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A five-site model for liquid water and the reproduction of the density
anomaly by rigid, nonpolarizable potential functions
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The ability of simple potential functions to reproduce accurately the density of liquid water from
237 to 100 °C at 1 to 10 000 atm has been further explored. The result is the five-site TIP5P model,
which yields significantly improved results; the average error in the density over the 100°
temperature range from237.5 to 62.5 °C at 1 atm is only 0.006 g cm23. Classical Monte Carlo
statistical mechanics calculations have been performed to optimize the parameters, especially the
position of the negative charges along the lone-pair directions. Initial calculations with 216
molecules in theNPT ensemble at 1 atm focused on finding a model that reproduced the shape of
the liquid density curve as a function of temperature. Calculations performed for 512 molecules with
the final TIP5P model demonstrate that the density maximum near 4 °C at 1 atm is reproduced,
while high-quality structural and thermodynamic results are maintained. Attainment of high
precision for the low-temperature runs required sampling for more than 1 billion Monte Carlo
configurations. In addition, the dielectric constant was computed from the response to an applied
electric field; the result is 81.561.5 at 25 °C and the experimental curve is mirrored from 0–100 °C
at 1 atm. The TIP5P model is also found to perform well as a function of pressure; the density of
liquid water at 25 °C is reproduced with an average error of;2% over the range from 1 to 10 000
atm, and the shift of the temperature of maximum density to lower temperature with increasing
pressure is also obtained. ©2000 American Institute of Physics.@S0021-9606~00!50820-4#
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I. INTRODUCTION

Prior to 1983, Monte Carlo~MC! and molecular dynam
ics ~MD! calculations for liquid water generally used th
BNS, MCY, and ST2 potential functions.1 In 1983 the TIP3P
and TIP4P models2,3 were introduced and, along with th
SPC4 and SPC/E models,5 are the most commonly used wa
ter models today. These models, along with the ST2 mod6

were developed in conjunction with liquid-state calculatio
generally at 25 °C. The models have been used success
to study a wide variety of properties of liquid water, often
conditions far from their original parameterization.7 Among
the most well known of the peculiar properties of liquid w
ter is the behavior of its density as a function of temperat
and pressure,r(T,P). Liquid water at standard pressure e
hibits a temperature of maximum density~TMD! at 4.0 °C
and its density is nearly constant between215 and
125 °C.8–10 Notably, none of the commonly used wat
models is successful at reproducingr(T) well in the tem-
perature region of interest.11–13 Several models have bee
reported to yield a density maximum,6,12–17 although ques-
tions about the convergence of some of the earlier calc
tions have been raised.13,18 In particular the ST2 model ha
been reported to have a density maximum near 276 or
40 °C12~a! and SPC/E has a TMD near238 °C.14 The polar-
izable PPC has been reported to have a density maxim
near the correct value in moderate length molecular dyn
ics calculations at zero pressure~vida infra!.16 TIP4P water
has been found to have a density maximum near21312~b!,~c!
8910021-9606/2000/112(20)/8910/13/$17.00
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or 223 °C15 by demonstrating that it possesses a minimum
its pressure as a function of temperature along an isoch
More recently, long MC calculations with the TIP4P mod
in the isothermal–isobaric~NPT! ensemble located the TMD
near 215 °C and, in addition, a region of nearly consta
density is found between235 and 0 °C.13 Thus, although the
qualitative feature of a density maximum exists for severa
the simple water models, quantitative agreement is lack
and the shape ofr(T) has also not been well reproduced.

Numerous attempts have been made to improve pote
functions for liquid water. The addition of bond flexibil
ity,19–24 variable electronic degrees of freedom,16,17,23,24and
more complex functional forms17,19,24 are examples. Given
that most flexible models do not properly describe the dep
dence of the change in dipole moment on molecu
geometry,19,20,25–27and suggestions that geometric flexibili
should be included only in polarizable models,21,23 we have
continued to explore rigid models. While much work is cu
rently being done to include electronic polarization, the co
putational expense of adding multibody terms, in particu
given the long calculations required to obtain convergence
computed properties at low temperatures, coupled with un
solved questions about the optimal method of including
larization and the effects of incomplete iteration,16,28–32led
us to focus efforts on further optimization of fixed-char
models. Additional refinement of three- and four-site mod
was not fruitful, so five-site models were pursued, while s
retaining the computationally efficient Coulomb plus 12
0 © 2000 American Institute of Physics
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8911J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 A five-site model for liquid water
Lennard-Jones form. Departure from the latter would
problematic for use in conjunction with standard force fie
for organic and biomolecular systems. The ST2 model is
most successful prior five-site model6; however, it uses a
cubic scaling function to dampen the short-range elec
static interactions and yields an overly structured liquid w
a density error of 8% at 25 °C and 1 atm and an overly h
TMD, as noted above. Nevertheless, before resorting to m
complex charge distributions, we decided to attempt the
timization of a five-site model that would simultaneous
eliminate the scaling function, yield improved density resu
including a correct TMD, and not sacrifice performance
other structural or thermodynamic properties in compari
to the TIP4P model. In the process, factors that control
position of the TMD would emerge, though at considera
computational expense owing to the need to obtain the d
sity profile with alternative parameter sets.

The next section presents the potential function, f
lowed in Sec. III by computational details. In Secs. IV and
the temperature dependence of several thermodynamic
dielectric properties, the liquid’s structure, and energy dis
butions are presented for the TIP5P model. Section VI c
ers the results of the MC simulations at elevated pressu
properties of the water dimer are noted in Sec. VII, and S
VIII describes observations and decisions that were mad
the course of optimizing the model and the behavior of
lated models as a function of temperature. Sections IX an
contain further discussion and the conclusion.

