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Abstract

The NPMLE in the bivariate censoring model is not consistent. The problem
is caused by the singly censored observations. In this paper we prove that the
NPMLE based on interval censoring the singly censored observations is efficient for
this reduced data and moreover if we let the width of the interval converge to zero
slowly enough, then the NPMLE is also efficient for the original data. We are able
to determine a lower bound for the rate at which the bandwidth should converge to
Zero.

The efficiency proof uses the general identity which holds for NPMLE of a linear
parameter in convex models as proved in van der Laan (1993a).

1 Introduction.

We do not use a special notation for vectors in IR?; if we do not mean a vector this will
be clear from the context. So if we write T we usually mean 7' = (13,T3) € R%, and
if we write <, >, <, > then this should hold componentwise: for example if z,y € R?
then x <y < x1 < y1, x2 < yo. Assuming the notation, we will write T3, i = 1,...,n,
as notation for n i.i.d. bivariate observations with the same distribution as 7', while we
write T} and T3 for the components of T'.

A formal description of the model for estimating the bivariate survival function based
on right censored and uncensored observations is the following. T is a positive bivariate
lifetime vector with bivariate distribution F and survival function Sp; Fy(t) = Pr(7T <
t) and Sy(t) = Pr(T > t). C is a positive bivariate censoring vector with bivariate
distribution G and survivor function Hy; Go(t) = Pr(C <t) and Hy(t) = Pr(C > t). T
and C are independent; (T, C) € IR* has distribution Fy x Go. (13, Cy), i = 1,...,n are
n independent copies of (7', C'). We only observe the following many to one mapping ®
of (T'Z, Cz)

Y, = (T;, D) = (T3, Cy) = (T, AN G, I(T; £ Cy)



with components given by:
Tij = min{T;;, Oy}, Diy=1(Ty; < Cyj), j=1,2

In other words the minimum and indicator are taken componentwise, so that T, € [0, 00)?
and D; € {0, 1}? are bivariate vectors. The observations Y; are elements of [0, 00)* x {0, 1}2
and Y; ~ Pr, g, = (Fy X Go)®~!. We are concerned with estimating Sp.

The probability measure P, ¢, of the data is indexed by two unknown parameters
Fy and Gy. Each observation Y; tells us that (T;,C;) € B(Y;) = (Vi) € R? x R
Therefore this model is a missing data model.

For each region B(Y;) we have that B(Y;) = B(Y;)1 x B(Y;)2 for the projections
B(Y;); € R? and B(Y;); C IR? of B(Y)) on the T and C space, respectively. In other words,
observing Y; is equivalent with observing that 7; € B(Y;); and C; € B(Y;)2. Because T’
and C are independent it follows now that P(T € dt | C € B(Y)) = P(T € dt), which
means that that the observation that C; € B(Y;)2 does not give any information about 7;
and thereby for estimating Fj. Formal information calculations indeed show that knowing
Gy does not increase the information for estimating F{), as we will see in section 3: the
efficient influence function for estimating So(¢) in the model with G unknown equals the
efficient influence function for estimating Sy(¢) in the model with G known.

The kind of region B(Y;); for T; (point, vertical half-line, horizontal half-line, quad-
rant) generates a classification of the observations Y; = (i, D;) in 4 groups:

Uncensored. 1f D; = (1,1), ‘then the observation Y; is called uncensored, and it tells us
that T; € B(Y;)1 = {(T;)}. So T; = T;.

Singly censored. If D; = (0,1) or D; = (1,0), then the observation Y; is called singly
censored. If D; = (0,1), then it tells us that T; € B(Y;)1 = {(Ti1,00) x {Ti2}}
(horizontal half-line), and if D; = (1,0) that 7; € B(Yi)1 = {{il} X (ig,oo)}
(vertical half-line).

Doubly censored. If D; = (0,0), then the observation Y; is called doubly censored, and it
tells us that 7; € B(Y;)1 = {(Ti1,00) X (Tj2,00)} (upper quadrant).

The uncensored observations are the complete observations and the rest are incomplete
observations. In the literature there has been paid a lot of attention to constructing ad
hoc explicit estimators. For a description of the literature for this model we refer to the
bibliographic remarks (section 7) at the end of this paper.

An NPMLE solves the self-consistency equation (Efron, 1967, Gill, 1989) and a solution
of the self-consistency can be found with the EM-algorithm (Dempster, Laird and Rubin,
1977, Turnbull, 1976), which does in fact nothing else than iterating the self-consistency
equation. In chapter 3 of van der Laan (1993e) (and van der Laan, 1993d) we analyzed a
general class of missing data models. There we found that there are essentially two crucial
assumptions for efficiency of the NPMLE. The first assumption says for the bivariate
censoring model that, given T = ¢, the probability that T" will be observed is larger than
d > 0; in other words Hy(t) > § > 0 on the support of Fj, which is an assumption which
can be naturally arranged. Assumption 2 says: for each incomplete observation Y; we
need

P(T € B(Y;))) = Fo (B(Y;)1) > 6 > 0.



If Fy is continuous, then this assumption is not satisfied for the singly-censored observa-
tions, because then the probability that T falls on a line is zero. In a specific analysis of
a model one might be able to weaken these two assumptions to their version with § = 0,
though then the estimators will be unstable. The heuristic behind these assumptions
was the following: In the EM-algorithm the incomplete observations Y; need to get in-
formation from the observed X; about how to redistribute their mass 1/n over B(Y;)1,
and for this purpose they need complete observations in B(Y;);. Hence we need that
Fy (B(Yi)1) > 6 > 0. Indeed it is well known that the NPMLE for continuous data is not
consistent (Tsai, Leurgans and Crowley, 1986).

Based on this understanding we propose in section 2 to (slightly) interval censor the
singly censored observations in the sense that we replace the uncensored component T; of
the singly censored observations by the observation that 7; lies in a small predetermined
interval around 7;. This interval will have a width of magnitude h = h,. Now, for
these interval censored singly censored observations Y} the regions B(Y;"); are strips and
therefore assumption 2 is satisfied. Because we do not touch the uncensored observations
assumption 1 still requires that H > ¢ > 0, which can be easily arranged by reducing the
data to [0, 7], where 7 is chosen so that H(7) > 0.

The interval censoring of the singly censored observations causes one problem. Namely,
the conditional density of T' given what we observe about C' does not equal the conditional
density of T" anymore. Therefore the joint likelihood for F' and G does not factorize
anymore in a F-term and G-term which tells us that for computing the NPMLE of F' we
also need to maximize over GG. In section 2 we discuss this problem and give a number of
proposals. The estimator we analyze is based on discretized C; so that the joint likelihood
factorizes, again. In fact, we prove efficiency of the sieved-NPMLE for the case that we
observe C1,...,C, or if Gy is known. However, we introduce a method for simulating
C; so that the estimator can also be computed if neither of these hold and it will be
heuristically clear that this estimator will have essentially the same performance as the
analyzed one.

After having recovered the orthogonality between F' and G, the general efficiency
theorem 6.2 in van der Laan (1993d) for missing data models tells us that we should
expect a good performance of the sieved-NPMLE F" of F, based on Y} (and reducing
the data to [0, 7]) and indeed efficiency for this transformed data can easily be proved by
verifying the assumptions of theorem 6.2, which would prove supnorm efficiency of F"* for
the transformed data reduced to a rectangle [0, 7]. We state this result precisely in our
theorem, but leave the verification for the reader; it follows also by keeping h fixed in the
analysis followed in this paper (we do the analysis for h, — 0 which implies results for
fixed h).

For obtaining efficiency for the original data we have to let the width h = h,, of the
strips converge to zero slowly enough. We will prove this and give a lower bound on the
rate at which h,, should converge to zero.

We will call this sieved-NPMLE based on a reduction, or call it a slight transformation,
of the data a “Sequence of Reductions”-NPMLE and will abbreviate it with SOR-NPMLE.
It is a general way to repair the real NPMLE in problems where the real NPMLE does
not work. If one understands why the usual NPMLE does not work, then one can hope
to find a natural choice for the transformation of the data. Moreover, if we do not loose
the identifiability, we have for a fized transformation consistency, asymptotic normality
and efficiency of the NPMLE among estimators based on the transformed data; while



we obtain efficiency by letting amount of reduction of the data converge to zero slowly
enough if n converges to infinity.

In the next section we will define, in detail, the SOR-NPMLE for the bivariate censor-
ing model. In section 3 we will give an outline of the efficiency proof, which is based on an
wdentity for the SOR-NPMLE which holds in general for convex models which are linear
in the parameter (van der Laan, 1993a). In section 4 we prove the ingredients of this
general proof. The crucial lemmas of this section are proved in section 6. We summarize
the results in section 5. In section 7 we have some bibliographic remarks. For validity of
the nonparametric and semiparametric bootstrap we refer to section 4.7 in van der Laan
(1993e); these results follow easily from the identity approach which we follow.

