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Abstract

In biostatistics applications interest often focuses on the estimation of the distribution
of a time-variable T'. If one only observes whether or not T" exceeds an observed monitoring
time C, then the data structure is called current status data, also known as interval
censored data, case I. We consider this data structure extended to allow the presence
of both time-independent covariates and time-dependent covariate processes which are
observed until the monitoring time C. We assume that the monitoring process satisfies
coarsening at random.

Our goal is to estimate the regression parameter 3 of the regression model log(T) =
ZT 3+ € where the conditional density of the error € given Z is assumed to have location
parameter equal to zero. Because of the curse of dimensionality no globally-efficient non-
parametric estimator with good practical performance at moderate sample sizes exists.
We present a one-step estimator of the parameters 3 which is guaranteed to be consistent
and asymptotically normal if we have correctly specified a parametric or semiparametric
model for the monitoring mechanism. Furthermore, our estimator attains the semipara-
metric efficiency bound for our model if we correctly specify a lower-dimensional model for
the conditional distribution of T given the covariates. Our estimator remains consistent
and asymptotically normal even if this latter submodel is misspecified. In addition, we

present a locally efficient doubly robust estimator which has the additional property that
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it remains consistent and asymptotically normal if either the monitoring mechanism or
the condtional distribution of T" given the covariates is correctly specified. We conclude
with a simulation experiment and a data analysis.

KEY WORDS: Extended Current Status Data, Asymptotically Linear Estimator, In-
fluence Curve, Asymptotically Efficient, Regression, Coarsening at Random, One-step

Estimator.

1 Introduction

1.1 Regression with Current Status Data

Consider a study in which interest lies in the distribution of a random variable, T', that is
never observed. Rather, for each individual, we observe at a random monitoring (censoring)
time, C, whether T" exceeds C'. This data structure (C, A = I(T < ()) is called current status
data. Our goal is to estimate the parameter vector 3 of the regression model T = Z' 3 + ¢
where Z is a vector of time-independent covariates, the conditional distribution of the error €
given Z has location parameter equal to zero but has an otherwise non-restricted conditional
distribution. In addition to data on Z, data on additional time-independent and dependent
covariate processes up till time C, denoted by L(C) = {L(s) : s < ¢}, may be available which
explain any dependence between the time 7" and the monitoring time C and might be used
to improve estimation of (.

A more classical setting of this estimation problem would be to say that we observe
current status data (Cy, I(Ty < C1), Z, L1(C1)) on a chronological time variable T}, while we
are willing to assume that the regression model holds for ' = m(7T}), where m is a given
monotone transformation. For example, if m(z) = In(x), then this regression model includes
the accelerated failure time model InTy, = B'Z + ¢, € independent of Z, as a submodel.
This setting is transformed to our setting by simply replacing the observed data (Cy, I(T} <
C1), Z, L1(C4)) by the equivalent (C' = m(Cy), (T < C), Z, L(C)), where L(s) = Li(m(s)).

Note that we do not specify a parametric family for the error distribution. Furthermore,
we do not assume that the error € is independent of Z. Rather, we only assume that the
conditional distribution of € given Z has a specified location parameter equal to zero. That

is, in order to make (3 identifiable, we assume

E[K(e)| Z) = BEIK(T ~Z'8)| Z] =0 (1)



where K(-) is a known, monotone function. If K(e¢) = ¢, then equation (1) implies the
conditional mean given Z of the error distribution is zero. However, estimation of the mean is
quite difficult with current status data because the distribution of the monitoring mechanism
must extend as far as the tails of the distribution of 7. Thus other measures of center may
be advantageous or necessary.

The conditional median model is obtained when K(e) = I(e < 0) — 1/2. Our estimators
require a smoother K (-) than this because the median is not /n-estimable. In fact, our
proof of the asymptotic properties of our estimators require that K is twice differentiable a.e.
(w.r.t. support of C — Z ' 3). A convenient family is K(-) = 2®(-) — 1 where ® is a (typically
symmetric, mean zero) continuous distribution function. If the mass of ® is concentrated
near zero, we have a “smoothed median”; if ® has large variance, we have a trimmed mean.
We propose to choose a K with compact support [—7, 7] for some user supplied 7.

To fix idea, consider the following ideal mouse tumorigenicity experiment designed to
investigate the relationship between the time, T', until the development of liver adenoma and
the dose level, Z, of a suspected tumorigen. Suppose study mice are randomly allocated
to dose groups and that liver adenomas are never, in themselves, the primary cause of an
animal’s death. Therefore, each mouse is sacrificed (monitored) at a random time C; at
autopsy it is determined whether a tumor has developed before C. In such studies, it is
easy to collect daily measurements of the weight of each mouse prior to sacrifice. Let L(u)
be the weight at time u and let L = L(-) be the entire weight process. Only the weight
process up to time C is observed: L(C) = {L(u) : 0 < u < C}. Thus for each individual
Y = (C,A=I(T <C),Z,L(C)) is observed, which we consider as a censored observation
of the full data X = (T, Z, L). Because mice with liver adenomas tend to lose weight, L(C)
and T are associated.

One reasonable monitoring scheme is to increase the hazard of monitoring shortly after
a mouse begins to lose weight. If the time of sacrifice can be made closer to the time of
tumor onset then more efficient estimation is possible. This monitoring scheme introduces
dependence between C' and T and estimators that ignore this dependence will be biased.
Collecting information on a surrogate process and allowing the censoring time to depend on
it is a superior design to carcinogenicity experiments that require independent censoring.

In the mouse experiment the dependence between C and 7' is only through the observed

covariates. That is, the hazard of censoring at time ¢, given the full (unobservered) data



X = (T, Z, L), is only a function of Z and the observed portion of the covariate process, L(t):
Aot X)=Xe(t] Z, L(t)). (2)

This implies G(- | X), the conditional distribution function of C, satisfies coarsening at
random (CAR) (Robins, 1993). Coarsening at random (CAR) was originally formulated by
Heitjan and Rubin (1991) and generalized by Jacobsen and Keiding (1994) and Gill, et al.
(1997).

Our proposed one-step estimator of § is consistent and asymptotically normal if we suc-
ceed in consistently estimating Ac(- | X) at a suitable rate under the assumption (2). One
such case is the idealized experiment described above where A\c(t | Z, L(t)) is known by de-
sign because it is under the control of the investigator (so estimation of A\c(t | Z, L(t)) is
not even necessary). In general, a correctly specified semiparametric model which admits a
consistent estimator for Ao(t | Z, L(t)) can be used. In this paper, we emphasize modeling

Ao(t | Z,L(t)) by a time-dependent Cox proportional hazards model:
Ao(t] Z, L(t)) = Ao(t) exp(a W(1)), (3)

where W (t) is a function of (Z, L(t)). In van der Laan, Robins (1998) it is explained why
modelling the monitoring mechanism under CAR is a sensible approach to fight the curse of
dimensionality in high dimensional models, which will not be repeated here. Our model for
the observed data distribution is now specified since the observed data distribution P, ¢ of
Y is indexed by the full data distribution Fx which needs to satisfy the regression model (1)
and the conditional distribution G(- | X') which needs to satisfy a semiparametric model such
as (3).

To have identifiability of 3, we need to assume the conditional density function g(- | X)
of the monitoring process is located correctly relative to the support of T" and the location
parameter K. To start with, we assume that the support of ¢g(- | X) is an interval, say,
(ax, ) and that for Fx a.e. X = (T, Z, L) either T € (ax, @) or the support of K (-—Z T 3)
is contained in (ax, a™): if K(x) has support [—7, 7], then the latter holds if (ZT 38—, Z " 5+
*)

T) C (ax, ). This assumption is enough to define unbiased estimating functions for § with

nuisance parameter g, as shown in section 2. By CAR we have that the left-support point

X

ax of g(- | X) can only depend on the baseline covariates L(0) and also o™ is a function

of the observed data Y. To prove asymptotic consistency and efficiency results we need to



bound away ¢(- | X) away from zero on the set
A(Z,L)={c:ce (ax, ™), K'(c—Z"3) > 0,F(c| Z,L(c)) > 0},
where F(c| Z,L(c)) = P(T > c| Z, L(c)). To be specific, we assume that for Fx a.e. (Z,L)

inf X)>4d§>0 f 6> 0. 4
Ceér(lZ’L)g(c\ ) > ¢ > 0 for some § > (4)

Because g(c | X) must be bounded away from zero when both K'(c—Z" ) and F(c | L(c), Z)
are non-zero, it is necessary that K’ have finite support when 7' is unbounded. When T has
finite support, then K may be the identity function.

If we use trimmed regression in the sense that K has compact support [—7, 7] and (Z 8-
7, Z B+ 1) C (ax,a’™), then there is no need to monitor the tails of the distribution of T

since
AZ,Ly={c:ce(Z'"B—1,Z"3+7),F(c| Z,L(c)) > 0}.