II. FORM OF THE TIP5P POTENTIAL FUNCTION

Details on the optimization procedure and analysis
some aspects of intermediate models may be found in
VIII. The geometry of the TIP5P model is depicted in Fig.
and its parameters are presented in Table I, along with th
for the TIP3P and TIP4P models. For all TIPnP models, the
OH bond length,r OH, and HOH bond angle,uHOH, have
been set to the experimental gas-phase values, i.e., 0.95
and 104.52°. For TIP5P, the negatively charged interac
sites are located symmetrically along the lone-pair directi
with an intervening angle,uLOL , of 109.47°. A charge of
10.241 e is placed on each hydrogen site, and charges
equal magnitude and opposite sign are placed on the l
pair interaction sites. The dipole moments are 2.35, 2.18,
2.29 D for TIP3P, TIP4P, and TIP5P, respectively. There
no charge on oxygen for TIP5P; however, the only Lenna

FIG. 1. TIP5P monomer geometry.
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Jones potential operates between oxygens with as0 of 3.12
Å and an«0 of 0.16 kcal/mol. The potential energy betwee
two water molecules,a andb, is then given by Eq.~1!, where
i andj are the charged sites ona andb, respectively, andr OO

is the oxygen—oxygen distance,

Eab5(
i j

qiqje
2

r i j
14«0F S s0

r OO
D 12

2S s0

r OO
D 6G . ~1!

III. COMPUTATIONAL DETAILS

Monte Carlo statistical mechanical calculations we
performed on the TIP5P model in the isothermal-isoba
ensemble at a pressure of 1 atm at temperatures e
12.5 °C between237.5 and 75.0 °C. In addition, calculation
at a range of elevated pressures up to 10 000 atm were
formed. As pointed out previously,13 NPT MC calculations
are a good choice for computing liquid densities beca
there is no uncertainty in the implementation of the e
semble, and because the temperature and pressure co
are exact. Periodic boundary conditions were used wit
cubic sample of 512 water molecules with 9 Å spherical
cutoffs based on the OO separation,r OO. The starting coor-
dinates for each calculation came from a box equilibrated
either 25 °C and 1 atm or at closer conditions. Volum
changes were attempted approximately every 2000 confi
rations, and their magnitude as well as the ranges for m
lecular translations and rotations were adjusted to yield
ceptance rates of approximately 40% for new configuratio

Table II~a! lists the lengths of the equilibration and a
eraging periods for the MC simulations at standard press
and Table II~b! does the same for the calculations at eleva
pressures. The radial distribution functions, potential ener
and volume are converged to within;1% in runs of a few
million MC configurations at 25 °C and 1 atm.13,33,34 The
present calculations were far longer owing to much slow
convergence at low temperatures and the need for par
larly precise results to locate the temperature of maxim
density in the relatively flat region near wheredr/dT50.

The density is calculated from the average volume w
Eq. ~2!, wherer is the

r5M /~0.6022* V/N! ~2!

density in g cm23, M is the molecular weight,N is the num-
ber of molecules in the periodic box,V is the calculated
volume in Å3, and 0.6022 is the unit conversion factor. Th
heat of vaporization is well approximated from the calc
lated energy via Eq.~3!,3 whereR

TABLE I. Monomer geometry and parameters for the TIPnP potential func-
tions.

TIP3P TIP4P TIP5P

qH (e) 0.417 0.520 0.241
s0 (Å) 3.150 61 3.153 65 3.12
«0 (kcal/mol) 0.1521 0.1550 0.16
r OH ~Å) 0.9572 0.9572 0.9572
uHOH ~deg) 104.52 104.52 104.52
r OL ~Å) 0.15 0.70
uLOL ~deg) 109.47
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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8912 J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 M. W. Mahoney and W. L. Jorgensen
DHvap'2Eliq /N1RT ~3!

is the gas constant andT is the absolute temperature. Th
heat capacity, isothermal compressibility, and coefficient
thermal expansion were calculated from standard fluctua
formulas, and also by numerical differentiation.34

TABLE II. ~a! Lengths of Monte Carlo simulations with 512 molecules f
TIP5P water at~a! 1 atm., ~b! elevated pressures.~c! Lengths of Monte
Carlo simulations with 216 molecules for TIP5P water at 1 atm, which w
used to compute the dielectric constants.

~a!
T (°C) Equil.a Averagea

237.5 400 1000
225.0 300 1000
212.5 300 1000

0.0 100 500
12.5 100 400
25.0 50 250
37.5 50 200
50.0 50 150
62.5 50 150
75.0 50 150

~b!
T (°C) P (atm) Equil.a Averagea

225.0 1000 200 600
212.5 1000 200 600

0.0 1000 100 500
12.5 1000 50 300
25.0 1000 50 150

237.5 2000 400 600
225.0 2000 400 600
212.5 2000 300 500

0.0 2000 100 300
12.5 2000 50 250
25.0 2000 50 150
25.0 3000 10 40
25.0 4000 10 40
25.0 5000 10 40
25.0 6000 10 40
25.0 8000 10 40
25.0 10 000 10 40

~c!
T (°C) Equil.a Averagea

0.0 200 500
25.0 50 400
50.0 50 250
75.0 50 250

100.0 50 250

aMillions of MC steps.
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Calculations were also performed for the dielectric co
stant at 1 atm every 25.0 °C between 0.0 and 100.0 °C.
calculations involved applying a nonsaturating electric fie
across the simulation box and measuring the average sy
dipole moment along the direction of the applied field. D
tails are similar to calculations performed previously,35 and
involved 216 molecules subjected to NVT MC calculatio
with the density set to the experimental value at that te
perature, truncation of intermolecular interactions
r OO58 Å, and the use of a reaction field to treat the lon
range interactions. The dielectric constant« is calculated
from Eq. ~4!, whereE0 is the applied

S 4p

3 D ^P&
E0

5S «21

3 D 2«RF11

2«RF1«
~4!

field strength of 1.5* 108 V m21, the dielectric constant o
the reaction field«RF5`, and ^P& is the calculated system
dipole moment per unit volume along the direction ofE0 .
Table II~c! lists the lengths of the equilibration and averagi
periods for each of the dielectric constant calculations.

