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Abstract

In this paper we build on previous work for estimation of the bivariate dis-
tribution of the time variables T1 and T2 when they are observable only
on the condition that one of the time variables, say T1, is greater than (left-
truncation) or less than (right truncation) some observed time variable C1. In
this paper, we introduce several results based on the Influence Curve (which
we derive in this paper) of the NPMLE of the distribution F of (T1, T2) devel-
oped by van der Laan (van der Laan, 1996). Specifically we will: prove that
the NPMLE is asymptotically equivalent to an estimator developed by Gürler
(Gürler, 1997), derive the asymptotic distribution of the NPMLE based on
its Influence Curve, present tests to determine the amount of dependence
between T1 and T2, present the results of simulation studies that compare
the NPMLE and Gürler’s estimator and evaluate the performance of both
the above mentioned tests and confidence intervals of F based on the asymp-
totic distribution of the NPMLE, and finally we will apply the methods in
a data analysis in which we also point out practical issues that arise in the
implementation of the estimator.

Keywords: Bivariate Truncation, Non- Parametric Maximum Likelihood,
Influence Curves.



1 Introduction

The TR-AIDS (Transfusion related AIDS) dataset (Wang, 1989, Gürler,
1996) recorded age at transfusion and time from transfusion to AIDS. How-
ever, only those subjects who had received a diagnosis of AIDS prior to July
1986, the end of the study, were included in the study. Thus, if we define T1 as
time from transfusion to AIDS, T2 as age at transfusion and C1 as time from
transfusion to July 1986, we are only able to observe (T1, T2, C1) if T1 ≤ C1.

This dataset is a special case of randomly right truncated bivariate sur-
vival data. Left (right) univariate truncation of a time variable T occurs
when a subject is entered into a study conditional on T ≥ C (T ≤ C) for
some other time variable C . The bivariate left (right) truncation case cor-
responds to the situation where we observe (T1, T2 ) conditional on T1 ≥ C1

and T2 ≥ C2 (T1 ≤ C1 and T2 ≤ C2). In this paper we will focus on bivariate
survival data which is subject to truncation on only T1, i.e. C2 = 0 (C2 = ∞).

Van der Laan developed the Non-Parametric Maximum Likelihood Esti-
mator (NPMLE) for the survivor function of (T1, T2) when both of the time
variables are subject to either left or right truncation by some observed time
variables (C1, C2) (van der Laan, 1996). Van der Laan showed that under
certain regularity conditions,

√
n(Sn − S) converges weakly to a Gaussian

process and that Sn is a consistent, asymptotically linear and efficient esti-
mator of S (see van der Laan, 1996 for details).

For the case we focus on, in which there is truncation on only one variable,
van der Laan showed that the NPMLE is explicit. Gürler also developed sev-
eral estimators for this data structure (Gürler, 1997). We will prove that her
best performing estimator (based on her simulation results) is asymptotically
equivalent to the NPMLE. We present simulation studies comparing Gürler’s
best estimator with the NPMLE, in which the NPMLE performed slightly
better than Gürler’s estimator under various simulated data structures.

In section 3 we will develop methods for doing inference with the NPMLE,
based on the assertion that the NPMLE is an asymptotically linear estimator
of S. Van der Laan (1996) did not derive the influence curve for the NPMLE,
We will show how to construct confidence intervals for S(t1, t2) and will
present results from a simulation study evaluating the performance of these
confidence intervals. In addition, we will propose two tests which investigate
the dependence between the random variables T1 and T2. The first tests the
independence of the events T1 ≥ t1 and T2 ≥ t2. We will derive this test
by comparing the full estimator of the bivariate survivor function of (T1, T2)
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with an estimator based on the product of the marginal survivor functions
S(·, 0) and S(0, ·) of T1 and T2, respectively. Using the properties of the
estimator Sn we will show how to get a distribution of our proposed test
statistic under the null hypothesis of independence of the events T1 ≥ t1 and
T2 ≥ t2 The second test extends the first by providing a global test of the
null hypothesis of independence of the events T1 ≥ t1j and T2 ≥ t2j over a
set of points (t1, t2) = ((t11, t21), (t12, t22), . . . , (t1J , t2J)) versus dependence of
T1 ≥ t1j and T2 ≥ t2j for at least one j ∈ {1, 2, . . . , J}.

Finally, we will apply the proposed methods for the uncensored case to
the TR AIDS dataset mentioned above. This will give us an opportunity to
utilize the inferential methods we develop, including the pointwise and global
test of the independence of sets of events.

We note here that the methods we develop for truncated data are easily
applied to either right or left truncated data. Namely, if we solve the problem
of estimation for left truncated data, the results apply immediately to right
truncated data. Right truncated data may be seen as a “mirror image” of
left truncated data. Suppose we have developed an estimator ST

n for the
case in which we observe (T1, T2, C1) conditional on T1 ≥ C1, where ST

is the survivor function of (T1, T2). If we are presented with the following
right truncated data: (U1, U2, D1) conditional on U1 ≤ D1, we apply the
methods for left truncated data to the following: (−U1,−U2,−D1)conditional
on −U1 ≥ −D1, which is simply the specification for left truncated data. For
u1 ≥ 0 and u2 ≥ 0 the estimate SU

n (−u1,−u2) = P̂ (−U1 ≥ −u1,−U2 ≥ −u2)
corresponds to an estimate F U

n of F U(u1, u2), and all results obtained for
left truncation will apply to the estimator F U

n . For ease of presentation, we
will show the results for left truncation with the understanding that the
conclusions are the same for right truncation.

