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Cross-Validation

We have the usual setting with:
@ Dataobserved: O; = (X, Yi)~ Py, i=1,...,n
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Cross-Validation

We have the usual setting with:
@ Dataobserved: O; = (X, Yi)~ Py, i=1,...,n
@ Parameter of interest, 1o(X), defined as minimizer of a loss
function, L(0O, ), over a parameter space ¥

@ Yo = argmin,cy, Eg L(O,v) = argmin,,y [ L(0,)dPy

@ for example, the regression problem:
o Yo(X) = Eo(Y|X)
o L(0,¥) = (Y — ¥(X))?
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Cross-Validation

@ We denote the entire observation set as the learning data set,

@ split the data into training and validation sets.

@ Since the Super Learner is built on V-fold Cross-Validation | will
only discuss V-fold (although most results work for other forms of
cross validation, like monte carlo or bootstrap)

@ Letv € {1,..., V} index the data splits such that:

e T(v)C{1,..,ntand V(u) c{1,..,n}

oT(u)UV()_{1 ,n}
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Cross-Validation

@ We denote the entire observation set as the learning data set,
@ split the data into training and validation sets.

@ Since the Super Learner is built on V-fold Cross-Validation | will
only discuss V-fold (although most results work for other forms of
cross validation, like monte carlo or bootstrap)

@ Letv € {1,..., V} index the data splits such that:

e T(v)C{1,..,ntand V(v) C {1,...,n}

T(W)U V() ={1,...,n}

Tw)NnVw)=10

UL, V() ={1,...,n}
V()N V() =0, forv £
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V-Fold Cross Validation

@ For the data splits, define B}, as the binary split n-vector for the
v-fold :

s (0 ifieTw)
Bn(’)—{1 it i e V(v)
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V-Fold Cross Validation

@ For the data splits, define B}, as the binary split n-vector for the
v-fold :

sin [0 ifieT(v)
Bn(i) = { 1 ifie V(v)
@ Let ny, =), B;(i) be the size of the v-fold Validation set, and
@ 'y =) ,(1 — Bj(i)) be the size of the v-fold Training set
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Cross-Validation
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Cross-Validation
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V-Fold Cross Validation

@ Let P, be the empirical distribution for the learning data, which
places probability 1/non each O;, i =1,...,n.
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V-Fold Cross Validation

@ Let P, be the empirical distribution for the learning data, which
places probability 1/non each O;, i =1,...,n.

@ Then, P, r(,) and P, v(,) be the empirical distributions for the
training and validation data splits

@ An estimate of the parameter of interest can then be seen with the
mapping ¥V : M, - V¥

~

@ ¢, = V(Pp,) is the estimate based on the entire learning sample,

and
® Yn, = W(P, 7(,) is the estimate based on the v-fold training
sample
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V-fold Cross Validation

@ The Risk of an estimate v, is then:

R(tn, P) = / L(0, ¥ (Pn))aP.

which depends on the true data generating distribution,P.
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V-fold Cross Validation

@ The Risk of an estimate v, is then:

Avn,P) = [ L(O(Pr)dP

which depends on the true data generating distribution,P.
@ Plug-in estimate: use the empirical distribution, Py, in place of P:

R(bn.Pr) = [ LO(P)APy= 1 3" L(OL. vn)

but concerns about over-fitting with large V.
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V-fold Cross Validation

@ Use the V-fold CV to estimate risk, where parameter is estimated
on training set, and risk is estimated on corresponding validation
set:

Eg, R(tnss Prvi) = Eg, / L(O, ¥(Py 7)) dPn.v(v)
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V-fold Cross Validation

@ Also concerns with searching over entire parameter space to
estimate g
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over different subspaces of v
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V-fold Cross Validation

Also concerns with searching over entire parameter space to
estimate g

might propose a collection of candidate estimators which search
over different subspaces of v

In the regression setting, possible candidates: ridge regression,
lasso, random forests, D/S/A, etc.

consider a collection of K, candidate learners (estimators), then
we have ¥k, k =1, ..., K, estimates.
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V-Fold Cross Validation

@ The original Super Learner (Sinisi, et al. SAGMB 2007) proposes
the following minimum cross-validated risk selector:

~ S

kng, = K(Pn) = argmin,c¢ 1 Es, / L(O, k(P 1(,)))dPn v (1),

where, ¥, is the k! estimator.
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V-Fold Cross Validation

@ The original Super Learner (Sinisi, et al. SAGMB 2007) proposes
the following minimum cross-validated risk selector:

~ S

kng, = K(Pn) = argmin,c¢ 1 Es, / L(O, k(P 1(,)))dPn v (1),

where, ¥, is the k! estimator.

