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Abstract

We considerthe problemof sequentiatiecentralizedletectiona problemthat entailsseveral inter
dependenthoices:ithechoiceof a stoppingrule (specifyingthe samplesize),a globaldecisionfunction
(a choicebetweentwo competinghypotheses)anda setof quantizationrules (the local decisionson
the basisof which the global decisionis made). In this paperwe resole an openproblemconcerning
whetheroptimallocal decisionfunctionsfor the Bayesiarformulationof sequentiatiecentralizedletec-
tion canbe found within the classof stationaryrules. We develop an asymptoticapproximatiorto the
optimal costof stationaryquantizatiorrulesandshov how this approximatioryields a negative answer
to the stationarityquestion.We alsoconsidetthe classof blockwisestationaryguantizersaandshow that
asymptoticallyoptimal quantizersarelik elihood-basedhresholdrules?

Keywords: sequentialdetection,decentralizeddetection,quantizerdesign,decision-makingunder con-
straints

1 Intr oduction

In this paperwe consideithe problemof sequentiatiecentralizedetectionseege.g.,[13, 14,7]). Detection
is aclassicabiscriminationor hypothesis-testingroblem,in whichobsenationsf X 1; X »; : : :gareassumed
to bedrawn i.i.d. from the conditionaldistribution P( jH ) andthegoalis to infer the valueof therandom
variableH , which takesvaluesin f0; 1g. Placingthis problemin a communication-theoreticontet, a
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decentalized detectionproblemis a hypothesis-testingroblemin which the decision-makr is not given
accesso theraw datapointsX , butinsteadmustinfer H basednly onasetof quantizatiorrulesor local
decisionfunctions fU, = ,(Xn)g. Finally, placingthe problemin a real-timecontet, the sequential
decentalizeddetectionprobleminvolvesa datasequencef, X 1; X 2; : : :g, anda correspondingequencef
summarystatisticsf U ; Uo; : : :g, determinedy asequencef localdecisiorrulesf 1; »;:::g. Thegoalis
to desigrboththelocaldecisionfunctionsandto specifyaglobaldecisiorrule soasto predictH in amanner
thatoptimally tradesoff accurag anddelay In short,the sequentiatiecentralizedletectionproblemis the
communication-constrainegktensionof classicalformulation of sequentialcentralizeddecision-making
problemgsee,e.g,10, 6] to thedecentralizedetting.

In settingup a generalframewnork of sequentiadecentralizegroblems,Veeraalli et al. [15] de ned

ve problems(“CaseA” through“CaseE"), distinguishedrom oneanotherby the amountof information
availableto the local sensors.In particular in CaseE, the local sensorsare provided with memoryand
with feedbackfrom the global decision-makr (alsoknown asthe fusioncente)), sothat eachsensorhas
availableto it the currentdata, X ,, aswell asall of the summarystatisticsfrom all of the otherlocal
sensors.In otherwords, eachlocal sensothasthe samesnapshobf paststateasthe fusion center;this is
aninstanceof a so-called‘quasi-classicainformationstructure”[5] for which dynamicprogrammingDP)
characterizationsf the optimal decisionfunctionsare available. Veeraalli et al. [15] exploit this factto
shav thatthedecentralized¢asenasmuchin commonwith thecentralizectasejn particularthatlik elihood
ratio testsare optimal local decisionfunctionsat the sensorsaandthat a variantof a sequentiaprobability
ratio testis optimalfor the decision-makr.

Unfortunately however, part of the spirit of the decentralizeddetectionis arguably lost in CaseE,
which requiresfull feedback.In particular in applicationssuchaspower-constrainedgensometworks, we
generallydo not wish to assumehattherearehigh-bandwidtifeedbackchanneldrom the decision-makr
to the sensorsnor do we wish to assumehat the sensorshave unboundednemory Most suitedto this
perspectie—andthefocusof this paper—is CaseA, in whichthelocal decisionsareof thesimpli ed form

n(Xn); i.e., neitherlocal memorynorfeedbackareassumedo be available.

