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Randomized Dimensionality Reduction
for k-Means Clustering

Christos Boutsidis, Anastasios Zouzias, Michael W. Mahoney, and Petros Drineas

Abstract— We study the topic of dimensionality reduc-
tion for k-means clustering. Dimensionality reduction encom-
passes the union of two approaches: 1) feature selection and
2) feature extraction. A feature selection-based algorithm for
k-means clustering selects a small subset of the input features
and then applies k-means clustering on the selected features.
A feature extraction-based algorithm for k-means clustering
constructs a small set of new artificial features and then
applies k-means clustering on the constructed features. Despite
the significance of k-means clustering as well as the wealth
of heuristic methods addressing it, provably accurate feature
selection methods for k-means clustering are not known. On the
other hand, two provably accurate feature extraction methods for
k-means clustering are known in the literature; one is based on
random projections and the other is based on the singular value
decomposition (SVD). This paper makes further progress toward
a better understanding of dimensionality reduction for k-means
clustering. Namely, we present the first provably accurate feature
selection method for k-means clustering and, in addition, we
present two feature extraction methods. The first feature extrac-
tion method is based on random projections and it improves upon
the existing results in terms of time complexity and number of
features needed to be extracted. The second feature extraction
method is based on fast approximate SVD factorizations and it
also improves upon the existing results in terms of time com-
plexity. The proposed algorithms are randomized and provide
constant-factor approximation guarantees with respect to the
optimal k-means objective value.

Index Terms— Clustering,
randomized algorithms.

dimensionality  reduction,

I. INTRODUCTION

LUSTERING is ubiquitous in science and engineering
Cwith numerous application domains ranging from bio-
informatics and medicine to the social sciences and the
web [1]. Perhaps the most well-known clustering algorithm
is the so-called “k-means” algorithm or Lloyd’s method [2].
Lloyd’s method is an iterative expectation-maximization type
approach that attempts to address the following objective:
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given a set of Euclidean points and a positive integer k
corresponding to the number of clusters, split the points into
k clusters so that the total sum of the squared Euclidean dis-
tances of each point to its nearest cluster center is minimized.
Due to this intuitive objective as well as its effectiveness [3],
the Lloyd’s method for k-means clustering has become enor-
mously popular in applications [4].

In recent years, the high dimensionality of modern massive
datasets has provided a considerable challenge to the design
of efficient algorithmic solutions for k-means clustering. First,
ultra-high dimensional data force existing algorithms for
k-means clustering to be computationally inefficient, and
second, the existence of many irrelevant features may not
allow the identification of the relevant underlying structure in
the data [5]. Practitioners have addressed these obstacles by
introducing feature selection and feature extraction techniques.
Feature selection selects a (small) subset of the actual features
of the data, whereas feature extraction constructs a (small)
set of artificial features based on the original features. Here,
we consider a rigorous approach to feature selection and
feature extraction for k-means clustering. Next, we describe
the mathematical framework under which we will study such
dimensionality reduction methods.

Consider m points P = {p1,p2,-..,Pm} S R" and an
integer k denoting the number of clusters. The objective of
k-means is to find a k-partition of P such that points that are
“close” to each other belong to the same cluster and points
that are “far” from each other belong to different clusters.
A k-partition of P is a collection § = {S1,S82,...,Sk}
of k non-empty pairwise disjoint sets which covers P. Let
s; =|8;| be the size of S; (j =1,2,...,k). For each set §;,
let w; € R" be its centroid:

Zp,'ESj Pi
Rj=—"""
Sj

The k-means objective function is

m
F(P,8) = lIpi — n@)l3,
i=1
where u(p;) € R" is the centroid of the cluster to which p;

belongs. The objective of k-means clustering is to compute
the optimal k-partition of the points in P,

Sopr = argmin F(P, S).
S
Now, the goal of dimensionality reduction for k-means
clustering is to construct points

,ﬁ:{ﬁ17ﬁ27"'9f’m}gRr
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(for some parameter r <« n) so that P approximates the
clustering structure of P. Dimensionality reduction via fea-
ture selection constructs the p;’s by selecting actual features
of the corresponding p;’s, whereas dimensionality reduction
via feature extraction constructs new artificial features based
on the original features. More formally, assume that the
optimum k-means partition of the points in P has been
computed

Sopt = arg min .7-'(73, S).
S

A dimensionality reduction algorithm for k-means clustering
constructs a new set P such that

F(P,Sop) <7 - F(P, Sopt)

where y > 0 is the approximation ratio of Sop,. In other
words, we require that computing an optimal partition Sop,
on the projected low-dimensional data and plugging it back
to cluster the high dimensional data, will imply a y fac-
tor approximation to the optimal clustering. Notice that we
measure approximability by evaluating the k-means objective
function, which is a well studied approach in the litera-
ture [3], [6]-[11]. Comparing the structure of the actual
clusterings Sop, to Sypr would be much more interesting but
our techniques do not seem to be helpful towards this direction.
However, from an empirical point of view (see Section VII),
we do compare Sop, directly to S,,; observing favorable
results.

A. Prior Work

Despite the significance of dimensionality reduction in the
context of clustering, as well as the wealth of heuristic methods
addressing it [14], to the best of our knowledge there are
no provably accurate feature selection methods for k-means
clustering known. On the other hand, two provably accurate
feature extraction methods are known in the literature that we
describe next.

First, a result by [15] indicates that one can construct
r = O(log(m)/&?) artificial features with Random Projections
and, with high probability, obtain a (1 + &)-approximate
clustering. The algorithm implied by [15], which is a random-
projection-type algorithm, is as follows: let A € R™*”" contain
the points P = {p1,p2,...,Pm} S R" as its rows; then,
multiply A from the right with a random projection matrix
R € R™" to construct C = AR € R"™*" containing the points
P = {P1,P2,....Pm} € R" as its rows (see Section III-
B for a definition of a random projection matrix). The
proof of this result is immediate mainly due to the Johnson-
Lindenstrauss lemma [15]. Ref. [15] proved that all the
pairwise Euclidean distances of the points of P are pre-
served within a multiplicative factor 1 4 ¢. So, any value
of the k-means objective function, which depends only on
pairwise distances of the points from the corresponding center
point, is preserved within a factor 1 £ & in the reduced
space.

Second, [12] argues that one can construct r = k artificial
features using the SVD, in O (mn min{m, n}) time, to obtain
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Algorithm 1 Randomized Feature Selection for k-Means
Clustering

Input: Dataset A € R™*", number of clusters &,
and 0 < ¢ < 1/3.

Output: C € R™*" with r = O(klog(k)/&?)
rescaled features.

1: Let Z = FastFrobeniusSVD(A, k, ¢); Z € R"*k
(via Lemma 2).

2: Let r = ¢ - 4k In(200k) /&> (c is a sufficiently
large constant - see proof).

3: Let [Q, S] = RandomizedSampling(Z, r);
Qe R S € R™"(via Lemma 3).

4: Return C = AQS € R™*" with r rescaled
columns from A.

a 2-approximation on the clustering quality. The algorithm
of [12] is as follows: given A € R™*" containing the points
of P and k, construct C = AV, € R™*k Here, V;, € R?>k
contains the top k right singular vectors of A. The proof of
this result will be (briefly) discussed in Sections II-B and VI.

Finally, an extension of the latter SVD-type result (see
[13, Corollary 4.5]) argues that O (k/&?) dimensions (singular
vectors) suffice for a relative-error approximation.

B. Summary of Our Contributions

We present the first provably accurate feature selection
algorithm for k-means (Algorithm 1). Namely, Theorem 1
presents an O (mnks~! + klog(k)e~*log(klog(k)e~")) time
randomized algorithm that, with constant probability, achieves
a (3 + ¢)-error with r = O(klog(k)/e?) features. Given A
and k, the algorithm of this theorem first computes Z € Rrxk,
which approximates V; € R"K which contains the top
k right singular vectors of A.! Then, the selection of the
features (columns of A) is done with a standard randomized
sampling approach with replacement with probabilities that
are computed from the matrix Z. The proof of Theorem 1
is a synthesis of ideas from [12] and [17], which study the
paradigm of dimensionality reduction for k-means clustering
and the paradigm of randomized sampling, respectively.

Moreover, we describe a random-projection-type
feature extraction algorithm: Theorem 2 presents an
O(mnle k) log(n)]) time algorithm that, with constant
probability, achieves a (2 + &)-error with r = O(k/&?)
artificial features. We improve the folklore result of the
first row in Table I by means of showing that a smaller
number of features are enough to obtain an approximate
clustering. The algorithm of Theorem 2 is the same as
with the one in the standard result for random projections
that we outlined in the prior work section but uses only
r = O(k/e*) dimensions for the random projection matrix.
Our proof relies on ideas from [12] and [18], which study the

IRef. [16] presented an unsupervised feature selection algorithm by working
with the matrix Vi ; in this work, we show that the same approximation bound
can be achieved by working with a matrix that approximates Vy in the sense
of low rank matrix approximations (see Lemma 2).
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TABLE I
PROVABLY ACCURATE DIMENSIONALITY REDUCTION METHODS FOR k-MEANS CLUSTERING. RP STANDS FOR RANDOM PROJECTIONS, AND
RS STANDS FOR RANDOM SAMPLING. THE THIRD COLUMN CORRESPONDS TO THE NUMBER OF SELECTED/EXTRACTED FEATURES;
THE FOURTH COLUMN CORRESPONDS TO THE TIME COMPLEXITY OF EACH DIMENSIONALITY REDUCTION METHOD;
THE FIFTH COLUMN CORRESPONDS TO THE APPROXIMATION RATIO OF EACH APPROACH

Reference Description Dimensions Time = O(z),z = Approximation Ratio
Folklore RP O(log(m)/e?) | mn[e=2log(m)/log(n)] 1+e¢
[12] Exact SVD k mnmin{m,n} 2
[13] Exact SVD O(k/?) mnmin{m,n} 1+¢
Theorem 11 RS O(klog(k)/<?) mnk/e 3+¢
Theorem 12 RP O(k/e?) mn[e=2k/log(n)] 2+¢
Theorem 13 | Approx. SVD k mnk/e 2+4¢

paradigm of dimension reduction for k-means clustering and
the paradigm of speeding up linear algebra problems, such
as the low-rank matrix approximation problem, via random
projections, respectively.

