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Abstract

Motivated by applications in which the data may be formulated as a matrix, we consider
algorithms for several common Linear Algebra problems. These algorithms make more effi-
cient use of computational resources, such as the computation time, Random Access Memory
(RAM), and the number of passes over the data, than do previously known algorithms for
these problems; in addition, they achieve their greater efficiency at the cost of some error.
In this paper, we devise two algorithms for the Matrix Multiplication Problem. Suppose A
and B (which are m x n and n x p respectively) are the two input matrices. In our main
algorithm, we perform ¢ = O(1) independent trials, where in each trial we randomly sample
an element of {1,2,...n} with an appropriate probability distribution P on {1,2,...n}. We
form a m x ¢ matrix C' consisting of the sampled columns of A, each scaled appropriately, and
we form a ¢ X n matrix R using the same rows of B, again scaled appropriately. The choice
of P and the column and row scaling are crucial features of the algorithm. When these are
chosen judiciously, we show that C'R is a good approximation to AB; more precisely, we show
that, with high probability,

IAB = CRIl € O(| Al 1]l /V/e),

where ||| denotes the Frobenius norm, i.e., ||A||§; =2 A7, This algorithm can be
implemented without storing the matrices A and B in RAM, provided it can make two passes
over the matrices stored in external memory and use O(m + p) additional RAM memory to
construct C' and R. We then present a second matrix multiplication algorithm which is similar
in spirit to our main algorithm. In addition, we present a model (the Pass-Efficient model)
in which the efficiency of these and other approximate matrix algorithms may be studied and
which we argue is well-suited to many applications involving massive data sets. In this model,
the scarce computational resources are the number of passes over the data and the additional
space and time required by the algorithm. The input matrices may be presented in any order
of the entries (and not just row or column order), as is the case in many applications where,
e.g., the data has been written in by multiple agents. In addition, the input matrices may be
presented in a sparse representation, where only the non-zero entries are written.
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1 Introduction

We are interested in developing and analyzing fast Monte Carlo algorithms for performing useful
computations on large matrices. Examples of such computations include matrix multiplication,
the computation of the Singular Value Decomposition of a matrix, and the computation of com-
pressed approximate decompositions of a matrix. In this paper, we present a computational model
for computing on massive data sets (the Pass-Efficient model) and in which our algorithms may
naturally be formulated; we also present two algorithms for the approximation of the product
of two matrices. In a second paper we present two algorithms for the computation of low-rank
approximations to a matrix [12]. Finally, in a third paper we present two algorithms to compute a
compressed approximate decomposition to a matrix that has several appealing properties [13]. We
expect our algorithms to be useful in many applications where data sets are modeled by matrices
and are extremely large. For example, in Information Retrieval and Data Mining (two rapidly
growing areas of research in computer science and scientific computation that build on techniques
and theories from fields such as statistics, linear algebra, database theory, pattern recognition
and learning theory) a large collection of n objects, e.g., documents, genomes, images, or web
pages, is implicitly presented as a set of points in an m-dimensional Euclidean space, where m
is the number of features that describe the object; thus, this collection may be represented by
an m X n matrix A, the columns of which are the object vectors and the rows of which are the
feature vectors.

Recent interest in computing with massive data sets has led to the development of computa-
tional models in which the usual notions of time-efficiency and space-efficiency have been modified
[23, 19, 3, 14, 11, 5]. In the applications that motivate these data-streaming models [19, 5], e.g.,
the observational sciences and the monitoring and operation of large networked systems, the data
sets are much too large to fit into main memory. Thus, they are either not stored or are stored in
a secondary storage device which may be read sequentially as a data stream but for which ran-
dom access is very expensive. Typically, algorithms that compute on a data stream examine the
data stream, keep a small “sketch” of the data, and perform computations on the sketch. Thus,
these algorithms are usually randomized and approximate, and their performance is evaluated
by considering resources such as the time to process an item in the data stream, the number of
passes over the data, the additional workspace and additional time required, and the quality of
the approximations returned. (Note that in some cases the term “data-streaming model” refers
to a model in which only a single pass over the data is allowed [19, 5].)

The motivation for our particular “pass-efficient” approach is that in modern computers the
amount of disk storage (external memory) has increased enormously, while RAM and computing
speeds have increased, yet at a substantially slower pace. Thus, we have the ability to store large
amounts of data, but not in RAM, and we do not have the computational ability to process these
data with algorithms that require superlinear time. In order to provide a framework in which
to view the algorithms presented herein, we first introduce and describe the Pass-Efficient model
of data-streaming computation [11]. In the Pass-Efficient model the computational resources
are the number of passes over the data and the additional RAM space and the additional time
required. Thus, our algorithms are quite different from traditional numerical analysis approaches
and generally fit within the following framework. Our algorithms will be allowed to read the
matrices from external storage a few, e.g., one or two or three, times and keep a small randomly-
chosen and rapidly-computable “sketch” of the matrices in RAM. Our algorithms will also be
permitted additional space and time that is linear or sublinear in the number of data elements
in order to perform computations on the “sketch”. The results of these computations will be
returned as approximations to the solution of the original problem.

In all of our algorithms, an important implementational issue will be how to form the random



sample. An obvious choice is to use uniform sampling, where each data object is equally likely
to be picked. Uniform sampling can be performed blindly, in which case the sample to be chosen
can be decided before seeing the data. Even when the number N of data elements is not known
in advance an element can be selected uniformly at random in one pass over the data; see Lemma
1. Uniform sampling fits within our framework and is useful for certain (restricted) classes of
problems. To obtain much more generality, we will sample according to a judiciously chosen (and
data-dependent) set of nonuniform sampling probabilities. This nonuniform sampling, in which
in the first pass through the data we compute sampling probabilities (e.g., we may keep rows
or columns of a data matrix with probability proportional to the square of their lengths) and
in the second pass we draw the sample, offers substantial gains. For example, it allows us to
approximately solve problems in sparse matrices as well as dense matrices.

The idea of sampling rows or columns of matrices in order to approximate various operations
is not new; indeed, a motivation for our main matrix multiplication algorithm came from [15]. In
this paper and accompanying work [12, 13], we extend those ideas and develop algorithms with
provable error bounds for a variety of matrix operations. One of the main contributions of our
work is to demonstrate that a “sketch” consisting of a small judiciously chosen random sample of
rows and/or columns of the input matrix or matrices is adequate for provably rapid and efficient
approximation of several common matrix operations. We believe that the underlying principle
of using nonuniform sampling to create “sketches” of the data in a small number of passes (and
“pass-efficient” approaches more generally) constitutes an appealing and fruitful direction for
algorithmic research in order to address the size and nature of modern data sets.