All Monte Carlo calculations were performed with th
BOSSprogram, version 3.8;36 the dielectric constant calcula
tions required modifications, which were tested by succe
fully reproducing dielectric constants of TIP4P and SP
water.35 In our current implementation, which is not full
optimized for TIP5P, the MC simulations with an 8.5
spherical cutoff require;55% more computer time with the
TIP5P model than with the TIP3P or TIP4P models. Er
estimates in the calculated quantities were obtained by
batch-means procedure.37,38 The batch size was 10 million
configurations in all cases; tests with larger batch sizes c
firmed the convergence of the error estimates.

IV. TEMPERATURE DEPENDENCE OF
THERMODYNAMIC AND DIELECTRIC PROPERTIES

The results for thermodynamic properties of the TIP
model at 25 °C and 1 atm are presented in Table III alo
with the experimental data8–10 and the results for the TIP3P
and TIP4P models, as previously reported.13 The density and
heat of vaporization for TIP5P water are within a fraction
a percent of the experimental values. The runs are su
ciently long that some fluctuation properties are modera
well converged. Nevertheless, it is still found that better
timates are obtained by numerical differentiation, which w
performed here for the isobaric heat capacity,Cp , and the
coefficient of thermal expansion,a.13 TheCp for TIP5P wa-
ter is somewhat larger than both the experimental value

e

TABLE III. Calculated and experimental properties for liquid water at 25 °C and 1 atm.

TIP3P TIP4P TIP5P Expt.a

r ~g/cm3! 1.00260.001 1.00160.001 0.99960.001 0.997
2E (kcal/mol) 9.8260.01 10.0660.01 9.8760.01 9.92
DHvap ~kcal/mol) 10.4160.01 10.6560.01 10.4660.01 10.51
Cp (cal/mol deg) 20.060.6 20.460.7 29.160.8 18.0
106 k (atm21) 6465 6065 4162 45.8
105a (deg21) 9268 4468 6366 25.7

aSee Ref. 13.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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8913J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 A five-site model for liquid water
the results for TIP3P and TIP4P, while the isothermal co
pressibilityk shows improved accord with experiment, anda
is too high for all the models.

The results for the density as a function of temperat
for the TIP5P model are presented in Fig. 2 along with
experimental data39 and the prior results for the TIP3P an
TIP4P models.13 The density maximum for TIP5P water
correctly located at the experimental value of 4 °C within t
statistical noise of the calculations. The results at the h
temperatures are well converged and show that the den
decreases too rapidly as the temperature increases.
yields the overestimates ofa at 25 °C and a displacement o
the critical temperature to too low values. This is a gene
feature of the three- to five-site models; however, the e
tence of a TMD and the density profile in its vicinity a
strikingly improved by increasing the number of interacti
sites. The results at the temperatures below 0 °C also indi
a somewhat too steep decline in the density of TIP5P w
with decreasing temperature. Thus, the computed den
maximum is sharper than in real water, as also found for
ST2 model.6,12 However, the average error in the dens
over the 100° temperature range from237.5 to 62.5 °C of
only 0.006 g cm23 with the TIP5P model represents a su
stantial improvement over all other water models.13

Table IV presents the thermodynamic properties
TIP5P as a function of temperature. The experimental ene
is well reproduced over the range225 to 62.5 °C, being
somewhat too large in magnitude at low temperatures
too low in magnitude at high temperatures. The compu
heats of vaporization decrease from 11.8 kcal/mol at225 °C
to 9.7 kcal/mol at 62.5 °C, while the experimental valu
decline from 11.0 to 10.1 kcal/mol over this range.10,13 The
results forCp and a were computed from the centered d
ference formula for estimating derivatives, except at the lo
est and highest temperature reported where they were c
puted from the right and left difference formula
respectively. Results from the fluctuation formulas were l
well converged and are not presented. The computedCp val-

FIG. 2. Density of TIPnP water models vs experiment as a function
temperature at 1 atm.
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ues increase significantly as the temperature drops into
supercooled regime, in accord with experiment,9 though the
magnitudes are too high, and the anomalous constancy o
experimentalCp at 18 cal/mol-deg from 0 to 100 °C is no
reproduced. Consistent with ther(T) curve in Fig. 2,a de-
creases, passes through zero at the TMD, and becomes
nificantly negative as the temperature is decreased, als
accord with experiment.39 The results fork show trends
similar to those reported for TIP3P and TIP4P water,13 but
are not well converged since they were computed from
fluctuation formula. The trend toward increasingk with in-
creasing temperature is reproduced, though the obse
minimum fork at 46 °C (44.831026 atm21)8 is not apparent
in the computed results.

Results for the dielectric constant of TIP5P water ov
the temperature range from 0 to 100 °C at 1 atm pressure
presented in Table V and Fig. 3, accompanied by the exp
mental results.40 The computed dielectric constant of 81
61.6 at 25 °C agrees well with the experimental value
78.3, and shows improvement over results of;50–70 for the
SPC, TIP3P, and TIP4P models.13 The computed results in
Fig. 3 nicely parallel the experimental data, so the slo
d«/dT is correct near20.32 deg21. It has been suggeste
that a better description of the quadrupole moment is
important factor for improved reproduction of the dielectr
constant.41~a!–~c! Table VI presents the values for the dipo
and quadrupole moments for the TIP5P model in compari
with experiment and the TIP3P and TIP4P models. The u
and coordinate system are as given in Ref. 41~d! and the
calculation of the quadrupole moments used the cente
mass of the molecule as the origin. The observed quadru
moment is best reproduced by the TIP4P model, which a
has the lowest dipole moment of the TIPnP series. TIP5P has
a quadrupole moment with mostly smaller components

TABLE IV. Thermodynamic properties for TIP5P water at 1 atm.a

T (°C) 2E r Cp 106k 105a

237.5 11.61660.003 0.972560.0003
225.0 11.33060.007 0.981460.0004 43.060.2 1761 21256 1
212.5 10.84960.008 0.997960.0008 39.460.3 2461 21056 3

0.0 10.49860.008 1.006960.0010 33.860.5 3161 2326 5
12.5 10.16860.007 1.004960.0011 30.960.8 3661 336 7
25.0 9.86760.006 0.999160.0014 29.160.8 4162 636 6
37.5 9.59060.006 0.989260.0012 27.660.3 4761 876 5
50.0 9.32560.006 0.977560.0015 26.561.0 5664 92611
62.5 9.07760.006 0.966760.0015 25.960.9 5963 110610
75.0 8.82760.007 0.951260.0009 25.960.8 6563 1276 7

aSee Table III for units.