@ then the V-fold CV selected estimate is ¢, ks
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Oracle Inequalities

e Let kg, , be the oracle selector based on the V-fold training sets:

RBn,n = an(Pn) = arg mink EBn R((I\JK(PH,T(V))7 P)
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Oracle Inequalities

e Let kg, , be the oracle selector based on the V-fold training sets:
k,.n = Kg,(Py) = argmin, Eg, R(Wx(Pp 7)), P)
@ compare the oracle to:
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Oracle Inequalities

e Let kg, , be the oracle selector based on the V-fold training sets:
k,.n = Kp,(Py) = argmin, Eg, R(Wx(Pp 7)), P)
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Oracle Inequalities

@ Let ap(v, o) = Ep,{L(O, ) — L(O,v0)}, be the risk difference
between the candidate estimate ¢ and the true parameter value

Yo-
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Oracle Inequalities

@ Let ap(v, o) = Ep,{L(O, ) — L(O,v0)}, be the risk difference
between the candidate estimate ¢ and the true parameter value

Yo.
@ Suppose Pr{(\TJk(Pn) ev): VK} =1.
@ Assumptions:

A1: L(O, ) must be uniformly bounded

A2: variance of the p-centered loss function (L(O, 1) — L(O,vy))
can be bounded by its expectation uniformly in ¢
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Oracle Inequalities

@ Let ap(v, o) = Ep,{L(O, ) — L(O,v0)}, be the risk difference
between the candidate estimate ¢ and the true parameter value

Yo.
@ Suppose Pr{(\TJk(Pn) ev): VK} =1.
@ Assumptions:

A1: L(O, ) must be uniformly bounded

A2: variance of the p-centered loss function (L(O, 1) — L(O,vy))
can be bounded by its expectation uniformly in ¢

@ then...
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Oracle Inequalities

@ forany A > 0:

0 1+ log(K
(1 +2X)Edo(Vg(p,) (P, 7(1)), o) + 2C(A)Jrol‘g’()(n)),

where p is the proportion of the observations in the validation
sample, and C() is a constant defined in van der Laan et al.
(2006).
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Oracle Inequalities

@ basically, the super learner performs as well (in terms of expected
risk difference) as the oracle selector, up to a typically second
order term.
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Oracle Inequalities

@ basically, the super learner performs as well (in terms of expected
risk difference) as the oracle selector, up to a typically second
order term.

@ Thus, as long as the number of candidate learners considered
(K(n)) is polynomial in sample size, the super learner is the
optimal learner

@ If, as is typical, none of the candidate learners (nor, as a result,
the oracle selector) converge at a parametric rate, the super
learner performs asymptotically as well (in the risk difference
sense) as the oracle selector, which chooses the best of the
candidate learners

@ If one of the candidate learners searches within a parametric
model and that parametric model contains the truth, and thus
achieves a parametric rate of convergence, then the super learner
achieves the almost parametric rate of convergence log n/n.
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Super Learning

@ with the cross validation theorem above as the motivation, we
looked to extent the candidate learner selector to include weighted
averages of the candidate learners.
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Super Learning

@ with the cross validation theorem above as the motivation, we
looked to extent the candidate learner selector to include weighted
averages of the candidate learners.

@ easier to show a diagram to explain algorithm:
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1. Split data 2. Train each 3. Predict the outcomes in the

into V blocks candidate learner validation block based on the
@ corresponding training block
P candidate learner

A 4

(m Josa] .. T rF] 4. Model selection and
Z obs fitting for the regression
: of the observed

outcome onto the

Im [D/SIA| ... RF Y

1 1 1 1 predicted outcomes

[ ]
2 2 2 2 from the candidate
‘ . . . . learners
] - A a5y1z) = miei0)

m_ 5. Evaluate super learner

by combining predictions from
each candidate learner (step 0)