Finally, Theorem 3 describes a feature extraction algorithm
that employs approximate SVD decompositions and constructs
r = k artificial features in O(mnk/¢) time such that, with
constant probability, the clustering error is at most a 2 + &
multiplicative factor from the optimal. We improve the existing
SVD dimensionality reduction method by showing that fast
approximate SVD gives features that can do almost as well as
the features from the exact SVD. Our algorithm and proof are
similar to those in [12], but we show that one only needs to
compute an approximate SVD of A.

We summarize previous results as well as our results in
Table I.

II. LINEAR ALGEBRAIC FORMULATION
AND OUR APPROACH

A. Linear Algebraic Formulation of k-Means

From now on, we will switch to a linear algebraic formula-
tion of the k-means clustering problem following the notation
used in the introduction. Define the data matrix A € R™*"
whose rows correspond to the data points,

AT =[p1,...,pml € R™™.
We represent a k-clustering S of A by its cluster indicator
matrix X € R™**_ Each column j = 1,...,k of X cor-
responds to a cluster. Each row i = 1,..., m indicates the

cluster membership of the point p; € R™. So, X;; = 1/,/s;
if and only if data point p; is in cluster S;. Every row of X
has exactly one non-zero element, corresponding to the cluster
the data point belongs to. There are s; non-zero elements
in column j which indicates the data points belonging to
cluster S;. By slightly abusing notation, we define

F(A,X) = |A — XXTA|2.

Hence, for any cluster indicator matrix X, the following
identities hold

m
2
FAX) =D Ipf - XiX"A[;

i=1

- 2
= > lIpf —r@)"I3

i=1

=F(P,S),

where we define X; as the ith row of X and we have used the
identity X;XTA = u(p;)T, for i = 1,...,m. This identity
is true because XTA is a matrix whose row j is Sk
proportional to the centroid of the jth cluster; now, X; picks
the row corresponding to its non-zero element, i.e., the cluster
corresponding to point , and scales it by 1/,/5;. In the above,
u(pi) € R™ denotes the centroid of the cluster of which
the point p; belongs to. Using this formulation, the goal of
k-means is to find X which minimizes [|A — XXTA||3.

To evaluate the quality of different clusterings, we will use
the k-means objective function. Given some clustering X, we
are interested in the ratio F (A, X) /F (A, Xopt), where Xop is
an optimal clustering of A. The choice of evaluating a clus-
tering under this framework is not new. In fact, [3], [6]-[10]
provide results (other than dimensionality reduction methods)
along the same lines. Below, we give the definition of the
k-means problem.

Definition 1 [The k-Means Clustering Problem]: Given
A € R™" (representing m data points — rows — described
with respect to n features — columns) and a positive integer
k denoting the number of clusters, find the indicator matrix
Xopt € R™*K vwhich satisfies,

Xopt = argmin A — XXTA[F.
XeX

The optimal value of the k-means clustering objective is
F(A, Xop) = min [|A — XXTA|I3
XeX
= |A — XopXopAllf
= I:'opt-

In the above, X denotes the set of all m x k indicator
matrices X.

Next, we formalize the notation of a “k-means approxima-
tion algorithm”.

Definition 2 [k-Means Approximation Algorithm]: An algo-
rithm is called a “y -approximation” for the k-means cluster-
ing problem (y > 1) if it takes inputs the dataset A € R™*"
and the number of clusters k, and returns an indicator matrix
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X, € R™*k such that w.p. at least 1 — Oy,
1A =X, X7 Allf < 7 min A - XXTAE
=7 -F(A, Xopt)

=7 - Fopt.

An example of such an apprr())ximation algorithm for
k-means is in [7] with y = 14+ ¢ (0 < ¢ < 1), and
0, a constant in (0,1). The corresponding running time
is O(mn - 2(1‘/‘9)0(”).

Combining this algorithm (with y = 1 4 &) with, for
example, our dimensionality reduction method in Section V,
would result in an algorithm that preserves the clustering
within a factor of 2 + ¢, for any ¢ € (0,1/3), and runs in
total time O(mn[e 2k/log(n)] + kn2(k/£)0(l)/82). Compare
this with the complexity of running this algorithm on the
high dimensional data and notice that reducing the dimension
from n to O(k/e?) leads to a considerably faster algorithm.
In practice though, the Lloyd algorithm [2], [3] is very
popular and although it does not admit a worst case the-
oretical analysis, it empirically does well. We thus employ
the Lloyd algorithm for our experimental evaluation of our
algorithms in Section VII. Note that, after using, for example,
the dimensionality reduction method in Section V, the cost
of the Lloyd heuristic is only O(mk?/e?) per iteration. This
should be compared to the cost of O(kmn) per iteration if
applied on the original high dimensional data. Similar run time
improvements arise if one uses the other dimension reduction
algorithms proposed in this work.

B. Our Approach

The key insight of our work is to view the k-means problem
from the above linear algebraic perspective. In this setting,
the data points are rows in a matrix A and feature selection
corresponds to selection of a subset of columns from A. Also,
feature extraction can be viewed as the construction of a
matrix C which contains the constructed features. Our feature
extraction algorithms are linear, i.e., the matrix C is of the
form C = AD, for some matrix D; so, the columns in C are
linear combinations of the columns of A, i.e., the new features
are linear combinations of the original features.

Our work is inspired by the SVD feature extraction algo-
rithm of [12], which also viewed the k-means problem from
a linear algebraic perspective. The main message of the result
of [12] (see the algorithm and the analysis in Section 2
in [12]) is that any matrix C which can be used to approximate
the matrix A in some low-rank matrix approximation sense
can also be used for dimensionality reduction in k-means
clustering. We will now present a short proof of this result
to better understand its implications in our dimensionality
reduction algorithms.

Given A and k, the main algorithm of [12] constructs
C = AV, where V; contains the top k right singular vectors
of A. Let X, and Xop, be the cluster indicator matrices
that corresponds to the optimum partition corresponding to
the rows of A and the rows of C, respectively. In our
setting for dimensionality reduction, we compare F (A, Xop,)
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to F (A, X,pr). From the SVD of A, consider
A =AViV] +A— AV, V],
[ ) N S—
Ay Ap—k

Also, notice that for any cluster indicator matrix Xop,

N A A N T
((Im - Xosz,Tpt) Ak) ((Im - XothZpt) Apfk) = 0m><ma
because
ALAT = O

Combining these two steps and by orthogonality, it follows
that

1A —Xop X5,

oAl = 1@ = Xop XD )ALIE

0z
< oT 2
+ ”(Im - XOp[X()p[)Ap—k”F .

2

%
We now bound the second term of the later equation.
I, — XOP,XZP, is a projection matrix, so it can be dropped
without increasing the Frobenius norm. Hence, by using this

and the fact that XothgptA has rank at most k:

05 < IAp—ilF =IA - Agllf <

”A - Xoptxgpt

All3.

From similar manipulations combined with the optimality of

A

Xopr it follows that

02 < A —XepX]

2
optA”F'

Therefore, we conclude that
F(A, Xop) < 2F (A, Xopr)-

The key insight in this approach is that Ay = AVkV,T =C-H
(with H = V]) and A — CH = A,_, which is the best rank
k approximation of A in the Frobenius norm (see Section III
for useful notation).

In all three methods of our work, we will construct matrices
C = AD, for three different matrices D, such that C - H, for
an appropriate H, is a good approximation to A with respect
to the Frobenius norm, i.e., |[A — C - H||12: is roughly equal
to ||A — Ag||Z, where Ay is the best rank k matrix from the
SVD of A. Then, replicating the above proof gives our main
theorems. Notice that the above approach is a 2-approximation
because Ay = C - H is the best rank k approximation to A;
our algorithms will give a slightly worse error because our
matrix C - H give an approximation which is slightly worse
than the best rank k& approximation.

III. PRELIMINARIES
A. Basic Notation

We use A, B, ... to denote matrices; a,p,... to denote
column vectors. I, is the n x n identity matrix; 0,,x, is the
m X n matrix of zeros; A(;) is the i-th row of A; AW is the
Jj-th column of A; and, A;; denotes the (i, j)-th element of A.
We use EY to take the expectation of a random variable Y
and P(€) to take the probability of a probabilistic event £.
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We abbreviate “independent identically distributed” to “i.i.d”
and “with probability” to “w.p”.

B. Matrix Norms

We use the Frobenius and the spectral matrix norms:
IAllr = /> ; A7 and [[All2 = max|x|,=1 [|AX[l2, respec-
tively (for a matrix A). For any A,B: ||A2 < [|A|lf, |AB|r <
IAlEIBIl2, and [|AB||r < [|All2[Bllr. The latter two proper-
ties are stronger versions of the standard submultiplicativity
property: |AB|r < ||A||r|B|r. We will refer to these versions
as spectral submultiplicativity. Finally, the triangle inequality
of matrix norms indicates that ||A + B|lg < ||A]lr + |IB||E.

Lemma 1 (Matrix Pythagorean Theorem): Let X,Y €
R™" satisfy XY = 0,,m. Then,

IX + Y1 = IXIIE + Y2
Proof:
IX + Y[|Z = Tr ((X 1Y) (X + Y)T)
—Tr (XXT +XYT+YXT 4+ YYT)
—Tr (XXT + 0 + O + YYT)
= Tr (XTX) +Tr (YYT)
= X113 + Y1

|
This matrix form of the Pythagorean theorem is the starting
point for the proofs of the three main theorems presented in
this work. The idea to use the Matrix Pythagorean theorem to
analyze a dimensionality reduction method for k-means was
initially introduced in [12] and it turns to be very useful to
prove our results as well.

C. Singular Value Decomposition
The SVD of A € R™ of rank p < min{m,n} is

A = UpZaV), with Uy € R™”, T4 € RP*/, and
Va € R"?, In some more details, the SVD of A is:
> 0 \A
A= UkU_k( )( ™),
( P ) 0 zp_k Vp—k
UAERmX/} —_— ——
TAERPXP VZER/JX)L

with singular values o1 > ... > ox > o)1 > ... > 0y > 0.
We will use o; (A) to denote the i-th singular value of A
when the matrix is not clear from the context. The matrices

Uk € R™*k and U, € R™*(p=k) " contain
the left singular vectors of A; and, similarly, the
matrices  Vy e R™k and V)« e R0H
contain the right singular vectors. X; € R and

Xk € R=K*(=k) contain the singular values of A.
It is well-known that Ay = U Z V] = AV, V] = UUJA
minimizes ||[A — X||g over all matrices X € R™*" of rank
at most k < p. Weuse A,y =A—-A; =0, ZP,kV;_k.