2 An overview of estimation with left trun-

cated data

First we will look at the univariate case. Let T ∼ F and C ∼ G. Denote
(T

′
, C

′
) as a draw from the conditional distribution of (T, C) given T ≥ C .

If we observe T
′
i and C

′
i for i = 1, ..., n then the NPMLE for the survivor

function S(t) = 1 − F (t) is given by the product limit estimator. This
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estimator is given by:

Spl(t) =
∏
(0,t]

(1− Λn(ds))

where

Λn(ds) =

∑n
i=1 I(T

′
i ∈ ds)∑n

i=1 I(T
′
i ≥ s, C

′
i ≥ s)

is an estimate of the hazard probability Λ(ds) = P (T ∈ ds | T ≥ s).
The asymptotic properties of this estimator have been studied by Woodroofe

(Woodroofe, 1985), Wang, (Wang, Jewell and Tsai, 1986), Gill (Gill and
Keiding, 1990), van der Vaart (van der Vaart 1991) and Bickel (Bickel et
al, 1993). These authors have shown that the product limit estimator is an
asymptotically linear and efficient estimator of S, where asymptotic linearity
means:

√
n(Spl(t)− S(t)) =

1√
n

n∑
i=1

ICpl(T
′
i , C

′
i | F, G, t) + op(1) (1)

where ICpl(T
′
i , C

′
i | S, t) is the influence curve of the estimator. The influence

curve of the product limit estimator is given by (see Bickel et al 1993):

ICpl(T
′
, C

′ | F, G, t)

= −S(t)

{
I(T

′ ≤ t)

(Ge − F e)(T ′)
− α

∫ t∧T
′

0

F (du)

S2(u)G(u)
α

∫ t∧C
′

0

F (du)

S2(u)G(u)

}
(2)

where α ≡ P (T ≥ C) and

(Ge − F e)(t) = P (T ≥ t, C ≤ t | T ≥ C)

Suppose we observe truncated right censored data. More precisely, sup-
pose we observe (Y = T ∧ C∗, C, ∆ = I(T ≤ C∗)) conditional on Y ≥ C ,
where C∗ is a censoring variable and T is the time variable of interest. Then
the product limit estimate of S for this case requires one to estimate Λ(ds)
by:

Λn(ds) =

∑n
i=1 I(Y

′
i ∈ ds, ∆i = 1)∑n

i=1 I(Y
′
i ≥ s, C

′
i ≥ s)
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where, as above, (Y ′
i , C

′
i) denote draws from the conditional distribution of

Y given that Y ≥ C . The influence curve given above may also be extended
to this case.

For truncated bivariate survival data in which we observe (T1, T2, C1) con-
ditional on T1 ≥ C1, Gürler (Gürler, 1997) has developed several estimators,
and the general NPMLE applied to this special case solves this problem ex-
plicitly. Again, we will use the convention that (T

′
1, T

′
2, C

′
1) represents a draw

from the conditional distribution of (T1, T2, C1) given T1 ≥ C1.
Let (T1, T2) ∼ F and C1 ∼ G, let S be the corresponding survivor function

of (T1, T2), and define Spl to be the product limit estimate of the distribution
of T1. Van der Laan (van der Laan 1996) showed that the NPMLE Sn had
the following form:

Sn(t1, t2) =

∫ ∞

t1

∫ ∞

t2

F e
n(ds1, ds2)∫ s1

0
Ge

n(dc1)
Spl(c1)

(3)

=
n∑

i=1

I(T ′
1i ≥ t1, T

′
2i ≥ t2)∑n

j=1

I(C′
1j≤T ′

1i)

Spl(C
′
1j )

where F e
n(ds1, ds2) and Ge

n(ds1) are the empirical estimates of the probabili-
ties P (T1 ∈ ds1, T2 ∈ ds2 | T1 ≥ C1) and P (C1 ∈ ds1 | T1 ≥ C1), respectively.
Specifically,

F e
n(ds1, ds2) =

1

n

n∑
i=1

I(T ′
1i ∈ ds1, T

′
2i ∈ ds2)

Ge
n(ds1) =

1

n

n∑
i=1

I(C ′
1i ∈ ds1)

Gürler also developed several estimators for the bivariate distribution
under univariate truncation. The estimator presented below represents the
one that performed best in her simulation studies (Gürler, 1997).