In the present paper, we present two simple and intuitive algorithms which, when given an
m X n matrix A and an n X p matrix B, compute an approximation to the product AB. In the
first algorithm, the BASICMATRIXMULTIPLICATION algorithm of Section 4, we perform ¢ = O(1)
independent trials, where in each trial we randomly sample an element of {1,2,...n} with an
appropriate probability distribution P on {1,2,...n}. We form a m x ¢ matrix C consisting of
the sampled columns of A, each scaled appropriately, and we form a ¢ X n matrix R using the
same rows of B, again scaled appropriately. The choice of P and the column and row scaling are
crucial features of the algorithm. When these are chosen judiciously, we show that C'R is a good
approximation to AB; more precisely, we show that

IAB = CR||p € O(IAllp |1 Bllr / Vo),

where ||-|| » denotes the Frobenius norm, i.e., | 4|3 = doij A?j, holds in expectation and with high

probability. Thus, in particular, when B = A’ we have that if ¢ = (1/€?) then HAAT — C’C’THF <
€ ||A||% holds with high probability. This algorithm can be implemented without storing the ma-
trices A and B in RAM, provided it can make two passes over the matrices stored in external
memory and use O(m + p) additional RAM memory; thus it will be efficient within the Pass-
Efficient model. In the second algorithm, the ELEMENTWISEM ATRIXM ULTIPLICATION algorithm
of Section 5, which is an extension of ideas from [2, 1], elements of A and B, rather than columns
and rows, are randomly either zeroed out or kept and rescaled, thereby constructing matrices
A and B. Although this algorithm lacks a useful bound on HAB — ABHF, under appropriate

assumptions a bound on the spectral norm of the form
|AB - 4B € o141z 1815 /ve)

holds with high probability.
After this introduction, we provide in Section 2 a review of the relevant linear algebra and
in Section 3 we introduce the Pass-Efficient model of data-streaming computation and discuss



several technical sampling lemmas. In Section 4 we introduce and analyze in detail the BASICM A-
TRIXMULTIPLICATION algorithm to approximate the product of two matrices. Then, in Section
5 we describe and analyze the ELEMENTWISEM ATRIXMULTIPLICATION algorithm which is based
on the ideas of [2, 1]. Finally, in Section 6 we provide a discussion and conclusion. In Appendix
A, we provide further analysis of the BASICM ATRIXM ULTIPLICATION algorithm.

2 Review of Linear Algebra

This section contains a review of some linear algebra that will be useful throughout the paper.
For more detail, see [18, 20, 25, 6] and references therein.

For a vector z € R" we let |z| = (31, |$i|2)1/2 denote its Euclidean length. For a matrix
A€ R™*" we let AU), j =1,...,n, denote the j-th column of A as a column vector and Ay
i =1,...,m, denote the i-th row of A as a row vector. We denote matrix norms by [|A||¢, using

subscripts to distinguish between various norms. Of particular interest will be the Frobenius
norm which is defined by

1Al = |- A% (1)
i=1 j=1
and the spectral norm which is defined by
Azx
Al = sup 2 @)

rER™, x#£0 |£E|

These norms are related to each other as: [|All, < ||A|lp < V/n|/All,. Both of these norms
provide a measure of the “size” of the matrix A.

3 The Pass-Efficient Model and Sampling Lemmas

In this section, we informally define a computational model in which the computational resources
are the number of passes over the data and the additional space and additional time required. In
addition, we present several technical sampling lemmas.

3.1 The Pass-Efficient Model

The Pass-Efficient model of data-streaming computation is a model that is motivated by the
observation that in modern computers the amount of disk storage, i.e., sequential access memory,
has increased very rapidly while random access memory (RAM) and computing speeds have
increased at a substantially slower pace [11]. Thus, one has the ability to store very large amounts
of data but not have random access to the data. Additionally, processing the data with algorithms
that take low polynomial time or linear time with large constants is prohibitive.

To model this phenomenon, we consider the Pass-Efficient model, in which the three compu-
tational resources of interest are number of passes over the data and the additional space and
time required [11]. The data are assumed to be stored in an external disk space, to consist of
elements whose size is bounded by a constant, and to be presented to an algorithm on a read-only
tape. The only access an algorithm has to the data is via a pass, where a pass over the data
is a sequential read of the entire input from disk where only a constant amount of processing
time is permitted per bit read. Note that this is a more restrictive notion of a pass over the
data than in other data-streaming models [23, 19, 14]; in particular, in the Pass-Efficient model



SELECT Algorithm
Input: {a1,...,an}, a; > 0, read in one pass, i.e., one sequential read, over the data.

Output: %, a;.

e D=0.
e Fori=1 ton,

— D=D+ a;.
— With probability a;/D, let i* =i and a;+ = a;.

e Return i*, a;«.

Figure 1: The SELECT Algorithm

only a constant rather than a logarithmic (in the data input length) amount of computation is
permitted per bit read. In addition to the external disk space to store the data and to a small
number of passes over the data, an algorithm in the Pass-Efficient model is permitted to use
additional RAM space and additional computation time. An algorithm operating in this model is
considered pass-efficient if it requires a small constant number of passes and additional space and
time which are sublinear in the length of the data stream in order to compute a “description” of
the solution, which is then returned by the algorithm. A description of the solution is either an
explicit solution (if that is possible within the specified additional space and time) or an implicit
representation of the solution that can be computed in the allotted additional space and time,
and that can be expanded into an explicit solution with the additional expense of one pass over
the data and linear (in the data input length) additional space and time. Note that depending
on the application, this last step may or may not be necessary. Note also that if the data are
represented by a m X n matrix, e.g., n vectors a; € R™, 4 = 1,...,n, then the data stream has
length O(mn) and an algorithm which uses additional space and time that is linear in the number
of data points or in the dimensionality of the data points, i.e., that is O(m) or O(n), is sublinear
in the length of the data stream and thus is pass-efficient. We will be primarily interested in
models that require additional space and time that is either O(m + n) or constant with respect
to m and n.

The sparse-unordered representation of data is a form of data representation in which each
element of the data stream consists of a pair ((¢,7), A;;) where the elements in the data stream
may be unordered with respect to the indices (4, j) and only the nonzero elements of the matrix A
need to be presented. This very general form is suited to applications where, e.g., multiple agents
may write parts of a matrix to a central database and where one cannot make assumptions about
the rules for write-conflict resolution. The data stream read by algorithms in the Pass-Efficient
model is assumed to be presented in the sparse-unordered representation. Other related methods
of data representation have been studied within the data-streaming context; see, e.g., [17] for
applications to the problem of dynamic histogram maintenance.

3.2 Sampling Lemmas

In this section we present two sampling lemmas that will be used by our algorithms. Consider
the SELECT algorithm presented in Figure 1. The following lemma establishes that in one pass



over the data one can sample an element according to certain probability distributions.

Lemma 1 Suppose that {a,...,a,}, a; > 0, are read in one pass, i.e., one sequential read over
the data, by the SELECT algorithm. Then the SELECT algorithm requires O(1) additional storage
space and returns i* such that Pr[i* =i = a;/ Y ;7_, ap.

Proof: First, note that retaining the selected value and the running sum requires O(1) additional
space. The remainder of the proof is by induction. After reading the first element aq, i* = 1 with
probability a;/a; = 1. Let Dy = Ef,zl a;y and suppose that the algorithm has read ay,...,ap
thus far and has retained the running sum D, and a sample i* such that Pr[i* =4] = a;/Dy.
Upon reading ayy; the algorithm lets * = ¢ + 1 with probability ag1/Dg41 and retains ¢* at
its previous value otherwise. At that point, clearly Pr [i* = £ + 1] = ay1/Dy41; furthermore for

i=1,....0,Pr[i* =i = # (1 a”1> = %, By induction this results holds when £ +1 =mn

I " Do Dyyy-
and the lemma follows.

o
Clearly, in a single pass over the data this algorithm can be run in parallel with O(s) total
memory units to return s independent samples 47, ...,¢; such that for each ij, ¢ =1,...,s, we

have Pr[if = i) =a;/ > 0_, ay.

The next lemma is a modification of the previous lemma to deal with the case where a matrix
is read in the sparse-unordered representation and one wants to choose a row label with a certain
probability. This can also be implemented in O(1) additional space and time. Note that a trivial
modification would permit choosing a column label.