Also, JAllp = 3 0}(A) and A2 = oi(A).
The best rank k approximation to A also satisfies:

A —Axllr = v Zip=k+1 O'iz(A)~
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D. Approximate Singular Value Decomposition

The exact SVD of A takes cubic time. In this work, to speed
up certain algorithms, we will use fast approximate SVD.
We quote a recent result from [19], but similar relative-error
Frobenius norm SVD approximations can be found elsewhere;
see, for example, [18].

Lemma 2: Given A € R™" of rank p, a target rank
2<k<p, and 0 < ¢ < 1, there exists a randomized algo-
rithm that computes a matrix 7. € Rk such that ZVZ, = I,
EZ =0, (for E=A — AZZT ¢ R"™"), and

E[E[2 < (1+¢) A — Agll2.

The proposed algorithm runs in O (mnk/e) time. We use
Z. = FastFrobeniusSVD(A, k, €) to denote this algorithm.

Notice that this lemma computes a rank-k matrix AZZT
which, when is used to approximate A, is almost as good -
in expectation - as the rank-k matrix Ay from the SVD
of A. Since, Ay = AVkV,T, the matrix Z is essentially an
approximation of the matrix V; from the SVD of A.

We now give the details of the algorithm. The algorithm
takes as inputs a matrix A € R”*" of rank p and an integer
2<k<p. Setr=k+ |_§ +l-| and construct Z with the
following algorithm.

1: Generate an n xr standard Gaussian matrix R whose entries
are i.i.d. A(0, 1) variables.

2: Y = AR € R,

3: Orthonormalize the columns of Y to construct the matrix
Q e Rmxr,

4: Let Z € R"™ be the top k right singular vectors of QTA €
Rr xn.

E. Pseudo-Inverse

AT = VAT 'UL € R™ denotes the so-called
Moore-Penrose pseudo-inverse of A (here E;l is the inverse
of XA), ie., the unique n x m matrix satisfying all four
properties: A = AATA, ATAAT = AT, (AAH)T = AAT,
and (ATA)T = ATA. By the SVD of A and AT,
it is easy to verify that, for all i = 1,...,p =
rank(A) = rank(A"): 6;(AT) = 1/o,—i+1(A). Finally, for
any A € R™" B e R™’: (AB)" = BFAT if any one
of the following three properties hold: (i) ATA = I,;
(i) BTB = I; or, (iii) rank(A) = rank(B) = n.

F. Projection Matrices

We call P € R™" a projection matrix if P> = P. For such
a projection matrix and any A: ||[PA|r < ||A||r. Also, if P is a
projection matrix, then, I, — P is a projection matrix. So, for
any matrix A, both AAT and I, —AAT are projection matrices.

G. Markov’s Inequality and the Union Bound

Markov’s inequality can be stated as follows: Let Y be a ran-
dom variable taking non-negative values with expectation E Y.
Then, for all + > 0, and with probability at least 1 — r~!,
Y < t-EY. We will also use the so-called union bound.
Given a set of probabilistic events &1, &, . .., &, holding with
respective probabilities p1, pa, ..., pn, the probability that all
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events hold simultaneously (a.k.a., the probability of the union
of those events) is upper bounded as: P(E U & ... UE,) <

H. Randomized Sampling

1) Sampling and Rescaling Matrices: Let A = [AD, ...,
AM] e R™*" and let C = [AW, ..., Al)] € R™ " consist
of r < n columns of A. Note that we can write C = AQ,
where the sampling matrix is Q = [e;,...,e;,] € R™
(here e; are the standard basis vectors in R"?). If S € R"™*"
is a diagonal rescaling matrix then AQS contains r rescaled
columns of A.

The following definition describes a simple randomized
sampling procedure with replacement, which will be critical
in our feature selection algorithm.

Definition 3 (Random Sampling With Replacement): Let
X € R™FK with n > k and let X(;) denote the i-th row of X
as a row vector. For alli = 1, ..., n, define the following set
of sampling probabilities:

X3
P ’
IXIIE

and note that _7_, p; = 1. Let r be a positive integer and
construct the sampling matrix Q € R"™" and the rescaling
matrix S € R™" as follows: initially, Q = 0%, and S = 0y,
fort = 1,...,r pick an integer i; from the set {1,2,...,n}
where the probability of picking i is equal to pji; set
Qi = 1 and Sy = 1/, /rp;,. We denote this randomized
sampling technique with replacement by

[Q, S] = RandomizedSampling(X, r).

Given X and r, it takes O (nk) time to compute the probabilities
and another O(n +r) time to implement the sampling proce-
dure via the technique in [20]. In total, this method requires
O (nk) time.

The next three lemmas present the effect of the above
sampling procedure on certain spectral properties, e.g. singular
values, of orthogonal matrices. The first two lemmas are
known; short proofs are included for the sake of completeness.
The third lemma follows easily from the first two results
(a proof of the lemma is given for completeness as well).
We remind the reader that al.z (X) denotes the ith singular value
squared of the matrix X.

Lemma 3 argues that sampling and rescaling a sufficiently
large number of rows from an orthonormal matrix with the
randomized procedure of Definition 3 results in a matrix with
singular values close to the singular values of the original
orthonormal matrix.

Lemma 3: Let V € R with n > k and VIV = L.
Let 0 < o0 < 1, 4kIn(k/o) < r < n, and
[Q,S] = RandomizedSampling(V,r). Then, for all
i=1,...,k wp. at least 1 — 6,

. 4kIn(2k/9) _ 4k In(2k /0) .

a?(VTQS) < 1+
r I

Proof: This result was originally proven in [17]. We will

leverage a more recent proof of this result that appeared
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in [21] and improves the original constants. More specifically,
in [21, Th. 2], set S =1, f = 1, and replace ¢ as a function
of r, f, and d to conclude the proof. |

Lemma 4 argues that sampling and rescaling columns from
any matrix with the randomized procedure of Definition 3
results in a matrix with Frobenius norm squared close to the
Frobenius norm squared of the original matrix. Intuitively,
the subsampling of the columns does not affect much the
Frobenius norm of the matrix.

Lemma 4: For any r > 1, X € R and Y € R™*" Jet
[Q,S] = RandomizedSampling(X, r). Let 0 be a parameter
with 0 < 0 < 1. Then, w.p. at least 1 — 9,

1
IYOS|F < <IYIIZ.
Proof: Define the random variable ¥ = [[YQS|Z > 0.
Assume that the following equation is  true:
IE||YQS||% = ||Y||I2:. Applying Markov’s inequality with

failure probability J to this equation gives the bound in
the lemma. All that remains to prove now is the above
assumption. Let B =YQS € R™*", and forr = 1,...,r, let
B() denotes the 7-th column of B = YQS. We manipulate
the term E ||YQS||% as follows,

r r
b
Eyesiz LS BOIB LS E B3

rI:1n
23>0

=1 j=1

;
@ 1
< - IYIE = IYIR

t=1

=1
IYWD)3
rpj

(a) follows by the definition of the Frobenius norm of B.
(b) follows by the linearity of expectation. (¢) follows by
our construction of Q,S. (d) follows by the definition of
the Frobenius norm of Y. It is worth noting that the above
manipulations hold for any set of probabilities since they
cancel out in Equation (d). |

Notice that X does not appear in the bound; it is only
used as an input to the RandomizedSampling. This means that
for any set of probabilities, a sampling and rescaling matrix
constructed in the way it is described in Definition 3 satisfies
the bound in the lemma.

The next lemma shows the effect of sub-sampling in a low-
rank approximation of the form A ~ AZZT, where Z is a
tall-and-skinny orthonormal matrix. The sub-sampling here
is done on the columns of A and the corresponding rows
of Z.

Lemma 5: Fix A € R k > 1,0 < ¢ < 1/3,0 <
0 < 1, and r = 4k1n(2k/5)/e%. Compute the n x k matrix
Z of Lemma 2 such that A = AZZT + E and run [Q,S] =
RandomizedSampling(Z, r). Then, w.p. at least 1 — 39, there
exists E € R™" sych that

AZZ" = AQS(ZT0S)'ZT +E,

and |[E|lr < L5 |E|r.
Proof: See Appendix. |



BOUTSIDIS et al.: RANDOMIZED DIMENSIONALITY REDUCTION FOR k-MEANS CLUSTERING

In words, given A and the rank parameter k, it is possible to
construct two low rank matrices, AZZT and AQS(ZTQS)'Z"T
that are “close” to each other. Another way to view this
result is that given the low-rank factorization AZZ" one can
“compress” A and Z by means of the sampling and rescaling
matrices Q and S. The error from such a compression will be
bounded by E.

This result is useful in proving Theorem 1 because at some
point of the proof (see Eqn. (3)) we need to switch from a rank
r matrix (AQS(ZTQS)TZ") to a rank k matrix (AZZ") and
at the same time keep the bounds in the resulting inequality
almost unchanged (they would change by the norm of the
matrix E).

1. Random Projections

A classic result of [15] states that, for any 0 < ¢ < 1, any
set of m points in n dimensions (rows in A € R”*") can be
linearly projected into

e =0 (log(m)/ez)

dimensions while preserving all the pairwise Euclidean dis-
tances of the points within a multiplicative factor of (1 % ¢).
More precisely, [15] showed the existence of a (ran-
dom orthonormal) matrix R € R"** gsuch that, for all
i,j=1,...,m, and with high probability (over the random-
ness of the matrix R),

(1= a)lAw — Al < | (Ag) — Ag) Rl
<= (L +o)llAg —Agl,-

Subsequent research simplified the proof of [15] by showing
that such a linear transformation can be generated using a
random Gaussian matrix, i.e., a matrix R € Rt whose
entries are i.i.d. Gaussian random variables with zero mean
and variance 1/r [22]. Recently, [23] presented the so-called
Fast Johnson-Lindenstrauss Transform which describes an
R € R™+ such that the product AR can be computed
fast. In this paper, we will use a construction by [24], who
proved that a rescaled random sign matrix, i.e., a matrix
R € R"™": whose entries have values {£1/./r} uniformly
at random, satisfies the above equation. As we will see in
detail in Section V, a recent result of [25] indicates that,
if R is constructed as in [24], the product AR can be
computed fast as well. We utilize such a random projection
embedding in Section V. Here, we summarize some proper-
ties of such matrices that might be of independent interest.
We have deferred the proofs of the following lemmata to the
Appendix.