One way to view Gürler’s estimator of the distribution of (T1, T2 ) is to
recognize that

F e(ds1, ds2) = P (T1 ∈ ds1, T2 ∈ ds2|T1 ≥ C1)

=
P (T1 ∈ ds1, T2 ∈ ds2, T1 ≥ C1)

α
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Therefore

F e(ds1, ds2) =
G(s1)F (ds1, ds2)

α

where α = P (T1 ≥ C1). We now have:

F (ds1, ds2) =
αF e(ds1, ds2)

G(s1)

We observe that

G(s1)S1(s1)

α
=

P (C1 ≤ s1, T1 ≥ s1)

P (T1 ≥ C1)
= P (C1 ≤ s1, T1 ≥ s1 | T1 ≥ C1)

=

∫ ∞

s1

∫ s1

0

F̃ e(dc1, dt1)

where F̃ e(dc1, dt1) ≡ P (C1 ∈ dc1, T1 ∈ dt1 | T1 ≥ C1). Using the product
limit estimator as defined above, Gürler’s representation may be expressed
in the following way:

SGur
n (t1, t2) =

∫ ∞

t1

∫ ∞

t2

Spl(s1, 0)F
e
n(ds1, ds2)∫ s1

0

∫∞
s1

F̃ e
n(dc1, dt1)

=

n∑
i=1

Spl(T
′
1i)I(T ′

1i ≥ t1, T
′
2i ≥ t2)∑n

j=0 I(C ′
1j ≤ T ′

1i, T
′
1j ≥ T ′

1i)

3 Influence curves and inference in the bi-

variate case

Consider the case of bivariate truncation mentioned above, namely when we
observe (T1, T2, C1) conditional on T1 ≥ C1, where (T1, T2) ∼ F and C1 ∼ G.
In order to obtain estimates of the variance of the NPMLE Sn we will show
that Sn is an asymptotically linear estimator of S. Using the definition given
in (1), Sn will be asymptotic linear at t = (t1, t2) if

√
n(Sn(t)− S(t)) =

1√
n

n∑
i=1

IC(T
′
1i, T

′
2i, C

′
1i | F, G, t) + op(1)
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For a proof of the asymptotic linearity and consistency of Sn, we refer the
reader to the work of van der Laan (van der Laan 1996), who showed the
result for the general case (i.e. truncation of both T1 and T2 as well as uniform
consistency over the rectangle (0, τ ], where τ = (τ1, τ2)). The method to
prove the asymptotic linearity of both Sn and SGur

n at a given point t =(t1, t2)
is a direct application of the functional delta method (see Gill ,1995).

Although van der Laan proved the asymptotic linearity of the NPMLE Sn,
he did not provide the functional form of the influence curve. Our approach
of obtaining the influence curve is as follows. First we notice that Sn as in (3)
may be represented as a functional of F e

n, Ge
n and Spl, which we will define

to be Ψ(F e
n, Ge

n, Spl)(t). We approximate Ψ(F e
n, Ge

n, Spl)(t)−Ψ(F e, Ge, S1)(t)
by a linear functional of F e

n − F e, Ge
n − Ge, and Spl − S1, which will give

us the desired influence curve. Similarly, we may express Gürler’s estimator
SGur

n (t) as a functional of F e
n, F̃ e

n and Spl, defined by Ω(F e
n, F̃ e

n,Spl)(t). Then we
approximate Ω(F e

n, F̃ e
n, Spl)(t)−Ω(F e, F̃ e, S1)(t) by a linear functional of F e

n−
F e, F̃ e

n−F̃ e and Spl−S1.The following theorem gives the influence curve of Sn

obtained through this method and states that this is also the influence curve
of SGurl

n which implies that the two estimators are asymptotically equivalent.

Theorem 1 Under the assumptions given in Appendix A, at the point t =(t1, t2),
Sn(t) and SGur

n (t) are asymptotically linear, efficient and consistent estima-
tors of the survivor function S at t. The influence curve of both SGur

n (t) and
Sn(t) is given by:

IC(T
′
1, T

′
2, C

′
1 | F, G, t)

=

∫ ∞

t1

∫ ∞

t2

I(T
′
1 ∈ ds1, T

′
2 ∈ ds2)− F e(ds1, ds2)

H(Ge, S)(s1)
(4)

−
∫ ∞

t1

∫ ∞

t2

F e(ds1, ds2)

H2(Ge, S)(s1)

{
I(C

′
1 ≤ s1)

S(C
′
1, 0)

−
∫ s1

0

Ge(dc1)

S(c1, 0)

}
+

∫ ∞

t1

∫ ∞

t2

F e(ds1, ds2)

H2(Ge, S)(s1)

∫ s1

0

ICpl(T
′
, C

′ | F, G, c1)

S(c1, 0)
Ge(dc1)

where ICpl(T
′
, C

′ | F, G, c1) is given by (2) and H(Ge, S)(s1) ≡
∫ s1

0
Ge(dc1)
S(c1,0)

We refer the reader to the work of Quale (Quale and van der Laan, 1998)
for the details of the derivation of this influence curve for both the NPMLE
and for Gürler’s estimator.
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From (1), we see that once we have an expression for the influence curve,
not only do we have a method to estimate the variance of Sn − S, we are
able to apply the central limit theorem to get the asymptotic distribution
of Sn − S (which also follows from the fact that

√
n(Sn − S) converges to a

Gaussian process). This will allow us to construct confidence intervals about
our estimates of S(t) in the following manner:

• Get an estimate Sn(t) of S(t) from (3).

• Plug in estimates F e
n, Ge

n, Spl and ÎCpl and the data Yi ≡ (T
′
1i, T

′
2i, C

′
1i)

into (4) and obtain an estimate ÎCi(t1, t2) ≡ ÎC(Yi | Fn, Gn, t) for
i = 1, ..n

• Then, we may estimate the variance of Sn(t1, t2) by 1
n

times the sample

variance of ÎC(Y | Fn, Gn, t), namely

σ̂2
Sn(t1,t2)

=
1

n

{
1

n

n∑
i=1

(ÎCi(t1, t2) − IC(t1, t2))
2

}

where IC(t1, t2) ≡ 1
n

∑n
i=1 ÎCi(t1, t2).