Lemma 2 Suppose that A € R"™ "™, s presented in the sparse-unordered representation and

s read in one pass, i.e., one sequential read over the data, by the SELECT algorithm. Then the

algorithm requires O(1) additional storage space and returns i*, j* such that Pr[i* =i A j* = j] =
2 . . 2 2

A?*j*/ |All5 and thus Pr[i* =i] = |Ag|" /| All%-

Proof: Since A%* j+ > 0 the first claim follows from Lemma 1; the second follows since

n n A2* . ‘A . 2
Pr(i*=i|=Y Prli*=inj =j]=) —b = O
j=1 i AlE - lAllR

4 The Basic Matrix Multiplication Approximation Algorithm

In this section, which describes the main result of the paper, the BASICM ATRIXM ULTIPLICATION
algorithm to approximate the product of two matrices is presented; it is analyzed in this section
and in Appendix A. After describing the algorithm in Section 4.1 we describe its implementation
and running time issues in Section 4.2. In Section 4.3 we analyze the algorithm and provide
error bounds for arbitrary probability distributions; in Section 4.4 error bounds are derived for
probability distributions which are nearly optimal in a well defined sense. We provide further
discussion of the algorithm in Section 6 and in Appendix A we provide further analysis of the
BASICMATRIXMULTIPLICATION algorithm.



BASICMATRIXMULTIPLICATION Algorithm
Input: A€ R™" BeR"™P ceZ"st. 1<c<mn,and {p;};_ s.t. p; >0and Y ;" p, = 1.
Output: C € R™*¢ and R € R°*P,

e Fort=1toc,

— Pick iy € {1,...,n} with Pr[i; =k] = px, £ = 1,...,n, independently and with

replacement.
— Set ¢ = A6+ / /ep; and Ry = B,y //Pi; -
e Return C, R.

Figure 2: The BASICMATRIXMULTIPLICATION Algorithm

4.1 The Algorithm

Recall that for A € R™*™ and B € R"*P, the product AB may be written as the sum of n rank
one matrices

n
AB =Y AUB. (3)
t=1

When matrix multiplication is formulated in this manner, a simple randomized algorithm to
approximate the product matrix AB suggests itself: randomly sample with replacement from the
terms in the summation ¢ times according to a probability distribution {p;};" ;, scale each term in
an appropriate manner, and output the sum of the scaled terms. If m = p = 1 then A®, By e R
and it is straightforward to show that this sampling procedure produces an unbiased estimator
for the sum. When the terms in the sum are rank one matrices, as in (3), we show that similar
results hold.

Consider the BASICMATRIXMULTIPLICATION algorithm described in Figure 2. When this
algorithm is given as input two matrices A and B, a probability distribution {p;};" ;, and a
number ¢ of column-row pairs to choose, it returns as output matrices C' and R such that the
product C'R is an approximation to AB. Observe that since

c

CR = Z CORy =3
t=1

=1 Pt

A(it)B(it)

the procedure for sampling and scaling column and row pairs that is used in the BASICM ATRIX-
MULTIPLICATION algorithm corresponds to sampling terms in (3) and rescaling by dividing by
cpy if the t-th term is sampled. Alternatively, one could define the sampling matrix S € R**¢
to be the zero-one matrix where S;; = 1 if the i-th column of A (and thus also the i-th row of
B) is chosen in the j-th independent random trial and S;; = 0 otherwise. If the rescaling matrix
D € R*¢ is the diagonal matrix with Dy = 1/,/cp;, then

C =ASD and R= (SD)"B

so that CR = ASD(SD)TB ~ AB. Figure 3 presents a diagram illustrating the action of the
BASICM ATRIXMULTIPLICATION algorithm. The product AB is shown as B and then A operating
between the high-dimensional R? and R™ via the high-dimensional R”; this is approximated by



RP R™ R™

Figure 3: Diagram for the BASICMATRIXMULTIPLICATION Algorithm

CR, which is shown as R and then C operating between RP and R™ via the low-dimensional
subspace R®. Also shown are the sampling matrix S and the diagonal rescaling matrix D.

An important issue is the choice of the probabilities {p;};" ; and the scaling. It is easily seen
that the scaling of 1/,/cp;, used in the BASICMATRIXMULTIPLICATION algorithm makes CR an
unbiased estimator of AB; see Lemma 3. Lemma 3 also computes Var [(CR);;] under general

probabilities {p;};~ ;. We then compute E | || AB — CR||§;] and see that probabilities of the form

P = ‘A(k)‘ ‘B(k)‘ /N,k=1,...,n, where N is a normalization, are optimal in that they minimize
this quantity; see Lemma 4.

This approach for approximating matrix multiplication has several advantages. First, it is
conceptually simple and can be generalized to approximate the product of more than two matrices;
see Section A.1 for more on the latter point. Second, since the heart of the algorithm involves
matrix multiplication of smaller matrices, it can use any algorithms that exist in the literature for
performing the desired matrix multiplication [18, 26, 8]. Third, this approach does not tamper
with the sparsity of the matrices, unlike an algorithm that would project both A and B to
the same random ¢ dimensional subspace and take the product of the projections. Finally, the
algorithm can be easily implemented; see Sections 4.2 and 6 for more discussion. This algorithm
is of independent interest and has applications beyond those of the present paper; see [10] for its
analysis and [12, 13, 2, 1, 9] for examples of application areas.

4.2 Implementation of the Sampling and Running Time

To implement the BASICMATRIXM ULTIPLICATION algorithm, it must be decided which elements
of the input to sample and those elements must then be sampled. In the case of uniform sampling
it may be decided before the input is seen which column-row pairs to sample. In this case, a single
pass over the matrices is sufficient to sample the columns and rows of interest and to construct
C and R; this requires O(m + p) additional time and space. We will see below that it is useful
to sample according to a nonuniform probability distribution that depends on column and row
lengths, e.g., see (5) and (7). In order to decide which column-row pairs to sample in such a case,
one pass through the matrices and O(n) additional time and space is sufficient; in the additional

space running totals of ‘A(k)‘Z and ‘B(k)‘Z are kept, so that after the first pass ‘A(k)‘, ‘B(k)‘,
k =1,...,n, and thus the probabilities, can be calculated in O(n) additional time. Then in a
second pass the columns and rows of interest can be sampled and C' and R can be constructed
and stored; this requires O(m + p) additional space and time. Thus, in addition to either one or
two passes over the data, for both uniform and nonuniform sampling O(m + n + p) additional
space and time is sufficient to sample from the matrices A and B of the input and to construct
the matrices C' and R.

If B = AT, then the additional space and time requirements for uniform sampling are sim-



ilar to the general case; for nonuniform sampling, however, the situation is different (assum-
ing probabilities of the form (5) or (7)) since the sampling probabilities are then of the form

Pr = ‘A(k) ‘2 / ||A||§; Due to Lemma 2 we can select which columns of A to choose using constant
additional space and time during the first pass. Then, during the second pass, these columns
may be extracted and the matrices C and R = CT may be constructed using O(m + p) additional
space and time; this will be used in the LINEARTIMESVD algorithm of [12]. Note that if only a
constant-sized part of the columns of C are needed, as for example in the CONSTANTTIMESV D
algorithm of [12], then extracting and storing this constant sized subset of the samples desired
may be performed using O(1) additional space and time.

