx)g 00| < I = x|

1
v(x0)
The result follows by taking the minimum of the right-hand side over X*. O

Using Lemma 7, from Theorem 4-(ii), with any x* € X*, we get

Ly [Lg(x0)] "
Hgk+1” < (1 :I_B)[ (O )]1+5 H

146 X
U L) [k — X7

where v(xg),v(x0), Ln, 8, and Lg(xo) are the constants defined, respectively in (14),
(16), (24), (28) and (39). Now, suppose we have (38) with ¢(y,x) =y —x (perhaps only
locally). It follows that

_ L [Lg(x0)]" 148
min [|xx L—x T < X, — X~
2R ek ” (1+B)[v(x0)]" 1 I I

14 0)/2Lg(x
( L/ g(%0) Ixx — x| .

We can also obtain a similar inequality using Theorem 4-(i). We can gather the above
in the following corollary.

Theorem 6. Consider Assumptions 1, 3 and J. Suppose that we have (38) with ¢(y,x) =
y —x. For the iterates of Algorithm 2 using update directions from (29) and with oy, = 1,
we have

min [|xp1 — x| < ¢ min [xp — x| + o min ||xp — x*[|
x*EX* x*EX* x*EX*

where
(i) if Assumption 2 holds, then

2L(x0) [Lg(x0)] * oy — ~ 0LZ(xo)
(14 8)[y(x0)]} P2’ p?

(ii) and if Assumption 5 holds and H(x) is continuous, then

cp=2, =

L [Lg(x0)]""" Lg(x0)\/(1+0)/2
1+ B)y(xo)] P’ 2 7 '

co=1, ¢ =



30 F. Roosta et al. / EURO Journal on Computational Optimization 10 (2022) 100035

Here, L(x0),v(X0),Lu and 0 are defined, respectively, in Assumptions 2, 3 and 5 and
Condition 1, X* is as in (35), Lg(Xo) is as in Lemma 7, p and n are as in Definition 5,
and B refers to the respective constants of Assumptions 2 and 5.

Remark 7. Assuming (38) with ¢(y,x) = y — x (locally), is weaker than requiring to
have isolated (local) minimum. For example, suppose we have v(x¢) = 1 and n = 2. By
setting 0, € O Q—‘minx*eX* Ixx — x*||25> — 1, from Theorem 6-(ii), we get super-linear
convergence to the set of optimal solutions, X*. In fact, the rate is quadratic for g =1
as a special case, which matches those from many prior works, e.g., [35,62,101]. Clearly,
convergence in terms of minysecx+ ||xx — x*|| relaxes the notion of isolated minimum,
which is at times used for the local convergence analysis of Newton-CG. Hence, error
bound conditions similar to that used in Theorem 6 have been extensively used in similar
literature to establish convergence to non-isolated (local) minima [44,45,62,63,95,101,
102].

4. Numerical experiments

In this section, we evaluate the empirical performance of inexact Newton-MR (Algo-
rithm 2) as compared with several other Newton-type optimization methods on some
machine learning problems. Empirical comparisons to a variety of first-order methods
are left for future work.

Optimization methods In the following performance evaluations, we compare Newton-
MR with some widely used optimization methods as listed below; see [76] for the details
of each of these algorithms.

- Newton-CG with Armijo line-search.

- L-BFGS using strong Wolfe conditions.

- Nonlinear-CG using strong Wolfe conditions. In all of experiments, among the many
variants of nonlinear-CG, FR-PR variant [76, Chapter 5] performed better on almost
all instances.

- Gauss-Newton with Armijo line-search.

- Trust-region with CG-Steihaug sub-problem solver as described in [32, Algorithms
6.1.1] and [76, Algorithm 7.2].