Our estimators in section 2 and 3 do rely on knowing K (ax — ZT3) which equals K (—7)
under assumption (4) so that there is no need to know ax.

Our one-step estimator also uses an estimator of F(t | Z, L(u)) = P(T <t | Z,L(u)) for
various u’s and t. By the curse of dimensionality one will need to specify a lower dimensional
working model for this conditional distribution and estimate it accordingly. The resulting
one-step estimator is locally efficient in the sense that it is asymptotically efficient for our
model if the working model contains the truth and it remains consistent and asymptotically
normal otherwise. Thus our estimator uses time-dependent covariate information, such as
the weight history of the mouse up till time wu, to predict the time T till onset thereby
recovering information lost due to censoring. To illustrate the potential gain possible, if the
weight process perfectly predicts 7', then our estimator is asymptotically equivalent with the
Kaplan-Meier estimator if we specify a correct model for F(t | Z, L(u)).

Current practice is to sacrifice the mice at one point in time. Since our methodology shows
that sophisticated mouse experiments can be nicely analyzed, we hope that experiments of the
type above will be carried out in the future. In section 5 we will analyze a cross sectional study
to estimate the time-till-transmission distribution in a previously analyzed HIV-partner study.
In this data analysis we estimate the effects of ”History of Sexually Transmitted Disease”
and ”Condom Use” in a model log(T') = 3Z + €, which thus includes the accelerated failure

time model as a submodel, while using covariates outside the model to allow for informative



censoring and improve efficiency. It is important to note that such an analysis is not possible
with any of the existing methods since these methods assume that there are no relevant

covariates outside the regression model (see next subsection).

1.2 Previous work and comparison with our results

There is a large literature on estimation of the distribution of T" with current status data
when covariates are absent: Diamond, et al. (1986), Jewell and Shiboski (1990), Diamond
and McDonald (1991), Keiding (1991), Sun and Kalbfleisch (1993), Groeneboom and Wellner
(1992), Jewell et al. (1994), van de Geer (1994), Huang and Wellner (1995) and several others.
van der Laan, Robins (1997) consider estimation of the distribution of T" with current status
data in the presence of time-dependent covariate processes and time-independent covariates,
using them to improve efficiency and allow for informative monitoring schemes.

Several authors have investigated estimation of regression parameters using current status
data, (C, A), together with a time-independent covariate, Z (Rabinowitz, et al., 1995, Rossini
and Tsiatis, 1996, Huang, 1997). Rabinowitz, et al. (1995) fit an accelerated failure time
model InT} = 372 + ¢ (for a failure time T) which requires error € to be independent of
the covariates Z. Huang (1997) derives an efficient estimator of the regression parameters
of the proportional hazards model. Rossini and Tsiatis (1996) assume a semiparametric
proportional odds regression model and carry out sieve maximum likelihood estimation. In
each case the monitoring time may depend on the covariates of the model, Z, but not on
additional covariates. Shen (2000) fits a linear regression model with current status data
and time-independent covariates. In each of these references all covariates which explain the
dependence between C and 1" must be included in the model for T'. Because the models are
for time-independent covariates only, no time-dependent covariates can be used to explain
the dependence between C' and T. None of these limitations apply to our approach. In
addition, our approach provides in general a mapping from full-data estimating functions to
observed data estimating functions and thus provides the class of all estimators for any well
understood full data model.

We would like to stress the implication of our results for the accelerated failure time model
as studied by Rabinowitz, et al. (1995). Consider our model with the additional restriction
on the regression model that € is independent of Z. By monotone transforming the data (see

introduction) it follows that this restricted model generalizes the problem of estimation of



B in the accelerated failure time model of Rabinowitz, et al. (1995) based on current status
data, namely by allowing the presence of additional time-dependent and time-independent
covariates. The literature does not provide an estimator in this estimation problem. However,
since this restricted model is a submodel of our model our locally efficient one step estimator
(e.g. using as working model the accelerated failure time model) yields a closed form consis-
tent and asymptotically normally distributed estimator of the regression parameters in the
accelerated failure time model. This one-step estimator will be highly efficient in the accel-
erated failure time model and will remain consistent and asymptotically normal when the
monitoring mechanism depends on the additional (time-dependent) covariates. Furthermore,

it will still be consistent if the error distribution is not independent of Z, but E(K(€) | Z) = 0.

1.3 Organization of Paper

The next two sections are the heart of the paper. In section 2 we introduce an initial
estimator and develop a one-step adjustment which produces our locally efficient estimator.
This section also contains details for implementing the estimators and an introduction to
the ideas of efficiency theory and one-step estimation. We also point out that by iterating
the one-step procedure to solve the corresponding estimating equation yields a double robust
estimator which is consistent if either F (¢ | Z, L(u)) or g(- | X) is correctly estimated. In
section 3 (and the appendices) we prove consistency, asymptotic linearity and local efficiency
of our one-step estimator. Two simulations which demonstrate some asymptotic and finite
sample properties of the estimators are presented in section 4. An analysis of the Califorinia
Partners’ Study of HIV infectivity is given in section 5 and finally we have some closing

remarks.

2 Estimation

2.1 An Initial Estimator

Suppose we have n independent observations, Y; = (C;, A; = I(T; < Cy), Zi, Li(C;)). The
component Z; is a vector and the component L;(C;) may itself have several components each
of which may be a time-dependent process or a time-independent covariate. If none of the
components of L is time dependent, we will indicate this by using W; rather than L;(C;).

In section A.1, it is shown that all unbiased estimating functions for 8 in the model



for the full data (T, Z, L) are of the form D(T,Z) = h(Z)Ks(T, Z) for some h(Z), where
Kg(T,Z) = K(T—Z"p). It follows that in the full data model one would define an estimator
of 3 by the solution of 0 = >_7"; h(Z;) Kg(T5, Z;). Consider the following mapping on this set

of full data estimating functions:

K4(C. 2)A

_D'(C,2)
- 9(C| X)

Us(D)Y) =~ X)A + D(ax, Z) = h(2) ( T Ks(ox. Z)) (5)

where D’ is the derivative of D with respect to the first argument, K /’@(t, Z) is the derivative
with respect to t of K(t — Z'f3), ax is the left endpoint in the support of g(- | X) and
A =1—A. Under assumption (4) we have that Kg(ax, Z) = K(—7) is known.

Because the monitoring process satisfies CAR, the expression on the right is actually

only a function of the observed data, Y. Belwo we show that this mapping satisfies for any
D(T, Z)

E(Uq(D)(Y) | X) = D(X). (6)
Therefore, for a given D(T, Z) = h(Z)K3(T, Z) and given consistent estimator g, (- | X), we
can use Ug, (D) as an estimating function for (.

As an initial estimator of the k-vector regression parameter 3, we propose the solution,

0 of the estimating equation corresponding with h(2) = Z

1 n
n 2

=1

/ AV
- .
Formal conditions for existence (Lemma 7) and +/n-consistency (Lemma 8) of 32 are given
in Appendix B.

Implementation: To obtain this estimate of [ using equation (7), it is necessary to
consistently estimate the conditional density of the censoring mechanism, g(- | X), from
the data. We elected to use a time-dependent Cox proportional hazards model (3). For
this model to estimate consistently the censoring density, the usual step-function estimate
of the baseline hazard must be smoothed: e.g. as in Andersen et al. (1993). If we believe
the censoring mechanism is independent of all covariates we can use a kernel smoother to
estimate g(- | X) = ¢(-) In any case, after g has been consistently estimated, the initial
estimate 40 then quickly can be found by numerical methods (e.g., Newton-Raphson) using
equation (7).

Derivation of (6): Demonstration of condition (6) for the estimating function to be

unbiased illuminates what conditions are necessary on the support of g(- | X). For clarity, the



support of g(- | X) for each X, is assumed to be an interval, (ax, aX). Because Ug(D)(Y) =

WZ)Uq(Kg)(Y), condition (6) holds for all D if it holds for Kjg.

oX (K'(c, Z)I(T > c
BUa(K)(Y) | X) = [ ( o )+Kg<ax,z>) gc| X) de

aX

_ / K(c, Z)I(c < T) de + Ky(ax, Z)

ax

= Kﬁ(T, Z) — Kﬁ(ax, Z) + Kﬁ(ax, Z) = Kﬁ(T, Z).

The third equality clearly holds if T’ € (ax, a). However, it also holds if Kg(, Z) is constant

outside (ax,aX). Therefore we recommend using a K which is contant outside [—7, 7] for
some 7 so that Kg(-, Z) is constant outside the interval (Z'8—7, Z"3+7). Then a sufficient

condition for E(Ug(K3)(Y) | X) = Kg(X) is (4).