2 SOR-NPMLE for the bivariate censoring model.

Our original data is given by:
(T;, D) = (T3, C:) ~ Pryy(,), i =1,...,n.

Let Pi1(-) = Pryc, (T < -, D = (1,1)) be the subdistribution of the (doubly) uncensored
observations and similarly let Fy;, Pio and Py be the subdistributions corresponding with
D =(0,1), D= (1,0) and D = (0,0), respectively. Then

Ppc,(D=d) = Pu()I(d=(1,1))+ Pou(-)I(d = (0,1)) + Pro(-)I(d = (1,0))
+ Foo(+)I(d = (0,0)), (1)

Let fo = dFy/dp for some measure p which dominates Fp. Similarly, let Gy < v with
density go. So(z1,-) generates a measure on R>o. This measure is absolutely continuous
w.r.t. u((z1,00),+); the marginal of the measure u restricted to (z1,00) x Rx>¢. Now, we
define Spa(z1,22) = —So(x1,dzra)/1u((x1,00), dzs) as the Radon-Nykodim derivative and
similarly we define So1(z1,22) = —So(dxy, x2)/pu(dzy, (xe,00)), Hpr and Hpe. Then the
density py of P, g, w.r.t. (u x v)®~! is given by

po(z1,x0,d) = folz)Ho(x)I(d=(1,1)) + So1(z1,x2) Hoz(x1,22)I(d = (0, 1))
+8S02(21, x2) Hor (21, 22) I (d = (1,0)) + So(2)go(z)I(d = (0,0))

pu(x)I(d = (1,1)) + por(x)I(d = (0,1)) + pro(x)I(d = (1,0))

+poo(z)I(d = (0,0))

= Y. w@)I(D=9). (2)
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It is important to notice that po(-, D = d) for a fixed d factorizes in a part which only
depends on Fy and a part which only depends on (Gy. This tells us that the NPMLE of Fj
can be computed by just maximizing that part of the log likelihood which only depends
on Fj and that the ranges of the score operators for Fy and Gy are orthogonal in L(Q)(Po)
(see section 3).

We will transform (ﬁ, D;) and base our NPMLE on the transformed data. The trans-
formation depends on a grid. For this purpose let 7" = (ug, ;)" be a nested (in n, order
to make martingale arguments work) grid of [0, 7] which depends on a scalar h = h,, in
the following way €h,, < ugy1 —ux < Mh,, where ¢ and M are independent of n, k, and



similarly for v;1; — v;. In other words, the grid must have a width between €h,, and Mh,,.
This tells us that the grid 7" has (in order of magnitude) 1/h2 points (ug,v;).

Now, we can define the reduced data (i, Di)h which we will use for our estimator:
Y} = (T.D)' = 8T, C) = 1d"(T;. D)) = 1d"(8(T;. ).

where Id" is a many to one mapping on our original data (ﬁ,Di) which is defined as
follows.

1d"(T, D) = (T, D) if D = (1,1)
1d"(T, D) = ((u,,Tg) D) for u; s.t. T1 € (wi, uiya], if D = (1,0)
1d"(T, D) = ((Tl,vj) D) for v; s.t. Ty € (vj,v;41], if D = (0,1)
1d"(T, D) = (T, D) if D = (0,0).

We used the notation Id" (Id from Identity) because for h — 0 (in other words, if the
partition gets finer) this transformation converges to the identity mapping. We will still
call the Y" with D = (1,0) and D = (0, 1) singly censored observations, in spite of the
fact that they are really censored singly censored observations. Y are i.i.d. observations
with a distribution which is indexed by the (same as for Y;) parameters Fy and Go.

To be more precise, we have

Yh ~ p?o,GQ(" ')7
where
Py oD =d) = Pu(-)I(d=(1,1)) + B (-)I(d = (0,1)) + Py(-)I(d = (1,0))
+ Poo(-)I(d = (0,0)), (3)

where

Py, o) = /( por (Y1, y2) (Y1, 00), dys)
U, Vi41
= [ Soalun ) Horln,wo)n((yr. o0 dus).
U, Vi41

Similarly, p, (ug, y2) = S n) P10(Y1: Y2)pe(dyn, (y2,00)). We denote the density of P
w.r.t. (ux v)®; " by ph.

In this model pf(-, d) does not factorize anymore in a part which only depends on F
and a part which only depends on Gy. Thus in order to be able to compute the NPMLE F*
we need to write down the likelihood for (F, G) and maximize over (¥, G) which provides
us with the joint NPMLE (F" G"). Because of similar reasons as for F, the NPMLE
G" will only be good if we do a symmetric reduction (lines should be strips for C as well
as for T). Therefore a proposal of which we expect a good behavior is the joint NPMLE
(F G") based on rectangle-censored ((ug, ugs1] X (v, v141]) singly-censored observations
instead of our chosen interval-censored singly-censored observations; so now we reduce the
data so that we behave as if we only observe that the singly censored observations (i, d;),
d; = (1,0) or d; = (0,1), fall in the rectangle (ug, tpr1] X (v;, vi41] which contains T;. We
can compute the joint NPMLE (F" G") by iterating the self-consistency equations for
(F, G) jointly.

In practice, one might also just plug a G, in the log likelihood, instead of reducing
the data, again; write down the joint likelihood for F' and G, substitute G, for G and



maximize over F'. Because the likelihood does factorize asymptotically, it should suffice to
use here an inefficient estimator for G instead of an efficient estimator (if you had plugged
in the NPMLE of G you would have found the NPMLE of F'). The last estimator does
not require extra randomisation and is clearly less computer intensive.

Because the involvement of G in computing the NPMLE E" certainly complicates the
analysis and it makes the estimator more computer intensive we decided to do another
further reduction of the data which recovers the orthogonality, while at the same, as will
appear, not loosing asymptotic efficiency. The further reduction is based on the insight
that if Gy is purely discrete on 7", then pj, ¢ (-, d) factorizes. This further reduction leads
also to a good practical estimator as appears in the simulations in chapter 8 of van der
Laan (1993e).

For the further reduction we need to observe the n i.i.d. C; or simulate them. We split
up in three cases as follows:

Case 1. Suppose that we observe C;. Move each C; to the left lower corner (uy, v;) of the
rectangle ((ug, v;), (Upt1,vi41)) of 7 which contains C;. Denote these discretized C;
by C. Then C! ~ G}, where G}, is the step function with jumps on 7" corresponding
with Gy. Consider now the observations Y;(C! T;) = ®(CMT,;) ~ P, c,. Notice
that we are able to observe these Y;(C!, T;) because for this we only need to know
Yi(C;, T;). That is the reason for moving C; to the left lower corner which means
some extra censoring. Now, we just apply Id" to the i.i.d. data Y;(Ch T;) ~ Pr, a,-
Then we obtain i.i.d. data Y;* = ®"(C]", T;) ~ P§ ., . where the density p, 4, (-, D)
factorizes and therefore the NPMLE based on Y*(C!, T}) can be computed without
knowing G},

Case 2. Assume Gy is known. Then the following simulation method takes care that our
observations are sampled from such a discretized Gy.
Simulation method. Each observation Y; tells us that C; € B(Y;)2 (line, point, or
quadrant). Given Y; we draw a C] ~ Go(- | C' € B(Y;)2); in other words we draw an
observation from the conditional distribution under Gy of C; given that C; falls in
B(Y;)2. We have now n i.i.d. C1,...,C) where C! ~ G| = Ep,(Go(- | Y)) = Gy and
moreover ®(7T;, C!) = ®(T;,C;). Now, as above we can discretize these C/ in order
to obtain CJ' ~ Gy, and its corresponding i.i.d. data Y (C}, T;) ~ P ¢, .

Case 3. If neither of above holds, then one can estimate Gy with an estimator (,, and
carry out the simulation method with G,, instead of Gj.

Our analysis proves efficiency of the sieved-NPMLE based on n i.i.d. observations
Y/(T;,Cl") ~ P} ¢, as obtained in case 1 and 2. Since the estimate G, in case 3 uses
all the C1, ..., C,, the observations obtained in the third case are identical but not com-
pletely independent (though the dependence is very weak): if C] = ¢, then the value ¢;
says something about the estimator G,, and hence over the distribution of C. Therefore
our analysis does not cover the third case, but it is at least a practical proposal which
is less computer intensive than the joint NPMLE (F" G") and which approximates the
second case.