4.3 Analysis of the Algorithm for Arbitrary Probabilities

In this section we prove upper bounds for |AB — CR||%, where C' and R are returned from
the BASICMATRIXMULTIPLICATION algorithm. Recall that by Jensen’s inequality bounding
|AB — CR||% (in expectation) implies a bound for ||[AB — CR| ;. Recall also that a bound on
|AB — CR|| immediately provides a bound on ||AB — CR)||, since ||AB — CR|, < ||AB — CR||.

Our first lemma proves that the expectation of the (i,7)-th element of the approximation is
equal to the (i, 7)-th element of the exact product; it also describes the variance of the approxi-
mation of the (4, j)-th element.

Lemma 3 Suppose A € R™"*" B e R"P ¢ e Z* such that 1 < ¢ <n, and {p;};—, are such that
pi >0 and Y. p; =1. Construct C and R with the BASICMATRIXMULTIPLICATION algorithm,
and let CR be an approximation to AB. Then,

E[(CR)ij] = (AB)j;

and 2 B2
1= 45Bi; 1

V: ] = = _Z

ar[(CR)y] =~ —EH

k=1

(AB)};.

N Al B, B
Proof: Fix i,7. For t =1,...,c, define X; = < ‘ “”) — AiiBiyj Thus,
]

CPiy CPiy

n n 2 2
AipBr; 1 9 Ay By,
E Xy = —— =—-(4B);; and E|X/| = —.
[Xi] ];pk D c( )Z] [ t] ]; Zpr
Since by construction (CR);; = > ;_; X;, we have E[(CR);;] = > ;1 E[X;] = (AB);;. Since
(CR);j is the sum of ¢ independent random variables, Var[(CR);;] = Y ;_, Var[X;]. Since
Var [X;] =E [X?] - E [X;]? we see that

n

ALBE 1
Var [X,] =) 5 I C—Q(AB)%
el Pk

and the lemma follows.
o
Using the previous lemma, we bound in the next lemma E [HAB — CR||%| and note how this

measure of the error depends on the p;’s.



Lemma 4 Suppose A € R™"*" B e R"P ¢ e Z* such that 1 < ¢ <n, and {p;};—, are such that
pi >0 and Y. p; =1. Construct C and R with the BASICMATRIXMULTIPLICATION algorithm,
and let CR be an approzimation to AB. Then,

n k) 2 2
2] _ ‘A( ‘ ‘B(k)‘ 1 2
E[|AB - CRII}| = g G MBI (4)
Furthermore, if
oL = ‘A(k)‘ ‘B(’C)‘ (5)
= [A®] By |
then )
2 L= | 40 1 2
B |48 - CRI}| == (3 |A®)| Bl | - - 1451} (6)
k=1
This choice for pr minimizes E [||AB - CR||%]
Proof: First, note that
m p
E [||AB—CR||§] - [(AB OR)’ } ZZVar [(CR);].
i=1 j=1 i=1 j=1

Thus, from Lemma 3 it follows that
2 1 1 2 2 1 2
E[|4B - CRI}| = o o (2 Ak | | 28 ) - C14BI

1
= —Z ‘A ‘ Bk‘Z—EHAB“%-

(k)
If the value py = R |: | A|(L{5)’(|T)]l(k,)| is used in this expression, then
1 [ t
E||4B-CRI}| = - (Z A®) \B(k)\) -~ |14BI[}.
k=1

Finally, to prove that this choice for the p;’s minimizes E [HAB - CR||%} define the function

n

fpr,-opn) = L ‘A(k)r |Buy|”

which characterizes the dependence of E [HAB - C’RH%] on the pg’s. To minimize f subject to
> r—1 Pk =1, introduce the Lagrange multiplier A\ and define the function

g(P1s---pn) = f(p1,---pn) + A (Zpk - 1) .
k=1

We then have at the minimum that
dg -1

0=——=—5
Op; p;




Thus, _ _
_ A9 B[ _ A9 |Bg)|
pi = = =5 S
\/X Zi':1 ‘A(z) ‘B(i’)

where the second equality comes from solving for v/ in Zz;% pr = 1. That these probabilities

)

are a minimum follows since % > 0 Vi s.t. ‘A(i)‘Q ‘B(i)‘Z > 0.

4.4 Analysis of the Algorithm for Nearly Optimal Probabilities

With Lemma 4 and using Jensen’s inequality upper bounds on quantities such as E [ |AB — CR||§;]

and E[||AB — CR|| ] may be obtained for various sampling probabilities {p;};- ;. In many cases,
by using a Martingale argument to show that the error is tightly concentrated around its mean,
the expectations in these bounds may be removed and the corresponding results can be shown to
hold with high probability.

Rather than presenting these results in their full generality, we restrict attention to two
[A®]| B |

Sk [AGD][Bn|

are the optimal probabilities since they minimize E [||AB — CR||%|, which as Lemma, 4 shows

particular sets of probabilities. We will say that the sampling probabilities py =

is one natural measure of the error. We will say that a set of sampling probabilities {p;};_, are
BIAM| By |
=1 [A][B)|
We now prove, for nearly optimal sampling probabilities, results analogous to those of Lemma
4, and also that the corresponding results with the expectations removed hold with high proba-
bility. Notice that if 8 # 1 then we suffer a small S-dependent loss in accuracy.

for some positive constant 8 < 1.

nearly optimal probabilities if py >

Theorem 1 Suppose A € R™*" B € R"™?, ¢ € Z* such that 1 < ¢ < n, and {p;};—, are such

that Y7 pi = 1 and such that for some positive constant § < 1

s AW [By]
i [AW] | B

Construct C' and R with the BASICMATRIXMULTIPLICATION algorithm, and let CR be an ap-
proxzimation to AB. Then,

P : (7)

1
B (|48 - CRI] < 7 1A% 1815 (®)
Furthermore, let 6 € (0,1) and n =14 +/(8/8)log(1/6). Then, with probability at least 1 — 6,
2
n
IAB — CR|j. < Be 1A 1BII7 - (9)

Proof: Following reasoning similar to that of lemma 4 and using the probabilities of (7), we see
that

1~ 1 2
E||AB - CRI}| < EZ[)_k‘A(k)‘ |B|”

n 2
1
L (®)
< % (; [4®)] \B(m\)
1
< %HAH% IBII%,

10



where the last inequality follows due to the Cauchy-Schwartz inequality. Next, define the event
& to be

I4B ~ ORIy < 2 |4l 1Bl (10)

and note that to prove the remainder of the theorem it suffices to prove that Pr[&] > 1 —4. To
that end, note that C' and R and thus CR =Y, _, iAifBit are formed by randomly selecting
¢ elements from {1,...,n}, independently and with replacement. Let the sequence of elements
chosen be {i;};_,. Consider the function

We will show that changing one #; at a time does not change F' too much; this will enable us to
apply a martingale inequality. To this end, consider changing one of the i; to 7} while keeping the
other i;’s the same. Then, construct the corresponding C’ and R’. Note that C’ differs from C
in only a single column and that R’ differs from R in only a single row. Thus,

HC’R B C'R’H A(it)B(it) _ A(ig)B(ii) (12)
F CPiy sz’t F
1 . 1 "
(i) g, . @) g,

= CPi, A B P cpi HA "By F (13)
1 - 1 )

— (it) . (i}) y

= o |Biio| + — ‘A t ‘But) (14)

()

< Emax ‘A ‘ ‘B(a)‘. (15)

¢ a Pa

(12) follows by construction and (14) follows since ||zy”||, = || |y| for z € R* and y € R".
Thus, using the probabilities (7) and employing the Cauchy-Schwartz inequality we see that