NotingthatCaseA is notamenabléo dynamicprogrammingandis presumablyntractable Veeraalli et
al. [15] suggestestrictingthe analysisto the classof stationarylocal decisionfunctions;i.e.,local decision
functions ,, thatareindependenbf n. They conjecturethat stationarydecisionfunctionsmay actually
be optimalin the settingof CaseA (giventhe intuitive symmetryandhigh degreeof independencef the
problemin this case)eventhoughit is not possibleto verify this optimality via DP aguments.Thetruth or
falsity of this conjecturehasremainepensinceit was rst posedby Veeraalli etal.[15, 14].2

In this paper we resol\e this questionby shaving that stationarydecisionfunctionsare, in fact, not
optimal for decentralizegproblemsof type A. More speci cally, we do so by providing a simplelemma
characterizinghe asymptoticallyoptimal costin the Bayesiarformulation(i.e., whenthe costper sample
goesto 0). Thislemmahasanalogsn the Neyman-Pearsoformulation(seee.g.,[11, 6]) andprovesto be
very usefulin the studyof optimaldecisionfunctionsin the Bayesiarformulation. It allows usto construct
countergampledo thestationarityconjecturepothin anexactandanasymptoticsetting.ln theasymptotic
setting,we shaw thatin generatherearealwaysarangeof prior probabilitiesfor which stationarystratgies
aresuboptimal We notein passinghatanintuition for thesourceof this suboptimalityis easilyprovided—it
is dueto theasymmetryof the Kullback-Leibler(KL) divergence.

2In a relatedformulation of the problem, i.e., the Neyman-Pearsofiormulation, Mei [7] surmisedthat the pair of optimal
guantizerdor minimizing the expectedstoppingtimeswith respecto two hypothesegwhich areprovento be stationaryneednot
be the same.In somesensethis openquestionappearso be the equivalentof Veenalli's conjecturen the Baysianformulation,
which we addressn this paper



It is well known that optimal quantizersvhenunrestrictedare necessarilylik elihood-basedhreshold
rules[13]. Our counter@gamplesand analysisimply that the thresholdsneednot be stationary(i.e., the
thresholdmaydiffer from sampleto sample) In theremaindeof the paper we addressea partialcorverse
to thisresult: speci cally, if we restrictoursehesto stationary(or blockwisestationary)quantizerdesigns,
thenthereexistsanoptimaldesignthatis athresholdrule basednthelik elihoodratio. We prove thisresult
by establishinga quasiconcuaity resultfor theasymptoticallyoptimal costfunction.

The remainderof this paperis organizedasfollows. We begin in Section2 with backgroundon the
Bayesianformulation of sequentiabetectionproblems,and Wald's approximation. Section3 providesa
simple asymptoticapproximationof the optimal costthat underliesour main analysisin Section4. In
Section5, we establishthe existenceof optimal decisionruleswhich arelik elihood-basedhresholdrules,
whenrestrictedo be blockwisestationary We concludein Section6.

2 Background

This sectionprovidesnecessarpackgroundn the Bayesiarformulationof sequentiatietectionproblems,
adynamicprogrammingchacterizatiorandWald's approximatiorof the optimal cost.

2.1 Sequentialdetectionand dynamic programming

Let Po andP; representhe class-conditionadlistributionsof X , whenconditionedonfH = OgandfH =
1g respectrely. Focusingthe Bayesianformulation of the sequentiadetectionproblem[10, 14], we let
1= PH = 1)and ° = P(H = 0) denotethe prior probabilitiesof the two hypothesesA sequential

R(N; ):=E cN+I[ (X1;:::;XN) 68 H] ; QD

wherec > 0 is theincrementakostof eachsample.The overall goalis to choosethe pair (N; ) soasto
minimizethe expectedoss(1).

Assumethat Pg andP; areabsolutelycontinuouswith respecto oneanother For corveniencejn the
sequelwe shallfrequentlyusef 9(x) andf 1(x) to denotethe respectie densityfunctionswith respecto
somedominatingmeasurde.g.,Lesbguefor continousvariables,or countingmeasurdor discrete-alued
variables).

It is well known that the optimal solutionof the sequentialdlecisionproblemcanbe characterizede-
cursively usingdynamicprogramming(DP) agumentd[1, 17, 10]. Furthermoreaswe develop in detail
in AppendixA, the DP characterizatiomoldsevenwhenX 1; X »; ::: areindependenbut not identically
distributedconditionalon H . Althoughvery usefulfor classical(centralized)sequentiabletection the DP
approachs not alwaysstraightforvardto applyto decentalizedversionsof sequentiatietection.We will

nd, however, thatthe DP approachs usefulfor evaluatingthe accurag of approximationsto the optimal
cost.