• Thus the (1-α) confidence interval for S(t1, t2) is given by:

Sn(t1, t2)± z1−α
2
σ̂Sn(t1,t2)

where z1−α
2

is the (1− α
2
) quantile of the standard normal distribution.

We will use these methods in our data analyses in section 5.

3.1 Tests of independence

In this section we propose two tests which will determine the amount of
dependence between our random variables T1 and T2. The first test we
describe looks at a particular point (t1, t2) and tests the null hypothesis
that the events T1 ≥ t2 and T2 ≥ t2 are independent events. The sec-
ond test is an extension of the first; namely, we select a vector of points
(t1, t2) = ((t11, t21), (t12, t22), . . . , (t1J , t2J)) and conduct a test of the null
hypothesis that the events T1 ≥ t1j and T2 ≥ t2j are independent for all
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j ∈ {1, 2, . . . , J} versus the alternative that T1 ≥ t1j and T2 ≥ t2j are inde-
pendent for at least one j ∈ {1, 2, . . . , J}.

The two tests have their own strengths in the context of bivariate analysis.
The first test gives us the ability to examine local areas of dependence, i.e.
it can tell us the regions over which T1 and T2 are highly dependent. The
second gives us a global α level test of dependence of T1 and T2 since T1 ≥ t1j

and T2 ≥ t2j being dependent for at least one j will give us that T1 and T2

are dependent random variables.

3.1.1 Pointwise test of independence between T1 and T2

Let Sn(t1, t2) represent the NPMLE of the survivor function S(t1, t2). Given
two time variables (T1, T2), it is of great interest to examine the question of
whether or not the event T1 ≥ t1 is independent of the event T2 ≥ t2. The test
statistic we propose to examine this relationship is based on an examination
of the difference between the estimator of S based on no assumption of inde-
pendence, and the estimator of S based on an assumption of independence.
Namely:

Dn(t1, t2) ≡ Sn(t1, t2)− S1n(t1, 0)S2n(0, t2) (5)

will be used as a measure of the dependence between the events T1 ≥ t1
and T2 ≥ t2. In this case, S1n(t1, 0) and S2n(0, t2) represent the estimated
marginal distribution functions of T1 and T2, respectively, again using the
NPMLE as the estimator. If these two events are indeed independent, then
we would expect (5) to be close to zero. However, if there were dependence
between the two events, then we would expect there to be some deviation
from zero.

Theorem 2 Given t = (t1, t2), if the events T1 ≥ t1 and T2 ≥ t2 are inde-
pendent, then

√
nDn(t) is asymptotically normal with mean zero and

var(
√

nDn(t)) = var(ICtest(T
′
1i, T

′
2i, C

′
1i | F, G, t)

where

ICtest(T
′
1i, T

′
2i, C

′
1i | F, G, t)

= IC(T
′
1i, T

′
2i, C

′
1i | F, G, t)− S(0, t2)IC1(T

′
1i, T

′
2i, C

′
1i | F, G, t1)

−S(t1, 0)IC2(T
′
1i, T

′
2i, C

′
1i | F, G, t2)
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where IC1 and IC2 are such that

√
n (Sn(t1, 0) − S(t1, 0)) =

1√
n

n∑
i=1

IC1(T
′
1i, T

′
2i, C

′
1i | F, G, t1) + op (1)

√
n (Sn(0, t2)− S(0, t2)) =

1√
n

n∑
i=1

IC2(T
′
1i, T

′
2i, C

′
1i | F, G, t2) + op (1)

Furthermore, since the test is based on the efficient influence curves IC, IC1, IC2,
it is an efficient test.

The method to prove this result is similar to the proof of Theorem 1. First
one must show the asymptotic linearity of Dn− (S(t1, t2)− S(t1, 0)S(0, t2))
by expressing it as a functional linear in Sn(t1,t2)−S(t1,t2), Sn(t1, 0)−S(t1, 0)
and Sn(0, t2)−S(0, t2). This can be accomplished using the telescoping iden-
tity anbn−ab = (an−a)bn+a(bn−b). We already have that Sn(t1,t2)−S(t1,t2)
is asymptotically linear, and we can show the same for the marginals at the
points t1 and t2. Further details on the derivation of the asymptotic distri-
bution may be found in the appendix. We will demonstrate an application
of this test in our analysis of the TR AIDS dataset.

3.1.2 Summary test of independence

Suppose that we would like a summary test of dependence over a set of points
(t1, t2) = {(t1j, t2j) | j = 1, 2, . . . , J}. Specifically, define the null hypothesis
H0 as follows: The events T1 ≥ t1j and T2 ≥ t2j are independent for all
j ∈ {1, 2, . . . , J}. The alternative hypothesis Ha is simply that for some
j ∈ {1, 2, . . . , J} the events T1 ≥ tij and T2 ≥ t2j are dependent, which
would imply, of course, that the random variables T1 amd T2 are dependent
random variables.