The first lemma argues that the Frobenius norm squared of
any matrix Y and the Frobenius norm squared of YR, where
R is a scaled signed matrix, are “comparable”. Lemma 6 is
the analog of Lemma 4.

Lemma 6: Fix any m x n matrix Y, fix k > 1 and ¢ > 0.
Let R € R™ be a rescaled random sign matrix constructed
as described above with r = cok/ez, where cy > 100. Then,

P (||YR||% >(1+ e>||Y||%) <0.01.
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The next lemma argues about the effect of scaled random
signed matrices to the singular values of orthonormal matrices.

Lemma 7: Let A € R™" with rank p (k < p),
Ay = USiV], and 0 < & < 1/3. Let R € R™" be a
(rescaled) random sign matrix constructed as we described
above with r = cok /&%, where co > 3330. The following hold
(simultaneously) w.p. at least 0.97:

1) Foralli =1,...k:
1—¢e<o?(VIR) <1+
2) There exists an m X n matrix E such that
Ar = AR(V{R)'V] +E,
and

IEllF < 3¢l|A — AgllF.

The first statement of Lemma 7 is the analog of Lemma 3
while the second statement of Lemma 7 is the analog of
Lemma 5. The results here replace the sampling and rescaling
matrices ,S from Random Sampling (Definition 3) with
the Random Projection matrix R. It is worth noting that
almost the same results can be achieved with r = O(k/&?)
random dimensions, while the corresponding lemmata for
Random Sampling require at least r = O (k logk/e?) actual
dimensions.

The second bound in the lemma is useful in proving
Theorem 2. Specifically, in Eqn. (2) we need to replace the
rank k matrix Ay with another matrix of rank k which is as
close to Ay as possible. The second bound above provides
precisely such a matrix AR(V,TR)TV,? with corresponding
error E.

IV. FEATURE SELECTION WITH RANDOMIZED SAMPLING

Given A, k, and 0 < ¢ < 1/3, Algorithm 1 is our main
algorithm for feature selection in k-means clustering. In a
nutshell, construct the matrix Z with the (approximate) top-k
right singular vectors of A and select

r=0(k log(k)/sz)

columns from ZT with the randomized technique of
Section III-A. One can replace the first step in Algorithm 1
with the exact SVD of A [16]. The result that is obtained
from this approach is asymptotically the same as the one we
will present in Theorem 1.2 Working with Z though gives a
considerably faster algorithm.

Theorem 1: Let A € R™" and k be inputs of the
k-means clustering problem. Let ¢ € (0,1/3) and, by using
Algorithm 1 in O(mnk/e + kin(k)/e?log(k In(k)/¢)) time
construct features C € R™7 with r = O(klog(k)/e?).
Run any y-approximation k-means algorithm with fail-
ure probability 5, on C,k and construct X;. Then, w.p.

2The main theorem of [16] states a (1 + (1 + &)y )-approximation bound
but the corresponding proof has a bug, which is fixable and leads to a
(1 4+ (2+ ¢)y)-approximation bound. One can replicate the corresponding
(fixable) proof in [16] by replacing Z = Vj in the proof of Theorem 1
of our work.
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at least 0.2 — J,,

IA = X;XTAF < (1+ 2+2)7) 1A = XopXopAllf-

In words, given any set of points in some n-dimensional
space and the number of clusters k, it suffices to select roughly
O(klogk) actual features from the given points and then
run some k-means algorithm on this subset of the input.
The theorem formally argues that the clustering it would
be obtained in the low-dimensional space will be close to
the clustering it would have been obtained after running the
k-means method in the original high-dimensional data. We also
state the result of the theorem in the notation we introduced
in Section I,

FP,85) =+ 2+¢e)y) F(P, Sopr).

Here, S; is the partition obtained after running the
y -approximation k-means algorithm on the low-dimensional
space. The approximation factor is (1 + (2 4 ¢)y). The term
y > 1 is due to the fact that the k-means method that we run
in the low-dimensional space does not recover the optimal
k-means partition. The other factor 2 + ¢ is due to the fact
that we run k-means in the low-dimensional space.

Proof (of Theorem 1): We start by manipulating the term
A — xfxyTAnl%. Notice that

A=AZZ" +E,
(from Lemma 2). Also,
T
((Im - XyXyT) AZZT) ((Im - nyj) E) = O

because

ZE" = O sm,
by construction. Now, using Matrix Pythagoras (see
Lemma 1),
IA = X;XTAllf = 1L, — X;X)AZZT |2
o7
+ 1Ly — X;XDE . (M
0

We first bound the second term of Eqn. (1). Since I, — X5 XyT
is a projection matrix, it can be dropped without increasing
the Frobenius norm (see Section III). Applying Markov’s
inequality on the equation of Lemma 2, we obtain that
w.p. 0.99,

IEIE < (14 1008)[IA — Al 2

(See the Appendix for a short proof of this statement.) Note
also that XothgptA has rank at most k; so, from the optimality
of the SVD, overall,

62 < (1+1008)]|A — Ag|2
< (14 1002) A — XopX Al
= (1 + 100&)Fopt.
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We now bound the first term in Eqn. (1),
O < I, —X;X1)AQS(ZTQ8) ZT |k + | E|r 3)
< @n — X;XDAQS[EIZ"QS) |2 + IElr )
< V710 = XopXo, ) AQS[EI(ZTQS) 2 + [Elr  (5)

In Eqn. (3), we used Lemma 5 (for an unspecified failure
probability ¢; also, E € R™" is from that lemma), the
triangle inequality, and the fact that I,,, — X5 X; is a projection
matrix and can be dropped without increasing the Frobenius
norm. In Eqn. (4), we used spectral submultiplicativity and
the fact that ZT can be dropped without changing the spectral
norm. In Eqn. (5), we replaced X; by Xope and the factor
/7 appeared in the first term. To better understand this step,
notice that X; gives a y -approximation to the optimal k-means
clustering of C = AQS, so any other m x k indicator matrix
(e.g. Xopt) satisfies,

IA

T 2 : T 2
I (10 = X;X]) AQSIF < » min (0, — XX")AQS]}

IA

vl (Im - Xoptxgpt) AQS“]%.

By using Lemma 4 with 6 = 3/4 and Lemma 3 (for an
unspecified failure probability 0),

(T = XopXop)AQSIIFINZTQS) 12 < |/ 5

Fopt.

We are now in position to bound 6. In Lemmas 5 and 3, let
0=0.01. Assuming 1 <y,

4 1.6e+/1 + 100¢
0, < + VF
1 (V 33 J0.01 )“/7 o
< (V2+94¢) V7 V/Fopr

The last inequality follows from our choice of ¢ < 1/3 and
elementary algebra. Taking squares on both sides,

2
07 = (V2+942) 7 Fop < 2+ 39002)7 Fopt.
Overall (assuming 1 < y),
IA = X;XTAlIR < 67 +65
< (24 3900&)y Fopt + (1 + 100&)Fopt
< Fopt + (2 +4 - 10%¢)y Fop.

Rescaling ¢ accordingly (c; = 16-10°) gives the bound in the
Theorem. The failure probability follows by a union bound on
Lemma 4 (with 6 = 3/4), Lemma 5 (with 6 = 0.01), Lemma 3
(with 6 = 0.01), Lemma 2 (followed by Markov’s inequality
with 6 = 0.01), and Definition 2 (with failure probability J, ).
Indeed, 0.75 4+ 3 - 0.01 4+ 0.01 + 0.01 + 9, = 0.8 4+, is
the overall failure probability, hence the bound in the theorem
holds w.p. 0.2 — 9, . u

V. FEATURE EXTRACTION WITH RANDOM PROJECTIONS
We prove that any set of m points in n dimensions

(rows in a matrix A € R™*) can be projected into
r = O(k/e*) dimensions in O(mnle %k/log(n)]) time
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Algorithm 2 Randomized Feature Extraction for k-Means
Clustering

Input: Dataset A € R™*", number of clusters &,

and 0 < ¢ < %

Output: C € R™*" with r = O(k/&?) artificial

features.

I: Set r = ¢3 - k/€2, for a sufficiently large
constant ¢ (see proof).

2: Compute a random n x r matrix R as follows.
Foralli=1,...,n, j=1,...,r (iid.)

+1/4/r, wp. 172,
Rij =
—1//r,w.p. 1/2.
3: Compute C = AR with the Mailman Algorithm

(see text).
4: Return C € R™*",

such that, with constant probability, the objective value of the
optimal k-partition of the points is preserved within a factor
of 2 + ¢. The projection is done by post-multiplying A with
an n x r random matrix R having entries +1/4/r or —1/4/r
with equal probability.

The algorithm needs O(mk/e*) time to generate R; then,
the product AR can be naively computed in O (mnk/e?).
However, one can employ the so-called mailman algorithm
for matrix multiplication [25] and compute the product AR in
O(mnTe2k/log(n)]). Indeed, the mailman algorithm com-
putes (after preprocessing) a matrix-vector product of any
n-dimensional vector (row of A) with an n x log(n) sign
matrix in O(n) time. Reading the input n x logn sign
matrix requires O(nlogn) time. However, in our case we
only consider multiplication with a random sign matrix,
therefore we can avoid the preprocessing step by directly
computing a random correspondence matrix as discussed
in [25, Preprocessing Section]. By partitioning the columns
of our n x r matrix R into [r/log(n)] blocks, the desired
running time follows.