The main hyper-parameters for these methods, used in our simulations, can be found
in Table 1. In all of our experiments, we run each method until the norm of the gradient
falls below 1E-10, maximum number of iterations are reached, or the algorithm fails
to make progress. The latter case is detected when Newton-CG encounters a negative
curvature and its CG inner iterations are terminated, or when, for any method, the
maximum number of corresponding line-search has been reached and no step-size has
been accepted. These scenarios are depicted by a cross “X” on all the plots.
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Table 1

Hyper-parameters used in optimization methods. The initial trial step-size for all methods, with the excep-
tion of nonlinear-CG is set to a = 1. For nonlinear-CG, we use the strategy described in [76, Section 3.5].
The initial trust-region size is also set to one.

CG/MINRES- History size Armijo Wolfe curvature Maximum Trust-region
QLP /Steihaug of L-BFGS line-search condition line-search parameters
inexactness parameter parameter iterations

tolerance

0.01 20 1074 0.9 (L-BFGS) 1,000 [32, (6.1.6)]

0.1 (Nonlinear-CG)

Table 2

Complexity measure per iteration for each of the algorithms. N, and N; denote, respectively, the total
number of iterations for the corresponding inner solver and that resulting from performing the line search
or the trust-region radius update.

Newton-MR L-BFGS Newton-CG Nonlinear-CG Gauss-Newton TR CG-Steihaug

242 X Ns+2xXN; 242X N; 242X N+ N, 242X N; 242X N+ N, 24+ (2XNs+1)x N;

Remark 8. Although Newton-CG is not meant to be used on problems where Hessian
can become singular or indefinite, we run plain Newton-CG on our examples without
any modifications, e.g., we do not attempt to employ the encountered negative curvature
as in [82,96]. As a result, we terminate its iterations if CG fails. This is a judicious choice
to highlight a significant difference between Newton-MR and Newton-CG. Specifically,
this serves to distinguish between cases where the trajectory of Newton-CG remains in
regions that are locally strongly-convex and those where it enters areas with high degree
of weak-convexity or non-convexity. For example, in Section 4.2, more often than not,
Newton-CG fails at the very outset with xg, whereas Newton-MR makes continuous
progress.

Performance evaluation measure In all of our experiments, we plot the objective value
vs. the total number of oracle calls of function, gradient and Hessian-vector product. This
is so since measuring “wall-clock” time can be greatly affected by individual implementa-
tion details. In contrast, counting the number of oracle calls, as an implementation and
system independent unit of complexity, is most appropriate and fair. More specifically,
after computing each function value, computing the corresponding gradient is equiva-
lent to one additional function evaluation. Our implementations are Hessian-free, i.e., we
merely require Hessian-vector products instead of using the explicit Hessian. For this,
each Hessian-vector product amounts to two additional function evaluations, as com-
pared with gradient evaluation. The number of such oracle calls per iteration for all the
algorithms is given in Table 2.
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gaf:)tl: 2ets used for example of Section 4.1. All data sets are publicly available from [27,38].

Name n p C d=(C—-1)xp Convexity of (40)
20 Newsgroups 10,142 53,975 20 1,025,525 Weak

cifar10 50,000 3,072 10 27,648 Strict

covetype, 435,759 54 7 324 Strict

gisette 6,000 5,000 2 5,000 Strict

mnist 60,000 784 10 7,065 Strict
UJIIndoorLoc 19,937 520 5 2,080 Strict

4.1. Softmaz regression

Here, we consider the softmax cross-entropy minimization problem without regular-
ization, which is used in machine learning for multi-class classification applications. More
specifically, we have

n c—-1 c—-1
f(X) = £(X17X27 aXC—l) = Z 10g 1+ Z €<a“x",> - 1(bl = C) <ai,xc> R
i=1 /=1 c=1

(40)

where {a;,b;}? , with a; € RP, b, € {0,1,...,C} denote the training data, C is the
total number of classes for each input data a; and x = (x1,X2,...,Xc—1). Note that,
in this case, we have d = (C' — 1) x p. It can be shown that, depending on the data,
(40) is either strictly convex or merely weakly convex. In either case, however, by a
similar analysis as that in Example 4, one can show that v(x) = 1. Hence, it follows
that g(xx) € Range (H(xy)) and CG iterations within Newton-CG are well-defined. The
datasets use for our experiments in this section are listed in Table 3 and the performance
of each method is depicted in Fig. 1.