Let P be the empirical distribution function based on n i.i.d. Y*(T;,Cl') ~ P o .
which is the distribution of the data corresponding with X ~ Fj, C' ~ G}, where G}, is
discrete on the grid 7", and the singly censored observations are interval censored by Id"

(i.e. grouped to strips). Notice that P207Gh(~, d), d # (1,1), is purely discrete on 7"



Let {x1,..., %)} consist of the uncensored T; and one point of each B(Y;); which
does not contain uncensored 7;. Let 11, be the counting measure on {1, ..., Zpm . Now,
we let F(uy,) be the set of all distributions which are absolutely continuous w.r.t. fi,.

We define our sieved-SOR-NPMLE E" of F, which we will analyze;

Fh = [108(0h, )P 4
w =arg max [ log(prg, )Jdby, (4)
where the maximum can be determined without knowing G} by maximizing the term
which only depends on F'. We define S” as the survival function corresponding with F.

Summary of practical proposals. In this paper, we prove efficiency of F* as defined
in (4) which assumes that we observe C; or that Gy is known so that the simulation
method leads to n i.i.d. V" ~ Pf i =1,2,...,n. In chapter 8 of van der Laan (1993e)
it appears that F has also a very good practical performance. If we are in the third
case, then we expect that estimating G,, and applying the simulation method will lead
to an estimator which is very close (second order difference) in behavior to F" so that
our results will also hold for this estimator. Other good practical methods are 1) plug an
estimator G,, for G in the joint loglikelihood of (F,G) and maximize over F', 2) compute
the joint NPMLE (EF" G") based on rectangular-censored singly censored observations.

2.1 Existence and uniqueness of the sieved-SOR-NPMLE and
EM- equations.

We refer to lemma 4.1 in van der Laan (1993d) for the general class of missing data models.
For application of this lemma we need to verify certain assumptions 1 and 2. Assumption
1 requires that Hy > § > 0 Fy a.e. and assumption 2 requires that Fy(B(Y*);) > § > 0
for all censored Y* (D = (1,0), D = (0,1), D = (0,0)). This holds if all data lives
on a rectangle [0,7] C Rsg, where 7 is such that Hy(r) > 0, So(t—) > 0, Fyo(7) = 1,
Fo(Ty € [wisuigr], T > 1) > 0 and Fo(Ty > 7,1y € [vj,v,41]) > 0 for all grid points
(ui, vj). By making all observations T, € [0, 7]¢ uncensored at the projection point on the
edge of [0, 7] we obtain truncated observations with distribution P£O7-7Gh, where F{J equals
Fy on [0,7), but puts all (= 1) its mass on [0, 7]. This means that our efficiency result
proves efficiency for data reduced to [0, 7]. For obtaining full efficiency we can let 7 = 7,
converge slowly enough to infinity for n — oo. In our analysis this will mean an extra
singularity of magnitude 1/H(7,) and therefore our analysis can be straightforwardly
extended to this case.

Application of lemma 4.1 in van der Laan (1993d) provides us under the stated as-
sumptions and the artificial censoring to [0, 7] with the existence and uniqueness (for n
large enough, h fixed) of F* and that F solves:

PHAb (g — F'(g)) = 0 for all g € L*(FY) with ||g]|. < oo, (5)
where the so called score operator A% for F is given by:

Al L(F) = L2(Pl,) g — Br(g(T) | V"),
Moreover, it says that for each set A:

Fy(A) > Py(A). (6)



3 Outline of the efficiency proof.

Firstly, we define the models corresponding with the data Y and Y. Let F be the set of
all bivariate distributions on [0, 00) and F}, be the set of all possible bivariate distributions
G, which live on 7. Then the model corresponding with Y (see (3)) is given by

M, = {PﬁGh FeF.G,e fh}
and the model corresponding with Y (see (1)) by
M E{pFVGiF,GGf}.

Let DJ0,7] be the space of bivariate cadlag functions on [0, 7] as defined in Neuhaus
(1971). We are interested in estimating the parameter

7911 : ./\/lh — D[O,T] : ﬁh(Pﬁg}l) = S.
Similarly, we define
ﬁiM—)D: ﬁ(pF,G>:S

To begin with we will prove pathwise differentiability of these parameters (see e.g. Bickel
et al., 1993, van der Vaart, 1988).

Let S(F) the class of lines eF) + (1 —€)F, Fy € F, with score h = d(Fy — F)/dF €
L3(F), through F. By convexity of F this is a class of submodels. Let S(F) C L(F) be
the corresponding tangent cone (i.e. set of scores). It is easily verified that the tangent
space T'(F') (the closure of the linear extension of S(F)) equals L2(F). Each submodel of
S(F') with score g will be denoted with F, ;. The score of the one dimensional submodels
Pﬁe’gvgh C My, g € S(F), is given by A%(g) where A% is called the score operator:

Ap 1 L(F) = L*(Ppg,) : Ap(9)(Y") = Ep(g(X) | Y"),

which is a well known result which holds in general for missing data models (van der
Vaart, 1988, Gill, 1989, Bickel et al., 1993, section 6.6). The score operator Ap for the
one dimensional submodels Pr, , o C M, g € S(F), is given by:

Ap : LA(F) — L¥(Prg) : Ap(g)(Y) = Ep(g(X) | Y).

Similarly we find the score operator corresponding with one dimensional submodels
PgGh,e,gl’ where Gj 4 C My is a line through G}, with score g;. This score operator is
given by:

Bl L3(Gh) — LY(Pha,) : Bh(g)) = Ec, (91(C) | Y7).

The score of a one dimensional submodel p£€g7G€g1 is now given by A% (g)+ BA&(g1). Hence

the tangent space T'(P) is given by R(A%) + R(BL), where R stands for range.

We will now show orthogonality in L§(Ppg, ) of the scores Al(g) and Bf(gy) for all
pairs g, g;. Notice that observing Y is equivalent with knowing X € B(Y"); and C €
B(Y™"),. By the independence of T and C' this tells us that V(g)(Y") = E(g(X) | Y") =
E(g9(X) | X € B(Y")1) and W(g1)(Y") = E(0(C) | Y") = E(q(C) | C € B(Y")y),




where the region B(Y"); does not depend on C € B(Y")y and similarly B(Y"), does not
depend on X. Therefore

E (V) (Y"W(g)(Y") = E(E(g(X)| X € BOY"))) x E(E(g:1(C) | C € B(Y")))
= 0x0=0,

which proves the orthogonality in L§(Pp g, ) of the score operators A and Bp. Similarly,
we have orthogonality of the score operators Ar and Bg for the model M.

It is easily verified (see Bickel et al., 1993, or Lemma 3.2 in van der Laan, 1993e) that
the adjoint of A% is given by:

AT L(Phen) — LA(F) : Al (0)(X) = Epgn(0(Y") | X)
and the corresponding information operator is defined by:
Ij = AT AL LA(F) — L(F) : Ip(9)(X) = Erg, (Erc,(9(X) [ Y") | X).

If H>§ >0, then it is trivially verified that [[Ap(h)p, > V6||h|| z. Now, application of
lemma 1.3 in van der Laan, 1993a, tells us that this implies that I% : L?>(F) — L*(F) has a
bounded inverse, uniformly in /' € F (lemma 5.2 in van der Laan (1993d) formulates this

result in general for missing data models). And the same result holds for I : L*(F) —
L*(F). This proves:

Lemma 3.1 Let Ipg = ALAp @ L*(F) — L*(F) be the information operator for M.
We have: If H > 6 > 0 F-a.e., for certain 6 > 0 then Ipg has bounded inverse IEIG
with norm smaller than 1/§ and is onto. The same holds for the information operator

I, LA(F) — L*(F) for My, with inverse I pq, -

Let b; : D[0,7] :— IR be defined by b,F" = F(t). Define ry = I (1) — S(t). For each one
dimensional submodel Pﬁe’gvgh oy WE have

(btﬁh( Fe,.Gh.e, ) bedn( FGh)) = /(t,oo)ng

{(t,00) = S(t), 9)F

ki, 9)F

il hF(K't) 9)F

Ah[h r(ke), A%(Q»chh
A%

(Kt
(I
(
( Wl hF(K't) A} (g)"‘Bg(gl»PgGh:

where we used the orthogonality of the scores at the last step. The same holds for ¥
and Pr¢g without h. This proves by definition (see e.g. Bickel et al., 1993) that for
each t € [0, 7] b)), is pathwise differentiable at PﬁG for each one dlmenswnal submodel

Pr., G, at Pl F e, With efficient influence function (suppressing the G in the notation)
given by :
IME)() = ARl (k) (). (7)

And similarly for ¥ at Ppg with
I(Ft)(-) = Apl " (ki) (-)- (8)
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Notice that these are the same efficient influence curves as we would have found in the
models where G = Gy would have been known. In the sequel Gy does not vary and
therefore we can skip the G in the notation; Pp = Pf and Pp = Ppg,, Ip = Irg etc.