Theorem 2 is our quality-of-approximation result regarding
the clustering that can be obtained with the features returned
from Algorithm 2. Notice that if y = 1, the distortion is at
most 2 + &, as advertised in Table I. If the y -approximation
algorithm is [7] the overall approximation factor would be
(1 + (1 4+ ¢)*) = 2+ O(¢) with running time of the order
O (mn[e2k/ log(n)] + 2%/ mi /&),

Theorem 2: Let A € R™" and k be the inputs of the
k-means clustering problem. Let ¢ € (0,1/3) and construct
features C € R™" with r = O(k/e?) by using Algorithm 2
in O(mn[e~%k/log(n)]) time. Run any 7y -approximation
k-means algorithm with failure probability J, on C,k and
construct X;. Then, w.p. at least 0.96 — J,,

IA = X;XTAE < (14 (1+6)7) 1A = XopXgpAllf-

In words, given any set of points in some n-dimensional
space and the number of clusters k, it suffices to create (via
random projections) roughly O (k) new features and then run
some k-means algorithm on this new input. The theorem
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formally argues that the clustering it would be obtained in
the low-dimensional space will be close to the clustering it
would have been obtained after running the k-means method
in the original high-dimensional data. We also state the result
of the theorem in the notation we introduced in Section I,

FP,S5) =+ A +e)y) F(P, Sopr).

Here, S; is the partition obtained after running the
y -approximation k-means algorithm on the low-dimensional
space. The approximation factor is (1 + (1 + ¢)y). The term
y > 1 is due to the fact that the k-means method that we run
in the low-dimensional space does not recover the optimal
k-means partition. The other factor 1 + ¢ is due to
the fact that we run k-means in the low-dimensional
space.

Proof (of Theorem 2): We start by manipulating the
term ||A — XyX;AH%. Notice that A = Ap + A, .

T
Also, ((Im - XVXVT) Ak) ((Im - XVXVT) Ap,k) = Oy,
because AkAsz = 0,,xm, by the orthogonality of the corre-
sponding subspaces. Now, using Lemma 1,

IA = X;XTAIR = (T — X5 XD A

03

1@ = X XDA,4llE- (6

0

We first bound the second term of Eqn. (6). Since I, — X5 X;
is a projection matrix, it can be dropped without increasing the
Frobenius norm. So, by using this and the fact that XoptxgptA
has rank at most &,

0 < IAp—ilF =IA - Akl < 1A — XopXopAllg. (1)

We now bound the first term of Eqn. (6),

05 < 1y — X;XHAR(VIR) 'V Ik + [ Ell ®)
< (@ — X5 XDAREI(ViR) |12 + [ E|e )
< V7 1@ — XopXg)AR[El (ViR [l2 + [Elle  (10)
< VIVl — XopXgp) Al T—

+ 3¢||A — Akllp (1)
< V7 (1 +2.58) | (T — XopXo,) AR

+ 3ey/7 | (T — XopXop) AR (12)
= /7 (1 +5.58) [ (L — XopXep)AllE (13)

In Eqn. (8), we used the second statement of Lemma 7,
the triangle inequality for matrix norms, and the fact that
L,— XyX}? is a projection matrix and can be dropped without
increasing the Frobenius norm. In Eqn. (9), we used spectral
submultiplicativity and the fact that Vg can be dropped with-
out changing the spectral norm. In Eqn. (10), we replaced X;
by Xopt and the factor ,/y appeared in the first term. To better
understand this step, notice that X; gives a y -approximation
to the optimal k-means clustering of the matrix C, and any
other m x k indicator matrix (for example, the matrix Xqpt)
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satisfies,

I (1, —X;XT) €I

IA

in ||(L,, — XX")CJ3
Y )I(Iél)l}”(m )ClIg

A

< 71 (T = XopXgye) CI.

In Eqgn. (11), we used the first statement of Lemma 7 and
Lemma 6 with Y = (I — Xothgpt)A. In Eqn. (12), we used
the fact that y > 1, the optimality of SVD, and that for any
e €(0,1/3), /1 +¢/(1 —e) <1+ 2.5¢. Taking squares in

Eqgn. (13) we obtain,

03 <7 (1+5.5) | (T — XopXa,0 Al
< 7 (1+158) [ (I — Xop X0 AllF-

Rescaling ¢ accordingly gives the approximation bound in the
theorem (c; = 3330 - 15%). The failure probability 0.04 + Jdy
follows by a union bound on the failure probability J, of the
y -approximation k-means algorithm (Definition 2), Lemma 6,
and Lemma 7. |

A. Disscusion

As we mentioned in Section I-A, one can project the
data down to O(log(m)/e?) dimensions and guarantee a
clustering error which is not more than (1 + ¢) times the
optimal clustering error. This result is straightforward using the
Johnson-Lindenstrauss lemma, which asserts that after such a
dimension reduction all pairwise (Euclidian) distances of the
points would be preserved by a factor (14¢) [15]. If distances
are preserved, then all clusterings - hence the optimal one -
are preserved by the same factor.

Our result here extends the Johnson-Lindenstrauss result in
a remarkable way. It argues that much less dimensions suffice
to preserve the optimal clustering in the data. We do not prove
that pairwise distances are preserved. Our proof uses the linear
algebraic formulation of the k-means clustering problem and
shows that if the spectral information of certain matrices is
preserved then the k-means clustering is preserved as well.
Our bound is worse than the relative error bound obtained
with O(log(m)/e?) dimensions; we believe though that it is
possible to obtain a relative error bound and the (2 +¢) bound
might be an artifact of the analysis.

VI. FEATURE EXTRACTION WITH APPROXIMATE SVD

Finally, we present a feature extraction algorithm that
employs the SVD to construct r = k artificial features.
Our method and proof techniques are the same with those
of [12] with the only difference being the fact that we
use a fast approximate (randomized) SVD via Lemma 2 as
opposed to the expensive exact deterministic SVD. In fact,
replacing Z = Vj reproduces the proof in [12]. Our choice
gives a considerably faster algorithm with approximation error
comparable to the error in [12].

Theorem 3: Let A € R™ " and k be inputs of the k-means
clustering problem. Let ¢ € (0,1) and construct features
C e R™** by using Algorithm 3 in O(mnk/¢) time. Run any
y -approximation k-means algorithm with failure probability
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Algorithm 3 Randomized Feature Extraction for k-Means
Clustering

Input: Dataset A € R™*", number of clusters &,
and 0 < ¢ < 1.
Output: C € R"™*¥ with k artificial features.

1: Let Z = FastFrobeniusSVD(A, k, ¢); Z € RxK
(via Lemma 2).
2: Return C = AZ € R"™*K,

6y on C, k and construct X;. Then, w.p. at least 0.99 — ¢,

IA = X;XTAIR < (1+ (14 2)7) |A — Xop X, Allf.

In words, given any set of points in some n-dimensional
space and the number of clusters k, it suffices to create
exactly k new features (via an approximate Singular Value
Decomposition) and then run some k-means algorithm on this
new dataset. The theorem formally argues that the clustering it
would be obtained in the low-dimensional space will be close
to the clustering it would have been obtained after running the
k-means method in the original high-dimensional data. We also
state the result of the theorem in the notation we introduced
in Section I: 7(P,S;) < (1+ (1+¢)y)F(P,Sop:). Here,
S is the partition obtained after running the y -approximation
k-means algorithm on the low-dimensional space. The approx-
imation factor is (1 + (14 ¢&)y). The term y > 1 is due
to the fact that the k-means method that we run in the
low-dimensional space does not recover the optimal k-means
partition. The other factor 1 + ¢ is due to the fact that we run
k-means in the low-dimensional space.

Proof (of Theorem 3): We start by manipulating the

term [|A — XnyTAn%. Notice that A = AZZ' + E.
T

Also, ((1n = X;XT) AZZT) (L = X;XT) E) = O,

because ZTET = Oxxm, by construction. Now, using the

Matrix Pythagorean theorem (see Lemma 1 in Section III),

IA = X;XJAllE = 1Ly — X;X1)AZZ" |7

ot

+IM =X XDE[R. (14

03
We first bound the second term of Eqn. (14). Since
L, — Xj X; is a projection matrix, it can be dropped without
increasing the Frobenius norm (see Section III). Applying

Markov’s inequality on the equation of Lemma 2, we obtain
that w.p. 0.99,

IEIE < (1+1008)|IA — Al 5)

(This is Eqn. 2, of which we provided a short proof in the
Appendix.) Note also that XothgptA has rank at most k; so,
from the optimality of the SVD, overall,

03 < (1+1008)[|A — Ag||2

< (1+ 1008)[|A — Xope X0 AllE = (1 + 1008)Fop.
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Hence, it follows that w.p. 0.99,
03 < (1 4 100¢)Fop.

We now bound the first term in Eqn. (14),

01 < |y — X;X])AZ ] (16)
< V7 I = XopXo,)AZIIr (17)
< V7 I = XopXo,)AllR (18)

In Eqgn. (16), we used spectral submultiplicativity and the
fact that |ZT|l, = 1. In Eqn. (17), we replaced X5 by
Xopt and the factor ./y appeared in the first term (similar
argument as in the proof of Theorem 1). In Eqn. (18), we
used spectral submultiplicativity and the fact that |Z|, = 1.
Overall (assuming y > 1),

IA = Xy XFAE < 07 + 605 < yFopt + (1 + 1008)Fop
< Fopt + (1 4 10%)y Fop.

The failure probability is 0.01 + J,, from a union bound on
Lemma 2 and Definition 2. Finally, rescaling ¢ accordingly
gives the approximation bound in the theorem. |

VII. EXPERIMENTS

This section describes a preliminary experimental evaluation
of the feature selection and feature extraction algorithms pre-
sented in this work. We implemented the proposed algorithms
in MATLAB [26] and compared them against a few other
prominent dimensionality reduction techniques such as the
Laplacian scores [27]. Laplacian scores is a popular feature
selection method for clustering and classification. We per-
formed all the experiments on a Mac machine with a dual
core 2.8 Ghz processor and 8 GB of RAM.

Our empirical findings are far from exhaustive, however
they indicate that the feature selection and feature extrac-
tion algorithms presented in this work achieve a satisfac-
tory empirical performance with rather small values of r
(far smaller than the theoretical bounds presented here).
We believe that the large constants that appear in our theorems
(see Theorem 2) are artifacts of our theoretical analysis and
can be certainly improved.