4.2. Gaussian mizture model

Here, we consider an example involving a mixture of Gaussian densities where the
goal is to recover some mixture parameters such as the mean vectors and the mixture
weights. Although, this problem is generally not invex, it has been shown in [67] that it
indeed exhibits features that are close to being invex, e.g., small regions of saddle points
and large regions containing global minimum. Nonetheless, the non-convexity of this
problem results in a Hessian matrix that can become indefinite and/or singular across

iterations.
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Fig. 1. Objective value, f(x) vs. number of oracle calls as in Table 2 for datasets of Table 3 on the model
problem (40). As for this convex problem, Gauss-Newton is mathematically equivalent to Newton-CG,
it is naturally excluded from comparisons. All algorithms are always initialized at xo = 0. As it can
be clearly seen, Newton-MR almost always performs very competitively, and in particular, it greatly
outperforms Newton-CG.

For simplicity, we consider a mixture model with two Gaussian components as

f(x) & L(z0,%1,X2) = — Zlog (w(xo)q) (a;;x1,%1) + (1 —w(x0))® (a;; x2, 22))7
i—1
(41)

where ® denotes the density of the p-dimensional standard normal distribution, a; € RP
are the data points, x; € R% x5 € RP, ¥, € RP*P and X, € RPXP are the corresponding
mean vectors and the covariance matrices of two the Gaussian distributions, ¢ € R, and
w(t) =1/(1 + e7") to ensure that the mixing weight lies within [0, 1]. Note that, here,
X 2 [29,x],x3]T € R+ and d = 2p + 1.

We run the experiments 500 times, and plot the performance profile [39,51] of each
method; see Fig. 2. For each run, we generate 1,000 random data points, generated
from the mixture distribution (41) with p = 100, and ground truth parameters as
x5 ~ U1[0,1], x7 ~U,[—1,1], and x5 ~ U, [3, 4], where U, [a, b] denotes the distribution
of a p-dimensional random vector whose independent components are drawn uniformly
over the interval [a,b]. Covariance matrices are constructed randomly, at each run, with
controlled condition number, such that they are not axis-aligned. For this, we first ran-
domly generate two p x p matrices, W1, Ws, whose elements are iid drawn standard
normal distribution. We then find corresponding orthogonal basis, Q1, Q2, using QR
factorizations. This is then followed by forming 3. 1= Q/DQ; where D is a diagonal
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Newton_MR
Newton_CG
Gauss_Newton
——=- TR-CG-Steihaug
—-- L_BFGS

0.0 —== Nonlinear_CG

Performance Profile f(x)

o
N
L

10° 10t

Fig. 2. Performance profile for 500 runs of various methods for solving (41) as detailed in Section 4.2.
For a given A in the x-axis, the corresponding value on the y-axis is the proportion of times that a given
solver’s performance lies within a factor A of the best possible performance over all runs. All algorithms
are always initialized at random using a multivariate normal distribution with mean zero and identity
covariance. As it can be seen, Newton-MR, greatly outperforms alternative second-order methods in this
example.

matrix whose diagonal entries are chosen equidistantly from the interval [0, 100], i.e., the
condition number of each X; is 100.

The performance profiles of all the methods are gathered in Fig. 2. As it can be
seen, Newton-MR greatly outperforms all alternative second-order methods in this ex-
ample. The trust-region method also shows a reasonable performance. The L-BFGS and
Nonlinear-CG methods both have comparable performances. It is worthwhile to high-
light that Newton-CG fails to converge in many of the runs. This is because, for this
non-convex problem, the Hessian matrix can become indefinite and, as a result, the CG
iterations can fail before the underlying inexactness condition is met. Furthermore, the
Gauss-Newton method performed extremely poorly, which can be an indication that the
underlying Gauss-Newton matrix is perhaps a low quality approximation to the true
Hessian in such a model.