We recall the relevant efficiency and empirical process theory: An estimator F,() is
efficient if

F,(t) — Fy(t) = (P, — Pr,)I(Fo,t) + Rns,

where R,; = op(1/v/n). /n(P, — Pg)I(Fy,t) is a sum of n iid. mean zero ran-
dom variables which converges by the C.L.T. to a normal distribution with mean
zero and variance Pp I(Fy,t)2. By varying t € [0,7] we obtain an empirical pro-
cess (\/H(Pn — Pp)I(Fy,t): te [O,T]), which can be considered as a random element
of (*(G) ={H : G — R : sup,g | H(g) |< oo}, where G = {I(Fy,t) : t € [0,7]},
and where ¢*°(G) is endowed with the Borel sigma-algebra. Empirical process theory
investigates if the empirical process indexed by some class converges in distribution
to a tight Gaussian process corresponding with the covariance structure of the empir-
ical process. Here convergence in distribution (i.e. weak convergence) is defined in the
Hoffmann-Jorgensen sense, making measurability-questions (for finite n) irrelevant (see
e.g. Hoffmann-Jgrgensen, 1984, van der Vaart and Wellner, 1993, Pollard, 1990). A class
for which this weak convergence holds is called a Donsker class. If G is Donsker and
SUDPse(o,r] | Rt |= op(1/y/n), then we say that F}, is supnorm efficient.

Our goal is to prove efficiency of S" as an estimator of ¥(Pg,) = Sp. It should be
remarked that for fixed h application of theorem 6.2 for a general class of missing data
models in van der Laan (1993d) provides us under the assumptions as stated in section
2.1, by simple verification, with efficiency of S”, among estimators based on the data Y;",
1 =1,...,n, as an estimator of ﬁh(Pﬁo) = Sp. However, we want more than efficiency
for a fixed reduction. For this purpose we will follow the same analysis as followed for
the general class of missing data models, except that we look carefully what happens if
h, — 0 when the number of observation converges to infinity.

It works as follows: The model M, is convex and the F' — PP is linear. Theorem 1.1
in van der Laan (1993a) says now that we have the following identity; for each ¢t € [0, 7]
we have

Si(t) = Solt) = = [ 1(S1, )P,

for all F} with Fy < Fy and dFy/dFy € L3(Fy). Hence by verification of a straightforward
extension condition as verified in general by lemma 5.12 in van der Laan (1993d), it follows
that this identity holds also for Fy = Fi;:

Si(t) = Solt) = = [ T"(Sh, )P, (9)
It remains to verify:

Efficient score equation. For all ¢ € [0, 7]
[1'(EL P =0,

The score equations (5) tell us that it suffices to prove that I;}}(I (t.00)) has finite supnorm.
This is proved by lemma 6.2 in section 6 of this paper.
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The efficient score equation and the identity (9) provide us with the crucial identity
Sh(t) / "(F — Py, (10)
Empirical process condition. Now, we will show for an appropriate rate h,, — 0 that

= orp (1/Vn).

J (F(FL ) = 1" (Fo 1)) APl — BY)

sup
tel0,7]

This condition requires a lot of hard work (done in section 4 and 7). The reason for this
is that we are not able to prove that I (Fy,t) has any nice properties, except that it exists
as an element in L3(P). Therefore fh(Fﬁ,t) cannot been shown to be an element of a
fixed Donsker-class when h,, — 0. In other words the P-Donsker class and pp-consistency
condition of as used in the proof for the general class of missing data models (van der Laan,
1993d) do not help us here. More sophisticated conditions are needed. The technique will
be to determine how quickly I’ "(Fh.t) looses its Donsker class properties for h,, — 0 and
then to use (10) in order to obtain a rate for [|S" — Sp||_ so that terms can be shown to
converge to zero if h, — 0 slowly enough.
The empirical process condition provides us with:

Sh(t) /Ih Fo,0)d(P! = P) + o (1/v/7)
where the remainder holds uniformly in .

Approximation condition. Finally, we need to show
[ 1M (Fs, av/n(Pl = PN (0,0%(T(F, 1))

This is shown by application of a lemma in Bickel and Freedman (1981).

We are able to show this condition pointwise and for the case that we consider the left
and right-hand side as a random element of a L?-space of functions in ¢, which provides
us with pointwise and L2-efficiency.

4 Proof of efficiency of sieved-SOR-NPMLE.

Recall the assumptions made in section 2.1: in particular Fy(7) = 1 and hence P}(-,d)
lives on [0, 7]. In all statements the width (of grid) h converges to zero for n — oo; the
problem is to find a lower bound for the rate at which A should converge to zero.

4.1 Uniform consistency of F" for h, — 0.

The starting point of the analysis is (10). The indicators are a uniform Donsker class.
This tells us that sup, ||P* — P}, = Op(1/+/n).

A real valued function on [0,7] C IR? is called to be of bounded uniform sectional
variation if the variations of all sections (s — f(s,t) is a section of the bivariate function
f) and of the function itself is uniformly (in all sections) bounded. The corresponding
norm is denoted with || - ||7. In van der Laan (1993e, example 1.2) it is proved that the
class of functions with uniform sectional variation smaller than M < oo is a uniform
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Donsker class (it is well known that the real valued functions with variation smaller than
M < oo form a uniform Donsker class, so this is a generalization of this one dimensional
result). Another fact is that if f > § > 0, then ||1/f]|] < M||f]||; for some M < oo which
does not depend on f (Gill, 1993). We have:

Lemma 4.1 (Uniform sectional variation of efficient influence curve). Let E}};(1,0) =
(k, ugt1] X [v1,00) be the the vertical strips of #" and E}(0,1) be the horizontal strips.
Suppose that Fo(Ey) > Shy, for certain § > 0. Let ri(hy,) = 1/h3/%.

For all d € {0,1}? we have that for some M < co I"(F",)(-,d) € D[0, 7] and

sup [|[I"(E,t) (-, d) |5 < Mry(h) with probability tending to 1.
t€|0,7]

Proof. See section 7.

Consider an integral [ FidH; where Fy € D|[0,7] and H; € DI0, 7] are bivariate real
valued cadlag functions which are of bounded uniform sectional variation. By integra-
tion by parts (see Gill, 1992, or lemma 1.3 in van der Laan, 1993e) we can bound it by
C||Hi|| || F1ll;- Because I"(F",t)(-, d) generates a signed measure (see lemma 1.2 van der

Laan, 1993¢) we can apply this to (10) with Fy = I"*(F* t)(-,d) and H, = (P" — P})(-,d)
and apply lemma 4.1 to F;. This proves the following lemma:

Lemma 4.2 (Uniform consistency). Under the assumption of lemma 4.1 we have:

So if h — 0 slower than n=1/3 then " is uniformly consistent (also for & is fixed).

4.2 Empirical process condition.

Define Z" = /n(P" — P!) and f, = I"(F" t) — I"(Fy,t). We will show that [ f*dz"
converges to zero uniformly in ¢ with probability tending to 1. By using that ||F)"—Fpl| =
Op (r1(hy)/+v/n) (lemma 4.2) we are able to show that:

Lemma 4.3 (Supnorm convergence of efficient influence curve). Under the assumption
of lemma 4.1 we have for all d € {1,0}?, with ra(h,) = 1/h3:

152 )l = O (ralln)ra(ha) V) = Op (1//nh)

Proof. See appendix.

Analysis of the uncensored term. Let’s first analyze [ f1(d = (1,1))dZ". Recall
that Z"I(d = (1,1)) = Z,I(d = (1,1)) = /n(P} — Pi1), where p;; = foH,. We will
assume that Fy = F¢ + F§, where F{ is absolute continuous w.r.t. the Lebesque measure
with continuous density which is bounded away from zero and F{ is purely discrete with
finite support. Then we can decompose Py; = P& + Pfy, where pd, = f$H, is purely
discrete on the finite number of support points of F¢ and P{, is absolutely continuous
w.r.t. Lebesque measure with density bounded away from zero.



13

For P! we have a corresponding decomposition Py = Prd + Pr¢, where P only
counts the number of observations coming from Pf. Firstly consider the integral w.r.t.
Vn(Prd — PR). Let pd; be the density of P{ w.r. t the counting measure, say (, which
lives on the support of P4. We have that [ | p — p¢, | dug = Op(l/\/_>. Therefore,
with Z,q = vn(P — P we have

[ fid= 1)z = Vi / BT = (1, 0) (0 — ) due
< Valfl /’ pit = ph) | dp

where the bound does not depend on t. Consequently, if nh? — oo, then [ fI(d =
(1,1))dZ,q = op(1).