A. Dimensionality Reduction Methods

Given m points described with respect to n features and
the number of clusters k, our goal is to select or con-
struct r features on which we execute Lloyd’s algorithm for
k-means on this constructed set of features. In this section, we
experiment with various methods for selecting or constructing
the features. The number of features to be selected or extracted
is part of the input as well. In particular, in Algorithm 1
we do not consider ¢ to be part of the input. We test the
performance of the proposed algorithms for various values
of r, and we compare our algorithms against other feature
selection and feature extraction methods from the literature,
that we summarize below:

1) Randomized Sampling with Exact SVD (Sampl/SVD).
This corresponds to Algorithm 1 with the following
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modification. In the first step of the algorithm, the matrix
Z is calculated to contain exactly the top k right singular
vectors of A.

2) Randomized Sampling with Approximate SVD
(Sampl/ApproxSVD). This corresponds to Algorithm 1
with ¢ fixed to 1/3.

3) Random Projections (RP). Here we use Algorithm 2.
However, in our implementation we use the naive
approach for the matrix-matrix multiplication in the third
step (not the Mailman algorithm [25]).

4) SVD. This is Algorithm 3 with the following modifi-
cation. In the first step of the algorithm, the matrix Z
is calculated to contain exactly the top k right singular
vectors of A.

5) Approximate SVD (ApprSVD). This corresponds to
Algorithm 3 with ¢ fixed to 1/3.

6) Laplacian Scores (LapScores). This corresponds to the
feature selection method described in [27]. We use the
MATLAB code from [28] with the default parameters.
In particular, in MATLAB notation we executed the
following commands,

W = constructW(A); Scores = LaplacianScore(A, W);

Finally, we also compare all these methods against evalu-
ating the k-means algorithm in the full dimensional dataset
which we denote by kMeans.

B. k-Means Method

Although our theorems allow the use of any
y -approximation algorithm for k-means, in practice the
Lloyd’s algorithm performs very well [2]. Hence, we
employ the Lloyd’s algorithm in our experiments. Namely,
every time we mention “we run k-means”, we mean
that we run 500 iterations of the Lloyd’s algorithm with
5 different random initializations and return the best outcome
over all repetitions, i.e., in MATLAB notation we run the

following command, kmeans (A, k, ‘Replicates’,
5, ‘Maxiter’, 500).
C. Datasets

We performed experiments on a few real-world and syn-
thetic datasets. For the synthetic dataset, we generated a
dataset of m = 1000 points in n = 2000 dimensions as
follows. We chose k = 5 centers uniformly at random from the
n-dimensional hypercube of side length 2000 as the ground
truth centers. We then generated points from a Gaussian
distribution of variance one, centered at each of the real
centers. To each of the 5 centers we generated 200 points
(we did not include the centers in the dataset). Thus, we obtain
a number of well separated Gaussians with the real centers
providing a good approximation to the optimal clustering.
We will refer to this dataset as Synth.

For the real-world datasets we used five datasets that we
denote by USPS, COIL20, ORL, PIE and LIGHT. The
USPS digit dataset contains grayscale pictures of handwritten
digits and can be downloaded from the UCI repository [29].
Each data point of USPS has 256 dimensions and there are
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1100 data points per digit. The coefficients of the data points
have been normalized between 0 and 1. The COIL20 dataset
contains 1400 images of 20 objects (the images of each
objects were taken 5 degrees apart as the object is rotated
on a turntable and each object has 72 images) and can be
downloaded from [30]. The size of each image is

32x32 pixels, with 256 grey levels per pixel. Thus, each
image is represented by a 1024-dimensional vector. ORL
contains ten different images each of 40 distinct subjects and
can be located at [31]. For few subjects, the images were
taken at different times, varying the lighting, facial expres-
sions and facial details. All the images were taken against
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reduction approaches. Left column corresponds to the COIL20 dataset, whereas the right column corresponds to the LIGHT dataset.

a dark homogeneous background with the subjects in an
upright, frontal position (with tolerance for some side move-
ment). There are in total 400 different objects having 4096
dimensions.

PIE is a database of 41,368 images of 68 people, each
person under 13 different poses, 43 different illumination

conditions, and with 4 different expressions [32]. Our dataset
contains only five near frontal poses (C05, C07, CO09,
C27, C29) and all the images under different illuminations
and expressions. Namely, there are in total 2856 data points
with 1024 dimensions. The LIGHT dataset is identical with
the dataset that has been used in [27], the data points of
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LIGHT is 1428 containing 1014 features. For each real-world
dataset we fixed k to be equal to the cardinality of their
corresponding label set.

D. Evaluation Methodology

As a measure of quality of all methods we measure
and report the objective function F of the k-means cluster-
ing problem. In particular, we report a normalized version

of F,ie. F = .7-'/||A||}2;. In addition, we report the mis-
classification accuracy of the clustering result based on the
labelled information of the input data. We denote this number
by P (0 < P < 1), where P = 0.9, for example, implies that
90% of the points were assigned to the “correct cluster’/label
after the application of the clustering algorithm. Finally, we
report running times (in seconds). It is important to highlight
that we report the running time of both the dimensionality
reduction procedure and the k-means algorithm applied on the
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low-dimensional projected space for all proposed algorithms.
All the reported quantities correspond to the average values of
five independent executions.

E. Results

We present the results of our experiments in Figs. 1-3.
We experimented with relative small values for the number
of dimensions:

r=5,10,15,...,100.

In the synthetic dataset, we observe that all dimension-
ality reduction methods for k-means clustering are clearly
more efficient compared to naive k-means clustering. More
importantly, the accuracy plots of Figure 1 demonstrate that
the dimensionality reduction approach is also accurate in this
case even for relatively (with respect to k) small values of 7,
i.e., =~ 20. Recall that in this case the clusters of the
dataset are well-separated between each other. Hence, these
observations suggest that dimensionality reduction for k-means
clustering is effective when applied to well-separated data
points.

The behavior of the dimensionality reduction methods for
k-means clustering for the real-world datasets is similar with
the synthetic dataset, see Figures 2 and 3. That is, as the
number of projecting dimensions increases, the normalized
objective value of the resulting clustering decreases. Moreover,
in all cases the normalized objective value of the proposed
methods converge to the objective value attained by the naive
k-means algorithm (as the number of dimensions increases).
In all cases but the PTE and COIL20 dataset, the proposed
dimensionality reduction methods have superior performance
compared to Laplacian Scores [27] both in terms of accuracy
and normalized k-means objective value. In the PIE and
COIL20 datasets, the Laplacian Scores approach is superior
compared to all other approaches in terms of accuracy. How-
ever, notice that in these two datasets the naive k-means algo-
rimhm performs poorly in terms of accuracy which indicates
that the data might not be well-separated.

Regarding the running times of the algorithms notice that in
some cases the running time does not necessarily increased by
increasing the number of dimensions. This happens because
after the dimensionality reduction step the k-means method
might take a different number of iterations to converge. We did
not investigated this behavior further since this is not the focus
of our experimental evaluation.

Our experiments indicate that running our algorithms with
small values of r, e.g., r = 20 or r = 30, achieves nearly
optimal separation of a mixture of Gaussians and does well
in several real-world clustering problems. Although a more
thorough experimental evaluation of our algorithms would
have been far more informative, our preliminary experimental
findings are quite encouraging with respect to the performance
of our algorithms in practice.

VIII. CONCLUSIONS

We studied the problem of dimensionality reduction for
k-means clustering. Most of the existing results in this topic
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consist of heuristic approaches, whose excellent empirical
performance can not be explained with a rigorous theoretical
analysis. In this paper, our focus was on dimensionality reduc-
tion methods that work well in theory. We presented three
such approaches, one feature selection method for k-means
and two feature extraction methods. The theoretical analysis of
the proposed methods is based on the fact that dimensionality
reduction for k-means has deep connections with low-rank
approximations to the data matrix that contains the points
one wants to cluster. We explained those connections in the
text and employed modern fast algorithms to compute such
low rank approximations and designed fast algorithms for
dimensionality reduction in k-means.

Despite our focus on the theoretical foundations of the
proposed algorithms, we tested the proposed methods in
practice and concluded that the experimental results are very
encouraging: dimensionality reduction for k-means using the
proposed techniques leads to faster algorithms that are almost
as accurate as running k-means on the high dimensional
data.

All in all, our work describes the first provably efficient
feature selection algorithm for k-means clustering as well as
two novel provably efficient feature extraction algorithms.
An interesting path for future research is to design provably
efficient (1 4 ¢)-error dimensionality reduction methods for
k-means.

APPENDIX
TECHNICAL LEMMATA

The following technical lemma is useful in the proof of
Lemma 5 and the proof of Lemma 7.

Lemma 8: Let Q € R"™* withn > k and QTQ = Iy. Let ®
be any n xr matrix (r > k) satisfying 1 —¢ < Uiz(QT(D) < l+4e¢

foreveryi=1,...,k and 0 <& < 1/3. Then,
To\T TeyT ¢
0) — 0) | < —— < 1.5¢.
L e
Proof: Let X = QTO® € R with SVD X = UxZxVy.
Here, Ux € RF*K £x € Rk and Vx € R™* since r > k.
Consider taking the SVD of (QT®)" and (QT®)T,
1Q"®)" — (QT®)"|l> = [Vx I 'Ux — VxExUx >
= IVx(Zx' — Zx)Uxll2
= Izx' — Zxli,
since Vx and U,T( can be dropped without changing the spectral
norm. Let Y = 2; —3x € Rk pe g diagonal matrix. Then,

2
foralli=1,... .k Yi = 1;(",(()")

. Since Y is diagonal,

1Yl2 = m:

1<i<

max 1Yl
1-o?(X)
0; (X)
11— 02(X)|
0; (X)

< 1.5¢.
1—¢

1<i<k

1<i<k
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The first equality follows since the singular values are positive
(from our choice of ¢ and the left hand side of the bound for
the singular values). The first inequality follows by the bound
for the singular values of X. The last inequality follows by
the assumption that 0 < ¢ < 1/3. [ ]

Proof of Lemma 5: We begin with the analysis of a
matrix-multiplication-type term involving the multiplication
of the matrices E, Z. The sampling and rescaling matrices
Q, S indicate the subsampling of the columns and rows of
E, Z, respectively. [33, Lemma 4, eq. (4)] gives a bound
for such Q,S constructed with randomized sampling with

replacement and any set of probabilities p1, p2, ..., pn (over
the columns of E - rows of Z),
" )
EOIBIZnI3 1
E|EZ - EQSSTQTZ|E < > IET11Zol —|EZ|3.
i=1 TP r

Notice that EZ = 0,4k, by construction (see Lemma 2).