2.2 The One-Step Estimator

An estimator 3, of 3 is asymptotically linear at the observed data distribution Pr, ¢ with
influence curve IC(Y | B8, Fx,G) if B, — 8 = n ' IC(Y; | B, Fx,G) + op(n™/?). A
regular estimator attains the semiparametric information bound at Pp, ¢ if its influence curve
at Pry ¢ is the so called efficient influence curve, £ g, which is the solution of a mathematical
problem solved in the Appendix. The efficient influence curve is also called the canonical
gradient and it is orthogonal to all nuisance scores of (.

To construct a locally efficient estimator we add to ﬁg the empirical mean of an estimate

of the efficient influence curve at the true data generating distribution Pr, &:
=0+ - Zf (Y; | By)- (8)

Here ﬁ}z is just the classical one-step estimator as defined in BKRW (page 395); that is, by
its definition, 3} is the first step in the Newton-Raphson algorithm for solving the estimating

equation
Z e (Y: | B) )

for 3, where we chose 32 as the initial estimator.
The set of all influence curves (gradients) of the observed data model defined by the
regression model (1) and (2) on G (so no additional model on g is imposed) can be represented

as the range of a mapping D — IC(D) = ICy(D) — ICy(D) on the full data influence curves



(gradients), which will be specified below. The first term is an influence curve of [ in the

model with censoring density, g(- | X ), being known and is given by

D'(C, Z)A

+ D(ax, Z) (10)

where D € {h(Z)Kg(T,Z) : h} is an appropriate influence curve of the full data model.
The second term is the projection of ICy on the tangent space {V € L&(Pr,.¢) : E[V(Y) |

X] =0} of the monitoring process only assuming CAR (i.e. (2)). It is given by

1C(Y | F,G,D) = /0 > (D'(uv Zgi(r)\()Z,f(u))

—m /u D 2)F(| 2, f(u))dt) dM (u) (11)
where F(- | Z, L(u)) is the conditional cumulative distribution of T, given (Z, L(u)) and
dM(u) = I(C € du) —Ac(du | X)I(C > u). For a given cumulative distribution F' we defined
F =1—F. For convenience, we used shorthand F in IC,,, (Y | F,G, D) for F(-| Z, L(u)) for
various u. We define IC(Y | F,G,D)=I1Cy(Y | G,D) — I1C,,(Y | F,G, D).

If L = W is time independent, then

IC.(Y | F,G,D)

B D’(C,Z)F(C‘va)_ OO "w. 2V F(u U
- 9(C | X) /0 D(u, 2)F(u | 2, W)d 12

in which case

[C(Y | F.G, D) = %(F(C | Z,W) — A) + E[D(T, Z) | Z, W], (13)

The efficient influence curve for estimation of 3 in the observed model, £%, equals IC (Y|
F,G, Dop) where the optimal Dy is derived in Appendix A; see Theorem 2. We have

D*

opt(T ) = C(:Sthopt(z VK5(T, Z), where copt and hgpt are defined in the next expression

for the efficient influence curve:

ZH(Y | I, G, hOptv Copts )

= IC(YY | F,G,Dépt)

= copthopt(Z2)IC(Y | Fx, G, Kp)
, -1 ZE(K} | Z)
= |E (Zhop(2)Uc(KD) )| WIC’(Y | Fx,G, Kg) (14)

10



where hop(Z) = (ZE(K/’g | 2))/¢(2) with ¢(Z) = E(IC(Y | F,G,Kg)? | Z). If L =W is
time-independent, then ¢ simplifies to the expression
t| Z,W)F(t| Z,W)K}(t, 2)

GRS o

6(2) = E (E(Kg | Z,W)? +/ H Z) . (15)

and if (Z, L) = Z, then it simplifies further to

[Pt 2)F(t| 2)KG (¢, 2)
o2)= | 91 %)

In the one-step estimator we estimate (;g(Y | F, G, hopt, Copt, B) by substitution of esti-

(16)

mators Fy,, Gy, hy, ¢, B for F, G, hopt Copt, B, respectively. Here

n = Y (202 Ve, (K () a7)
i=1

Thus
1 & —
5711 = 52 + 5 ZKZH(Y; ‘ F,, Gna N, Cn, 52)
=1

Note that ¢, plays the role of the derivative matrix of the estimating equation (9) in 5 as

needed in the first step of Newton-Raphson algorithm.

2.3 Implementation Issues

The following estimation method can always be used to compute the one-step estimator. As
illustrated in Example 2, more specific information about the structure of the model can
improve efficiency for finite samples.

Estimation of the efficient influence curve (14) involves estimation of (F, G, hopt, Copt, ).
The initial estimate of 3 and the estimate of the censoring density g were discussed in sec-
tion 2.1. We now discuss each of the other three in turn and how to compute the one-step
estimator ().

F,, for time-independent case. If L = WV is time-independent, then IC,,, is given by

equation (12). The following identity can be used to estimate F'(- | Z, W):
F(t|Z,W)=E[[(T<t)| 2, W]=E[A|C=t 2 W] (18)

where A = I(T < C). The second equality follows from CAR.
The proposed submodel can be chosen to be a highly parametric model or a flexible

semiparametric model. The former leads to an efficient estimator in fewer circumstances.

11



Nonetheless, the finite sample performance of a parametric model is comparable if not superior
to a semiparametric model because it recognizes the main effects of the covariates and is
more stable where the data are sparse. This comparison is made in the second example in
the simulation section.

One possible semiparametric model for F'(- | Z, W) is a logistic generalized additive model.

F(t|Z,W) = E[A|C=t.2=(Zu, ... 20), W = (Wh,...,W))]
exp(fo(t) + fz,(Z1) + -+ fw, (W)
L+ exp(fo(t) + fz,(Z1) + -+ fw, (W)

The Splus function gam with family=binomial (1ink=logit) produces an F;, based on the

(19)

observed data {Y;}I" ;. Of course, the probit model (family=binomial(link=probit)) can
also be used. Furthermore, some or all of the general functions fc, fz,, ..., fw,, can be
replace by more parametric polynomials.

The factor IC(Y; | F,G, Kg) in equation (14) can now be estimated for each Y; using
the expressions for ICy(Y; | G, Kgo) and 1Cy(Y; | Fy, G, Kgo) given in (10) and (12). If
K/’gg(', Z;) is zero except on the interval (Z;' 80 — 7, Z 8% + 1), the integral in equation (12)
is easily approximated (e.g., the trapezoidal rule).

F,, for time-dependent case. If L is time-dependent, IC,,, must be estimated directly
from equation (11). Tt is necessary to estimate F(t | Z, L(u)) for a given (¢, u) with ¢ > u. First
consider the case where the density of C' depends only on the time-independent covariates
(even though F(t | Z, L(u)) may depend on the time-dependent covariates). Then we proceed
using the CAR-identity

F(t| Z,I(w) = E(A| C =t,2,L(u),C > u). (20)

To avoid the curse of dimensionality, for each u we replace L(u) by a vector of summary
measures, Wy, (L(u)), which hopefully captures the most relevant information for predicting 7.
Now, for each u, we can estimate F(- | Z, L(u)) ~ F(- | Z,W,,) by the GAM in equation (19).
The model is fit using data Y; for which C; > u (i.e., those observations for which L(u) is
observed).

For the general case where the censoring mechanism also depends on the time-dependent
covariate, the identity (20) is not guaranteed by CAR. However, wWe proceed in estimating

F(t| Z,L(u)) in two stages by noting that

F(t|Z,L(u))=E(F(t| Z L)) | Z,L(u),C > u),

12



where, by CAR, F(t | Z,L(t)) = E(A | C =t,Z, L(t)). Thus we can estimate F(t | Z, L(t))
by fitting the GAM-model (19) with covariates ¢, Z and covariates extracted from L(t)for each
t. Now for each u, regress F/(t | Z;, Li(t)) on Z; and covariates extracted from L;(u), using
individuals for which C; > w. The Splus function gam with family=quasi(link=logit,
variance=constant) can be used to fit a logistic GAM model.

hopt- The vector-valued function hqpt(Z) is proportional to Z. The constant of propor-
tionality is the ratio of

K"(C-pB"2)1-A)
9(C | X)

E(K;|Z)=E ( \ Z) + K'(ax — 8"2) (21)

and ¢(Z). Using 8% and g, (- | X) to obtain an observed outcome, the expression (21) can be
estimated by regressing an observed outcome on Z. The function ¢(Z) can be estimated in
several ways depending on the number and type of covariates are available. In general, ¢(2)
is the conditional expectation given Z of IC%(Y | 3, F, G, Kg). An estimate of IC has already
been computed and its square can be regressed on Z in some parametric or semiparametric
method (e.g., splines, gam, running medians).

Although this regression method can always be used, in some cases ¢(Z) has other ex-
pressions with more structure which can be exploited. In particular, if there are no covariates
other than Z, then ¢ is given by equation (16) and can be estimated by substitution of an
estimator of F(t | Z) = E(A|C =t,2).