Consider now [ fhI(d = (1,1))dZ¢, where Z°1(d = 1,1) = /n(Pr¢ — Pf). For
convenience, we denote Z¢ with Z,,, again. We construct a lattice-grid 7 = (¢;,¢;), with
maximal mesh a,, < h,, on [0,7] = [0, 71] x [0, 73], which we force to be nested in 7": so

7 C 1. Now

T] = UAi,j(an>: where Aid‘(an) = ((ti:ti—I—l] X (tj,tj+1]) N [O,T]

and the union is over all partition elements A; ;(an), i = 1,...,n1(an), j = 1,...,n2(an).
The number of partition elements will be denoted by n(a,) and it is clear that n(a,) =
O(1/a?). Now, we define an approximation of Z, as follows:

Zg" (t) = Zn(ti,tj) ift e Ai7j(an).

So Z% is constant on each A, j(a,) with value Z,(t;,t;).
By using integration by parts it is clear that we have for d = (1,1) (the integral is
over y € [0, 7], fixed d):

/nt y,d d) = / Z _Zan) y,d +/ nt y: )dZ;i"(y,d)

Clifn (~ )H 1(Z = Z3) D)l o + 15 C DN Z5m (L A
Op (r1(ha)) [[(Zn = Z37) (- d) | o +
Tl(hn>712(hn> *
Op | ————= 1 1Z (-, d)|-
p (AL 7
In order to show that [ f% (y,d)dZ,(y,d) = op(1) for a rate h,, — 0, it suffices to show
that there exists a rate a,, for which the last two terms converge to zero in probability.
For convenience we will neglect the d in our notation. Define:
mqu(an) = sup ’ Zn(s> - Zn(t> ’ :
S,tEAiJ(an)
In other words this is the modulus of continuity of a bivariate empirical process. Firstly,
we will bound the two terms in W/ (ay).
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We have || Z3» — Z,|, < max; ; W[ (a,). Therefore

P12 — Z||_>¢) < P (maXW” () > e>

]

< ZP(W” an) > €). (11)

Furthermore we have

125" 1l ZW” (an)- (12)

Analysis of the modulus of continuity. Let Wy (an) = SUPpay,_, ,(s—t)<a, | Zn(8) —
Zn(t) |. Tt is clear that we have W} (a,) < Wy (a,). Einmahl’s (1987) inequality 6.4, for
Wi (a,) holds for a continuous density which is bounded away from zero and infinity on
[0, 7] and is given by:

P(Walan) > A) < < exp

n Qn nan

—e A2 A
( A )) for any A > 0, (13)

where W(z) > 1/(1 + 1/3z). pf, is bounded away from zero and infinity on [0, 7] (it
has only jumps on 7") and is continuous on the vertical and horizontal strips containing
A; j(ay,) (here we use the nesting of 7" in 7%) and hence for the modulus of continuity
on the sets A, ;(a,) the discontinuities on ), play no role. Consequently, (13) holds also
for Wi (an).

By using this inequality with A it is trivial to see that if na, — oo at
an arbitrarily small polynominal rate (n), then for each € > 0 there exists a sequence
0, — 0 and an € > 0 so that

Wi(an) C ¢

So Wik(an)/ ao 5~¢ converges to zero in probability exponentially fast.
Assume na, — oo at a polynomial rate. Applying (14) to (11) provides us with:

Z9 — 7, C /
P (HRGOTHOO > E) S Z—exp(—Cl/a;)

g M

_ ,0.5—€
= a,

!/

C y
< a—gexp(—Cl/an) =o(1).

So ||Zi» — Z,||, = op(a®€). This proves that ri(h,)|[(Z, — Z2)(-,d)|., =
op (r1(h,)a>=¢) for any € > 0.
Furthermore, applying (14) to (12) provides us with:

1Za 5 = O (1/%21) op (a%‘r’_e) = op (GZ(I'HE)) :

Consequently, this tells us that for each ¢ > 0 we have: If na, — oo (at least at a
polynomial rate), then

h _ 0.5—¢ r1(hn)ra(hn)
/fnt(y,l,l)dZn(y) = op (r1(hn)a%"™) + op (W . (15)
For the first term we need that a,, converges quicker to zero than h3. Substituting this in
the second term tells us that we need that h, converges to zero slower than n~'/1%. This
proves the following lemma:
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Lemma 4.4 Suppose that Fy = FJ+F¢, where F§ is absolutely continuous w.r.t. Lebesque
measure with continuous density which is bounded away from zero on [0, 7] and F¢ is purely

discrete with finite support on [0, 7.
If h,, converges to zero slower than n='/1% then [ fA.I1(D = (1,1))dZ" = op(1).

Analysis of the censored terms. We will now analyze the terms [ f%,1(D # (1,1))dZ".
Recall that PPI(D # (1,1)) is purely discrete on the grid #", which contains O(1/h2)
points. Let p§ and p" be the densities of P! and P" w.r.t. v, respectively. So pg(’)”(vi, vj) =
Pl (vi,v4,0,0) is the fraction of doubly censored observations which falls on (v;,v;) and
similarly for D = (1,0) and D = (0,1). It is clear that for fixed h,, we have ||p! —p}||., =
Op(1/y/n). In the following result for h, — 0 we do not make any assumptions. Under

weak assumptions the rate would be O,(1/ \/ h2n), but this improvement is not interesting
because of the slow rate in lemma 4.4.

Lemma 4.5

n 1
I = il = O (=)
122 = ol = Op|—

Do — Piolly(vy) — Yp i

1
hn h —
[Fat _pOOHLl(yh) = 0 (m) :

Proof. We give the proof for the first term, the others are dealt with similarly. Be-
cause we are just dealing with a multinomial distribution on the grid 7" we have that
E(pgi (ur, 1)) = piy (u, vr) and Var(pgy (ug, vr)) = 5pfy (we, v)(1 = py (ur, vr)). 7" has
O(h?) grid points (ug, v;) by definition of 7”. Now, we have

(Z | (P67 — ) (ks 00)) ’) = ZE (’ (o7 — p6y) (ur, v1) ’)

< fzm (s 01) (1 — ply (g, 1))

1 1 -
Vnh?
Again, we will neglect the d in our notation, but the reader should remember that we
only integrate over the singly censored and doubly censored observations. Now, we have:

[ frazl = i [ gk = ph)dv,
Vol fallsolPn = 262, )

1 1
Vror (\/hzr) or ( nh%)
1

This proves the following lemma:

<

IN
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Lemma 4.6 If h,, converges to zero slower than n=Y13 then [ f*1(D = d)dZ" = op(1)
for d € {(1,0),(0,1),(0,0)}.

Lemma 4.4 and lemma 4.6 prove the empirical process condition for a rate of h,, slower
than n~1/18,

4.3 Approximation condition.
4.3.1 Pointwise convergence.

Let ¢t € [0,7] be fixed. Define V(t) = [I"(Fy,t)(y)dZ!(y). V() is a sum of i.i.d.
mean zero random variables given by: 1/\/n Y%, X!(t) where X(t) = I"(Fy, t)(Y]).
By Bickel and Freedman (1981) we have that if for h = h, — 0 X" (t)=2X,(t) and
Var(X[(t)) — Var(X;(t)), then this sum converges weakly to a normal distribution with
mean zero and variance equal to Var(X;(t)). We will prove these two conditions:

Lemma 4.7 For Fy almost each T we assume that if Fo1(T1, Av) > 0 (i.e. if it has an
atom), then Ho((Th,00),Av) = 0. Similarly for Fy almost each T we assume that if
Foo(Au, Ty) > 0, then Ho(Au, (Ty, 00)) = 0.

Define the following real valued random variables X"(t) = I"(Fo,t)(Y"), Y ~ P}

and X (t) = I(Fo,t)(Y), Y ~ Py. We have for each t € [0,7] that for h, — 0
B((X"(t) - X(t))*) = 0

and
E(X" () X" (s)) — E(X(t)X(s)) uniformly in s,t € [0, 7).

Proof. See section 7.

We already assumed that Fy = F¢ + FS. Therefore this assumption means for us
that if Fy has an atom at ¢ = (¢1,t2), then H should not have atoms on the vertical
and horizontal lines starting at ¢. The assumption should be interpreted as follows: the
EM-algorithm tells us that one needs to be able to estimate the conditional densities
P(Ty, > vy | T = t1). Suppose that this density has an atom at ve, then if one draws
observations from this conditional density one needs uncensored observations at v, and
therefore you do not like to have a positive probability of being censored at vy. So you
want that Hy((t1,00),Ave) = 0. Because of our convention that if 7 = C, then the
observation is uncensored, it seems to be an unnecessary assumption.

Lemma 4.7 has the following corollary

Corollary 4.1 Under the assumptions of lemma 4.7[[~h"(F0,t)(y)dZ£" (y) converges in
distribution to a normal distribution with mean zero and variance equal to Varp,(I°(Fp,t)).