12
Now, for every i = 1,...,n replace the values p; = %
(in Definition 3) and rearrange,
k
E|EQSS'Q"ZIIE < ~|E|3. (19)
r

Observe that Lemma 3 and our choice of r, implies that
w.p. 1 — 9,

1—e<o?@ZTQS) <1+, foralli=1,...,k (20)

For what follows, condition on the event of Ineq. (20).

First, ox(ZTQS) > 0. So, rank(ZTQS) = k and
(ZTQS)(ZTQS)" = L2 Now, AZZT -
AZZTQS(ZTQS)'2T = AZZT — AZLZ" = 0,,,,,. Next, we
manipulate the term 0 = |AZZT — AQS(ZTQS) Z |k as

follows (recall, A = AZZT + E),
0 = |AZZT — AZZTQS(ZTQS)'ZT —EQS(ZTQS) 27 |k

0m><n

= |EQS(ZTQS)'ZT k.
Finally, we manipulate the latter term as follows,

IEQS(ZTQS) Z" || < |EQS(ZTQS) |

< IEQS(ZTQS)" | + |EQS|FI(ZTQS)" — (27 QS)" |
\/>IIEII}:+\/_|E||F\/_

= (f 7 J—)||E||F

<( T T )nEn

~ 2V VInk/3)  Jo/T—¢ F
(21n(4)f \/_m)HEHF—\/—”E”F

The first inequality follows by spectral submultiplicativity and
the fact that ||ZT||; = 1. The second inequality follows by the

3To see this, let B = ZTQS e RM with SVD B = UgZgVj.
Here, Ug € Rk.Xk, Xg € RF*K and Vg € Rk gince r > k. Finally,
(Z"Q8)(Z"QS)" = Up =g Vi Vp 25 ' UL = Up T2y Uf = k.
—— ———
Iy I
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triangle inequality for matrix norms. In the third inequality, the
bound for the term |[EQS(ZTQS)T||r follows by applying to
it Markov’s inequality together with Ineq. (19); also, ||[EQS||F
is bounded by (1/+/0)|E|lg w.p. 1 — ¢ (Lemma 4), while
we bound [[(ZTQS)" — (ZTQS)T|, using Lemma 8 (set
Q =Z and ® = QS ). So, by the union bound, the failure
probability is 3J. The rest of the argument follows by our
choice of r, assuming k > 2, ¢ < 1/3 and simple algebraic

manipulations. |
Proof of Lemma 6: First, define the random variable
Y = |YR|Z It is easy to see that EY = |Y||# and

moreover an upper bound for the variance of Y is available
in [18, Lemma 8]: Var[Y] < 2||Y||‘}§/r.4 Now, Chebyshev’s
inequality tells us that,

Var [Y]

Y IIg

201Y %

re?|| Y|l

2

cok
< 0.01.

IA

P(|Y —EY| > ¢[|Y|3)

IA

IA

The last inequality follows by assuming ¢y > 100 and the fact
that k > 1. Finally, taking square root on both sides concludes
the proof. |

Proof of Lemma 7: We start with the definition of the
Johnson-Lindenstrauss transform.

Definition 4: (Johnson-Lindenstrauss Transform): A ran-
dom matrix R € R"™7 forms a Johnson-Lindenstrauss
transform if, for any (row) vector x € R",

P((1 &) IxI < I¥RI3 =< (1 +&) Ix[3) = 1 - e

where C > 0 is an absolute constant.

Notice that in order to achieve failure probability
at most J, it suffices to take r = O(log(1/0)/e?).
We continue with [24, Th. 1.1] (properly stated to fit
our notation and after minor algebraic manipulations),
which indicates that a (rescaled) sign matrix R corre-
sponds to a Johnson-Lindenstrauss transform as defined
above.

Theorem 4 ([24]):° Let A € R™" and 0 < & < 1. Let
R € R"™ be a rescaled random sign matrix with

—Cé?r

r= g—g log(m)log(1/5). Then for all i, j = 1,...,m and w.p.
at least 1 — 0,
(1= )lAg —ApI3 =< Il (Ag) — A RIZ
< (1 +a)llAq — A3

In addition, we will use a matrix multiplication bound which
follows from [18, Lemma 6]. The second claim of this lemma
says that for any X € R™*" and Y € R"*7, if R € R*"

4[18] assumes that the matrix R has ii.d rows, each one containing
four-wise independent zero-mean {1/./r, —1/4/r} entries. The claim in our
lemma follows because our rescaled sign matrix R satisfies the four-wise
independence assumption, by construction.

SThis theorem is proved by first showing that a rescaled random sign matrix
is a Johnson-Lindenstrauss transform [24, Lemma 5.1] with constant C = 36.
Then, setting an appropriate value for r and applying the union bound over
all pairs of row indices of A concludes the proof.
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is a matrix with i.i.d rows, each one containing four-wise
independent zero-mean {1/./r, —1/4/r} entries, then,

2

E XY — XRRTY|f < =|

r

IXIZIY 3. 1)

Our random matrix R uses full independence, hence the above
bound holds by dropping the limited independence condition.

1) Statement 1: The first statement in our lemma has
been proved in [18, Corollary 11], see also [34, Th. 1.3]
for a restatement. More precisely, repeat the proof of
[18, Corollary 11] paying attention to the constants. That is,
set C = V/RTRV, — I and &y = 1/2 in [18, Lemma 10],
and apply our JL transform with (rescaled) accuracy &/4 on
each vector of the set T’ := {V,Tx | x € T} (which is of size
at most < ef 1“(18), see [35, Lemma 4] for this bound). So,

]P(Vi:l,...,k: 1—g§aﬁ(V,’{R)51+8)

>1— ekln(lS)e—gzr/(36-16).

(22)

Setting r such that the failure probability is atmost 0.01 indi-
cates that r should be at least r > 576(k In(18) +In(100)) /&2.
So, ¢ = 3330 is a sufficiently large constant for the
lemma.

2) Statement 2: Consider the following three events (w.r.t.
the randomness of the random matrix R): & = {1 —¢ <
a7 (ViR) < 1 +¢}, & = {|A,~RIE < (1 + &)lIA,—lIF)
and & = {|A,~«RRTVi[ < &*|A,llg). Ineq. (22)
and Lemma 6 with Y = A, ; imply that P(&;) > 0.99,
P(&) > 0.99, respectively. A crucial observation for bounding
the failure probability of the last event & is that A, (Vy =
U, Zp,kV;_ka = 0,,xx by orthogonality of the columns
of Vi and V,_. This event can now be bounded by applying
Markov’s Inequality on Ineq. (21) with X = A, ;and Y = V;
and recalling that ||Vk||% = k and r = cok/e2. Assuming
co > 200, it follows that P(&3) > 0.99 (hence, setting
co = 3330 is a sufficiently large constant for both state-
ments). A union bound implies that these three events happen
w.p. 0.97. For what follows, condition on these three
events.

Let E = A — (AR)(V,?R)J'V,T € R™. By setting
A =A; + A, ; and using the triangle inequality,

IEllF < Ak — AkR(VIR) VI IE + A, R(VIR)V] .
The event £ implies that rank(VgR) = k thus,®
(VIR)(VIR)" = I..
Replacing Ay = U V] and setting (V[ R)(V/R)" = L,
we obtain that
IAx — AxR(V{R) V[ g
= Ak — UeZc VIR(VIR)T V]
———
T

= Ak — U Zc Vi = 0.

%To see this, let B = VER e R with SVD B = UgZpVy.
Here, Ug € R¥*k sp e Rk and Vg € R"*k, since r > k. Finally,
(VIR)(VIR)" = UpSp ViV =5 UL = Up 2535 UL = I

L

— >
I I
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To bound the second term above, we drop V,T, add and subtract
Ap_kR(V,TR)T, and use the triangle inequality and spectral
sub-multiplicativity,

1A, R(V{R) V{||g

< 1A, S4RVB) g + A, R(VIR) — (V{R)D)|Ir

< 1A, RRTVi e + A, R[EI(ViR) = (VIR) 2.
Now, we will bound each term individually. We bound the
first term using &. The second term can be bounded using

&1 and & together with Lemma 8 (set Q = Vi and ® = R).
Hence,

IEIF < IA,tRRTV Ik + A, RIEI(VIR) — (VIR)T|,
< el A kllF + V(1 + ) lA,—llF - 1.5¢

IA

ellAy—kllF +2¢llA,—kllF
3¢ |Ap—kllp.

The last inequality holds by our choice of ¢ € (0,1/3). N

Proof of Eqn. (2): EIE|Z < (I + &)|A — Acll} —
E|E[% — A — Acll3 < ¢lA — Agl|3. Now, apply Markov’s
inequality on the random variable Y = ||E||I2: — ||A—Ak||}2: > 0.
(Y > 0 because E = A — AZZ"T and rank(AZZ") = k). This
gives |E[IZ — |A — AglZ < 100¢[|A — Agl|Z w.p. 0.99; so,
IEIE < A — AgllE + 100 | A — Allg. o

ACKNOWLEDGMENT

The authors would like to thank the anonymous reviewers
for their valuable comments on a preliminary version of the
manuscript.

REFERENCES

[11 J. A. Hartigan, Clustering Algorithms. New York, NY, USA: Wiley,

1975.

S. Lloyd, “Least squares quantization in PCM,” IEEE Trans. Inf. Theory,

vol. 28, no. 2, pp. 129-137, Mar. 1982.

R. Ostrovsky, Y. Rabani, L. J. Schulman, and C. Swamy, “The effec-

tiveness of Lloyd-type methods for the k-means problem,” in Proc.

47th Annu. IEEE Symp. Found. Comput. Sci. (FOCS), Oct. 2006,

pp. 165-176.

[4] X. Wu et al., “Top 10 algorithms in data mining,” Knowl. Inf. Syst.,
vol. 14, no. 1, pp. 1-37, 2008.