Define the test statistic Dn(t1j, t2j) as in section 3.1.1 above. Let D̃n(t1, t2)
be defined as the vector (Dn(t1j, t2j), . . . , Dn(t1J , t2J)). An easy extension
of Theorem 2 gives us that under the null hypothesis H0 defined above,√

nD̃n(t1, t2) is asymptotically multivariate normal with mean vector 0 and
J × J covariance matrix Σ. Note that Σj,j′ = cov(IC(t1j, t2j), IC(t1j′, t2j′))
where

IC(t1j, t2j) = ICtest(T
′
1, T

′
2, C

′
1 | F, G, t1j, t2j)
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In order to carry out the test, we will estimate Σj,j′ by the sample covariance
based on estimates of the influence curve:

Σ̂j,j′ =
1

n

n∑
i=1

(ÎCi(t1j, t2j)− IC(t1j, t2j))(ÎCi(t1j′, t2j′)− IC(t1j′, t2j′))

where

ÎCi(t1j, t2j) = ÎCtest(T
′
1i, T

′
2i, C

′
1i | F, G, t1j, t2j)

and

IC(t1j, t2j) =
1

n

n∑
i=1

ÎCi(t1j, t2j)

Under the same conditions as needed for the asymptotic linearity of the
estimator Sn(·, ·), Σ̂ converges in probability to Σ. Therefore, the standard-

ized test statistic M̃n(t1, t2), defined as M̃n(t1, t2) ≡ √
nΣ̂− 1

2 D̃n(t1, t2) will
be be distributed as asymptotically normal with J × J identity covariance
matrix I and mean vector 0 under the null hypothesis H0.

Consider the squared euclidean norm of the test statistic M̃n(t1, t2):

‖M̃n(t1, t2)‖2 =
J∑

j=1

Mn(t1j, t2j)
2

Since, under H0, M̃n(t1, t2) is a vector of asymptotically independent, normal

0,1 random variables, ‖M̃n(t1, t2)‖2 will be asymptotically distributed as a
chi squre random variable with J degrees of freedom. Note that the test
has power against deviations from independence at one point (t1j, t2j) since

‖M̃n(t1, t2)‖2 ≥ c occurs if |Mn(t1j, t2j)| ≥ √
c for at least one j ∈ {1 . . . J}.

Thus in order to conduct a level α test of the null hypothesis H0 that T1

and T2 are independent over the set of points (t1, t2), we need to determine
a critical point c such that:

α = P (‖M̃n(t1, t2)‖2 ≥ c | H0)

Clearly c is equal to the 1− α quantile of the chi-square distribution with J
degrees of freedom.

If it is necessary to assign more or less influence to Mn(t1j, t2j), we can
weight each of these by wj to create a weighted global test statistic. This

weighted test statistic is then
∑J

j=1 wjMn(t1j, t2j)
2. In order to get a critical

point for the weighted test, one could follow the following procedure:
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• Simulate 1000 copies of the random variable Bi =
∑J

j=1 wjXj, where

Xj is generated from a χ2
1 distribution.

• Determine the empirical 1− α quantile ĉ of the generated vector.

We will implement this test in both the simulation study and then use it
in our analysis of the TR-AIDS dataset.

4 Simulation Results

Here we present the results for three simulation studies concerning bivariate
survival data when one of the variables is left truncated: one comparing the
NPMLE with Gürler’s representation, another looking at the performance
of estimated confidence intervals using the NPMLE, and one evaluating the
performance of the tests of independence. The criteria for the comparison of
the two estimators was mean squared error (MSE) at a 6x6 grid of values of
(t1,t2). The criteria for the confidence interval simulations was the empirical
coverage probabilities of estimated 0.95 confidence intervals at a 6x6 grid of
values of (t1,t2) over 625 iterations. The criteria in the test simulations was
the empirical rejection probability of rejection for 0.05 level tests, under a
model where the data were generated such that T1 and T2 were independent.

The amount of truncation in the simulations was determined by the quan-
tity α ≡ P (T ≥ C). In the confidence interval and comparison simula-
tions, two levels of truncation were studied, corresponding to α = 0.66 and
α = 0.33. For the test simulation, the levels of truncation studied corre-
sponded to α = 0.75 and α = 0.50. Since the sample size of the simulated
datasets is actually determined by the level of truncation, the sample size
is random. All simulations were run so that there were approximately 300
observations per iteration.

The simulated data had the following structure:

T1i = γR1i + (1− γ)R3i

T2i = γR2i + (1− γ)R3i

C1i = R4i

where Rji for j = 1, 2, 3 were independent mean 10 exponential random vari-
ables, R4i was an exponential random variable (independent of R1i, R2i, and
R3i) whose mean was tuned to vary the amount of truncation (namely, the
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larger the mean of C , the more truncation) and γ, a quantity that controlled
the amount of dependence between T1 and T2, was set at 0.5 for the confi-
dence interval and comparison simulations and γ = 1 for the test simulations.
Data would be generated as above, and an individually generated observation
would be included in the simulated dataset if Ti1 ≥ C1i.