4.3.2 Hilbert space convergence.

For showing that V" converges weakly as a process in (D[0, 7], - ||.) we need to show at
least that {I(Fy,t):t € [0,7]} is a Py-Donsker class. We have not been able to do this.
Therefore we concentrate on proving weak convergence as a process in a Hilbert space.
We use the following result which can be found in Parthasarathy (1967, p. 153).
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Lemma 4.8 Let Z,, Zy be random processes in a Hilbert space H endowed with the Borel
sigma algebra B. Let eq,es,... be an orthonormal basis of H. If (e;, Zn>:D><€j, Zy) for
all j and limy o sup, E(C2 vy (€5, Zn)?) = 0, then 70257, in H.

Let V,.(t) = 1/y/n> 1 X;(t). Firstly, we will prove the first condition of lemma 4.8 with
Zn =Vhand Z, = Vo, the optimal Gaussian process. We have

<€j7 Vh> = <€j7 Vnh - Vn> + <€j: Vn>'

n

Firstly, we will show that (e;, V* — V,,) = op(1). The fact that V" and V,, are sums of
i.i.d. random variables X" and X;, respectively, and the Cauchy-Schwarz inequality tell
us:

Var (<€j, Vi Vn>) = Var ( ej, — Z )
Var ((ej,Xh - X>)

E ((e;, X" — X)?)

< Aej,e) E(X" — X, X" — X).

IN

Assume now that H = L*(\) for a certain finite measure A\. By lemma 4.7 we have
Var(X" (t)) converges to Var(X(t)) and E((X"(t) — X(¢))?) — 0, both uniformly in .
Therefore,

E(X" — X, X"~ X) = E/ (5)dA(s)
< s | E(X" = X)) | [axs) -0,

which proves the convergence of {e;, V" — V},) to zero in probability. Furthermore, we
have

V) = [ ei(s)Vals)dN(s)

which is just a sum of i.i.d. mean zero random variables. By the C.L.T., for showing that
this converges in distribution to (e;, V) it suffices to have that Var([ e;(s)X;(s)dA(s)) <
co. This follows immediately from the fact that ||E(X?(s))||,, < oo. This proves the
weak convergence of {(e;, V.') to (e;, Vo).

We will now verify the tightness condition. We have:

E( i (ei,Vnh>2) = Z E ((es, V)?)

i=N+1 i=N+1

.S E( / / ei(s)ex(t )Vnh(t)d)\(s)d)\(t)>

= N+1

> [ [ es)eiB (VE)VE®) dAs)aA)
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= > [ [ el)ent) (EVVo(E) + o(1)) dA)A(D)

i=N+1

= 0(1)( > (e 1) )+ Z (e, V0)?

i=N+1 i=N+1

At the first, second, third equality we used Fubini’s theorem, then we use the uniform
convergence of E(V(s)V1(t)) to E(Vo(s)Vo(t)), by lemma 4.7, and finally we again apply
Fubini’s theorem but now in the reversed order. The last bound does not depend on n
anymore. Because ||Vp||> = %%, (V, e;)? and similarly for the function 1 it follows that if
we take the limit for N — oo, then both (tail) series converge to zero.

Application of lemma 4.8 provides us now with:

Lemma 4.9 Suppose the same assumption as in lemma 4.7. If X is a finite measure and
hy — 0, then V"5V, as random elements in L2(\).

5 Results.

We will summarize the necessary notation for the theorem. Recall the reduced i.i.d. data
Y~ PFO G,» obtained by generating n i.i.d. C; ~ Gp, and the 7 h_interval-censoring of
the singly censored observatlons We defined E}(1,0) and E},(0,1) as the vertical and
horizontal strips of 7" starting at (uy,v;). We defined Z! = /n(P} — P 5,) as the
empirical process corresponding with the reduced data, I "(Fy,t) as the efficient influence
function for estimating Fy(t) using the reduced data and I(Fjy,t) as the efficient influence
function for estimating Fy(¢) using the original data.

We have proved all ingredients of the general efficiency proof of section 3 in section 4.
Recalling lemma 4.2 (uniform consistency) and that for fixed h we have efficiency (among
all estimators based on the reduced data) under the assumptions as stated in subsection
2.1 provides us with the following theorem:

Theorem 5.1 Let [0,7] C Rx¢ be a rectangle so that H(T) > 0, So(t—) > 0, Fo(1) =1
(data reduced to [0, 7]).

Fixed grid efficiency. Suppose that we do not change the grid 7 for n — oo and
that for each grid point I, (E};l(l, O)) >0 and Fy (E,];Z(O, 1)) > 0.
Then S" is a supnorm-efficient estimator of Sy for the data Y;*, i =1,2,... n:

ValFh — Fo)(t /Ih (Fo, 1)dZ" + R (1),

where |RM|., = op(1) and [ I"(Fy,t)dZ!" converges weakly in (D[0,7],B,| - |.) to a
Gaussian process Ny, with mean zero finite dimensional distributions and covariance struc-
ture given by:

E(Na(s)Nu(t)) = Epp(I"(Fo, s)I"(Fy, 1))

Uniform consistency. Suppose that (E,}jf;(l, O)) > 0h, and Fj (E,?f;((), 1)) > 0h, for
some d > 0.



19

Then for any rate h,, — 0
|85 = Soll, = Or (1/y/n3)

Efficiency. Suppose Fy = F{ + FS, where F¢ is purely discrete with finite support and
F§ is absolutely continuous w.r.t. Lebesque measure with continuous density uniformly
bounded away from zero on [0,7]. Moreover, assume that if Fy has an atom at T =
(T1,Ts), then H puts no mass on the vertical and horizontal lines starting at T, going
upwards and to the right.

We have that for h,, — 0

gy (P"(Fo, ) (Y P (Fo, ) (")) — B, (1(Fo, $)(YV)I(Fo, 1)(Y)

uniformly in s,t € [0, 7].

If h,, converges to zero, but slower than n=/18  then we have that ||R| . = op(1)
and for each t € [0,7] V() = [I"(Fy,t)dZ" converges in distribution to the normal
distribution No(t) with mean zero and variance:

Var(No(t)) = Var (1(Fo,t))

Moreover, for any finite measure X V. converges weakly as a process in L*(\) to N.

This implies that F"(t) is an efficient estimator of Fy(t), pointwise and as an element
in L*(\).

We see that if nh? — oo, then F/™ converges uniformly to Fy. Therefore, we hope that
this will also be a good rate for obtaining an efficient estimator, though we did not prove
this.

6 Technical lemmas.

In formulas the score operator Al evaluated at observation Y" = (f , D) is given by
(recall that T for D # (1,1) lives on the grid 7"):

A%(Q)(f’D)h = g(f)](D = (171))
Fo(dsl,dSQ)

A PORY I (CA) - e i)

Fo(dsl,dSQ)

I(D=(1,0))

' /(“k’w)/(”lvvl+1] 9(81, SQ) FO([uk: OO): (Ul, Ul+1]>I(D N (0’ 1))
Fo(dsladSQ) -
Jr/(ufwoo)/(vzm) glsn, S2)F0([uka o0), (v, oo))I(D = (0,0)).

Recall that (ug,v;) is a function of T and therefore it is natural to considere v as a

function in Ty: v(T2) = v; if T, € (v, vi+1] and similarly for ug. In this way all four terms

can be considered as functions on [0, 7], where the last three are stepfunctions on 7.
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In formulas I/ is given by:

I 6, (9)(T) = g(T)Hu(T)
o FO S1, AS2
+‘/0 <~/(uk7uk+1]/(vz,oo) 9(51, SQ) Fo((?)k,(?ji]§+1]ii[vl>, OO))) Gh((uk’ OO)’ {vl}>

*Aﬂ<ﬁ%wf;mﬂﬂﬁﬁﬁﬂﬂig%ﬁﬁﬁHm>G““%k@“w”
/0 ©.1] </(uk°° /(vzoo (s, 52 Fo([ljiok(ad&)’ d(jfz,) )) Galueh, (o))

We will write down the singly censored term (2nd above) of I, ¢, : L*(Fy) — L*(Fp):

Ty Foi(T1, dss) )
h(Ty. s Ho(T1, dvs).
~/0 <~/(v2,oo) ( ! 2)F01(T17 [027 OO)) 0( ' 2)

6.1 Proof of lemma 4.1.

Lemma 6.1 Let EJ((1,0) = (up, ups1] X [v,00) be the the vertical strips of 7" and
E}(0,1) be the horizontal strips. Suppose that Ho(1) > 0 and Fy(E};) > Shy, for certain
6>0.

Then there exists an € > 0 so that for any sequence h, which converges to zero slower
than 1/y/n we have

I%lzn Elm(E(1,0)) > €hy, with probability tending to 1.