4.3. Nonlinear least-squares

The examples of Sections 4.1 and 4.2 show that, when the problem is (approximately)
invex, the inexact Newton-MR method, depicted in Algorithm 2, can be a highly effective
optimization algorithm. We now study a potential drawback of using the plain Newton-
MR method for the optimization of the objectives that are highly non-invex. We set
out to show that for such functions, Algorithms 1 and 2, by virtue of the monotonic
reduction of the gradient norm, run the risk of converging to undesirable saddle points
or local maxima. For this, following [93], we consider the simple, yet illustrative, non-
linear least squares problems arising from the task of binary classification with squared
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loss.> More specifically, given the data {a;,b;}?_, with a; € R% b; € {0,1}, we consider
the regularized objective

Fx) = (b = d((ai,x))* + (), (42)

=1

where ¢(z) =1/(1 4 e~ *?) is the sigmoid function and 1 (x) is some regularization term.
To make the objective highly non-invex, we add a non-convex regularization in the form
of Y(x) = Zle 22 /(1 + x2), where z; is the i*® component of the vector x.

We compare the performance of the inexact variant of Newton-MR, Algorithm 2, the
Gauss-Newton method, as well as the trust-region algorithm with CG-Steihaug solver.
The Gauss-Newton method has traditionally been a method of choice for non-linear
least-squares problems (of course without a non-convex regularization). The trust-region
algorithm can take advantage of the negative curvature directions that arise as part of the
Steihaug-CG iterations, and it is an effective method for most-non-convex problems. The
approximate Hessian for the Gauss-Newton method is taken as JJ(x) - Jp(x) + V21(x),
where J.(x) € R"*? is the Jacobian of the sigmoid mapping within the squared loss.
Since this matrix is not necessarily positive semi-definite (due to non-convexity of 1(x)),
the CG inner iterations might fail for this problem in which case we terminate the Gauss-
Newton method. We initialize the algorithms using x¢o = 0, xg = 1, and one drawn from
the multivariate normal distribution with mean zero and identity covariance. We evaluate
the performance of the methods on three datasets from Table 3, namely 20 Newsgroups,
mnist and UJIIndoorLoc. For our binary classification setting, we have relabeled the
odd and even classes, respectively, as 0 and 1. The results are depicted in Fig. 3.

It is clear that, when the optimization landscape is somewhat less rugged near the
initialization, e.g., the origin on most of the datasets, Newton-MR (as well as Gauss-
Newton) can perform reasonably well. However, near more “hostile” regions with a high
degree of non-convexity, Newton-MR fails to find a good solution and can converge
to saddle points or local maxima. In such highly non-convex regions, the matrix used
within the Gauss-Newton iterations can also become indefinite, leading to the underlying
CG iterations to fail in which case the Gauss-Newton method is terminated (indicated
by “x”). In contrast, by leveraging the negative curvature directions, the trust-region
method can reliably converge to a local minima.

Experiments such as those depicted in Fig. 3 highlight the need for further refinement
of the vanilla Newton-MR method studied in this paper to design more general purpose
variants, that just like trust-region, can leverage the negative curvature directions that
could arise as part of the inner solver. This way, one can extend Algorithms 1 and 2
far beyond invex problems for arbitrary non-convex objectives. We leave this important
venture to future work.

2 Logistic loss, the “standard” loss used in this task, leads to a convex objective. We use squared loss to
obtain a nonconvex objective.
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Fig. 3. Comparison of the Newton-MR, Gauss-Newton, and trust-region algorithms for a highly non-invex
optimization problem, namely the problem (42) on three datasets from Table 3. We consider three initializa-
tion strategies: xg = 0, xo = 1, and one that is randomly drawn from the multivariate normal distribution
with mean zero and identity covariance. Since this problem is highly non-invex, with unfortunate initializa-
tion, Newton-MR can converge to saddle points or even local maxima, whereas the trust-region algorithm,
by leveraging the negative curvature direction arising as part of the CG-Steihaug iterations, can navigate
its way out of these undesirable regions. The mark “X” indicates the Gauss-Newton iteration where the
CG method fails due to the indefiniteness of the underlying approximate Hessian matrix.