2.2 Wald'sapproximation

Whenall X 1; X5;::: arei.i.d. conditionedon H, thereis an alternatie to the DP approachor approxi-
matingcostof the optimalsequentiatest,originally dueto Wald (cf. [11]), thatwe describehere.It canbe



shawvn thatthe optimal stoppingrule for the costfunction (1) takestheform

X f1(X)
N=inf n 1 Lp(Xy;::5,X0)= 109 5,
o PoX)

2 (a;b) ; (2

for somerealnumbersa < h. Giventhis stoppingrule, the optimaldecisionfunctionhastheform

1 ifLy b;
Ln) = 3
=0 iy a )
We now developanalternatve expressiorfor theoptimalcostof thedecisionrule (3). Considetthetwo
typesof error:

Po( (Ln) 8 H) = Po(Ln D)
Pi( (Ln) 6 H)=Pi(Ln &)

Now de ne = Ejflog fs0c3]= D(f 5jf % and ©=  Eoflog fobx3] = D(f %jif 1). With this notation,

thecostJ (a; b) of thedecisionrule basedn ervelopesa andb canbewritten as

J(a;b) = E cN+I[ (X1;:::;XN) 68 H]
= 'Ex(cN+I[Ly a)+ °Eo(cN +I[Ly b)) 4)
EiL EoL
_ 111N+Coog1+o+1; (5)

wherethe secondine follows from Wald's equation16]. With a slightabuseof notation,we shallalsouse
D( ; )todenoteafunctionin[0;1]?! R suchthat:
1
D(; )= log—+ (1 )Iog:L :
Letusnow developaseriesof approximation®f thecost,following Wald (cf. [11]). To begin, theerrors

and arerelatedto a andb by the classicalinequalties (1 )=€” and e?(1 ). In general,
theseinequalitiesneednot hold with equalitybecauséhelikelihoodratio L y atthe optimal stoppingtime
N mightovershootithera or b (insteadof attainingpreciselythevaluea or b atthe stoppingtime). Wald's
approximationis basedon ignoring this overshootandreplacingthe inequalitiesby equalitiesto solve for
correspondingaluesof and :

1 € e 1
& & b e ©)

We canalsoexpressa andbin termsof and :
1

a a(; ):= Iog1 andb b( ; ):=log : (7)

Themapping(6) and(7) betweena; b) and( ; ) yieldsthefollowing approximation
Elly] (@ )a+ b .
Eillu]l @ )b+ a (@)



Pluggingthis approximationinto (4) and using(7), we obtain\Wald's approximationfor the costof a se-
guentialtestwith error and :

+ + 1. (9)

G(;)::coD(;lo )+C1D(11;) 0 ,

In thefollowing sectionwe exploit this approximatiorin our analysisof quantizerdesign.

3 Characterization of optimal quantizers

Turningnow tothedecentralizedetting theprimarychallengdiesin thedesignof thequantizatiorrules .
A guantizatiorrule |, isafunctionthatmapsX to thediscretespacdJ = f0;:::;K  1gfor somenatural
numberK . Any x edsetof quantizatiorrules | yieldsasequencef compressedatal, = ,(Xp), to
which the classicatheorycanbe applied. We arethusinterestedn choosingquantizatiorrules 1; »;:::
sothatthe error, resultingfrom applyingthe optimal sequentiatestto the sequencef sufcient statistics
Usp; Uyp; 1, is minimizedover somespaceof quantizatiorrules. In thedecentralizedetting,we use

flu) = P(n(Xp)=u); for i=01

to denotethedistributionsof the compressedata,conditionedon the hypothesis.

We saythata quantizerdesignis stationaryif therule , isindependentf n; in this casewe simplify
thenotationtof * andf ©. In addition,wede ne theKL divergences ! := D(f 1jjf ©) and © := D(f 9jjf 1).
Moreover, let G denotethe analogueof thefunction G in equation(9), de nedusing ' ;i = 0;1. In this
section,we describehow—Dby exploiting Wald's approximationfor sequentiaproblems—itis possibleto
provide anasymptoticcharacterizationf the optimal costof ary stationaryquantizatiorrule.