The results for the comparison simulation in Table 1 indicate that the
estimators do perform similarly with respect to MSE, with some differences
in the tails of the distribution. We notice that the NPMLE performs slightly
better than Gürler’s representation for most time points, except in the right
hand tail under low truncation, where Gürler’s estimator performs better.
Other simulations varying the amount of dependence between T1 and T2

(not shown here) mimic the pattern we see in Table 1.
The confidence interval simulation results in Table 2 indicate that for

both high and low truncation, the coverage probabilities remained close to
the ideal 0.95. Other simulations (not shown here) varying the amount of
dependence between T1 and T2, showed similar good performance of the
confidence intervals.

For the lower level of truncation, the test simulations performed well,
however the results in Table 3 demonstrate the need for caution in finite
sample implementation. The empirical rejection probablilities for the global
test at α = 0.75 and α = 0.5 were 0.05 and 0.17, respectively. The results for
the pointwise test can be found in Table 3. The pointwise tests for α = 0.75
were all close to the ideal 0.05, For α = 0.5. the pointwise tests were elevated
toward the lower tail of the distribution of (T1, T2), but performed better away
from the lower quantiles. The poor performance of the pointwise test at the
lower end of the distribution amd of the global test is most likely due to the
sparseness of data at smaller values of T1 that occurs at the higher level of
truncation. Simulation studies (not shown here) indicate that increasing the
sample size stabilized the tests at higher levels of truncation.

From our simulation results, for high levels of truncation and smaller
sample sizes, the global test should be interpreted very carefully. However,
in high truncation / small sample size situations, the pointwise tests away
from the lower end of the distribution (for left truncation) can be considered
to be reliable.

It should be noted that the implementation of these methods for right
truncated data is completely analogous to the implementation for left trun-
cated data, as mentioned in the introduction. Simulation studies (not shown
here) showed analagous results for right truncated data as those presented

12



above.

5 Data Analysis

In this section our goal is to give a brief example of the implementation of our
methods for bivariate truncated data using the TR AIDS data. Recall that
in this dataset, we observe a patient’s time from blood transfusion to AIDS
only if this time is less than the time from transfusion to July 1986, the end
of the study. In this dataset, then, we observe 293 i.i.d copies of (T1, T2, C1)
conditional on T1 ≤ C1, (thus an observation may be denoted (T

′
1, T

′
2, C

′
1))

where T1 = time from transfusion to AIDS, T2 = age at transfusion and C1 =
time from transfusion to July 1986.

Since this data is right truncated, we apply the “mirroring” argument
mentioned in the introduction to adapt the NPMLE Sn for this type of
data. As a result, we obtain an estimate of the distribution function F, but,
as mentioned before, the inferential results obtained for left truncation are
applicable.

It should be noted that we discarded two questionable observations in
this dataset. The first observation we discarded had a T ′

1 value of zero, which
means that this subject most likely contracted AIDS from a source other than
the blood transfusion and is thus not of interest here. The other observation
was one whose T

′
1 value (89 months) was at the tail of the distribution,

very close to the value of the observed truncation variable C
′
1 (90 months).

This point represents a violation of the assumptions stated in the appendix
(specifically assumption 2). Recall that we are using the mirroring argument
in our estimation for this dataset. The analog of the second assumption (for a

point (t1, t2) we assume that
∫ t1
0

∫ t2
0

dF (s1,s2)
G(s1,s2)

< ∞) for the mirroring argument

is that for a point (t1, t2), we assume that
∫ ∞

t2

∫ ∞
t2

dF (s1,s2)
G(s1,s2)

< ∞. Essentially,
violation of this assumption leads to an unbounded influence curve. A good
diagnostic tool to guard aganst such violations is a plot of the actual values
of the influence curve (y-axis) by subject (x-axis) for various values of (t1, t2).
Figure 1 is such a plot for the TR AIDS data. The points denoted by the
“X” are those for the aforementioned subject with T ′

1 = 89 and C ′
1 = 90. We

see that the values of the influence curves for this subject are significantly
smaller compared with the other observations (especially for larger values of
(t1, t2)). Later, we will see the effect that this kind of observation can have
on the variance estimation. Thus, unless noted otherwise, the results that
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we will present will be without these observations.
We first present two figures showing the error that would be made if the

truncation on the time variable T1 is ignored and F is estimated simply by the
empirical distribution function. Figure 2 shows an estimate of the marginal
distribution of age at transfusion along with the corresponding empirical
distribution estimate. Although we see that the curves are quite similar, the
empirical estimate is larger than the NPMLE for younger ages, which may
reflect some dependence between age at transfusion and time from transfusion
to AIDS at these younger ages. This dependence is reflected in the test
results below. Figure 3 indicates that ignoring the truncation leads to severe
overestimation of the marginal distribution of time from transfusion to AIDS,
since this estimate does not account for the fact that we are less likely to see
large values due to the right truncation of the time variable T1.

Figure 4 shows the estimated bivariate distribution of time from trans-
fusion to AIDS and age at transfusion. In Figure 5 we see the estimated
marginal distribution of time from transfusion to AIDS with associated 95%
confidence intervals derived as in section 3. Figure 6 shows the estimator
with the outlying observation mentioned above included, and we see that the
variance estimates are inflated.