TABLE V. Computed and experimental dielectric constants at 1 atm.

T (°C) TIP5P Expt.a

0.0 91.861.5 87.74
25.0 81.561.6 78.30
50.0 74.761.9 69.91
75.0 68.661.8 62.43

100.0 60.361.8 55.72

aReference 40.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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magnitude and a larger dipole moment than TIP4P, but
superior in reproducing the dielectric constant. The dielec
properties are undoubtedly affected by both the charge
tribution and Lennard-Jones parameters.

V. TEMPERATURE DEPENDENCE OF WATER
STRUCTURE AND ENERGY DISTRIBUTIONS

Figures 4–6 present the oxygen–oxygen, oxyge
hydrogen, and hydrogen–hydrogen radial distribution fu
tions at 25 °C and 1 atm along with the experimental dat42

Overall, the results for the TIP4P and TIP5P models
similar and show improved structure over three-s
alternatives.13 The location of the maximum for the first pea
of the O–O radial distribution function~rdf! is shifted inward
;0.03 Å from the TIP4P result to 2.7360.01 Å with TIP5P,
the shape of the second peak is improved, and the first p
of the H–H rdf is somewhat too high. The latter feature w
noted previously with the five-site ST2 and ST4 models41~c!;
it is likely due to overly stiff angle bending in the potenti
energy surface for the dimer, as presented in Sec. VII.
temperature dependence of the radial distribution function
illustrated in Figs. 7–9. The expected reduction in struct
with increasing temperature is observed. The separatio
nearest and second-nearest neighbors becomes much sh
in the OO rdf at225 °C, which is consistent with adoptio
of a more ice-I-like structure. This is discussed further bel
along with the effects of pressure on the liquid’s structur

FIG. 3. Dielectric constant of TIP5P water vs experiment as a function
temperature at 1 atm.

TABLE VI. Dipolea and quadrupoleb moments for the water monomer.

m Qxx Qyy Qzz

Expt.c 1.85 2.63 22.50 20.13
TIP3P 2.35 1.76 21.68 20.08
TIP4P 2.18 2.20 22.09 20.11
TIP5P 2.29 1.65 21.48 20.17

aUnits are 10218 esu-cm.
bUnits are 10226 esu-cm2.
cReferences 41~d! and 41~e!.
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f FIG. 4. OO radial distribution functions for water at 25 °C and 1 atm

FIG. 5. OH radial distribution functions for water at 25 °C and 1 atm.

FIG. 6. HH radial distribution functions for water at 25 °C and 1 atm.
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8915J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 A five-site model for liquid water
The distributions of total intermolecular interaction e
ergies for monomers in the liquid and the distributions
individual water–water interaction energies~the energy pair
distributions! are presented in Figs. 10 and 11 as a funct
of temperature. These distributions exhibit an increa
population of lower-energy configurations and narrow
widths as the temperature decreases. The energy pair d
butions indicate that as the temperature is decreased the
again a cleaner separation between hydrogen-bonded ne
neighbors and the more distant molecules. The minim
near 22.3 kcal/mol becomes more distinct; integration
this point yields estimates for the average number of hyd
gen bonds per water molecule of 3.9, 3.8, 3.7, and 3.6
225, 0, 25, and 50 °C. Thus, although the hydrogen bond
remains basically tetrahedral, a wider range of geomet
and energies are explored with increasing temperature.
present results are very similar to those for TIP4P wa
which have been discussed at length.3

FIG. 7. Temperature dependence of the OO radial distribution function
TIP5P water at 1 atm.

FIG. 8. Temperature dependence of the OH radial distribution function
TIP5P water at 1 atm.
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VI. PRESSURE DEPENDENCE OF THERMODYNAMIC
AND STRUCTURAL PROPERTIES

There has been much investigation of the behavior
water as a function of pressure,9~a!,9~b!,39,43–50and on the simi-
larities and differences in the dependencies on pressure
temperature.43 The properties of TIP5P water were examin
at a range of higher pressures by performing the calculat
detailed in Table II~b!. A pressure scan was carried out
25 °C, and temperature scans were performed at 1000
2000 atm. It was found that at a fixed temperature, increas
the pressure did not lead to the convergence difficulties
were caused by decreasing the temperature at a fixed p
sure. This allowed the high-pressure calculations at 25 °C
be comparatively short. In Tables VII~a! and VII~b!, the ther-
modynamic properties for the TIP5P model at a variety
high-pressure state points are presented. The energy
creases slightly as the pressure is increased, in agree
with results for TIP4P water49 and experimental data.44 The
computed variation of the density at 25 °C from 1 to 10 0

r

r

FIG. 9. Temperature dependence of the HH radial distribution function
TIP5P water at 1 atm.

FIG. 10. Distributions of the total intermolecular binding energy for mon
mers in liquid TIP5P water at 1 atm. Units for the ordinate are mol fract
per kcal/mol.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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8916 J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 M. W. Mahoney and W. L. Jorgensen
atm ~;0.1013 to 1013 MPa! is compared with the experi
mental data in Fig. 12. The results for TIP5P water bel
1000 atm agree well with experiment and confirm that
model’s isothermal compressibilityk at 25 °C and 1 atm is
reasonable~Table III!. At higher pressures, TIP5P is som
what more compressible than real water, with the error
creasing to;3% at 9000 atm. If there is an implication fo
the repulsive part of the Lennard-Jones 12-6 potential fr

FIG. 11. Distributions of individual water–water interaction energies
TIP5P water at 1 atm. Units for the ordinate are number of molecules
kcal/mol.