If L = W is time independent, ¢(Z) is given by equation (15) which can thus be estimated
by substitution of an estimator of F(t | Z,W) = E(A | C = t,Z,W). Equation (37) will
be more accurate than equation (35) but potentially more computationally intensive. In
example 2 the assumptions on T' | Z and W | T, Z imply a distribution on W | Z which can
be exploited in computing ¢(Z).

Copt- The normalizing matrix copt is given by equation (41). The expectation can
be estimated by the empirical mean. Each factor inside the expectation has already been

estimated to obtain the estimate of hgpt.

3 Asymptotic Efficiency Theorem for One-Step Estimator

An estimator (3, of 3 is asymptotically linear at Pr, ¢ with influence curve IC(Y | 8, Fx, G)
if B, — B =n"tL, IC(Y; | B,Fx,G) + op(n='/?). From Bickel, et al. (1993) we have

that an estimator is asymptotically efficient if it is asymptotically linear with influence curve
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the so called efficient influence curve, BZH, which is orthogonal to all nuisance parameters.
The efficient influence curve is also called the canonical gradient and it is computed in the
Appendix. It is given by £¢(Y | F, G, hopt, ¢, 3) as defined in section 2.

Theorem 1 below shows that if our model F(t | Z, L(u)) is correctly specified, the one-step
estimator (3. is indeed asymptotically linear with influence curve g and thus is asymptot-
ically efficient. Moreover, 3. has the additional feature that it remains a consistent and
asymptotically normal estimator of 3 even when the model for F(¢ | Z, L(u)) is misspeci-
fied. This is due to the fact that ICy, = [ H(u, Z, L(u))dM (u) for a particular H (equa-
tion (11)) and that for any function H, [ H(u,Z, L(u))dM (u) has mean zero, given X,
because E(dM(u) | X) = 0. This explains why 3! is consistent even if F is estimated
inconsistently.

This protection from model misspecification of F' follows from the general representation
of £¢g developed by Robins and Rotnitzky (1992) and further developed in van der Laan,
Gill, Robins (2000). For further details about computing this representation we refer to the
Appendix.

When the model for F(¢ | Z, L(u)) is misspecified, the influence curve of 3! depends on
the model for the nuisance parameter g(c | X). Characterization of this dependence requires
we introduce the notion of a tangent space. Denote by L3(Pr, ) the Hilbert space of
functions of (C, A, Z, L(C)) with finite variance and mean zero endowed with the covariance
inner product < vy, v9 >ppy o= \/ [ v1v2dPp, . The tangent space 11 = T1(Pry ) for the
parameter Fx is, by definition, the closure in L%(prﬁ*) of the linear extension of the scores
at Pp, ¢ from correctly specified parametric models for the distribution F'x. The tangent
space Ty = Ty(Pr, ) for the parameter G is the closure of the linear extension in LZ(Pr, )
of the scores at P, ¢ from all correctly specified parametric submodels (i.e., submodels of
the assumed semiparametric model) for the distribution G.

With these preliminaries, we are nearly ready to state our main theorem. Before doing
so, we note that condition (2) in the theorem below is a general empirical process condition.
For empirical process theory we refer to van der Vaart and Wellner (1996). We decided
not to derive more primitive conditions that imply condition (2) because it is technical and
model dependent. Condition (1) assures the initial estimator exists and is y/n-consistent and
that the structural condition (23) as needed in the proof holds. Condition (3) requires that

gn converges uniformly to g over a set A and that F,(t | Z, L(u)) converges uniformly to
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something (not necessarily the truth) over a set B, where A and B are intersections of the
support of g and K: in other words, one only needs convergence over sets at which F' and
g are identifiable (under condition (1)). In addition, condition (3) requires that the product
of the rates is op(1/4/n). Condition (4) requires that one uses an efficient procedure for

estimation of the monitoring mechanism g(c | X) such as a maximum likelihood estimator.
Theorem 1 Assume
e Conditions of lemma 1 hold.

. BZH(' | F, Gy By ciy 39) s contained in a Pr, g-Donsker class with probability tending

to one.
e For some F' we have that
Tin = Suplgn(u [ X) —g(u ] X)| =0
ron = s%p‘Fn(t\ 2, T(w)) = Fi(t | Z,T(u)| -0
vnrlnre, — 0,

where the uniform convergence statements need to hold in probability over the sets

{(u, Z,L(w)) : K'(u— Z"3) > 0,max(F', F,,, F)(u | Z, L(u)) > 0}

= {(t,Z,Lw) :t >u,K'(t — Z" 3) > 0,max(gn, g)(u | Z, L(u)) > 0}.

o O(G,) = E(BZH(Y | FT, Gy, h,c, B)) is an efficient estimator of ®(G).
Then B = B2 +n=t37 KZH(Y; | Fr, Gy b, Cny B2) is asymptotically linear with influence
curve
II [ fo( ‘ FT? Gv ha Caﬁ)‘T;(PFx,G)} ) (22)

where Ty(Pry ) is the tangent space for the chosen CAR-model containing the true G and
the matriz c is the limit of c,. Furthermore, if h = hopt and Ft = F (so that Cog(- |
Ft,G,h,c,pB) = BZH(' | F, G, hopt, Copts B)), then Bl is asymptotically efficient.

Proof: This general proof is analogue to the proof of the result of van der Laan and Robins

(1997) for the estimation of smooth functionals of Frr. We have

BL—B = BY—B+(Py— Pryc)lig(Y | Fn, G, hin, cn, BY)

+PFX,G€2H(Y ‘ Fna G7 hnv Cn, /82) + PFX,G{BZH(Y ‘ an G?’w h?’w Cn, /82) - Zﬁ'(Y ‘ an G7 hnv Cn, /82)}7

15



where we used the notation Pf = [ f(y)dP(y). The right-hand side is a sum of four terms.
Condition (2) and (3) imply that (see e.g. van der Laan, Robins, 1997) the second term

equals
(Py — Pryc)0ig(Y | FT, G, h,c, B)+ op(n™"/?).

Lemma 1 below shows that under condition (1) we have that the third term equals
B— B+ op(n'?).

Condition (3) implies that the fourth term equals
(Gp) — B(G) + op(n~?).

Condition (4) implies that 3! is asymptotically linear with influence curve KZH(Y |
Ft,G, h,c,B)+1Chus(Y), where ICpyis(Y) is the influence curve of ®(G,,) as an estimator of
®(G). Finally, as in van der Laan, Robins (1998) the fact that IC),;s is actually an efficient
influence curve in a model for G with tangent space T (by (4)) implies that this influence

curve can be represented as a projection given by (22). a

Lemma 1 Let h, be given, (% the initial estimator defined in section 2, ¢, =
LY (202 Ug, (Kl (Vo).

Suppose that the following conditions on the true data generating distribution hold:
(0/0B)E(ZUc(Kp)(Y)) is invertible at the true value of = By, ¢’ and K" are bounded
above, condition (4) holds for B € N(fy), where Ng, is an arbitrarily small neighborhood of
Bo-

In addition, we make the following consistency assumptions: || gn — g ||co.a= Op(n~*4),
| Gr = G |loo.a= Op(n~Y2), h(Z) converges uniformly to an arbitrary h(Z) with c(h) =
E(h(Z)Z"Ug(K})) invertible.

Then ¢, = c(hy,) converges to c(h) = —E(h(Z)ZTUg(K/Ig)(Y)) and (under no conditions
on F,)

B (| Fus Gulomy ea, B)) = B = B+ op(n™'/%) (23)

Proof. See the proof of lemma 9 in Appendix B.
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3.1 Construction of Confidence Intervals

A confidence region for the parameter vector (8 or individual confidence intervals for each
regression parameter can be constructed by estimating the covariance matrix of the efficient
influence function, £7g. If the model for F(t | Z, L(u)) is correctly specified, the vector
Vn(BL — B3) is asymptotically distributed N (0, COV(£ig)) because the projection operator
in expression (22) is the identity operator in this case. Thus an asymptotic 95% confidence

region for 3 is

S k
{BeR| (8L -9TEEL - 0) < S Fosnice
(e.g., Morrison, 1990) where S is the empirical variance of the estimated efficient influence

function,
n o/ 1 _ 1 & — T
Z ( cp(Ya) — - Z:lgzﬁ(yi/)> ( ep(Yi) — - Z:lgzﬁ(yz‘/)> ;
o i—=
where we define @(Y) = BZH(Y | By Gy By iy 82). A 95% confidence interval for a single
parameter is ﬁ}z + 1.965//\/n, where & is the appropriate diagonal element of 5.