3.1 Approximate quantizer design

Givena x edstationaryquantizer , Wald's approximation9) suggestshe following strateyy for approx-
imating the costof sequentiabletectionstratgy. For a givensetof errors and , rst assignthevalues
of thresholdsa = a( ; ) andb= b( ; ) usingapproximation(7). ThenusethequantityG ( ; ) asan
approximationto thetruecostJ (a;b). This approximatioressentiallyignoresthe overshootof thelik eli-
hoodratio L . It is possibleto analyzethis overshootto obtaina ner approximation(cf. [11, 6, 9]). For
the purposeof quantizerdesign,however, aswe shall see the approximatiorerrorincurredfrom ignoring
the overshootis at mostO(c), whereaghe choiceof quantizer generallyresultsin a changeof the order
( clogc 1).
A key assumptiorin our analysiss that

supsuplog(f Y(u)=f°(u)) M (10)
2 u2uU

for someconstantM overaclass of quantizerfunctions : X ! U. Notethatthis assumptiorholdsin
mary case®f interest.ForinstancewhenX , takesits valuesin a nite setof discreteelements<, andboth
P, andPg placepositive probabilitymasson all valuesin X , theassumptiortlearlyholds. Theassumption
alsoholdswhenX is acontinuousdomainandsup, ,y jlog(f 1(x)=f°(x))j < +1 .

Thefollowing propositionguaranteethattheapproximatiorG is asymptoticallyexactupto anadditive
errorof sizeO(c), andprovidesa basisfor characterizinghe optimal cost:



Proposition 1. (a) Theerror in theapproximation(9) is boundedas

0 1
@b G(;)i M —+ o : (11)

(b) De ne theoptimalcostd = infapJ (a;b). Thenasc! 0, wehave

0 1 1
J = w5+ cIogE+ O(c): (12)

Proof: (a) We bagin by boundingthe errorin theapproximation(7). By de nition of the stoppingtime N ,
we have either(i) b Ly b+ Mor(i)a M Ln a. Considerall realizationsuy;:::;up, for
which condition(i) holds;for ary suchsequenceye have

" Po(u; 115 up) P1(uz;:::;up)
eP*MIPo(uy;:iiiun) P1(ug;:::;un)
Takinga sumover all suchrealizationsusingthede nition of and , andperformingsomealgebrayields
theinequalitye® 1 ™M orequivalentlyb b( ; )=logi— b+ M. Similarreasoning
for case(ii) yieldsa M a( ; )=logs— a. Now, notethat

EoLn = Eo[lLnjLn B+ (1 )Eo[LnjLn  af:

ConditioningontheeventLy 2 [b;b+ M],wehavejLy b( ; )j M. Similarly, conditioningonthe
eventLy 2 [a M;al,wehavejLy b( ; )j M. ThisyieldsjEocLy ( D( ;1 ))j M. Similar
reasoningjieldsjE;Ly D@ ; )j M.

(b) By part(a),it sufces to establisttheasymptoticoehaior (12)for thequantity® (a;b) = inf. G ( ; ),
wherethein mum is takenamongpairsof realizableerrorprobabilities( ; ). Moreover, we only needto

considetheasymptotiaoegime + ! 0, sincetheerrorprobabilities and vanishasc! 0. Itissimple
to seethatD (1 ;) = log(1= )+ o(1), andD (1 ; ) =log(l= )+ o(1). Hencejnf . G ( ; )
canbeexpresseds

Thisin mum, takenoverall positve ( ; ), isachivedat = °1—10 and = %—Ol We now shaw that

theseerror probabilitiescanbe approximatelyrealized(for ¢ small) by usinga sufciently large threshold
b > 0 andsmall thresholda < 0 while incuring an approximationcost of order O(c). Indeed,let us

choosethresholdsa® and b° suchthat e (*M)=2 e P ande?® M=2 e’ Let ©
and ©bethe correspondingrrorsassociateavith thesetwo thresholds.As proved above, we also have
02 (e P*M)=p:e B) and 02 (&2’ M=2;¢?"). Clearlyj 3 ePa eM)y=o0( )= 0O().
Similarly, j 4 = O(c). By themeanvaluetheorem,
jlogl= ) loga= 9 j 9™ &M@ eM)=0q):

Similarly, log(1= ) log(1= 9 = O(1). Hencetheapproximatiorof ( ; ) bytherealizable{ ¢ 9
incursacostat mostO(c).