TABLE VII. ~a! Thermodynamic properties for TIP5P water at 25 °C a
elevated pressures.a ~b! Energy and density for TIP5P water at elevat
pressures and at a range of temperatures.

~a!
P (atm) 2E r Cp k a

1 9.86760.006 0.999160.0014 24.960.8 4162 726 6
1000 9.92960.005 1.052860.0007 25.863.3 3263 67618
2000 9.96860.004 1.092260.0007 22.762.2 3666 23630
3000 9.99460.015 1.127660.0009 21.061.0 2161 56611
4000 10.04060.012 1.159160.0011 22.961.8 2061 36612
5000 10.07860.001 1.182860.0011 25.261.6 1761 67611
6000 10.06060.015 1.205160.0009 21.161.4 1962 65614
8000 10.10560.013 1.245360.0016 19.860.9 1361 496 9

10 000 10.15660.010 1.283060.0007 20.361.1 1261 50610

~b!
T (°C) P (atm) 2E (kcal/mol) r ~g/cm3!

225.0 1000 11.14460.002 1.036260.0004
212.5 1000 10.75760.002 1.053260.0005

0.0 1000 10.46360.003 1.059060.0005
12.5 1000 10.18460.003 1.055360.0005
25.0 1000 9.92960.005 1.052860.0007

237.5 2000 11.29460.002 1.093660.0003
225.0 2000 11.00960.002 1.102760.0004
212.5 2000 10.72560.003 1.109560.0004

0.0 2000 10.46060.003 1.102960.0005
12.5 2000 10.19560.003 1.100360.0005
25.0 2000 9.96860.004 1.092260.0007

aSee Table III for units.
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these results, it would be that it is a little too soft at sh
range. However, the electrostatics also undoubtedly in
ence (dr/dP)T .

The energy distributions at the elevated pressures are
presented. Shifts were obtained in agreement with res
previously reported.47,49 The shifts are much less than tho
from the temperature changes in Figs. 10 and 11. The ef
of pressure on the OO rdf at 25 °C is illustrated in Fig. 13
the normalization of the rdf by division by the average de
sity is removed, then the scaled plots in Fig. 14 are obtain
The latter figure shows that, in fact, there is not density l
in the vicinity of the second peak near 4.5 Å, but rather t
the overall density increase at higher pressures particul
features enhanced density of water molecules at OO sep
tions near 3.3 and 6 Å. Though the second neighbors ar
4.5 Å in ice I, it is well known that ices II, III, and V, which
have densities near 1.2 g/cm3, have non-hydrogen-bonde
neighbors at OO separations of 3.2–3.5 Å.50 Similar penetra-
tion of hydrogen-bonded networks in the liquid at such de
sities is reasonable.

r
er
FIG. 12. Density of TIP5P water vs experiment as a function of pressur
25 °C.

FIG. 13. Pressure dependence of OO radial distribution function for TIP
water at 25 °C.
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The results for the energy and density from the tempe
ture scans at 1000 and 2000 atm are presented in T
VII ~b!. In addition, the density versus temperature curves
TIP5P water at 1, 1000, and 2000 atm are plotted in Fig.
along with the experimental data.39,44 The computations cor
rectly reflect that the temperature of maximum density sh
to lower temperature as the pressure is increased. At hi
pressures, the maximum in the experimental profile is l
although this phenomenon is coupled with the unusual
havior of water at very low temperatures.9b Further explora-
tion of TIP5P water in the supercooled region at eleva
pressures is desirable,12 although very long runs will be re
quired to achieve well-converged results.

VII. PROPERTIES OF THE TIP5P WATER DIMER

It has been noted that the common failure of poten
functions in reproducing the TMD may be related to ina
equacies in their description of the energy of the dimer a
function of the tilt anglet in Fig. 16.13,51 The water dimer

FIG. 14. Pressure dependence of density-weighted OO radial distribu
function for TIP5P water at 25 °C.

FIG. 15. Temperature dependence of the density of TIP5P water vs ex
ment at three pressures.
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system has been studied extensively and the global minim
for the water dimer has been established to occur wit
roughly linear hydrogen bond and witht near 57°.52–58 Re-
sults of geometry optimizations for the linear water dim
using the TIPnP models are summarized in Table VIII. E
fective pair potentials for liquid water feature optimal O
separations for the water dimer that are too short by ab
0.3 Å and dimerization energies that are too high by abou
kcal/mol.1–6 These differences compensate for the primiti
description of the electrostatics. Such models are not
tended for use for gaseous water or the liquid at low den
ties. Improvement to have a model that works well at bo
high and low densities requires a more sophisticated cha
distribution and/or explicit polarization.

The results of energy scans versust for the linear dimer
using rigid monomers are presented in Fig. 16. The for
field calculations were performed with theBOSS program36

and the quantum mechanical calculations were carried
with GAUSSIAN 95.59 The latter calculations involved a geom
etry optimization for the six intermolecular variables at t
MP2/6-3111G(d,p) level, followed by an energy scan fort
at the same level with the OO distance fixed at the optim
value. Analogous calculations were performed with t
TIPnP models. Theab initio calculations yielded a minimum
for the dimer withr OO52.92 Å, t542° and a dimerization
energy,DE, of 25.96 kcal/mol. The energy curve is signifi
cantly narrower with the TIP3P model, which also has t
minimum shifted tot527°. The profile is better reproduce

on

ri-

FIG. 16. Computed energy of the water dimer as a function of the
anglet.

TABLE VIII. Optimized geometry and dimerization energy for the line
water dimer.