If the model for F(t | Z, L(u)) is misspecified the above confidence intervals are conser-
vative. The true variance of the estimator is given by the variance of expression (22) which
is smaller than the variance of £%;. We refer to Robins and van der Laan (1997) and van
der Laan, Robins (2001) for exact expressions when the model for the monitoring process is

either Cox proportional hazards or independence. However, unless F' is very poorly specified,

the conservative intervals will be fairly accurate.

3.2 A doubly robust estimator.

Given estimates F;,, G, of the nuisance parameters F, G and a choice h,, ¢, for the full data

estimating function, consider the estimator 3, solving
1 n
0= 5 Zgz;ﬁ'(ytl ‘ an GTM h?’m Cn;, /6)
i=1

Recall that our one-step estimator is just the first step of the Newton-Raphson algorithm
for solving this estimating equation for 3, where we chose (89 as initial estimator. Due to
the orthogonality of KZH(Y | F,G, h,c, () wr.t. G, we actually have the following double-
robustness property w.r.t. the nuisance parameters F, G of this estimating function KZH(Y |

F7G7h7c7/6):

Elg(Y | F1,G1,h, ¢, ) = 0 if either 1 = For G =G.
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This means that, in fact, under regularity conditions, 3, will be consistent and asymptotically
linear if either the model for F(t | Z,L(t)) is correctly specified or the model for G is
correctly specified. If one wants to obtain a confidence region for 3 based on (3, in this more
nonparametric model than the one we assumed in this paper (i.e. that the model for G is
correctly specified), then we recommend to use the nonparametric bootstrap. This double
robustness property of 3, implies that, in practice, a minor misspecification of the model for

G can be corrected by doing a good job in modelling F(¢ | Z, L(t)) and vica versa.

Data adaptive selection of location parameter. The regression parameter § represents
the effect of Z on the location parameter identified by K. Thus the choice of location
parameter affects immediately the interpretation of 3 and could therefore just be subject-
matter driven. However, one might also decide to choose the location parameter which is best
identifiable from the data. Suppose that we choose a location parameter K, with compact
support [—7, 7] which (e.g) approximates the median for 7 — 0 and approximates the mean
for 7 — oo. In that case, we propose to calculate S for a range of 7’s and select the 7
which minimizes this estimated variance of the efficient influence curve. This corresponds

with choosing the location parameter which results in the smallest confidence bands.

4 Simulations

Two simulation studies are presented to illustrate the applicability and efficiency of these
methods. Example 1 demonstrates that the asymptotic properties of the one-step estimator
apply to a dataset of moderate size. The superiority of the one-step estimator over the initial
estimator is also shown. The effects of an additional time-independent covariate, W, and the
submodel selected for F(- | Z, W) are considered in Example 2.

The function K we use in these simulations is a smoothed truncated mean given by

—T t<—7
K(t)=q t+Isin(®) —r<t<r. (24)
T Tt

with 7 = 3. K has two continuous derivatives, both of which are zero outside the interval

(=7,7).
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4.1 Example 1: No Unmodeled Covariate.

The data generating distribution has 5 = (8o, 51) = (0,1), Zy = 1 (intercept), Z; ~ N(0,1),
T|Z~ N(Z1,1),and C|Z ~ N(Zy,1). The observed data is (C, A, Z). The general method
of estimation described in section 2.3 was used with the following specifics. The censoring
distribution was estimated via linear regression of C' on Z with independent normal error.
The distribution of 7' | Z was estimated using equation (18) and a generalized linear model
with probit link. hopt was computed after approximating the integrals E(Kpo(T, Z) | Z) =
—f K”g (t, Z)F(t | Z)dt and the expression (16) for ¢(Z) by Simpson’s Rule with 20 intervals.
The results in Table 1 are based on 1000 repetitions.

The one-step estimator is efficient in this example because the submodel chosen for F' is
correct. In finite samples we estimate the efficiency by comparing the variance of the estimator
with the variance of the efficient influence curve. Similarly we estimate the efficiency of the
one-step estimator relative to the initial-estimator. Results for the parameter 3; at three
sample sizes are given in Table 1 (similar patterns are seen for y). The asymptotic efficiency

is evident in both of the larger samples.

Asymptotic Relative
Sample Relative Efficiency
Estimator Size Efficiency | (baseline=Initial)

250 0.53 1
Initial (39 ;) 500 0.76 1
1000 0.81 1
250 0.67 1.2
One-step (35,) | 500 1.05 1.3
1000 1.05 1.3

Table 1: Comparison of initial and one-step estimators for simple linear regression exam-
ple. One-step estimator is asymptotically efficient and appears to be fully efficient even for

moderate sample sizes.

4.2 Example 2: Unmodeled Covariate

Suppose in addition to Z, another covariate W has been collected which is associated with T'.

Our method uses the information contained in the covariate to improve the estimate of 5. The
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strength of the relationship between T" and W is one factor which determines how much our
one-step estimator can improve the initial estimator which does not use W. In this example
we consider three covariates: W1 =T, Wy = T + small error, and W3 = T + large error. The
first corresponds to a perfect surrogate for T', the second to a good predictor of T, and the
third to a poor predictor of T'.

The degree to which we will be able to exploit the information in W also depends on the
submodel we select for F(- | Z,W). It is frequently wise to be optimistic and select a small
submodel; for example, a generalized linear model often outperforms a generalized additive
model if linearity is at all reasonable. In this example we consider two one-step estimators.
The first estimator is the generic method described in Section 2.3. The assumed model for
F(-| Z,W) is correct for each of the three covariates. Thus 3} is asymptotically efficient in
each case.

The second one-step estimator assumes W is a perfect surrogate for 1" and thus “esti-
mates” F(t | W, Z) with I(W < t). This is correct in the first scenario because W7 = T but
not correct for the second or third case. Under the assumption W = T, one could directly
estimate 3 by linear regression: W = ZT 3+e. This direct linear regression method is optimal
in case 1 where W7 = T. However, in the other two cases, this estimator is inconsistent. On
the other hand, our estimator is consistent in each of the three cases and is asymptotically
equivalent with this direct linear regression method if W =T

The simulation results are presented in Table 2. The initial estimator is exactly the
estimator in the previous example. It does not use the information provided by the covariate
W and thus is not nearly efficient. If W is very informative, as in the first two cases, the
variance bound is less than half the variance of the initial estimator.

The generic one-step estimator is efficient, but for samples with N = 1000 the variance
bound is about 10% smaller than the variance of the estimator. The special one-step esti-
mator which assumes W = T reaches the efficiency bound (and then some) when W is very
informative. When W is a poor predictor of T', the performance of this estimator suffers
as should be expected because the assumption W = T is bad. The variance of the special
estimator is larger than the generic estimator in this case.

Details. The data generating distribution has Zy = 1 (intercept), Z; ~ N(0,1), T |
Z ~ NZ,\), W, | T,Z =T, Wo | T,Z ~ N(T,0.1%), W3 | T,Z ~ N(T,1.0%), and
C| Z,W ~ N(Zj,1). The general method of estimation described in section 2.3 was used with
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Estimator Available | Asymptotic Relative Relative
Covariate | Relative Efficiency Efficiency
Efficiency | (baseline=Initial) | (baseline=Generic)
Wy =T 0.40 1
Initial (3] ;) Wo 0.44 1
Ws 0.78 1
Wy =T 0.90 2.20 1
Generic (6}, ;) Wo 0.93 2.12 1
W3 0.94 1.19 1
Wy =T 1.03 2.32 1.15
Special (654) Wo 1.08 2.48 1.08
W3 0.90 1.15 0.96

Table 2: Comparison of (the variances of) the initial estimator and two one-step estimators.
The generic one-step estimator is efficient in each case. The special one-step estimator as-
sumes W = T and is therefore efficient only in case 1. The generic one-step estimator has
not reached the (asymptotic) efficiency bound in this simulation (N = 1000) but the special

one-step estimator has in the first two cases in which W is a perfect or good predictor of T'.

the following specifics to compute the generic one-step estimator. The censoring distribution
was estimated via linear regression of C' on Z with independent normal error. The distribution
of T'| Z,W was estimated using equation (18) and a generalized linear model with probit
link. From the data model it can be shown that fy7 can be estimated consistently with
linear regression with normal errors in each of the three cases. This estimate can be used to
more accurately estimate

F(t| Z,w)F(t| Z,w)K’ﬁg(t, Z)

g9(t| Z,w)

(Z) = /fW|Z(’w | Z) lE(K,gg | Z, W)2+/ dt| dw

(see equation (37)).
The special one-step estimator based on the assumption W = T is easier to compute

because the assumption implies F(t | Z, W) = I(t > W), E(K/’gg | Z,W) = K/’gg(W, Z), and

o(Z) = /fW|Z(’w | Z) K go (w, Z)%dw.