0. Train each with m(z;B) (steps 1-4)

candidate learner on
entire dataset

\ 4

Super Learner




Super Learner

@ A similar oracle results holds for this new proposed super learner:
For each § > 0 we have that there exists a C(J) < oo such that

v Z Ed(Wo,(Ppr(v))s to) <

Viogn
(1+6Em|n—2d Pnt(v)), ¥o) + C(9) an

OéE.An

(i
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Super Learner

Thus, if

EMinaea, v Xt d(Wa(Par)), vo)
V@ —0asn— oo, (1)
n

then it follows that the estimator W, is asymptotically equivalent with
the oracle estimator V4, when applied to samples of size (1 —1/V)n:

Ty, Ed(ﬁfan(Pnr ()): %0)
EMinaea, v St d(Wa(Par)), vo)

—1as n— oo.
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Super Learner

If (1) does not hold, then it follows that ¥,,, achieves the (log n)/n rate:

1 |
7 3 (b, (Par).vo) = 0227

n
v=1

(i
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Super Learner

@ The theorem implies that the proposed super learner will perform
asymptotically as well (up to a constant) as the best estimator
among the family of estimators {V,, : a € .A} when applied to
samples of size n(1 — 1/V), or achieve a rate log(n)/n.
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Simulation results

@ simulated from:

Y =2wywyg + 4wowy + 3WaWs — SweWyg + 3WeWg + Wy Wo Wy
—2w7(1 — we)wawg — 4(1 — wio)wi (1 — Wy) + ¢,

where W, ~ Binom(p = 0.4) and ¢ ~ N(0, 1).
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Simulation results

@ simulated from:

Y =2wywyg + 4wowy + 3WaWs — SweWyg + 3WeWg + Wy Wo Wy
—2w7(1 — we)wawg — 4(1 — wio)wi (1 — Wy) + ¢,

where W, ~ Binom(p = 0.4) and ¢ ~ N(0, 1).
@ simulated a learning sample of 500 observations.
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Simulation Results

Candidate learners considered:

Method R Package | Authors

Least Angle Regression lars Hastie and Efron

Logic Regression LogicReg Kooperberg and Ruczinski
D/S/A DSA Neugebauer and Bullard
Regression Trees rpart Therneau and Atkinson
Ridge Regression MASS Venables and Ripley
Random Forests randomForest | Liaw and Wiener

Adapt Regression Splines polspline Kooperberg

Table: R Packages for Candidate Learners. R is available at
http://www.r-project.org
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Simulation results

@ candidates for first simulation: least squares, LARS, D/S/A, Logic,
random forests.
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Simulation results

@ candidates for first simulation: least squares, LARS, D/S/A, Logic,
random forests.

@ We applied the super learner with 10-fold cross-validation on the
learning set. Applying the prediction to eill 10 folds of the learning
set gives us the predicted values Z; = (V;,(W) : j=1,...,5)

@ then used least squares to fit the linear model E(Y|Z) = o + fZ

@ each of the candidate learners was fit on the entire learning set to
obtain W;(P,)(W), which gives the super learner

V(Pa)(W) = an + Ba(Wi(Pa)(W) : j=1.....5))
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Simulation results

@ results

method RMSPE 0On
Least Squares 1.00 0.038

LARS 115 | -0.171
D/S/A 0.22 0.535
Logic 0.32 0.274

Random Forest | 0.42 0.398
Super Learner 0.20

Table: Simulation Example 1: Estimates of the relative mean squared
prediction error (compared to least squares) based on a learning sample
of 500 observations and the evaluation sample M=10,000. The
estimates for 5 in the super learner are also reported in the right column
(an = —0.018).
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Simulation results

method study 1 | study 2 | study 3 | study 4 | overall
Least Squares 1.00 1.00 1.00 1.00 1.00
LARS 0.91 0.95 1.00 0.91 0.95
D/S/A 0.22 0.95 1.04 0.43 0.71
Ridge 0.96 0.99 1.02 0.98 1.00
Random Forest | 0.39 0.72 1.18 0.71 0.91
MARS 0.02 0.82 0.17 0.61 0.38
Super Learner 0.02 0.67 0.16 0.22 0.19

Table: Simulation Example 3: Estimates of the relative mean squared
prediction error (compared to least squares) based on the validation sample.
The 3 new studies are combined with the second simulation example and the
relative mean squared prediction error is reported in the overall column.
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