2 n
loR-CR|, < 237 [4®] |Bw)| (16)
k=1
2
< g 1Al 1Bl (17)

Therefore, using the triangle inequality we see that

|IAB-CR|, < |AB-C'R|,+ ||C'R —CR|,

I

< 1AB = O+ 5 1Al 1Bl (18)
By similar reasoning, we can derive
|AB - C'R||, < “AB_CR“F_’_%HAHF 1Bl - (19)
Define A = Z [|Al| - || B thus,
\F (i, ooyt e vic) = F (i, ooy hie) | A (20)

Let v = y/2clog(1/0)A and consider the associated Doob martingale. By the Hoeffding-Azuma
inequality [22],
1

Pr | ||AB — CR||, >

1Al 1Bl + 7| < exp (—?/2¢A%) =6 (21)

11



and theorem follows.
o
An immediate consequence of Theorem 1 is that by choosing enough column-row pairs, the
error in the approximation of the matrix product can be made arbitrarily small. In particular, if
¢ > 1/B€? then by using Jensen’s inequality it follows that

E[|[AB - CR| ] < el Al I1Bllp (22)
and if, in addition, ¢ > 1?/B€? then with probability at least 1 — §
IAB = CR|p < e€lAllp 1Bl (23)

In certain applications, e.g. [12, 13], one is interested in an application of Theorem 1 to the
case that B = A", i.e., one is interested in approximating HAAT — C’C’TH;. In this case, sampling
column-row pairs corresponds to sampling columns of A, and nearly optimal probabilities will be
those such that pp >
inequality, we have the followmg theorem as a corollary of Theorem 1.

BlAk
‘l AT, 4 for some positive B < 1. By taking B = A" and applying Jensen’s

Theorem 2 Suppose A € R™™" ¢ € 7T, 1 < ¢ < n, and {p;};_, are such that Y i p; =1

and such that p, > ﬂlIAII |

n=1++/(8/B)log(1/8). Construct C (and R = CT) with the BASICMATRIXMULTIPLICATION
algorithm, and let CCT be an approzimation to AAT. Then,

for some positive constant B < 1. Furthermore, let § € (0,1) and

E [|[44" - cC"|,] (24)

\/— 1AIIE

and with probability at least 1 — 6,

|4AT — cCT|, < ﬁ IA]I%.. (25)

5 A Second Matrix Multiplication Algorithm

In this section we describe the ELEMENTWISEMATRIXM ULTIPLICATION algorithm to approximate
the product of two matrices. First, in Section 5.1, we describe the algorithm, its implementation,
and running time issues; then in Section 5.2 we analyze the algorithm and bound its error with
respect to both the Frobenius and spectral norms. We will see that the algorithm returns good
approximations with respect to the spectral norm but not with respect to the Frobenius norm.

5.1 The Algorithm and Its Implementation

The method to approximate the product of two matrices that is presented in this section differs
from the previous algorithm and is inspired by [2] and [1]. In [2] the singular value decomposition
of a matrix is approximated using element-wise uniform sampling; in [1] this approach is extended
to include nonuniform sampling probabilities of a certain natural form. Since neither of these
papers apply these methods to approximate matrix multiplication, we do so here for comparison
with the BASICMATRIXMULTIPLICATION algorithm.

Consider the ELEMENTWISEM ATRIXM ULTIPLICATION algorithm which is presented in Figure
4. When this algorithm is given as input two matrices A € R™*™ and B € R"*P it creates two
matrices S € R™*™ and R € R"*P by keeping a few elements of A and a few elements of B,

12



ELEMENTWISEM ATRIXMULTIPLICATION Algorithm

Input: A € R™" B € R" P, {pl]}gil such that 0 < p;; < 1, and {qz-j};"”,’jp:1 such that
0<g¢g; <L

Output: S € R™*" and R € R"*P,
Algorithm:

e Fori=1tomand j =1 ton,

— Set
g — A;j/pij with probability p;;
Y10 otherwise.

e Fori=1tonand j =1 to p,

— Set
k.. — | Bij/aij with probability g;;
Y10 otherwise.

e Return S, R.
Figure 4: The ELEMENTWISEM ATRIXM ULTIPLICATION Algorithm

respectively, scaling in an appropriate manner those elements that are kept, and zeroing out the
remaining elements. The algorithm then returns matrices S and R such that the product SR is
an approximation to AB. Note that since S and R are formed independently of each other the
algorithm does not keep “corresponding” elements; doing so would introduce dependence that
would complicate the analysis.

The ELEMENTWISEM ATRIXMULTIPLICATION algorithm can be implemented with the nonuni-
form probabilities used in this section with two passes over the data; we leave it as an open problem
whether a single pass suffices when working within the pass efficient framework. This algorithm
differs from the BASICMATRIXMULTIPLICATION algorithm in that we get an expected number
of elements so we have an expected additional space required for storage and an expected addi-
tional time required for the associated sparse matrix multiplication. We do not provide a detailed
analysis of these random variables.

5.2 Analysis of the Algorithm

In this section we present error bounds for both ||AB — SR||, and [|[AB — SR||,. While the
Frobenius norm error bound for this algorithm is rather easy to derive using very intuitive prob-
ability distributions, the spectral norm bound is more complicated and requires some additional
technicalities.

Since whether or not (for a given i, j) S;; = 0 or S;; = A;;/pi; we have that A;; — S;; is large
(and similarly for the matrix R and thus the matrix SR) it is plausible that the ELEMENTWISE-
MATRIXMULTIPLICATION algorithm does not have a good bound for E | ||AB — SR||%|. This

intuition is formalized in the following lemma. Note that £ and ¢’ are chosen such that not more
than ¢ and #' of the elements of the matrices A and B are retained in expectation, respectively.

Lemma 5 Suppose A € R™*™ and B € R" P, let £,0' € T, and let p;; = min{l,EA%j/ ||A||%}
and q;; = min{l,E’ij/ |B||%}. Construct S and R with the ELEMENTWISEM ATRIXM ULTIPLI-
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CATION algorithm, and let SR be an approzimation to AB. Then, for alli,j,
E[(SR)ij] = (AB)ij,

A2 B,€
Var [(SR);;] = Z p—%: qkf ZA . BL
_ ? J k=1

mpn 2

B ||14B - SRIl}| > T2 Al 1Bl - Z\A | 18w - (26)

Proof: Let us first fix ¢,7. Then, since for every k we have that S;; = A;x/pir with probability
pir and S, = 0 with probability 1 — p;, we have that E[S;;] = Aj; similarly for Ry; we have
that E [Ry;] = By;. Thus, since S and R have been constructed independently, we have that

Z Sszk]

Since Var [(SR);;] = E [(SR)%] — E[(SR);]* and since (SR);; = S_p_, SirRy; we get that

E[(SR);] = ZE i) E[Ry;] = (AB);.