Results in Table 2 are based on 1000 repetitions.
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5 California Partners’ Study

The methods described in this paper were applied to a dataset extracted from the California
Partners’ Study. Each case consists of a monogamous heterosexual couple in which the male
is HIV-positive due to a prior sexual contact. The “failure time variable” on which current
status data is available is the time (in months) until infection of the female partner. Several
time-independent covariates are available including an indicator of condom use (never=1,
ever=0), an indicator of bleeding (ever=1, never=0), an indicator of a sexually transmitted
disease (STD) history in the female (ever=1, never=0), an estimate of the rate of sexual
contact (contacts per month), and the age of the female (years). There are 87 subjects with
complete information on these five covariates. More detailed descriptions of the data are
available in Padian, et al. (1987), Shiboski and Jewell (1992), Jewell and Shiboski (1990),
and Padian, et al. (1997).

Our ultimate goal is to estimate the regression parameters in the model T' = Z T3 + e,
where T is the log of the transmission time. Define the following notation: Z; = 1 is
the intercept, Z; = I(No condom use), Zy = [(STD History), Zs = Z1Z,. We expect the
coefficients of Z; and Z5 to be negative, indicating these risk factors lower the expected time
until transmission of the disease. We include the interaction term because the effect of STD
history may not be observed if condoms are used.

Before estimating 3, we must model the censoring mechanism. The distribution of C' may
be dependent on the covariates in the model and possibly other external to the regression
model. Several classes of models for the conditional distribution of C given covariates are
feasible including simple linear regression and Cox proportional hazards. In each of these
classes the only significant dependence is between the monitoring time and Z;. As noted in
the introduction, it may be safer to include more rather than fewer covariates and to specify
a semi-parametric rather than parametric model to protect against dependence between T
and C as much as possible. With that in mind we chose to use the Cox proportional hazards
model and to include all five covariates mentioned in the paragraph describing the dataset.

With a model for the censoring mechanism in hand, we proceed to computing an initial
estimate of (3 based on equation (7). The length of the support window of K’ can be varied (as
can the functional form of K') to obtain results for a range of estimators from smoothed median
regression to trimmed mean regression. Table 3 displays how the initial and one-step estimates

depend on the selection of the window length. For the analysis of log transmission time the
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7 Parameter B9 BL

0.17 Zo 443  4.42
Z 0.52 -0.49
Zs 0.27 -0.26
Zs 0.15 0.26
0.21 Zo 443  4.43
Z -0.53  -0.50
Zs 0.29 -0.26
Zs 0.17  0.30
0.25 Zo 444  4.43
Z -0.54 -0.50
Zs 0.31 -0.27
Zs 0.20 0.42
0.29 Zo 445 4.44
Z -0.56 -0.51
Zs -0.33 -0.28
Zs 0.24 0.45

Table 3: Dependence of Estimates on Window Length. K’ is zero outside Z'g + 7. If 7 is
larger than 0.3, this window extends beyond the support of g,. If 7 is smaller then 0.15, the

initial estimator has numerous solutions.

estimates do not change substantially with 7. In a similar analysis of the untransformed
transmission time, the estimates changed due to the right skewness of the the distribution.
For example, the intercept, which represents the time until infection in pairs with neither
risk factor, was largest for large 7 and smallest for small 7. A wide window indicates the tail
of the distribution will have an effect while a small window indicates only the center of the
data is measured.

For 7 = 0.25 the initial estimator is 3% = (4.44, —0.54, —0.31,0.24); that is, the conditional
log time until infection is centered at T' = 4.44 — 0.547; — 0.3175 + 0.24Z5.

The remaining item is to compute the one-step estimator. The covariates in this data

set are time-independent so equation (12) applies. The cumulative distribution function
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F(t|Z,W) was estimated using the generalized additive model as in equation (19) with
Z = (Zy, Z1, Z2, Z3) and logit link function. The indicator of bleeding and the age of the
female were used as covariates outside the regression model (that is, W). Adjusting for these
covariates is not possible with any other technique in the literature. The one-step estimator
is 31 = (4.43, —0.50, —0.27,0.42); that is, the conditional log time until infection is centered
at T =4.43 —0.507; — 0.2775 + 0.4275.

The individual standard errors of the coefficients of the two main effect indicator variables
are 0.19 and 0.11, respectively. Thus the indicators of no condom use and of STD history are
significant (0.01jpj0.02) factors in predicting the log time until transmission. The coefficient

of the interaction is not statistically significant.

6 Discussion

We provided locally efficient estimators or regression coefficients based on current status
data with time-dependent covariates with a general linear regression failure-time model, T' =
Z "B + €, where the distribution of the error term has conditional location parameter equal
to zero. Although the curse of dimensionality prevents a globally efficient estimator, the
proposed one-step estimator attains the efficiency bound at a user-supplied submodel of
interest and is consistent and asymptotically normal over the whole model.

Another advantage of this locally efficient one-step estimation approach is that the cen-
soring process need not be independent of the failure time; only coarsening at random is
required. Unlike other regression estimation approaches, the one-step estimator allows the
effects of other unmodeled covariates to be incorporated in a very general way. Thus if a
surrogate covariate for 7" is available, it may be used to improve the estimation of the regres-
sion parameters even though the surrogate is not included in the model. Furthermore, the
unmodeled covariates may even be time-dependent processes.

The one-step estimator exists in closded form and has been implemented with generally
available software. It was shown in simulations to perform according to its asymptotic the-
oretical properties in finite samples and was applied to data from the California Partners’

Study.
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A The efficient influence curve.

A.1 Orthogonal complement of nuisance tangent space in full data model.

The nuisance tangent space consists of scores of parametric submodels through Fx with
B = [ fixed. Let L3(Fx) denote the space of (vector-valued) functions D of X with mean

zero and finite variance. Consider parametric submodels of the form
dFP? (X)) = (1+ s D(X))dFx(X),

where the vector s is the parameter and D € L3(Fx):

To ensure dF)((D’S) is a model of the form (1), it is necessary that the conditional mean
given Z of Kg, (T, Z) be zero. Because E(Kg, | Z) = 0 under the true distribution, it follows
that

EPS)(Kg, | Z)=0 <= E(DKg, | Z) =0.
Thus the nuisance tangent space of the full data model is

A ={D e Li(Fx): E(DKg, | Z) = 0}. (25)
Define the score of 3 by S3(X) = (0/00) logdFx (X). In our case,
1 2)

0
log f(t| Z) = %bgfqz(t— Z'3| Z) = _ZW'

The efficient score S ff s of B is the projection of Sg onto the orthogonal complement of the

0
Sﬂ(X):%

nuisance tangent space, I1[Ss | AF*+]. The full data efficient influence curve or canonical

1 SF ) The

gradient is then given by c_lef 7> where ¢ is the normalizing constant F (Sff £5ers
variance of a regular asymptotically linear estimator of 8 is bounded below by the variance
of the efficient influence curve, which equals the inverse of the variance matrix of the efficient

score.

Lemma 2 The orthogonal complement in L%(FX) of the nuisance tangent space, AT, is
AP ={D € Li(Fx) : D(X) = h(Z)K3(T, Z) for some h(Z) € L*(Fz)}. (26)

The projection of D € L(Fx) onto A"t is

E(DKg | Z)

D | AP = :
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If f(-| Z) is absolutely continuous on R, then the efficient score for (3 is

— —7ZK
SEAT, 2,T) = 7ﬂ/ Fl(t| 2)Ka(t, Z)dt. (28)
o E(K1 Z) Jsupp ’
If K also is absolutely continuous on R, then the efficient score for 3 is
_ ZE(Kj| Z2)
F B
T,Z2,L) = ——————Kj. 29

Proof: The operator I1[- | A1 given in equation (27) is such that that D—II[D | A"L] € AF
and D — (D —TI[D | A"%]) L AF. This proves that D — II[D | AF*1) is the projection of D
on A and thus that TI[D | A"%] equals the projection of D onto AF**. The form of AP is
now apparent from the projection operator.

The efficient score for 3 is the projection of Sz onto AP

—7ZK ZKpg
T[S, | AP = 7ﬂ/ P 2)Ks(t, 2)dt = —B__p(K, | Z).
’ B(K3] Z) Jsupp 1 ’ B(K3[2) 7
The second equality is obtained via integration by parts if K is absolutely continuous. a

The substantial advantage of equation (29) over equation (28) is that the derivative of
f no longer needs to be estimated. The stated continuity condition on f can be relaxed.

Suppose T' | Z is exponential (f has discontinuity at 0). Then (integration by parts)
[e.9]
[ 11 2Kalt 2)dt =0 - £(0| 2)Ka(0,2) ~ E(K} | 2)
0

All the following derivations hold if the above expression replaces —FE(K /’3 | Z) in equa-

tion (29). However for simplicity we continue for f absolutely continuous on R.