From a subject matter point of view, Figure 7 is probably the most in-
teresting. Separate curves were fit according to the following age groups:
children(1-4), adults (5-59) and elderly (60+). The age groups were deter-
mined according to immuno competence (Gürler, 1996). This plot demon-
strates the wide differences in disease incubation profiles for the different age
groups. While disease incubation does not seem to differ much between the
adults and the elderly, we see that the disease incubation for children is much
faster, as would be suspected. This is a scenario where the tests proposed in
section 3.1.1 is extremely useful.

In Table 4 we present the result for the test of the independence of the
events T1 ≤ t1 and T2 ≤ t2 for various values of t1 and t2 (keep in mind
that t1 is in units of months and t2 is in units of years). The P-value for the
global test was less than 0.000001, which may indicate that the time from
transfusion to AIDS and age at transfusion are dependent random variables.
The pointwise tests at the upper end of the distribution of (T1, T2) should be
interpreted very carefully, as should the results of the global test. However,
the tests closer to the lower end of the distribution of (T1, T2) will be more
reliable (as they are away from the region of truncation) and can be more
confidently interpreted as real departures from independence. We will thus

14



concentrate our analysis of the test results on the portions of Table 4 on
the area from t1 from 4 to 50 and t2 from 4 to 50. The results in the table
reflect what we see in Figure 7. We see that the following pairs of events
appear to be dependent: T2 ≤ 4 years and T1 ≤ 10 months, T2 ≤ 4 years
and T1 ≤ 30 months, T2 ≤ 4 years and T1 ≤ 50 months, T2 ≤ 10 years and
T1 ≤ 10 months, T2 ≤ 10 years and T1 ≤ 30 months, T2 ≤ 10 years and
T1 ≤ 50 months and T2 ≤ 30 years and T1 ≤ 10 months and T2 ≤ 30 years.
Namely we see that age and disease incubation appear to be related for those
of young age.

A Appendix - Assumptions necessary for asymp-

totic linearity and consistency of Sn

The assumptions that we must make in order to claim asymptotic linearity
of Sn at the point (t1, t2) :

1. Let t = (t1, t2) be such that S (t) > δ > 0 and assume that S has a
finite number of jumps and is continuous everywhere else.

2. Assume that
∫ t

0
dF
G

< ∞ and G << F (G is absolutely continuous with
respect to F )

3. G(x)dG(x)
S(x)dF (x)

< M < ∞ on [0, t]

4. G({0}) > 0

We refer the reader to the work of van der Laan (van der Laan 1996) for
details on the implications and implementation of these assumptions in the
proof of asymptotic linearity.

B Appendix - Details on the derivation of the

distribution of the test statistic for the in-

dependence test

Recall the definition of the test statistic Dn(t1,t2) given by ( 5). We have,
therefore, the following:
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Dn(t1,t2)− (S(t1, t2)− S(t1, 0)S(0, t2)) =

= Sn(t1, t2)− S(t1, t2)− (Sn(t1, 0)Sn(0, t2)− S(t1, 0)S(0, t2))

Note that under the hypothesis of independence of the events T1 ≥ t1 and
T2 ≥ t2, S(t1, t2) = S(t1)S(t2)

Recall from section 3 that we may express Sn(t1, t2) − S(t1, t2) as a
sum of n i.i.d random variables (namely the influence curves at the points
(T

′
1i, T

′
2i, C

′
1i) for i = 1, .., n). We must now do the same for Sn(t1, 0)Sn(0, t2)−

S(t1, 0)S(0, t2). Using the aforementioned telescoping identity anbn − ab =
(an − a)bn + a(bn − b) , we get the following result:

Sn(t1, 0)Sn(0, t2)− S(t1, 0)S(0, t2) =

= (Sn(t1, 0) − S(t1, 0))Sn(0, t2) + (Sn(0, t2)− S(0, t2))S(t1, 0)

≈ (Sn(t1, 0) − S(t1, 0))S(0, t2) + (Sn(0, t2)− S(0, t2))S(t1, 0)

Now we use the fact that given points t1 and t2, we can show the asymp-
totic linearity of Sn(t1, 0)− S(t1, 0) and Sn(0, t2)− S(0, t2). We will suppress
the notation on the influence curves with respect to T

′
1i, T

′
2i, C

′
1i and F, G,

but recognize that the summation is over the observations T
′
1i, T

′
2i, C

′
1i, and

that the influence curves are functionals of F and G. Therefore:

Dn(t1,t2)− (S(t1, t2)− S(t1, 0)S(0, t2))

= Sn(t1, t2)− S(t1, t2)− {S(0, t2)(Sn(t1, 0) − S(t1, 0)) (6)

+S(t1, 0)(Sn(0, t2)− S(0, t2))}

≈ 1

n

n∑
i=1

ICi(t1, t2)− S(0, t2)
1

n

n∑
i=1

IC1,i(t1)− S(t1, 0)
1

n

n∑
i=1

IC2,i(t2)

=
1

n

n∑
i=1

ICtest,i(t1, t2)

where ICi is the influence curve of Sn, IC1,i is the influence curve of Sn(·, 0)
and IC2,i is the influence curve of Sn(0, ·), and the influence curves are all
evaluated at the observation (T