Var [(SR);] = > > E[Sik, Rk, jSik, Rij] — E[(SR)y)”

ki1=1ks=1

= ZE [SZQIC] Z Z zkl] E Rkl]] E[ zkz] E [Rij] - (AB)ZZJ
k=1 k1=1 ko#k1
n AZ B2' n

= S SR B N ST A, BiyjAik, Broj — (AB)
k=1 Pik ki T
" A2 B,

= Z —Zk . ZA Bkj’
=1 Pik 4kj =1

where the last line follows by adding and subtracting Zzlzl > ko—ty Aiky BkyjAiky Br,j from the

second to last line.
Thus, since E [HAB — SR||?7] =y Z?Zl Var [(SR);;] and since the probabilities p;; and

gij are such that 1/p;, > || Al|% /£AZ, and 1/qy; > HBH% /' BE; we get that

DD B WL

Pik q’“ i=1 j=1 k=1

E[||AB - SE|}]

= <~ A% 1B - 2
> 3Ty I “Zg’,l K Z‘A(k)‘ Bu -
i,j=1k=1 k=1

The lemma then follows.
o
Next we show that although the ELEMENTWISEM ATRIXM ULTIPLICATION algorithm does not
yield a nice error bound for the Frobenius norm, it does for the spectral norm. In order to
prove Theorem 4, which provides our bound on ||AB — SR||,, we will use the following theorem
which follows immediately from a result that was proved in [1] and which shows that with high
probability the spectrum of a random matrix is close to its expectation. The theorem is proved
by using a generalization of a result of Fiiredi and Komlés [16], combined with a more recent
concentration result of Alon, Krivelevich, and Vu based on Talagrand’s inequality [21].
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Theorem 3 Given an nxXn matriz A, let A be any random matriz whose entries are independent
random variables such that for all i,7: E [AZJ} = A;;, Var [AZJ] < 02, and

< ﬂ‘ (27)

A Ay
‘ Y 17 log® (2n)

For any n > 10, with probability at least 1 — 1/(2n),
HA—AH2 < Tov2n. (28)

Prior to stating the main result of this section, we must address a technical issue that arises in
our effort to apply the above theorem in order to bound [|AB — SRJ|,. Note that the construction
of the matrices S and R by the ELEMENTWISEM ATRIXM ULTIPLICATION algorithm may be viewed
as adding carefully constructed random matrices F and D such that S = A+ F and R= B+ D;
see [2] and [1] for a discussion. As we will see below, if we can bound ||E||, and ||D||,, then a
bound for ||AB — SR||, follows easily. Since we will apply Theorem 3 in order to obtain such
bounds, we need to satisfy the range constraint (27). Sampling with respect to the nonuniform
probability distribution of Lemma 5 might violate this constraint since, in the unlikely event that
a small element is kept, the resulting entry S;; = A;;/pi; will be very large (and similarly for R).
Thus, following [1], we modify our sampling probabilities so that small elements are kept with a
slightly larger probability which is proportional to |A;;| instead of A?j:

3
min{1,0A%/ A%} if |4y > Alee G

Vont
pii = B 3 29
] min{l,%ﬁ';%)} otherwise 2
' 9 . B|| - log® (2
min{1,¢B%/|B|Z} it Byl > %
qij = min{l W} otherwise (30)
' VanlBll, '

We now state and prove our main theorem of this section. In the interests of clarity we make
several simplifying assumptions in the statement of the theorem.

Theorem 4 Suppose A € R™*" B € R"*P, and let p;j and q;; be as specified in (29) and (30)
with £ = ¢ > 1. Assume that £ < ]|A||%/maxz-,j A?j and that ¢ < ||B||?;/maxi7j Bz-zj; assume
also that m = n = p and that n is large enough so that 2n > log® (2n). Construct S and R with
the ELEMENTWISEMATRIXMULTIPLICATION algorithm, and let SR be an approzimation to AB.

Then, with probability at least 1 — 1/n,

n  100n
145 - SRl < (20,/% + 15 ) Ll 151, (1)

Proof: By the assumptions on n and /, neither p;; nor g;; exceed 1 for any 7, 5. Letting E = S—A
and D = R — B, we have

SR=(A+FE)B+D)=AB+ AD+ EB+ ED. (32)
Thus, by the triangle inequality and submultiplicitivity, we have that

IAB = SR[l, < [|Ally [Dlly + [1E]ly [|Blly + £ Dl - (33)
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In order to apply Theorem 3 to [|E|, and ||D|, we first verify that the assumptions of the
theorem are satisfied. From the proof of Lemma 5, we have that E[S;;] = A;;. In addition,

A2 All?
Var [S”] S E [512]] = Y S —“ HF
Dij ¢
holds regardless of whether |A;;| is larger or smaller than the threshold. Similarly, we get that
2
E [R;j] = B;; and that Var [D;;] < HBZHF . It is straightforward to show that regardless of whether
or not |A;;| is above or below the threshold and regardless of whether or not S;; = 0 or S;; =

Az'j/pz'j we have that
Al v2n

Vilog® (2n)

|Aij — Sij| < (34)

Similarly, one can show that

IBllp v2n
|Bij — Rij| < —="F=—.. (35)
V2log? (2n)
Thus, the conditions of Theorem 3 are satisfied and with probability at least 1 —1/2n each of the
following holds:

IEIl, < T7Allpv2n/Ve (36)
IDlly, < 7IBllzv2n/Ve. (37)

Thus, with probability at least 1 — 1/n both of these inequalities hold. Combining the bounds
(36) and (37) with (33), and since |||, < ||-||, we have

|AB — SR[l, < [[Ally [[Dlly+ [IE[l; [1Bll; + [ Ely ID]5
< 2| Alg 1Bl L V2 Al | Bl 4 8 Al | Bl
- Ve Ve ¢
< (20\/n/€+100n/€> Al 1Bl

Notice that if we let £ = ¢n in Theorem 4 then the error bound (31) becomes

20 n 100
Ve c
Comparison with (9) of Theorem 1 reveals that (since |||, < ||:|z) both of our matrix multipli-
cation algorithms have, asymptotically, a similar bound with respect to the spectral norm.

|AB — SR, < ( ) 1Al 1Bl = Oy | Allp Bl

6 Discussion and Conclusion

To the best of our knowledge, the only previous randomized algorithm that approximates the
product of two matrices is that of Cohen and Lewis [7]. This algorithm is based on random
walks in a graph representation of the input matrices and attempts to identify all high-valued
entries in nonnegative matrix products in order to improve estimates (relative to exact sparse
multiplication) by spending less time on small valued entries. Their algorithm is more complicated
than ours, it requires different graph representations of the input matrices if the matrices are
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allowed to contain negative entries, it needs to store the complete input matrices, and it is
especially useful when the matrices are not sparse.

It is worth emphasizing how the BASICMATRIXMULTIPLICATION algorithm behaves when A
and B are well approximated by low-rank matrices. Since a low-rank matrix or a matrix that
is well approximated by a low-rank matrix is a matrix whose rows and columns contain much
redundant information in terms of the subspaces they span, it is plausible that if the range of B
overlaps appropriately with the domain of A, then we can get a good approximation to AB by
carefully sampling a small number ¢ of appropriately rescaled rank one approximations to AB.
Theorem 1 shows that if the {p;}; ; are chosen judiciously then this is the case and Figure 3
illustrates this.

We emphasize that in the case of sampling with nonuniform probabilities our sampling can be
viewed as a two-pass algorithm; in the first pass the algorithm reads the matrix, it then decides
which columns and rows to keep, and then in the second pass it extracts these columns and rows.
In certain applications, two passes through the matrix are not possible and only one pass is allowed
[14]. In these cases, we can still perform uniform sampling; in this case, if column-row pairs are
all approximately the same size, i.e., ‘A(k)‘ ‘B(k)‘ is close to its mean value (more precisely, if
there exists some positive constant 5 < 1 such that Vk ‘A(k)‘ ‘B(k)‘ < 6_1n Yoy A(k')‘ ‘B(k/) )
then the uniform probabilities are nearly optimal and we can sample uniformly with a small
[B-dependent loss in accuracy.