TIP3P TIP4P TIP5P Expt.a

r (OO), Å 2.74 2.75 2.68 2.9860.02
t, deg 27 46 51 57610
2DE, kcal/mol 6.50 6.24 6.78 5.460.5

aReference 58 for (D2O)2 .
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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with TIP4P, which has its minimum neart546°. Both theab
initio results and the TIP4P model have a broad region fot
between660° in which the energy remains less than 1 kc
mol above the minimum. Using the TIP5P model the ene
profile is overly structured, with a deeper well in the mo
favorable tetrahedral position neart'150° and a less dee
well near the other tetrahedral position att'240°. The fa-
voring of tetrahedral orientations for five-site water mod
has been noticed previously51 and is related to the placeme
of the partial negative charges in the lone-pair positio
Clearly, as the lone-pair sites are contracted toward the o
gen, the TIP5P curve would collapse toward the TIP3P o

Figure 16 demonstrates that the dimer surface as a f
tion of t is closer to theab initio results with the TIP4P
model than with TIP5P; however, it is also clear that TIP
is overall the better model for liquid water and certain
yields the better density profile~Fig. 2!. This is not inconsis-
tent, if polarization in the condensed phase leads on ave
to an effective two-body potential that more sharply favo
the tetrahedral disposition of hydrogen bonds.

VIII. REPRODUCING THE DENSITY MAXIMUM AND
SIZE DEPENDENCE OF THE RESULTS

As stated above, the goal was to develop the simp
potential function, which reproduces well the dens
anomaly of liquid water, while simultaneously yielding goo
thermodynamic and structural properties near 25 °C an
atm. Additional studies of three- and four-site models,
cluding the introduction of internal flexibility and replace
ment of the 12-6 Lennard-Jones form, did not yield improv
ment for the density profiles over TIP4P. Five-site mod
were then explored withs and« near the TIP3P and TIP4P
values and with the L1-O-L2 angle constrained to
109.47°. A primary focus became establishing the influe
of the distance between the oxygen and the negativ
charged sites,r OL , on the density profiles. Once this wa
optimized, adjustments could be made to fine-tune the ch
and Lennard-Jones parameters.

Series of calculations were performed over a range
temperatures for four alternative models using a more c
putationally tractable box size of 216 molecules. The para
eters for the models are listed in Table IX. TIP5P~0.60! has
r OL50.60 Å and was developed27 by varying ther OL dis-
tance and charges to get a dipole moment of approxima
2.2 D for the monomer, a dimerization energy of betwe
26.0 and26.5 kcal/mol, and correct values for the ener
and density of the liquid at 25 °C and 1 atm. Note that
model ultimately developed has a dimerization energy o

TABLE IX. Five-point models examined to reproducer(T) for liquid
water.a

TIP5P~0.4875! TIP5P~0.60! TIP5P~0.65! TIP5P~0.70!

s0 (Å) 3.140 3.145 3.133 3.120
«0 (kcal/mol) 0.16 0.16 0.16 0.16
r OL ~Å) 0.4875 0.60 0.65 0.70
qL(e) 20.290 20.266 20.254 20.241

aIn all cases,r OH50.9572 Å,uHOH5104.52°, anduLOL5109.47°.
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side this range. For TIP5P~0.4875!, the negative charge
were moved toward the oxygen by 0.1125 Å and the cha
was modified to reproduce the energy and density. Base
the shift in the r(T) curves for these two models
TIP5P~0.65! was developed by increasing the distance
tween the lone-pair interaction site and the oxygen atom
by modifying the Lennard-Joness parameter and the charge
again to reproduce the liquid’s energy and density at 25
Further refinement yielded TIP5P~0.70!, which is TIP5P,
through increasing ther OL distance to 0.70 Å and modifying
the other parameters. Scans for the dimerization energy
function of t were performed and showed the expect
strengthening of the double well form in Fig. 16 with in
creasingr OL .

Monte Carlo simulations for the liquid with each o
these models were executed to establish the effect of var
the r OL distance on the calculated properties. The lengths
the equilibration and averaging stages for these calculat
are listed in Table X. The calculations were similar to tho
already described except that the box size was 216 molec
and the intermolecular nonbonded cutoff distance was 8.0
The results for the density and energy are recorded in Ta
XI and Table XII. The small dependence of the energy a
density on the number of molecules for fixed-charge mod
has been noted before.3,60 The same is found for TIP5P~0.70!
water; runs with 216~Tables XI and XII!, 267, and 512
~Table IV! molecules and cutoffs of 8.0, 8.5, and 9.0
respectively, show an increase of 1% for both the energy
the density at 25 °C and 1 atm. Calculations have also b
performed for 267 molecules with a cutoff of 8.5 Å and u
of a reaction field for long-range interactions35~b!; the same
trend is found with;1% increases in the energy and densi
What has not been noted before is the dependence of
temperature of maximum density on the system size. T
results in Tables IV and XI indicate that upon decreasing
number of molecules, the density maximum of TIP5P~0.70!
is increased by 5–10 °C. Results not presented indicate th
similar shift exists for TIP5P~0.65!, which has a temperatur
of maximum density close to the experimental value fo
box of 216 molecules, but whose maximum decrea
;10 °C upon increasing the number of molecules to 512

It was found that for a givenr OL distance, the energy an
density at 25 °C could be reproduced by simultaneou
varying the partial charges and the Lennard-Joness. Results
not presented indicate that the shapes of the curves, i.e.

TABLE X. Lengthsa of equilibration/averaging periods for Monte Carl
simulations with 216 molecules for five-point models of water at 1 atm.

T (°C) TIP5P~0.4875! TIP5P~0.60! TIP5P~0.65! TIP5P~0.70!

250.0 100/600
237.5 100/450 100/450
225.0 100/300 100/300 100/300
212.5 75/225 75/225 75/225 100/300

0.0 75/175 75/175 75/175 100/300
12.5 50/150 50/150 50/175 50/250
25.0 25/125 25/125 50/100 50/150
37.5 25/75 25/75 25/75 25/75
50.0 25/75 25/75 25/75 25/75

aMillions of MC steps.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE XI. Density ~g/cm3! for five-point models of water with 216 molecules at 1 atm.