′
1i, T

′
2i, C

′
1i). This gives us the stated influence

curve for Dn given in Theorem 2.
As noted above, if the hypothesis that T1 ≥ t1 and T2 ≥ t2 are inde-

pendent events is true, then S(t1, t2) − S(t1, 0)S(0, t2) = 0, which gives us
that E(Dn) = 0. The central limit theorem applied to (6) gives us that
under the independence hypothesis, as n→∞ √

nDn(t1, t2) converges in dis-
tribution to a mean zero normal random variable with variance equal to
var(ICtest(T

′
1i, T

′
2i, C

′
1i | F, G, t1, t2)).
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Table 1: Ratio of
MSESn(t1,t2)

MSE
SGur

n (t1,t2)

(Low truncation, High truncation) where

T1i = 0.50R1i + 0.50R3i, T1i = 0.50R2i + 0.50R3i for Rji, j = 1, 2, 3 in-
dependent mean 10 exponential random variables and C1i an independent
exponential random variable with mean varied so that n ≈ 300 for the two
levels of truncation, based on 625 replicates

t2 = 0 t2 = 4 t2 = 8 t2 = 10 t2 = 12 t2 = 18
t1 = 0 NA,NA 0.89,0.80 0.99,0.94 1.03,0.96 1.00,0.95 1.01,0.98
t1 = 4 0.94,0.87 0.94,0.87 0.98,0.94 1.01,0.99 1.00,0.98 1.00,0.99
t1 = 8 0.93,0.92 0.92,0.93 0.96,0.96 1.01,0.99 1.00,1.00 1.02,1.00

t1 = 10 0.94,0.92 0.93,0.91 0.97,0.95 1.01,0.97 1.00,0.98 1.02,1.00
t1 = 12 0.96,0.92 0.95,0.91 0.98,0.92 1.01,0.94 1.00,0.97 1.03,0.99
t1 = 18 0.96,0.87 0.93,0.88 0.98,0.93 1.01,0.94 1.00,0.96 1.09,0.99

Table 2: Empirical coverage probabilities (High truncation, Low trunca-
tion) for estimated confidence intervals of S(t1, t2), where T1i = 0.50R1i +
0.50R3i, T1i = 0.50R2i + 0.50R3i for Rji, j = 1, 2, 3 independent mean 10
exponential random variables and C1i an independent exponential random
variable with mean varied so that n ≈ 300 for the two levels of truncation,
based on 625 replicates

t2 = 0 t2 = 4 t2 = 8 t2 = 10 t2 = 12 t2 = 18
t1 = 0 1.00,1.00 0.93,0.91 0.95,0.94 0.96,0.93 0.95,0.94 0.93,0.96
t1 = 4 0.92,0.94 0.94,0.94 0.94,0.94 0.95,0.93 0.95,0.93 0.93,0.94
t1 = 8 0.95,0.94 0.96,0.93 0.95,0.94 0.95,0.94 0.94,0.95 0.94,0.95

t1 = 10 0.95,0.94 0.94,0.94 0.95,0.93 0.95,0.95 0.94,0.94 0.94,0.94
t1 = 12 0.95,0.94 0.95,0.93 0.95,0.93 0.95,0.93 0.94,0.94 0.92,0.94
t1 = 18 0.94,0.93 0.95,0.94 0.95,0.94 0.95,0.95 0.94,0.94 0.92,0.94
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Table 3: Empirical rejection probabilities (P (T ≥ C) = 0.50, 0.75) for the
test of independence of the events T1 ≥ t1 and T2 ≥ t2 where T1 and T2 are
independent mean 10 exponential random variables. The values of T1 and T2

correspond to the 0.25, 0.50 and 0.75 quantiles of the distribution of a mean
10 exponential random variable.

F0.25 F0.50 F0.75

F0.25 0.08,0.06 0.08,0.05 0.08,0.07
F0.50 0.07,0.06 0.06,0.06 0.06,0.07
F0.75 0.08,0.06 0.07,0.06 0.05,0.04

Table 4: P-Values for test of independence of the events T1 ≤ t1 and T2 ≤ t2
for the TR-AIDS dataset. The P-Value for the global test was < 0.00001.

t2 = 4 t2 = 10 t2 = 30 t2 = 50 t2 = 70 t2 = 80
t1 = 4 0.21 0.22 0.18 0.03 0.09 0.25

t1 = 10 0.00 0.01 0.02 0.00 0.85 0.20
t1 = 30 0.00 0.00 0.43 0.35 0.95 0.26
t1 = 50 0.00 0.05 0.82 0.49 0.68 0.07
t1 = 70 0.01 0.02 0.00 0.48 0.34 0.48
t1 = 80 0.28 0.28 0.26 0.26 0.26 0.84
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Figure 1: Plot of influence curve by subject for various values of (t1, t2) (the
“X” denotes the possible outlier)
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Figure 2: Comparison of the empirical estimate (no account of truncation)
and NPMLE of the distribution of age at transfusion
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Figure 3: Comparison of the empirical estimate (no account of truncation)
and NPMLE of the distribution of Time from Transfusion to AIDS

22



Figure 4: Estimated bivariate distribution of time from transfusion to AIDS
and age at transfusion
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Figure 5: Estimated marginal distribution of time from transfusion to AIDS
with pointwise 95% Confidence Intervals (outlier removed)
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Figure 6: Estimated marginal distribution of time from transfusion to AIDS
with pointwise 95% Confidence Intervals (outlier included)
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Figure 7: Time from transfusion to AIDS, by age group
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