Similarly, for E,Z’; (0,1).

Proof. We use the notation E,?J for both strips. Firstly, by the EM-equations (see (6))
we have

Fy(Eyy) > P (E), (16)

where P is the empirical distribution of the uncensored observations of Y;" ~ Pﬁo G-
We have

Pn(E;?ﬁ) > Ho(T)Fo(E]Z?) > 01hy, for some §; > 0. (17)

Furthermore, {Ign :h € (0,1], k,1}, the collection of indicators of B}, over all (uy,v) €

7" and for all h € (0, 1], is a uniform Donsker class. Consequently, we have for any € > 0
and rate r(n) slower than y/n that

PGP’< anwﬁﬂ>iﬁ)eo (18)

Assume that there exists an € < d; so that

lim sup P (HglnPn(E,i‘f;) < ehn> > 0 > 0 for some § > 0. (19)

n—oo
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We will prove that this leads to a contradiction if h,, converges slower to zero than 1/4/n.
The contradiction proves that for each € < §; and h,, slower than \/n
lim P (r%iln P (EM) > ehn> =1,

which combined with (16) proves the lemma. So it remains to prove the contradiction.
We have by (17) and (19), respectively,

limsup P <sup (P — Pu) (BL)| > 61 — ehn> > p (r%iln Pr(EM < ehn>
k.l ' ) '

n—oo

> 0> 0.

However, we also have (18). These two contradict if h, converges slower to zero than
1/v/n. B

For obtaining a bound for the uniform sectional variation norm of the efficient influence
function consider the equation: I%(g)(z) = f(x) for certain f € L*(F). We can write
I(g) = Hpg + K& (g), where K%(g) is the sum of the three terms corresponding with the
censored observations. Then this equation is equivalent with the following equation:

1

9) = 5 {f@) = K}(g)(2)}. (20)

For the moment denote the right-hand side with C(g, f)(x): i.e. we consider the equation
g(x) = Ci(g, f)(2).

We know by lemma 3.1 that for each f there exists a ¢ € L?(F'), which is unique in
L(F), with [|[I%(g")— f||p = 0: i.e. | —Cr(g', f)|| = 0. Notice that if |[g1—g|| = 0, then
for each x C%(g1 — g, f)(z) = 0. So even if ¢ is only uniquely determined in L?(F), then
Ch(q', f)(x) is uniquely determined for each z. Now, we can define g(z) = Ck(d, f)(z).
Then ||lg— ¢l = |C(¢, f) — ¢'|| = 0. So in this way we have found a solution g of (20)
which holds for each z instead of only in L?*(F) sense.

Moreover, there is only one such a pointwise solution for each f and a different (in
supremum norm sense) f gives a different solution. So we have 1) I : (D[0,7], ] - ||..) —
(D[0,7], ] - ||loo) is 1-1 and onto and we know that 2) g, = I, ;-(f) is given by gy(z) =
Chgh, f)(x), where g, = I p(f) in L*(F) sense. Moreover we can use that 3) [|g||, <
C||f|l 7, where C' < 1/6 does not depend on the width h.

Assume that ||f||> < 1. Now, we can conclude that |gn| . < M| Kp(gn)|,, and
lgnlls < M| K&(gn)||%, for certain M < oo.

Therefore it remains to bound the supnorm and uniform sectional variation norm of
K%(g) and find out how this bound depends on the width h,. It suffices to do this for
one of the singly censored terms of K%(gs). We take the D = (1,0) term which is given
by:

V0= [ 50 i e o) P )

For convenience, we will often denote Ej;(1,0) by Ej .
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Supnorm. Recall that | f||, < 1. By the Cauchy-Schwarz inequality and ||gs||, <
C| f|l 7 we have:

F(dsl,dSQ) / F(dsl,dSQ)
51,8 = Ig, (s1,s 51, 89) ————
/(Ukvuk+1]/(vzv<>0) gn(s 2>F((Ukauk+1]a[vlaoo)) Ek’l( 1 82)gn (51, 52) F(Er)
1
< ——llonllp
F(Eky)
C

< —.
 /F(EL))

By lemma 6.1 we can assume that F'(Ey;) > €h, for certain ¢ > 0. This proves, by
replacing F' (above) by F:

Lemma 6.2 There exists a C < oo so that:

sup |7, (£l <

C
= Vhn

with probability tending to 1.

Uniform sectional variation norm over [0, 7]. Notice that W is purely discrete with
jumps at the grid points (ug,v;). Therefore the uniform sectional variation norm of W
equals the sum of the absolute values of all jumps. We have

F(dSl, d52>
w T17 U :/ / gn\S1, S2 Hh Uk, \Viy)-
(T, {uud) (ki 1] (01,00) ( >F((vk,uk+1], [v1,00)) (e, {01})

So

AW (ug,v;) = AHp(ug,v;) ‘/Ek,l gn(s1; 52)%
— Ig,., gh(lil(;:)l;’(d51,d82) F(Epary) — F(Ey,)) Hy(ug, {u)})
Now, doing nothing more sophisticated than
% < Nlgnllo < M/y/hy and F(Egy) > eh, (21)

we obtain the following (bad) bound:
|+ 27 (FMEB) + P (B ) |, A
Consequently, we have for the variation of W with F replaced by F

; [AW (ug, v)| < \/1h_n ; | AH (ur, vr)| + % ; Fy(Ex) [ Hy (ug, Avy)|

1 C
Vi R

1
- ofg)

So we proved the following:

’ AW(uk7w> ’S ’AHh(ukavl>

<
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Lemma 6.3 There exists a C < 0o so that

C
sup H hFh( e < e with probability tending to 1. (22)

Let g = I }Fh( f). The uniform sectional variation of the uncensored term of Apn(g) is
bounded by a constant times the uniform sectional variation of g and the uniform sectional
variation of the censored terms can be bounded as above using (21) by C/h%/2. Therefore
the uniform sectional variation of the efficient influence curve is also bounded by the rate
given in (22). This completes the proof of lemma 4.1 (the cadlag property follows also
trivially).

6.2 Proof of lemma 4.3.
We will suppress the d in our notation. We have:

Ifmelloe = I1"(ER ) = I"(Fo, )
< [y = Fo)(t) |+ Ap (k) — AgLg(s0)|

nfty:
We know that ||F"— Fy|| . = Op (1/(\/%)) The rate will be determined by the second
term. Let g}, = I, o(k¢). We rewrite the second term as a sum of two differences:
Aplin(ke) = ALg(ke) = (Ay = AG) g (ke) + ARL (I = I6) Tyg ()
= (A = A))(g0) + Anli (L = 19) (g6,)- (23)

Firstly, we will consider the first term. It suffices to do the analysis for one of the singly
censored terms; we consider the d = (1,0) term. We have by telescoping:

hth hdF
(AL — A () vy = P B0 o BT

FMEw) — Fo(Bw)
fE(k,l) ggtd(Fq? — Fp) " (Fé’ - FO)(Ek,l)fE(k,Z) g(])ltdFo?
Fyo(Exy) FMEg)Fo(Eky)

At the first term, we can apply integration by parts. So the first term is bounded by:

C Fh F HgOtH
I = Bl s

By lemma 6.3 we have ||gh|" = 1/\/h_3 and we have Fy(Ey;) > dh. | gbl:
(1 /(hn /B )) Therefore the first term is bounded by

o o)) ()

The second term is bounded by:

1 1
C||F" — F, | ————p .
H n OHOOHgOtHOOFO(Ek,l> P ( nh6)
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This proves that

h Ahy( R _ 1
(A" — ARG op( W)

Consider now the second term of (23). Because A] does only depend on G, we have
for the term (I" — I)(gl,):

(I = 19)(g0:) = A" (A5 — A5) (96,)-

Because A} is just a conditional expectation we have that ||A§" (9|, < |lgll..- There-
fore, we also have that ||(I}; — I¢") (g6,) || .. = O(1/v/nhy). Now, we apply lemma 6.2 which
tells us that |7, (9)|l.c < 1/VPnllgll.. This tells us that

- 1
M - il 0 ()
\/nhy)

We proved:

Fhiph 4\ _ Fh _ 1
P CE 8) = T (Fo, 1)l O(\/@)'

This completes the proof of lemma 4.3.

6.3 Proof of lemma 4.7.

Lemma 4.7 will be proved as a corollary of the next lemma.