5. Conclusions

Motivated to extend the simplicity of the iterations of Newton-CG to beyond strongly

convex problems, we consider an alternative algorithm, called Newton-MR, which can

be readily used for unconstrained optimization of invex objectives. The iterations of

Newton-MR merely involve ordinary least-squares problems, which are (approximately)

solved by minimum residual iterative methods, followed by Armijo-type line-search to

determine the step-size. We show that under mild assumptions and weak inexactness
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conditions for sub-problems, we can obtain a variety of local/global convergence results
for Newton-MR.
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Appendix A. More on Assumption 4

This section contains some more examples and insights relating to Assumption 4.
A.1. Assumption / with v <1

Example 4 gives a function that satisfies Assumption 4 with v = 1. We now provide

a non-trivial example of a function that satisfies Assumption 4 with v < 1. Consider the
fractional programming problem of the form

2
ary

min T1,T2) =
(17171?2)€Xf( b 2) b—xy’

where X = {(z1,22) | 21 € R, 22 € (—00,b) U (b,00)}. The Hessian matrix and the
gradient of f can, respectively, be written as

—2ax1 —2a 2ax1
ajz—b £D2—b (wz—b)Q

X) = H X) =
gx) = | .| meo=| O
(w2—b)? (w2—=b)?  (22-b)*

Hence, for a given x, the range and the null-space of H(x) are, respectively, given by

—1 :Elb
Uy = ( - ) s ui— — ( T2 > .
ajgfb 1

Now, we get
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3 2

(e )| = | ot kst =
and
[(ueg()) | [2@2-b) @ )
|<u¢,g<x>>|“ z *m—b)‘zm’ vxe &,

where the lower bound is obtained by considering the minimum of the function h(y) =
2/y +y for y = x1/(x2 —b). Hence, it follows that v = 8/9. Clearly, f is unbounded
below and, admittedly, this example is of little interest in optimization. Nonetheless, it
serves as a non-trivial example of functions that satisfy Assumption 4.

A.2. Composition of functions and Assumption /

We now consider Assumption 4 in the context of the composition of functions. More
specifically, consider

f(x) = h(r(x)), (43)

where r : R — RP and h : R? — R are smooth functions. We have

g(x) £ Vf(x) = I3 (x) - Vh(r(x)),
H(x) £ V2f(x) =JI(x)- V2h(r(x)) -Jp(x) + 0Jp(x) - Vh(r(x)),

where J,(x) € RP*? and 0J,(x) € R4*?¥P are, respectively, the Jacobian and the tensor
of all second-order partial derivatives of r, and Vh(r(x)) € RP, and V2h(r(x)) € RP*P
are the gradient and Hessian of h, respectively. Lemma 8 gives a sufficient condition for
f to satisfy Assumption 4.

Lemma 8. Suppose Assumption 3 holds, V?h(r(x)) is full rank, and also rank(H(x)) >
rank(J,(x)). If for any xo € RY, there is some v(xo) € (0,1], such that

1034(x) - Vh(e()) | < 250 12— v{xo)

Vx € X, (44)

then Assumption 4 holds with v(xg). Here, v(xq) is as in Assumption 3.

Proof. Let xg € R? be given and take any x € Xj. Define B £ A + E where
B-H(x), A=JI(x) Vhrx) Jx), and E=0J.(x) VA{r().