T (°C) TIP5P~0.4875! TIP5P~0.60! TIP5P~0.65! TIP5P~0.70!

250.0 1.024660.0006
237.5 1.025660.0007 0.972460.0006
225.0 1.024260.0008 0.989660.0008 0.972260.0007
212.5 1.020060.0007 0.997160.0008 0.989660.0009 0.974960.0005

0.0 1.013960.0008 0.995660.0010 0.997360.0011 0.985260.0010
12.5 1.005060.0010 0.989960.0008 0.990960.0008 0.992560.0009
25.0 0.996960.0008 0.980660.0010 0.988060.0010 0.988660.0011
37.5 0.986960.0013 0.972860.0011 0.977960.0011 0.984060.0012
50.0 0.972360.0012 0.960960.0012 0.970260.0011 0.975060.0011
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temperature at which the maximum occurs and the differe
between, e.g., the density at the maximum and the densi
25 °C, are similar for models with identicalr OL distances and
minor changes in the other parameters. Thus, in Fig. 17,
density is plotted as a function of temperature for four mo
els with varyingr OL . Note that the curves in Fig. 17 hav
each been offset along the ordinate in order to have ea
common density at 25 °C. The effect of varyingr OL is then
seen more clearly.

All four models yield a density maximum, although i
position and the density at the TMD vary widely. The tetr
hedral charge distribution captures an important aspect o
intermolecular energetics required to model well the den
variations as a function of temperature. While the qualitat
feature of a density maximum is clearly obtained for mod
with r OL greater than;0.5 Å, the exact positioning of the
lone-pair sites is important for its quantitative reproductio
With an r OL of 0.6 Å, the density maximum occurs betwe
215 and225 °C, while moving the lone-pair sites towar
the oxygen by only 0.1125 Å to anr OL of 0.4875 Å signifi-
cantly degrades the density profile. Diminution ofr OL to
zero, while modifying the charge to reproduce the ene
and density and while keeping the Lennard-Jones param
approximately fixed, produces the TIP3P model. Itsr(T)
curve in Fig. 2 monotonically increases as the temperatur
decreased.

Thus, the anisotropy introduced in the potential functi
with the lone-pair sites is rapidly lost forr OL below 0.6 Å.
On the other hand, increasingr OL much beyond this poin
pushes the TMD to too high a temperature. The pattern c
tinues with the ST2 model6,12; though the scaling of the elec
trostatics at short range complicates the analysis, it has
lone-pair sites at a still greater distance (r OL50.8 Å) and its
ct 2003 to 128.36.233.125. Redistribution subject to A
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TMD occurs at significantly higher temperature, 30–40 °
than for the five-site models examined here. Besides mov
the TMD to higher temperature, increasingr OL is also found
to move the density at the TMD to lower values, given th
the value of the density at some state point, e.g., 25 °C
fixed. It appears that the charge distribution is the prim
determinant of the shape of ther(T) curve. Further improve-
ment in the computed results, e.g., at high temperature
pressure, would likely necessitate the use of a larger num
of charged sites or explicit polarization as well as much
fort at optimization of the model.

IX. FURTHER DISCUSSION

The TIP5P model appears to yield improved results
r(T) and the TMD by forcing tetrahedral arrangements
hydrogen-bonded pairs to be more attractive than with r
water. Though the computed radial distribution functions
in generally good accord with experiment, the enforced
rahedrality is undoubtedly responsible for the first peak
the HH rdf being too high~Fig. 6!. The overly tetrahedra
description of the hydrogen bonding promotes the existe
of a TMD at low temperature; however, the description
the interactions between less well-bound neighbors, wh
are more important at higher temperatures and pressu
may be adversely affected. Such less accurate treatme
non-hydrogen-bonded neighbors for all of the comm
fixed-charge models may be responsible for the density
ways rising too rapidly with increasing pressure or with d
creasing temperature above the TMD. Another general pr
lem is that the first peak in the OO rdf is always at too sh
a distance with the simple fixed-charge models. This discr
TABLE XII. Potential energy~kcal/mol! for five-point models of water with 216 molecules at 1 atm.

T (°C) TIP5P~0.4875! TIP5P~0.60! TIP5P~0.65! TIP5P~0.70!

250.0 211.39860.003
237.5 211.16060.003 211.40760.004
225.0 210.88560.005 211.04760.005 211.35660.003
212.5 210.66060.005 210.68060.005 210.91160.007 211.13460.006

0.0 210.41760.005 210.41860.006 210.59060.008 210.73060.009
12.5 210.18660.005 210.15260.006 210.31260.006 210.31160.008
25.0 29.96560.005 29.90060.006 210.01060.007 210.00360.009
37.5 29.77160.006 29.67160.008 29.75160.008 29.68860.010
50.0 29.55260.005 29.42360.007 29.51160.007 29.41060.009
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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ancy can probably not be rectified without replacing t
Lennard-Jones potential, introducing a scaling function,
adding explicit polarization or quantum effects.

Though structural changes were discussed above b
on the radial distribution functions, some additional insig
are notable from the isochoric temperature differentials
the oxygen–oxygen radial distribution function, as presen
in Fig. 18. These have been measured61 and effort has been
directed at their interpretation.62,63 SinceNPT MC calcula-
tions were performed here, the pressures rather than the
sities were fixed. Nevertheless, the densities at 12.5
0.0 °C were computed to be approximately identical at 1 a
The same is true for the densities at 25 and212.5 °C and
also at 50 and225 °C. Therefore, these pairs of temperatu
were chosen to examine the rdf differences. It is seen tha

FIG. 17. Density of five-site water models as a function of temperature
atm from MC simulations with 216 molecules. See Table XI for the ex
numerical densities. In order to emphasize the effect that varying the ox
to lone-pair interaction site distance has on the shape of the density pr
the results here have each curve offset along the ordinate to make the
sity at 25 °C equal to 1.0 g/cm3.