[5] I. Guyon, S. Gunn, A. Ben-Hur, and G. Dror, “Result analysis of

the NIPS 2003 feature selection challenge,” in Neural Information

Processing Systems. Red Hook, NY, USA: Curran & Associates Inc.,

2005.

R. Ostrovsky and Y. Rabani, “Polynomial time approximation schemes

for geometric k-clustering,” in Proc. 41st Annu. IEEE Symp. Found.

Comput. Sci. (FOCS), 2000, pp. 349-358.

[71 A. Kumar, Y. Sabharwal, and S. Sen, “A simple linear time (1 + €)-
approximation algorithm for k-means clustering in any dimensions,”
in Proc. 45th Annu. IEEE Symp. Found. Comput. Sci. (FOCS), 2004,
pp. 454-462.

[8] S. Har-Peled and S. Mazumdar, “On coresets for k-means and k-median
clustering,” in Proc. 36th Annu. ACM Symp. Theory Comput. (STOC),
2004, pp. 291-300.

[9] S. Har-Peled and A. Kushal, “Smaller coresets for k-median and k-means

clustering,” in Proc. 21st Annu. Symp. Comput. Geometry (SoCG), 2005,

pp. 126-134.

G. Frahling and C. Sohler, “A fast k-means implementation using

coresets,” in Proc. 22nd Annu. Symp. Comput. Geometry (SoCG), 2006,

pp. 135-143.

[11] D. Arthur and S. Vassilvitskii, “k-means++: The advantages of

careful seeding,” in Proc. 18th Annu. ACM-SIAM Symp. Discrete
Algorithms (SODA), 2007, pp. 1027-1035.

[2

—

[3

[t}

[6

)

[10]



1062

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]

[28]

[29]

[30]

(31]

(32]

(33]

[34]

[35]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 2, FEBRUARY 2015

P. Drineas, A. Frieze, R. Kannan, S. Vempala, and V. Vinay, “Clustering
in large graphs and matrices,” in Proc. 10th Annu. ACM-SIAM Symp.
Discrete Algorithms (SODA), 1999, pp. 291-299.

D. Feldman, M. Schmidt, and C. Sohler, “Turning big data into
tiny data: Constant-size coresets for k-means, PCA and projec-
tive clustering,” in Proc. 24th Annu. ACM-SIAM SODA, 2013,
pp. 1434-1453.

I. Guyon and A. Elisseeff, “An introduction to variable and feature
selection,” J. Mach. Learn. Res., vol. 3, pp. 1157-1182, Mar. 2003.
W. B. Johnson and J. Lindenstrauss, “Extensions of Lipschitz map-
pings into a Hilbert space,” Contemp. Math., vol. 26, pp. 189-206,
1984.

C. Boutsidis, M. W. Mahoney, and P. Drineas, “Unsupervised feature
selection for the k-means clustering problem,” in Neural Information
Processing Systems. Red Hook, NY, USA: Curran & Associates Inc.,
2009.

M. Rudelson and R. Vershynin, “Sampling from large matrices: An
approach through geometric functional analysis,” J. ACM, vol. 54, no. 4,
2007, Art. ID 21.

T. Sarlos, “Improved approximation algorithms for large matrices via
random projections,” in Proc. 47th Annu. IEEE Symp. Found. Comput.
Sci. (FOCS), Oct. 2006, pp. 143-152.

C. Boutsidis, P. Drineas, and M. Magdon-Ismail. (2011). “Near
optimal column based matrix reconstruction.” [Online]. Available:
http://arxiv.org/abs/1103.0995

M. D. Vose, “A linear algorithm for generating random numbers with a
given distribution,” IEEE Trans. Softw. Eng., vol. 17, no. 9, pp. 972-975,
Sep. 1991.

M. Magdon-Ismail. (2010). “Row sampling for matrix algo-
rithms via a non-commutative bernstein bound.” [Online]. Available:
http://arxiv.org/abs/1008.0587

P. Indyk and R. Motwani, “Approximate nearest neighbors: Towards
removing the curse of dimensionality,” in Proc. 30th Annu. ACM Symp.
Theory Comput. (STOC), 1998, pp. 604-613.

N. Ailon and B. Chazelle, “Approximate nearest neighbors and the
fast Johnson-Lindenstrauss transform,” in Proc. 38th Annu. ACM Symp.
Theory Comput. (STOC), 2006, pp. 557-563.
D. Achlioptas, “Database-friendly
Johnson-Lindenstrauss with binary coins,”
vol. 66, no. 4, pp. 671-687, 2003.

E. Liberty and S. W. Zucker, “The Mailman algorithm: A note on
matrix—vector multiplication,” Inf. Process. Lett., vol. 109, no. 3,
pp. 179-182, 2009.

MATILAB, 7.13.0.564 (R2011b), MathWorks, Natick, MA, USA, 2010.
X. He, D. Cai, and P. Niyogi, “Laplacian score for feature selection,”
in Neural Information Processing Systems, Y. Weiss, B. Scholkopf, and
J. Platt, Eds. Red Hook, NY, USA: Curran & Associates Inc., 2006,

random projections:
J. Comput. Syst. Sci.,

pp. 507-514.
Feature Ranking Using Laplacian Score. [Online].
Available:  http://www.cad.zju.edu.cn/home/dengcai/Data/MCFES .html,

accessed Jun. 4, 2013.

K. Bache and M. Lichman. (2013). “UCI machine learning repository,”
School Inf. Comput. Sci., Univ. California, Irvine, CA, USA, Tech. Rep.
[Online]. Available: http://archive.ics.uci.edu/ml

S. A. Nene, S. K. Nayar, and H. Murase. (Feb. 1996).
“Columbia University image library,” Tech. Rep. CUCS-005-96.
[Online]. Available: http://www.cs.columbia.edu/CAVE/software/softlib/

coil-20.php
AT&T Lab.,, Cambridge, U.K. The ORL Database of Faces.
[Online].  Available: http://www.cl.cam.ac.uk/research/dtg/attarchive/

facedatabase.html, accessed Jan 1, 2013.

Carnegie Mellon Univ. Pie Database. [Online]. Available:
http://www.ri.cmu.edu/research_project_detail.html?project_id=418
&menu_id=261, accessed Jan 1, 2013.

P. Drineas, R. Kannan, and M. Mahoney, “Fast Monte Carlo algorithms
for matrices I: Approximating matrix multiplication,” SIAM J. Comput.,
vol. 36, no. 1, pp. 132-157, 2006.

K. L. Clarkson, “Tighter bounds for random projections of manifolds,”
in Proc. 24th Annu. Symp. Comput. Geometry (SoCG), 2008, pp. 39-48.
S. Arora, E. Hazan, and S. Kale, “A fast random sampling
algorithm for sparsifying matrices,” in Approximation, Random-
ization, and Combinatorial Optimization. Algorithms and Tech-
niques (Lecture Notes in Computer Science), vol. 4110. Berlin,
Germany: Springer-Verlag, 2006, pp. 272-279. [Online]. Available:
http://dx.doi.org/10.1007/11830924_26

Christos Boutsidis is a Research Scientist at Yahoo Labs in New York, NY.
Before that he was a Research Staff Member at the Business Analytics and
Mathematical Sciences Department of the IBM T.J. Watson Research Center
in Yorktown Heights, NY. Dr Boutsidis earned a Ph.D. in Computer Science
from Rensselaer Polytechnic Institute in May of 2011 and a BS in Computer
Engineering and Informatics from the University of Patras, Greece in July of
2006. Dr Boutsidis” research interests lie in the design and analysis of fast
approximation algorithms for matrix computations and applications of those to
machine learning and data analysis problems. Dr. Boutsidis has published over
25 articles in conferences and journals in numerical linear algebra, theoretical
computer science, and statistical data analysis.

Anastasios Zouzias received his M.Sc. degree and Ph.D. degree in computer
science from the University of Toronto, Canada, in 2009 and 2013, respec-
tively. Currently, he has been with IBM Research Zurich, Switzerland, where
he is a post-doctoral research scientist. His research interests include informa-
tion retrieval, machine learning, randomized approximation algorithms, and
randomized algorithms for numerical linear algebra.

Michael W. Mahoney is at the University of California at Berkeley in the
Department of Statistics and at the International Computer Science Institute.
He works on algorithmic and statistical aspects of modern large-scale data
analysis. Much of his recent research has focused on large-scale machine
learning, including randomized matrix algorithms and randomized numerical
linear algebra, geometric network analysis tools for structure extraction
in large informatics graphs, scalable implicit regularization methods, and
applications in genetics, astronomy, medical imaging, social network analysis,
and internet data analysis. He received him PhD from Yale University with
a dissertation in computational statistical mechanics, and he has worked
and taught at Yale University in the mathematics department, at Yahoo
Research, and at Stanford University in the mathematics department. Among
other things, he is on the national advisory committee of the Statistical and
Applied Mathematical Sciences Institute (SAMSI), he was on the National
Research Council’s Committee on the Analysis of Massive Data, he runs the
biennial MMDS Workshops on Algorithms for Modern Massive Data Sets,
and he spent fall 2013 at UC Berkeley co-organizing the Simons Foundation’s
program on the Theoretical Foundations of Big Data Analysis.

Petros Drineas is an Associate Professor at the Computer Science Department
of Rensselaer Polytechnic Institute. Prof. Drineas earned a PhD in Computer
Science from Yale University in May of 2003, and a BS in Computer
Engineering and Informatics from the University of Patras, Greece, in July
of 1997. Prof. Drineas’ research interests lie in the design and analysis
of randomized algorithms for linear algebraic problems, as well as their
applications to the analysis of modern, massive datasets. Prof. Drineas was a
Visiting Professor at the US Sandia National Laboratories during the fall of
2005, a Visiting Fellow at the Institute for Pure and Applied Mathematics
at the University of California, Los Angeles in the fall of 2007, and a
Visiting Professor at the University of California Berkeley in the fall of 2013.
Prof. Drineas has also served the US National Science Foundation (NSF)
as a Program Director in the Information and Intelligent Systems (IIS)
Division and the Computing and Communication Foundations (CCF) Division
(2010-2011). Prof. Drineas has published over 90 articles in conferences and
journals in Theoretical Computer Science, Numerical Linear Algebra, and
statistical data analysis.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