Let Ua and Ug be, respectively, arbitrary orthogonal bases for Range(A) and Range(B)
and denote Ux and Ug as their respective orthogonal complement.
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By assumption, we have ra = rank(A) < rank(B) = rg. Let Ua € R%*"™® be Uy
augmented by any rg — ra vectors from Uy such that rank(Ua) = rank(Ug). By the
matrix perturbation theory applied to B = A + E, [77, Theorem 19], we have

U IIT — Unl T H < < E < /1
H ATA BYB|| = 5, _(B) ~ ~(x0) — v(xo),

where 0,5 (B) is the smallest non-zero singular value of B. This, in turn, implies (see
[50, Theorem 2.5.1])

~ 2 o~ 2
H [ug]” UAH - HUAUTA - UBU]gH <1 - v(xo).

Now since V2h(r(x)) is full rank, then Range(A) = Range(JT(x)). Therefore g(x) =
UaU} g(x) and hence Uy [UﬂTg(x) = 0, which implies g(x) = UaU}Lg(x) and
lg(x)|| = HIAJLg(X)H Now we have

Jtws)" s = w8 OaORe00|" < [ [08)" Oa|" [OR800]

< (1 v(x0)) [ = (1~ v(x0)) (||U,5g<x>||2 +||[us)” g(x)if) .

Rearranging the terms above, we obtain

1 —v(xo)
v(xo)

IN

17T 2 T 2
|[U8] )| IULe)I*,
which completes the proof. O

The requirement for V2h(r(x)) being full rank is satisfied in many applications, e.g.,

nonlinear least squares where h(z) = ||z||* /2, statistical parameter estimations using
negative log-likelihood where h(z) = —log(z), or multi-class classifications using cross-
entropy loss where h(z) = — 7 _, y;log(z;) for some > *  y; = 1 and y; > 0. The

requirement for rank(H(x)) > rank(J,(x)), however, might not hold for many problems.
Nonetheless, Lemma 8 can give a qualitative guide to understanding the connection
between Newton-MR and Gauss-Newton, when both are applied to f(x) = h(r(x)).

Connection to Gauss-Newton Suppose f in (43) has isolated local minima, e.g., if J,(x*)
is full-rank at a local minimum x*. Define S(x) £ 0J.(x) - VA(r(x)). It is well-known
that the convergence of Gauss-Newton is greatly affected by the magnitude of ||S(x*)]l;
see [87, Section 7.2]. Indeed, when ||S(x*)]| is large, Gauss-Newton can perform poorly,
whereas small values of ||S(x*)|| imply Gauss-Newton matrix is a good approximation
to the full Hessian. In fact, local quadratic convergence of Gauss-Newton can only be
guaranteed when [|S(x*)|| = 0; otherwise, the convergence can degrade significantly. For
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example, if ||S(x*)| is too large, the Gauss-Newton method may not even converge, while
if ||S(x*)| is small enough relative to [|JT(x*) - V2h(r(x*)) - Jx(x*)]|, the convergence is
linear.

Lemma 8 allows us to, at least very qualitatively and superficially, compare the per-
formance of Gauss-Newton with Newton-MR for the minimization of (43). Roughly
speaking, Lemma 8 relates ||S(x*)|| to v, which directly affects the performance of
Newton-MR, e.g., see Theorem 1 where larger values of v imply faster convergence
for Newton-MR. More specifically, suppose [|S(x*)|| is small. Assume that S(x*) is
smooth enough such that ||S(x)|| is also small for any x in some compact neighbor-
hood of x*, denoted by C. Let x¢ be the point in this compact neighborhood such that
lex)]] < |lg(xo)|l, Vx € C. With X defined by this x¢, consider (44). Since the left
hand side is assumed small, v(xo) can be taken large, which directly implies a better
convergence rate for Newton-MR.

In this light, we can expect Newton-MR to perform well whenever Gauss-Newton
exhibits good behaviors. Our empirical evaluations of Section 4.2 indeed support this,
while hinting at a possibility that the converse might not necessarily be true. Nonetheless,
to make a fair and more accurate theoretical comparison, one needs to analyze the Gauss-
Newton method under the assumptions of this paper (for example by drawing upon the
ideas in [42] related to the minimum-norm solution). This endeavor is left for future
work.
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