Given the information about the elements of A and B that can be obtained, e.g., after one
pass through the data, we have shown that certain nonuniform sampling probabilities (in which
the probability that larger column-row pairs are drawn is higher — see (7)) are better in a well
defined sense. Note that although larger columns and rows get picked more often, the scaling is
such that their weight is deemphasized in the estimator sum. One could imagine a situation when
detailed information about the elements of, e.g., A may be obtained after a single pass but no
information or no information except general bounds on the size of the elements may be possible
for B. In this case, a set of sampling probabilities other than those discussed in Section 4 may
be appropriate. See Figure 5 for a summary of the results for different probability distributions;
these results are proven in Appendix A.3

The ELEMENTWISEMATRIXMULTIPLICATION algorithm has been presented for completeness
and since in some applications its use may be more appropriate than the use of the BASICMA-
TRIXMULTIPLICATION algorithm. It is worth emphasizing that the ELEMENTWISEMATRIXMUL-
TIPLICATION algorithm achieves its spectral norm bound since its sampling procedure may be
viewed as adding a carefully constructed random perturbation to every element of the original
matrix; see [2, 1] for a nice discussion of these ideas.

Recent work has focused on establishing lower bounds on the number of queries a sampling
algorithm is required to perform in order to approximate a given function accurately with low
probability of error; see, e.g., [4]. See also [24, 27] for recent related work.
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Figure 6: Diagram for the algorithm to approximately multiply three matrices

A  Further Analysis of the Basic Matrix Multiplication Algo-
rithm

In this section we provide further analysis of the BASICM ATRIXMULTIPLICATION algorithm. In
Section A.1 we consider approximating the product of more than two matrices by a similar
sampling process. Then, in Section A.2 we examine element-wise error bounds for the algorithm
and in Section A.3 we consider error bounds for probability distributions which are not nearly
optimal in the sense of Section 4.4.

A.1 Approximating the Product of More than Two Matrices

In this section we consider the task of approximating the product of three or more matrices
using the ideas of the BASICMATRIXMULTIPLICATION algorithm of Section 4. For simplicity our
exposition will be restricted to the case of approximating the product ABC of three matrices.
Recall that given matrices A € R™*" B € R"*P, (' € RP*? the product ABC may be written

ABC = Z Z A¥) B, Cy (38)

s=1 t=1

One possible way of extending the ideas of Section 4.1 is the following. Randomly choose
is € {1,...,n} independently and with replacement ¢; times according to a probability distribu-
tion {p;};, and randomly choose j; € {1,...,p} independently and with replacement ¢ times
according to a probability distribution {g¢; }§:1- Then form the matrix A € R™*¢ with columns

AB) = Alis) /\/C1pi,, the matrix B € RL%2 with elements By = B;,j,/\/c1¢2pi,qj,, and the
matrix C' € R*? with rows C Cj»)//€2Gj, so that

o~ A B Gl

ABC = Z Z C1C2Pi 45,

s=1 t=1

Figure 6 presents a diagram illustrating the action of the algorithm just described to approximate
the product of three matrices. One could then define sampling matrices S (Ase1) and S(©¢2) and
diagonal rescaling matrices D{?#} and D{%} in a manner analogous to that of Section 4.1 and
as indicated in Figure 6. Then ABC = A§(e) plrt?g(Ae)T pg(Cen) plast? g(Cea)T o & ABC.
An intuitively appealing aspect of this algorithm is that the product ABC' is shown as C, B, and
then A operating between the high-dimensional R? and R via the high-dimensional R? and R";
this is approximated by ABC, which acts between R? and R™ via the low-dimensional subspaces
R and R%. A difficulty with this algorithm is that its analysis is quite complicated due to the
correlation in the non-independent sampling of the elements of the matrix B.
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A second way of extending the ideas of Section 4.1 is the following. Randomly choose (is, j;) €
{1,...,n} x {1,...,p} independently and with replacement ¢ times according to a probability
distribution {pkl}?k’pl):y This corresponds to sampling ¢ terms from the sum (38). Then define

1
P= > A By . Cay),
u=(s,t)=1 Phsls

where the summation is a single sum over the ¢ pairs (ks,l;) € {1,...,n} x {1,...,p} chosen by
the algorithm. In this second algorithm the subspace interpretation of the first algorithm is lost
but the analysis simplifies considerably. Using ideas similar to those in Section 4 we can prove
the following lemma, about this algorithm.

Lemma 6 Given matrices A € R™*" B € R"P C € RP*Y, construct an approzimation P
to the product ABC by sampling as described in the second algorithm above with probabilities

{pk,l}?if,z):r Then, for every i,j we have that E [(P)ZJ = (ABC),; and that

L | 1
Var [(P)Z.j] = - 33 —ALBUCY - - (4BO)}.
k=1 1=1 Pkl
In addition,
2 I~y | (k) 2 o 2 1 2
B[4BC - Plit| = Y230 - |A®) BY |0 - 14BCl;
k=11=1

and the probabilities
[AW] Byl |C)|

a DI AlE) | Birr| ‘C(l’)

Pkl

minimize B | || ABC — P||3,
Proof: Similar to the proof of Lemma 3 and Lemma 4.

As in Section 4.4 we will define probabilities {py;} to be nearly optimal if

I |A®)] B |Cy)l
N Zk’ Zz/ AlR) | Birr| ‘C(l’)

for some § < 1. If sampling is performed with these probabilities, one can show that

E [||ABC—P||%] < %ZZ \A(’“)\ |Bul [Cy|
k l

and a similar result can be shown to hold with high probability.

Unfortunately, computing the optimal probabilities in the general case is not pass-efficient
since it would require O(np) additional space and time. This situation would be relatively worse
if one wanted to compute the product of more than three matrices, rendering this method un-
competitive with the exact algorithm. On the other hand, if the matrices are known to have a
special structure or if the data are presented in a more specialized format then this algorithm may
be useful. For example, if it is known that none of the elements of B are too big, i.e., that the
elements of B are such that there exists a £p such that for all 4, j we have that B;; < {p |B|% /np
then there will exist a set of probabilities that are nearly optimal that do not depend on B and
that can be computed efficiently.
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A.2 Element-wise Error Bounds

In this section we provide element-wise error bounds on |(AB);; — (CR);;| for the BASICMATRIX-
MULTIPLICATION algorithm for two different probability distributions. We have the following
lemma.