[ ¢ 0.01] 0.009] 0.008] 0.007] 0.006] 0.005] 0.004] 0.003] 0.002] 0.001]
J [ 0.0320] 0.0297] 0.0269] 0.0241] 0.0212] 0.0178] 0.0145] 0.0112] 0.0078 [ 0.0042
J | 0.0302| 0.0277| 0.0250| 0.0224 0.0196 | 0.0168 | 0.0139 | 0.0108 | 0.0076 | 0.0041
J=) | 0.9447| 0.9313| 0.9313| 0.9288| 0.9268| 0.9409| 0.9550| 0.9682| 0.9772| 0.9737

Table 1. Comparisorof the (exact) optimalcost] computedby thedynamicprogrammingmethod,andan
approximatiorof the optimal costdenotedby J usingEg. (14a)asc decreases.

Pluggingthequantities ; into equation(13)yields
0 1 0 1 0 01 1 10
infG ( ;) = <t 7 cIogE+ —*t 1t glog—(5 + —log—— c+ O(c)(14a)
0 1 1
= -+ T clog6 + O(c) (14b)
asclaimed.

3.2 A simpleillustration

Considertwo simple hypothesed?y and P; whereX takesits valuesfrom the setf 1;2g. In particular
[Po(1) Po(2)] = [0:8 0:2] and[P1(1) P1(2) = [0:01 0:99]. Thepriorsare ®= 1= 0:5. Tablel shavs
that the approximationgiven by (14a)can provide a reasonabl@approximationto the costfor the optimal
sequentiatestwhenc is sufciently small.

4 Suboptimality of stationary designs

We now considetthe structureof optimalquantizersit wasshowvn by Tsitsiklis [13] thatoptimalquantizers

n take theform of thresholdrulesbasedn thelikelinoodratiof (X ,)=f°(X ). Veeraalli etal.[15, 14]
asledwhethertheserulescanbetakento be stationarya problemthathasremainedopen. In this section,
we resol\e this questionwith a negative answer First, we provide a countergamplein which the optimal
guantizeris not stationary Next, we showv thatusinga stationaryquantizercanbe suboptimalevenin an
asymptoticsensdi.e.,asc! 0).

4.1 lllustrati ve counterexample

We begin with a simplebut concretedemonstratiorof the suboptimalityof stationarydesigns.Considera
problemin whichX 2 X = f 1, 2; 3g andthe conditionaldistributionstake theform

O/yy — 8 1999 1 Ty — 1 1 1.
f°(X)= 1 o000 o000 andf (x)= 35 3 3:
1

Supposehattheprior probabilitiesare ! = %and 0= %,andthatthecostfor eachsamplesc = 5.
If we restrictto binaryquantizergi.e.,U = f0; 1g), thenthereareonly threepossiblequantizers:

1. DesignA: A(Xn) =0 () Xp = 1 Asaresultthecorrespondinglistributionfor Uy is speci ed
by 9 (un) = [¢ Llandf ?, (u) = [3 2.



Method | Ja(0:08) | Jg (0:08) | Jc(0:08) | J (0:08)

Cost 0:0567 0:0532 0:0800 | 0:0528

Table 2. Numericallycomputedcostsfor the threestationarydesignsl, Jg andJc, for the mixed design
J.

2. DesignB: g(X,) = 0 () X 2 f1;29. The correspondinglistribution for Uy, is given by
9 (U) = 15000 o000l andf 4, (u) = [5 3].
3. DesignC: ¢(Xn) =0 () Xy, 2 f1;3g. Thecorrespondinglistribution for U, is speci ed by

0 8001 1999 1 _ 21
£~ [10000 10000] @ndf ° (u) = [5 3l

Now considerthe three stationarystratgyies, eachof which usesonly one x ed design,A, B or C.
For ary givenstationaryguantizatiorrule , we have a classicakentralizedsequentiaproblem,for which
the optimal cost(achieved by a SPR) canbe computedusinga dynamic-programmingrocedurg17, 1].
Accordingly, for eachstationarystrateyy, we computethe optimal costfunctionJ for 10° pointson the p-
axisby performing300updatef Bellman's equation(24). In all casesthedifferencein costbetweerthe
299thand300thupdatess lessthan10 6. LetJa; Jg andJc denotetheoptimalcostfunctionfor sequential
testsusingall A's, all B's,andall C's, respectiely. Whenevaluatedat ! = 0:08, thesecomputationgield
thenumericalvaluesshavn in Table2.

Finally, we considera non-stationaryule obtainedby applyingdesignA for only the rst sampleand
applyingdesignB for theremainingsamplesAgain usingBellman's equationwe nd thatthecostfor this
designis

J = minfg(0:08);c+ Jg(P(H = 1ju; = 0))P(uy = 0)+
Je(P(H = 1ju = 1))P(u1 = 1)g= 0:052767

whichis betterthanary of the stationarystratajies.