A.2 The orthogonal complement of the nuisance tangent space of [ in

Observed Data Model

The orthogonal complement A+ of the nuisance tangent space of 3 in observed data model
(only assuming CAR on G) can be represented as the range of a mapping, IC, defined on the

AP of the nuisance tangent space of 3 in the full data model. Let

orthogonal complement
Pr. ¢ be the distribution of the observed data, Y, and ToaR(G) C L&(Pry ) be the space
of all functions of Y with conditional mean zero given X. The latter space is the nuisance
tangent space for G only assuming CAR. By van der Laan and Robins (1997) and Robins and
Rotnitzky (1992) we have at Pp, ¢ that IC(D) = Ug(D) — I1[Ug(D) | TcAR] is an element
of At for each D(T, Z) € A" where
, _
Ua(D)(C, A, Z, L(C)) = % + D(ax, Z)
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and
H[UG(D) ‘ TCAR](Cv A, Z, Z(C))
_ /(D’(u, Z)F(u | Z, f(u))

g(u| X)

where dM (u) = I(C € du) — Ac(du | X)I(C > u) and A¢ is the cumulative hazard of
censoring. In Robins and Rotnitzky (1992) and van der Laan, Gill, Robins (2000) it is

1 o
ST /u D'(t, 2)F(t | Z, L(u))dt) dM (u)

also shown there exists a Dépt which is mapped to the efficient influence curve (canonical
gradient), o of the observed data model. The estimating equation in the full data model,
Dopt € AP which corresponds with the efficient score I C(Dgpt) of B in the observed data

model is the solution of the following mathematics problem:

Dopt(T, Z) € AP+

(30)
H[m_l(Dopt) | AP = SeFffv

where m : L3(Fx) — L3(Fy) is the nonparametric information operator m = g'g = E(FE(- |
Y) | X). The score operator g : L3(Fx) — L3(Fy) is defined by E(- | Y) and its adjoint,
g7 s LA(Fy) — L3(Fx) is E(| X).

In section A.4 we first solve for Dqp¢. Subsequently, by standardizing Dopt with a matrix
Copt We obtain the optimal Dépt = chtDOpt which yields the efficient influence curve {3 =
I C(Dépt) in the observed data model.

A.3 Useful Properties of m
Recall X = (T, Z, L).

Lemma 3 Suppose D4 and Dp are any two functions in the range of m : L3(Fx) — L3(Fx).

Then
E(m~(Da)Dp | Z) = E(gm™ (Da)gm™"(Dp) | Z).
Proof: The basic fact to be shown is that
-1 _ -1 -1
(m™(Da), D) = (gm™" (D), gm™"(Dp))

where the inner product is expectation conditional on Z. Properties of adjoints gives the
result immediately by moving the first g to the other side of the inner product and noting

that gTgm™" is the identity. a
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Lemma 4 Let hy, hy € L2(Fy) (thus only depends on X through Z) and D € L3(Fx). Then
m(heD + hy) = hgm(D) + hy
and, if D € range(m) C L3(Fx),

“UhaD + hy) = hagm™" (D) + hy.

Proof: The result for m follows directly from its definition and properties of conditional

expectations. Then the property for m~! follows. ad
Lemma 5 Suppose Dy, Dy € L3(Fx) and D, = m(Dy). Then E(Dy | W) = E(Dg | W).
Proof:

E(Do| Z) = E(m(Dy) | Z) = E(E(E(Dy | C,A, Z,L(C)) | T, Z,L) | Z) = E(Dy | Z)

The final equality is the result of the law of iterated expectation. O
The information operator, m, can be written more explicitly for current status data
when all covariates are uncensored. This is the case if, for example, the covariates are time

independent.

Proposition 1 Suppose censored data Y = (C,A, W) is observed on the full data X =
(T, W) and D € L3(Fx). Then

m(D)(X)
B [CD(t, W)dF(t| W)A [ D(t, W)dF(t | W)A
- o (PP T )
B thWdF(t\W) T[.D(t,W)d (t\W)
_ / e Aol X) +/ el Gl X e
Proof: The expressions follow directly from the definition of m. a

The information operator, m, can be inverted in closed form for current status data when

all covariates are time-independent.

Proposition 2 Suppose censored data Y = (C,A, W) is observed on the full data X =
(T,W). Let D € L3(Fx) be twice differentiable with respect to T. Then D € range(m) and

m™H(D)(X) = E(D(T,W) | W) —

19 (F(t\W)F(t\W)D'(t, W)) (32)
f(T|w)ot g(t] X) i
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Proof: Define D,(T,W) = D(T,W) — E(D(T,W) | W) which has conditional mean zero

given W. The operator m~! is linear (Lemma 4) so
m H(D)(T,W) = m H(Do)(T,W)+ E(D(T,W)|W). (33)

Define Dy(T, W) = m~1(D,)(T, W). Differentiate the expression for D, = m(D;) given
by equation (31) with respect to 7. By Lemma 5, E(Dy(T, W) | W) = 0, which implies
fp Dy(t, W)dF(t | W) = — [T Dy(t, W)dF(t | W). Thus we can solve for [T Dy(t, W)dF(t |
W). Differentiate again with respect to 7" and divide by f(T' | W) to show

-1 F o D
Dy(T, W) = 2 ( (t] W)F(t | W)Dj(t, W)) |
f(Tr|w)ot g(t| X) -
Note D!, = D" and then substitute D}, into equation (33). O

A.4 Optimal Estimating Equation, Dopt

We wish to solve equation (30) for Dyt for our observed data regression model. Although
we succeeded in solving for m~! explicitly even for general L, we prefer a simpler alternative
based on gm~! when L involves censored, time dependent covariates (equation (35)); the
explicit expression for m™! happens to be very lengthy. If L contains only time independent

covariates then more explicit formulae for Doyt are attractive (equations (36) and (37)).

Theorem 2 Suppose K is twice differentiable and assume (4. Then

ZE(Kj| Z)
Dopt(X) = hopt(Z)K,@(Tv Z)= —— —Ks(T, 2) (34)
$(2)
where, for general L,
¢(Z) = E(IC(Y | F,G, Kp)* | 2). (35)

Consider the case where (Z, L) = Z (i.e., no covariates other than those modeled). Then

[ F(t|2F(t| 2Kyt 2)
o2 = [ JE[X)

Consider the case where (Z, L) = (Z,W) with W time independent but not modeled. Then

(36)

t 2, W)F(t] 2, WK (1, Z) dt‘ Z) : (37)

2, [
b(2) —E<E(Kg | Z,W) +/ ks
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Proof: From the representation of A given in equation (26), we have Dopi(T, Z) =
hopt (Z)K (T, Z) for some hqopt(Z). Under condition (4 all elements in this proof will actually
be elements of the Hilbert space L3(Pr, ¢) so that projections are well defined. Lemma 4
implies m ™ (Dopt)(X) = hopt(Z)m ™' (Kp)(X). From equation (27), the projection onto

AL s

- E(m”'(Kp)(X)Kp | Z)
[m ™Y (Dopy) | AT Z 0 L2 K.
Rewrite equation (30) substituting equations (29) and (38):

hooy(2) T EB) (XK | 2) ZE(KM)
opt E(K%| Z) T E(KY| Z)

Solving for hopt, gives

ZE(K}| Z)

hoptl2) = B Ky (15)(X) | 2) (39)

Thus Dgpt has the structure of equation (34) where ¢(Z2) is the denominator of equation (39).
Apply Lemma 3 with D, = D, = Kz and use that for any D € L*(Fx), gm™'(D) = IC(D)
(Gill, et al., 1998, Robins and Rotnitzky, 1992) to get equation (35).

Now suppose (Z, L) = Z. Expand the denominator of equation (39) using Proposition 2.
The first term, E(Kg | Z), is zero for our model.

E(Kg(X)m ™ (K3)(X) | 2)
- KgTZ o (F(t|Z2)F Z)K’g(tZ)) )
E( 711 72) o ( o] X) 7 40)

o o (Fit| 2)F(t| 2)K)t.2)
_ /Suppr(tZ)a< T )dt.

Integration by parts gives

12
E(Kﬁ(X)’m_l(Kg)(X)‘Z):/ F(t| 2)F ((tt\‘ i))Kﬂ (t,2)

Now suppose L = W is time independent. Because m and m~! are determined by the
data structure and not the regression model, Lemma 4 and 5 and Propositions 1 and 2 still

hold when Z is renamed (Z, W). By the law of iterated expectation

E(Kg(X)m™ ' (Kp)(X) | Z) = E(E(Ks(X)m™ (Kg)(X) | Z2,W) | Z).
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The interior expectation is similar to equation (40). We proceed slightly differently only
because E(Kg | Z,W) may not be zero.