Lemma 7 Suppose A € R™*" B € R"P, ¢ € Z" such that 1 < ¢ < n, and {p;};_, are such
that p; > 0 and Y1 p; = 1. Let M be such that |A;j| < M and |B;j| < M for every appropriate
1,7. Construct C and R with the BASICMATRIXMULTIPLICATION algorithm, and let CR be an
approzimation to AB. If pr, = 1/n for every k, then for every § > 0 with probability at least 1 —§

|(AB)ij — (CR);j| <= \/8ln (2mp/d) Vi, j. (39)

AWM B " ) -
If p, > Enﬂ| |A(|k|’)|(|k);| | for some positive constant B < 1, then for every 6 > 0 with probability
k=1 (k")

at least 1 — §

/MM 2
(AB); = (CR)y| < 2 TR mp[8) Vi (40

Proof: Let us first consider the case of uniform sampling probabilities, i.e., when py, = 1/n. First,

i; Gt) B, .
fix attention on one particular (i,7) € ({1,...,m},{1,...,p}). Define Xt(”) = (%> =
]

cpiy
&?TT”. From lemma 3 we see that E [Xt(ij)] = %(AB)ij. Define Yi(ij) = Xt(ij) - %(AB)ij,
t=1,...,c, and note that the Y;’s are independent random variables with E [Yi(” )} = 0 for every

t=1,...,c. In addition,

Y@ < ‘— ") 4= (AB);
cp;, c
< AiitBitj TLMZ (41)
- Cpi, c
2nM?
- (42)
Aiiy Biyj

< ”]‘c/[ 2 By combining the upper and

(42) follows since for the uniform probabilities
it

lower bounds provided by (42) with Hoeffding’s inequality, we have that for any ¢ > 0

c
g 90242 342
ZYi(w) < 2exp (— P ¢ 5 2) = 2exp (-%). (43)
=1 >ie1 (4nM?/c) 8n<M
Define the event &; to be ‘Z,f:l Yt(ij)‘ > ct and the event & = Ui, Ui_; &ij. If we then let
t=nM? 2;{;\/1n (2mp/0) then by (43) we have that Pr[&;;] < mi. Thus, (39) then follows since

Pr €] <ZZPr i <Z§/mp—5

=1 j=1

> ct

ﬂ|A(’“)||B<k)|
Sk [ARO]| B |
establishes (40). The key step is to note that when using these probabilities we have that

ny/p Ve
cB '

When applied to the nonuniform probabilities p; > a similar line of reasoning

‘ Aiiy Biyj
[Gun

| By

(44)

A”tBlt] ‘A k}’
< |BTAM B, \Z
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Since nM?/c < n/mpM?/(cB) this, when combined with (41), implies that

)| < 2/ TP (45)
B
which provides the upper and lower bounds on the random variable required to apply Hoeffding’s
inequality.
o
When the uniform probabilities are used

mn*pM

4
|AB — CRIl = Y | |(AB)ij — (CR)y|” < 8 log(2mp//9)
ij
holds with probability greater than 1 — d. The difference between this result and the result of
Theorem 1 or its variants such as Lemma 11 is that Lemma 7 guarantees that every element of
the approximation will have small additive error, while Theorem 1 provides a tighter Frobenius
norm bound but not element-wise guarantees.

It may seem counterintuitive that by sampling with respect to the optimal probabilities of
Section 4 the bound of (40) is worse than that of (39) by a factor of /mp/S. (Relatedly, when
the nonuniform probabilities of Lemma 7 are used, we have that
m*n’p* M

B
with probability greater than 1 — §.) The reason for this is that the optimal probabilities are

4

|AB — CR||5 < 8log(2mp/d)

optimal with respect to minimizing E [||AB - C’R||ﬂ, in which case elements corresponding to
smaller columns and rows contribute relatively little. On the other hand, the two statements of
Lemma 7 are required to hold for every i and j. Thus, (whether or not the uniform probabilities are
nearly optimal) because the optimal sampling probabilities bias toward elements corresponding
to larger columns and rows an extra factor of /mp is needed.

A.3 Analysis of the Algorithm for Non-nearly Optimal Probabilities

Note that the nearly optimal probabilities (7) use information from both matrices A and B in
a particular form. In some cases, such detailed information about both matrices may not be
available. Thus, we present results for the BASICM ATRIXMULTIPLICATION algorithm for several
other sets of probabilities. See Figure 5 in Section 6 for a summary of these results.

In the first case, to estimate the product AB one could use the probabilities (46) which use
information from the matrix A only. In this case |AB — CR)||; can still be shown to be small
in expectation and under an additional assumption the expectation can be removed and the
corresponding result can be shown to hold with high probability.

Lemma 8 Suppose A € R™" B € R"P ¢ € Z* such that 1 < ¢ < n, and {p;}]_, are such
that Y 1 p; = 1 and such that

L BlAWf
P> ——5—

1Al %
for some positive constant B < 1. Construct C and R with the BASICMATRIXMULTIPLICATION
algorithm, and let CR be an approzimation to AB. Then:

(46)

1
E | |AB ~ CR|| < Be 1A I1BIZ - (47)
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Furthermore, let M = max, Iigg;I, let § € (0,1) and let n =1+ ”gH?M (8/8)log(1/6). Then

with probability ot least 1 — §:

2
U
HAB—CUW%SZ%HAﬁJHW%- (48)

Proof: The proof is similar to that of Theorem 1 except that the indicated probabilities are used.

o
Alternatively, to estimate the product AB one could use the probabilities (49) which also use
information from the matrix A only, but in a different form than the probabilities (46). In
this case, under an additional assumption ||AB — CR)|| can still be shown to be small both in
expectation and with high probability.

Lemma 9 Suppose A € R™*" B € R"P, ¢ € Z" such that 1 < ¢ < n, and {p;};_, are such
that Y ;| p; = 1 and such that
i ‘A(k)‘
> P
= Y=t [A®)

for some positive constant 8 < 1. Let M = max, ‘B(a)‘. Construct C and R with the BASIC-
MATRIXMULTIPLICATION algorithm, and let CR be an approximation to AB. Then:

(49)

1
E [ |AB - CRI}| < —— A} nM2. (50)
Be
Furthermore, let 6 € (0,1) and n =14 +/(8/5)log(1/d). Then with probability at least 1 — §:
2
|AB = CRIE < -1 Al nM?. (51)

Proof: The proof is similar to that of Theorem 1 except that the indicated probabilities are used.
o
The probabilities (46) and (49) depend on only the lengths of the columns of A. Results similar
to those of the previous two lemmas hold if the probabilities depend on the rows of B rather than
the columns of A; see Figure 5.
Alternatively, to estimate the product of AB one could use the probabilities (52); interestingly,
although the probabilities differ from those of (7) we are able to derive the same bounds as those
of Theorem 1 without additional assumptions.

Lemma 10 Suppose A € R™*" B € R"P ¢ € ZT such that 1 < ¢ < n, and {p;};_, are such

that Y 1 p; = 1 and such that

B1AW] By
1Al 1Bl g

for some positive constant B < 1. Construct C and R with the BASICMATRIXMULTIPLICATION

algorithm, and let CR be an approximation to AB. Then:

Pk > (52)

1
B (4B - CRI}| < — 4% 1B (53)
Be
Furthermore, let 6 € (0,1) and n =14 +/(8/5)log(1/d). Then with probability at least 1 — §:

2
U
IMB—CM@SBjMﬁHM@- (54)
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Proof: The proof is similar to that of Theorem 1 except that the indicated probabilities are used.

o
Of course one could estimate the product AB using the uniform probabilities (55). In this case
for simplicity we consider bounding ||AB — CR|| directly.

Lemma 11 Suppose A € R™*" B € R"™P, ¢ € Z" such that 1 < ¢ < n, and {p;};_, are such
that

Pk = n (55)

Construct C' and R with the BASICMATRIXMULTIPLICATION algorithm, and let CR be an ap-
proximation to AB. Then:

n 1/2
E[||AB - CR|] < \/g (Z ‘A(k)‘2 ‘B(k)‘2> . (56)
k=1

Furthermore, let § € (0,1) and v = %\/8log(1/5) max,, ‘A(a)‘ ‘B(a)‘; then with probability at
least 1 —§:

n 1/2
2
|AB — CR|p < \/g (Z ‘A(k)‘ \B(k)f) +7. (57)
k=1

Proof: The proof is similar to that of Theorem 1 except that the indicated probabilities are used.
o
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