Lemma 6.4 For Fy almost every t we assume that if Foi(t1, Av) > 0, then Hy(t1, Av) =
0. Similarly for Fy almost every t we assume that if Foa(Au,t2) > 0, then Ho(Au,ty) = 0.
Let C C L*(Fy) be any compact set in L*(Fy). Then we have:

sup || (Ig — Lo)(9)ll g, — 0, (24)
geC

and

sup E (Ag(g) - Ao(g))2 — 0 for h =h, — 0.

geC

Proof. By the compactness of C' and the continuity of I : L?(Fy) — L*(Fp) the supre-
mum in (24) is attained by some go € C. Let gx be a sequence so that ||gx — gollz, — 0
and [|gg|l, < oo for k=1,2,.... We have:

125 = 10)(90) | g, < I1(Z5 = L0) (g0 — i)l g, + (15" = L0)(90) | -

(I = To)(90 = gr)ll 5, < 2ll90 — gkl g, Which converges to zero for k — oo. Therefore it

suffices now to show that [|(1;™ — Io)(gx)|| s, — O for each fixed k. Now, we have:

(15 — o) (gr) = Ap " (A5 — Ao)(gr) + (A5 " — Ag)(Ao(g)).

The difference in the first term are comparable because all can be considered as functions
of (C,T) and thereby are defined on the same probability space. Firstly, we will consider
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the second term. It suffices to deal with one of the singly censored terms. Let d = (1,0)
and fr, = Ao(gr)I(D = d). We have:

(AL = AT To) = [ FulTu ) (i — Ho) (T o).

Let T = (T1,Ts) be fixed and let Ty be a point where Hy(T7, AT5) = 0. By definition
of weak convergence of Hp(T1,dv) to Ho(T1,dv) we have now that if v — fi(7T1,v) is
bounded and continuous Hy(T1,-) a.e., then (ART — AJ) fi(T1,To) — 0 for this T. The
boundedness follows from: || fi||. < [|gkll,, < 00. We have that v — fi.(T1,v) is given by:

fvoo gk(Th 02)F01(T1, dv2)
FOl(Tl,(U,OO>) '

This function is continuous at v if v — Fy(73,v) is continuous at v. Consequently, we
need that Fo;(71, dv) puts no mass at a point where Hy(77,dv) puts mass. That is what
we assumed. This proves the pointwise convergence of f, = (ATT — AJ)(fx) to zero
F-a.e. We need to show that [ ffdFy — 0. However, we also have || f4 ., < 2||gk|l,, and
therefore the dominated convergence theorem provides us with [ f2dF, — 0.

Let’s now consider the first term AT (A% — Ag)(gx). Because Al is a conditional expec-
tation its second moment is bounded by the second moment of (A — Ap)(gx). Therefore
it suffices to show that Ex ¢ ((Ag - Ao)(gk))Q) — 0 for h — 0, where we consider A and
Ayg as functions in (T, C) via Y and Y, respectively.

Recall how we constructed the data (f , D) 1) we have a nested sequence of partitions
7" and we simulated i.i.d. Cy,...,C, ~ G, 2) Now, we discretize C; such that C' ~ G},
where Gj, lives on 7. This provides us with data (T, D), ~ Pg,g,. 3) Finally we
discretized (T, D) in order to obtain Y* = (T, D) ~ P} o,- Denote the sigma-field
generated by Y" with A" Because 7" is nested and the sigma field generated by 7"
converges to the Borel sigma-field on [0, 7] we have that A" 1 A for h — 0, where A%
is the sigma field generated by Y = (T, D)), Y ~ Pg, a,.

Consequently My, = Ex.c(ge(T) | A™) is a martingale in n and it is well known
that if sup, E(M?) < oo, then E((M;, — My)?) — 0. We have sup, E(E(gr(T) | A")?) <
19x]| o < 00 and consequently we have ||(Aff — Ao)(gk)|| g, «g, — 0- This also proves the
second statement in lemma 6.4. O

Corollary 6.1 We make the same assumptions as in lemma 6.4. For each set C' C
L?(Fy) which is compact w.r.t. || - ||z, we have for h — 0:

sup [|[(Ig" = L) (9)l1 g, — 0. (25)
geC

This implies

sup_[(AG(1r0(9)) AG (g (91) pp — (Ao(I5 1 (9)), Ao(Tg  (91))

9,91€C

— 0.

Moreover, we have

2
sup E (A T4(9) — Aolg ' (g))” — 0.

geC
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Proof. We have:

(Lo = Io)(9) = Lg (Iolg" = I115) (9)
= —I,;é([é’-[o)l(;l(g).

Firstly, notice that by the bounded L-invertibility of Iy (lemma 3.1) I;*(C) is compact
in L?(Fy). Now, by the preceding lemma we have that sup,cq [|(15 — Io)Iy ' (g)

HFO — 0.
Finally, we know by lemma 3.1 that sup, HIh_éHFO < 00. This proves the first statement.

For the second statement notice that:

(ASLo(9), AbTio(g))pe = (1h6(9),01) R
= (Iio(9) = I5"(9), 91)m + (15" (9), 91) -

The first term converges to zero by the Cauchy-Schwarz inequality and (25). The second
term equals (Ao/5 (9), Aol (91)) 1

It remains to prove the last statement. By the compactness of C' and continuity of
Aoly " and Al it suffices to show the statement for a fixed g € LE(Fp). We have

AbL(g) — Aoy (g) = (Af — Ao) Iy (9) + AL (s — I )(9)-

The first term converges to zero by the second statement of lemma 6.4.
For the second term we have:

145 (Lo = 15 @l pp < 1o — 15)(9)ll, — 0 by (25).0

Notice that C' = {I(0,t] : t € [0,7]} C L*(Fp) is a compact set. Application of the
corollary to this set C' provides us with lemma 4.7.

7 Bibliograpic remarks.

Many proposals for estimation of the bivariate survival function in the presence of bivariate
censored data have been made. The usual NPML and self-consistency principle do not lead
to a consistent estimator: an NPMLE does not have to be consistent (Tsai, Leurgans and
Crowley, 1986). Therefore most proposals are explicit estimators based on representations
of the bivariate survival function in terms of distribution functions of the data: among
them Munioz (1980), Campbell (1981), Campbell and Foldes (1982), Langberg and Shaked
(1982), Hanley and Parnes (1983), Tsai, Leurgans and Crowley (1986), Dabrowska (1988,
1989), Burke (1988), the so called Volterra estimator of P.J. Bickel (see Dabrowska, 1988),
Prentice and Cai (1992a, 1992b). Three of them (the Dabrowska, Volterra and Prentice-
Cai estimators) are studied in Gill, van der Laan, Wellner (1993).

Prentice and Cai (1992a) proposed a nice estimator which is closely related to
Dabrowska’s estimator except that this one also uses the Volterra structure of Bickel’s
suggestion. Dabrowska’s multivariate product-limit estimator, based on a very clever
representation of a multivariate survival function in terms of its conditional multivariate
hazard measure, and the Prentice-Cai estimator have a better practical performance in
comparison w.r.t. the Volterra, pathwise estimator and the estimator proposed in Tsali,
Leurgans and Crowley (1986) (see Bakker, 1990, Prentice and Cai, 1992b, Pruitt, 1992,



and chapter 8 of van der Laan, 1993e). It is expected that Dabrowska’s and Prentice-
Cai’s estimators are certainly better than the other proposed explicit estimators. Besides,
these two estimators are smooth functionals of the empirical distributions of the data
so that such results as consistency, asymptotic normality, correctness of the bootstrap,
consistent estimation of the variance of the influence curve, LIL, all hold by application
of the functional delta method: see Gill (1992) and Gill, van der Laan and Wellner (1993)
and van der Laan (1990). In Gill, van der Laan and Wellner (1993) Dabrowska’s results
about her estimator are reproved and new ones are added by application of the functional
delta method and similar results are proved for the Prentice-Cai estimator. Moreover,
it is proved that the Dabrowska and Prentice-Cai estimator are efficient in the case that
T1,T,, Cy, Cy are all independent.

All the estimators proposed above are ad hoc estimators which are not asymptotically
efficient (except at some special points (F,G)). This is also reflected by the fact that
most of these estimators put a non negligible proportion of negative mass to points in the
plane (Pruitt, 1991a, Bakker, 1990).

Pruitt (1991b) proposed an interesting implicitly defined estimator which is the solu-
tion of an ad hoc modification of the self-consistency equation. This is the first implicitly
defined estimator. He derives and illustrates intuitively nice properties of his estimator.
He points out why the original self-consistency equation has a wide class of solutions and
his estimator tackles this non-uniqueness problem in a very direct way. Uniform consis-
tency, /n-weak convergence, and the bootstrap for his normalized estimator is proved in
van der Laan (1991, 1993c) (chapter 7 of van der Laan, 1993e). However this estimator
is not asymptotically efficient (except at some special points).

In van der Laan (1992, 1993b, and this paper) an efficient estimator is proposed
depending on width of strips. Simulations in chapter 8 of van der Laan (1993e) show
indeed that this asymptotically efficient estimator has excellent practical behavior if one
does not choose too wide strips.
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