E(Kg(X)m™ (Kg)(X) | Z,W)

= B(Ks(X)E(KAX)| Z,W)| Z.W)
. ( Ko(T,2) 9 (F(t | Z,W)E(t| Z,W)E)(t.2) )
t=T

z w)

Similarly to the previous case, the final equality follows via integration by parts. Take

f(T\Z,W)ﬁt g(t\X)
_ o

expectations conditional on Z to obtain equation (37). O

A.4.1 Normalization of Dopt

Above we solved for Dopi(T,Z) = hopt(Z2)Kp(T,Z). We have that IC(Dgpt) equals
the efficient influence curve up till a normalizing matrix c(hopt).  Let Diny =
c(hopt)_lhopt(Z)Kg(T, Z) be such that IC(D

Then because IC(D

épt) equals the efficient influence curve.

Opt) is an influence curve we have —E((9/08)IC(c(hopt) ' Dopt) is

the k x k identity matrix. Thus c(hgopt) = —E(%IC’(DOpt)). In general, we have
c(h) = —E((0/0B)IC(D)), where D = h(Z)Kg(T,Z). The result of Lemma 6 is that
c(h) = E(h(Z)ZTUg(K/Ig)). In particular,

E(Kj | Z2)Ua(Kp)
Copt = C(hopt) =F (ZZT A ¢(Z)G A ) (41)
Lemma 6 The following equality holds for D(X) = h(Z)Ks(T, Z):
¢(h) = —E (%m( )> E(W(2)ZTUa(KY). (42)

Proof: From equations (10) and (11) it can be seen that IC(h(Z)Kg) = h(Z)IC(Kpg).
Furthermore, E(IC(Kg)(Y) | Z) = E(U(Kp)(Y) | Z) = E(Kg(e) | Z) = 0. Thus
oh) = —E (310( )>

ek,

-2 (550
_ E(( >IC’(K,3) ¥ )(%IC( )>>
= 0— E(h( )( (8ﬁ )>>
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= E(h(2)Z"IC(K}))

= E(h(2)ZUa(Kp)).

B Consistency of the initial estimator and verification of the

structural condition for theorem 1

In this section we give conditions under which the initial estimator, 39,

exists and is y/n-
consistent (Lemma 7 and 8). Further conditions (Lemma 9) insure the structural condition
E(Cg(Y | Fp, G hp,cn, B2) = 8 — 82 4+ op(n~'/2). These results complete the proof of
Theorem 1.

In this section we use the following estimating equation notation: for a random quantity

X, PX =FE(X), P,X =n"'Y", X;, and H(-) is a vector-valued estimating equation.

Lemma 7 Define H(P, g,3) = E(ZUg(K3)(Y)). Suppose (0/0B)H (P, g,[3) is invertible at
the true value of B = [y and that H(P,, gn, ) is continuous in 8 in a neighborhood Ng,
of Bo. (If K' is continuous and g, # 0 at the observed monitoring times, this continu-
ity condition holds.) Assume condition (4 and that ZUg, (Kg)(Y) is in a Pp, g-Donsker
class with probability tending to one. Assume | gn — g |loo,a4— 0 in probability, where
A={(c,Z,L(c)): K'(c—=Z"3) > 0,F(c| Z, L(c)) > 0}. Asume the mean and covariance ma-
trixz of the covariate Z exist. Then there exists a solution 3 = (39 in Ng, of H(Py, gn, B2 =0

(equation (7)) with probability tending to one.

Proof: First note H(P, g, ) = 0. The invertibility condition implies existence of 3 and
B2 in Ng, such that for each component, H(P, g, 31) < 0 and H(P,g,2) > 0. Under the
regularity condition, sample values converge to true values with probability one. Therefore
H(P,, gn, 1) < 0 and H(P,, gn, #2) > 0 with probability tending to one. The continuity
condition implies existence of a solution in Ng, of H(P,,gn,3%) = 0 (equation (7)) with

probability tending to one. a

Lemma 8 Assume the conditions of Lemma 7. Suppose that || gn — g |leo.a= Op(n=1/4),
and that || G, — G |lco,a= Op(n~?). Finally assume g' and K" are bounded above and
condition (4) holds for B € N(By). where Ng, is an arbitrarily small neighborhood of By. .
Then B2 — 8 = Op(n=1/?).

32



Proof: Recall from the previous lemma, H(P, g, 3) = E(ZUg(K3)(Y)) and H(P, g, fo) =
H(P,, gn, 3%) = 0. Thus

H(Pagvﬁg) _H(PvgaﬁO)
The difference of the final two terms is an empirical process indexed by a random function
which falls with probability tending to 1 in a Pr, g-Donsker class by the regularity condition

of Lemma 7. Thus this difference is Op(n='/2).

The difference of the first two terms on the right hand side is

H(P,g,3)) — H(P, gn, 3

- s (omage ”@—a»
(g

- E(ZK’OCZ g+g”;g>>
g

- _Fp (ZK’g(C,Z) M) +E<E (ZK/Q(C’Z)Zgng;g‘X»'

l>|

The first term is O p(n_l/ 2) because g and g,, are bounded away from zero by condition (4,
K’ is bounded above, Z has finite mean, and ||g,, — g||co,a = Op(n™/%).

Continuing with inside expectation of the second term,

~9n — 9
E(K'ﬂg(c, 78 ‘X)

T _
_ / Klo(e, )29 ge
ax " g

_ /T Ko D) v —

ax g
K/lgg(cv Z) 4
g

- (Gn - G)

This is bounded in absolute value by
K(T,Z) Kj(ax,Z)
9(T'|X) g9(ax|X)
I Kl(e,Z)  Kly(e, 2)g/(clX) dD

_|_

ox 9(cX)  g3(c]X)

The bounds on g, ¢/, and K" imply this term is the same order as || Gy, — G ||0,4, Which is
Op(n_1/2).

33



The left side of equation (43) is [(0/08)H (P, g, 8)](8% — B) + op(B8% — 3). So

#—B=|H(Pg. m] (Op(n™/2) + 0p(82 — B)).

[ 0
op
This can only hold if 39 — 3 = Op(n~1/2). O

Lemma 9 Assume the conditions of Lemma 8. Suppose h,(Z) converges uniformly to some
h(Z). Define

n = oS B (202 Ve (K () (44)
=1

Then ¢, converges to ¢ = —E(h(Z)ZTUg(K/Ig)(Y)). If ¢ is invertible then
E (et h(2)IC(Y | 3, Fy, G, Kpy) ) = = B2+ 0p(n™2). (45)
Proof: Write ¢, = H(8%, gn, hn, Pn) and ¢ = H(3, g, h, P). Then

Ch —C = H( 2agnahnapn) _H( 2agnahmP)

+H( nvgnahnvp) _H( nvgnvh P)

+H (B, gn, h, P) — H(B, 9, b, P)

+H( n,g,h,P)—H(/@,g,h,P)-
The first difference goes to zero by the regularity condition. The second difference goes to
zero by the uniform convergence of h,, to h. The third difference goes to zero because g,
converges to g and both are bounded from zero on I'z. The final difference goes to zero
because (32 converges to 3 (Lemma 8) and K’ is continuous.

If ¢, is not invertible, define c;! = I. However, if c is invertible, ¢;;! will exist with
probability tending to one.

We can simplify the expression on the left side of equation (45) because the projection
term, IC),,, has conditional expectation zero given Z and the first term, ICj, has conditional
expectation Kgo given X:

E (et h(2)IC(Y | 3, F,, G, Kpy))
= B (e ha(Z)(BUICo(Y | G, Kgg) | X) = E(ICu(Y | B, Fn, G, Kgp) | 2)))

— B(e; hal(Z) K gy (X)). (46)
The Taylor expansion of Kgo(X) about 3 is
Kpo(X) = Kg(X) = K5(X)ZT (8, — B) +op(KK(X)ZT (6, - 5))-
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Because E(Kpg | Z) = 0, expression (46) equals
—B(cx hn(2)K5(X)Z7)(85 = B) + o (B (e hn(2)KK(X)ZT) (85 - 8)) -

Invertibility of ¢ and uniform convergence of h,, implies ¢, h,, converges uniformly to

¢ 'h and the above quantity equals
—E(cT M2 KR(X)ZT)(B) — B) + op(E(c™ WZ)K5(X)ZT)(5) — B)).

By the definition of ¢, this is 8 — 8% 4+ op(8 — 32). O

In particular, if h(Z) = hopt(Z) = ZE(Kj | Z)/¢(Z), then ¢ = copt = E(ZZTE(K/’g |
7Z)?/$(Z)) is nonsingular. Write ¢ = [zz" f*(2)dz where f* is the density of Z times
E(K} | Z)?/¢(Z)). Because the latter factor is positive, the function f* is proportional
to a density. Thus ¢ = E*(ZZ") and is invertible if the components of Z are not linearly
dependent. This argument also proves that if one estimates copt by substitution of estimators

of E(Kg| Z) and ¢, then the resulting estimator ¢,, converges to a ¢ which is invertible.
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