FIG. 18. Isochoric temperature differentials of the oxygen–oxygen ra
distribution function for TIP5P water. Results are presented for three t
perature differences at 1 atm.
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the TIP5P model the magnitudes of the peaks and valle
but not their positions, depend on the temperature differen
with isobestic points occurring at;2.9, 3.9, 5.0, and 6.3 Å
These locations agree well with the experimental valu
There is reduced density in the first and second peaks of
OO rdf and filling-in on both sides of the second peak up
raising the temperature at constant density. It may also
noted that the magnitudes of the oscillations in the isocho
temperature differentials for TIP5P and real water a
roughly linear in the temperature difference. These facts,
the correspondence of the extrema in Fig. 18 with oxyge
oxygen distances that are featured in ices I and II~or III !,
suggest two-state mixture models for the liquid.62,63 In addi-
tion, nonisochoric pressure differentials can be compu
from the results in Fig. 13. The results are quite similar
those calculated in Ref. 63 from the experimental data
Ref. 43~c!, and which were used to further support a tw
state model.63

Supercooled water has received much attention, o
centering around the possible existence of a line of liqui
liquid phase transitions terminating at a second criti
point.9~c!,12,49,64–68The improved performance at low tem
peratures with the TIP5P model should aid such stud
However, it should be kept in mind that the TIP5P model h
been optimized for use with 512 molecules, a spherical c
off of 9.0 Å, and cubic periodic boundary conditions. If fu
ther calculations employ a different system size, the den
maximum will be shifted somewhat, as noted above. In
dition, while models such as TIP4P have often been use
calculate properties at state points far from their origin
realm of parameterization, caution is needed under such
cumstances. The hydrogen bonding near optimal geome
seems to be reasonably well described, but less favor
interactions between near neighbors are more problem
with models in this class.

Related to the question of calculations on liquid water
low temperatures is the issue of the lengths of the averag
and equilibration periods needed to obtain converg
results.13,14 The requisite lengths for both periods increa
significantly with decreasing temperature, while the dep
dence on increasing pressure was less severe. Thus, the
culations below 0 °C at 1 atm needed to be more than
times longer that the ones above 25 °C to achieve com
rable convergence of the energy and density. Calculation
the present length and breadth would currently be very
ficult to perform with a polarizable model. For example, t
polarizable PPC model has been reported to have a de
maximum near the experimental value based on molec
dynamics calculations, which consisted of 100 ps of equ
bration and 300–500 ps of averaging.16 A comparison be-
tween Monte Carlo and molecular dynamics for liquid he
ane yielded an approximate equivalence between 10 p
MD and 2000 MC passes. For a system with 500 molecu
this corresponds to a rough equivalence between 107 MC
steps and 100 ps of MD.69 Assuming a similar situation for
water, the calculations for the PPC model correspond
;107 MC steps for equilibration and 3 – 53107 MC steps
for averaging. For the present calculations below 0 °C a
starting with a box equilibrated at a nearby temperature,

1
t
en
le,
en-

l
-

IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



m
a

ed

in
ion

ie
lo

an
ru

n
l
n
m

th

th

th
th
°

at
as
rr

e
8
er
at
e
ib
al
ha
t

tu
o
te
tt
od

e
ui
sit
ity
on
h
fo
d

io

da-
to
r.
b-

vi-

G.

. L.

Her-

.

o,

ys.
s.

ys.

ys.

,

8921J. Chem. Phys., Vol. 112, No. 20, 22 May 2000 A five-site model for liquid water
equilibration stage took more that 108 configurations, and the
averaging phase took substantially longer. At the low te
peratures, there were occasional fluctuations along the M
kov chain of ;1% in the energy and density that last
;108 steps. It was only after averaging;109 MC steps that
it was possible to regard such segments as fluctuations. S
polarizable models require longer periods for equilibrat
and averaging than fixed-charge models,32,70 it is unlikely
that MD runs less than nanoseconds in length are suffic
to provide adequate enough precision for the densities at
temperature to establish decisively the density profile
TMD. This estimate is consistent with the analyses and
lengths of Baez and Clancy.14

X. CONCLUSION

Classical Monte Carlo statistical mechanical simulatio
have been used to optimize a five-site, fixed-charge mode
liquid water with emphasis on improving the computed de
sity as a function of temperature and the position of the te
perature of maximum density~TMD!. Calculations in the
NPT ensemble at 1 atm, in which the distance between
lone-pair sites and the oxygen,r OL , varied between 0.4875
and 0.70 Å, demonstrated that a TMD can be achieved in
region of parameter space. In addition, asr OL is increased,
the TMD moves to higher temperature and the density at
maximum decreases toward the experimental value, if
models are parametrized to have the correct density at 25
The final TIP5P model with anr OL of 0.70 Å closely
matches the experimental density and energy of liquid w
at 25 °C and 1 atm. Furthermore, the density and energy
function of temperature are reproduced with an average e
of less than 1% from237.5 to 62.5 °C, the position of th
TMD is correct, the dielectric constant at 25 °C is near
and shows the correct temperature dependence, the av
error in the density as a function of pressure up to 9000
at 25 °C is less than 2%, the TMD shifts correctly to low
temperature with increasing pressure, and the radial distr
tion functions and their isochoric temperature differenti
agree well with experiment. The principal problems are t
the heat capacity is too high and the density increases
rapidly with increasing pressure or decreasing tempera
above the TMD. The results for the water dimer overly fav
tetrahedral geometries and show the usual underestima
the OO distance for nonpolarizable water models. The la
differences are a consequence of accounting for multib
cooperative effects with a two-body effective potential.

Overall, the TIP5P model shows significant improv
ment in many areas over prior fixed-charge models for liq
water. It provides notably accurate results for the den
from 237.5 to 62.5 °C at 1 atm. Functional compatabil
has been maintained with widely used force fields, and al
with the excellent results for many properties, including t
dielectric constant, the TIP5P model provides a basis
more accurate simulations of biomolecular systems. Ad
tional studies of dynamical properties and aqueous solut
are being undertaken.
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