Note the slim improvement(0.0004)of J over the beststationaryrule Jg . Thisis duein partto the
choiceof a smallpersamplecostc = 0:01; for largerc we do not obtaina counter@amplewhenusingthe
distributionsgiven above. More signi cantly, however, our non-stationaryule differs from designrule B
by only the rst sample.This suggestshatonecanachiare bettercostby alternatingoetweerusingdesign
A anddesignB ontheoddandevensamplesrespectiely. We prove this formally in theasymptoticsetting
in thenext section.

4.2 Asymptotic suboptimality of stationary designs

We now prove thatthereis alwaysa rangeof prior probabilitiesfor which stationaryquantizerdesignsare
suboptimal. Our resultstemsfrom the following obsenation: the form of the approximation(9) dictates
thatin orderto achiese a small costwe needto choosea quantizer for whichthe KL divergences © :=
D(f%jf 1) and ! := D(f %jjf °) arebothaslargeaspossible Dueto theasymmetryof theKL divergence,
however, thesemaximaarenot necessarihachievedby a singlequantizer . This suggestshatit shouldbe
possibleto constructa non-stationaryjuantizemith bettercostthana stationarydesign.

8



Proposition2. Let ; and » beanytwo quantizes. If thefollowinginequalitieshold

O < O and ! > 1 (15)

1 2 1 2

thenthere existsa non-emptynterval (A; B)  (0;+1 ) sudthatasc! O,

0
1
0
J, ,<minfd ;3,9 (clgc?t) if — 2 (A B)
0
1

J, J,., J,if
whee J . denoteghe optimal costof the stationarydesignbasedon the quantizer i, andJ . denotes
the optlmal costof a sequentialtestthat alternatesbetweenusing ; and > on odd and evensamples
respectively

Proof: Accordingto Propositionl, we have

0 1

J = —+— clogc'+0(c); i=01 (16)
Now considerthe sequentiakestthat appliesquantizers 1 and , alternatelyto odd and even samples.
Furthermorelet thistestconsideitwo samplestatime. Let f 01 ) andf 11 ) denoteheinducedconditional
probabilitydistributions,jointly onthe odd-evenpairsof quantizedvariables Fromthe additiity of the KL

divegenceandassumptior{15), thereholds:

D(f 01 2jjf11 2) = 01 + 02 > 2 O1 (178.)
D(fY if% ,) = '+ bL<21t: (17b)
Clearly, the costof the proposedsequentiatestis anupperboundfor J . _. Furthermorethe gapbetween

this upperboundandthetrue optimalcostis no morethanO(c). Hence asm the proof of Propositiont, as
c! 0, theoptimalcostJ . canbewritten as

20 21
5 o+ 1, 1 cloge L+ O(0): (18)

1 2 1 2

Fromequationg16) and(18), simplecalculationsyield the claimwith

Az 01( 1l 12)( 01+ 02) . 02( 1 12)( 01+ 02).
CICLe (0, 9T T e (o, 0y

U
Remarks: Let usreturnto the exampleprovided in the previous subsection. Note that the two quan-
tizers A and g satisfyassumption(15), sinceD (f ° jif * ) = 0:4045 < D(f° jif! ) = 0:45and
D(f' jjif® )= 2:4337> D(f* jif° ) = 0:5108 As aresult,thereexist priorsfor which asequentiatest
usingstationaryquantizerdesign(either a», g or ¢ for all samples)s notoptimal.



5 On asymptotically optimal blockwise stationary designs

Despitethe possiblelossin optimality, it is usefulto considersomeform of stationarityin orderto re-
duce computationalcompleity of the optimizationand decisionprocess. In this section,we consider
the classof blodkwise stationary designs,meaningthat there exists some naturalnumberT such that

T+1 = 1) T+2 = 2;andsoon. For eachT, let Cy denotethe classof all blockwisestationaryde-

assumptior(10). Thus,asT increaseswe have a hierarcly of increasinglyrich quantizerclasseghatwill
beseento yield progressiely betterapproximationgo the optimalsolution.

asymptoticallyoptimal sequentiatestusingthis quantizerdesignis

TO Tl
+

0 y ---4 O T 4.4 1
RS . R .

clogc 1+ O(0): (19)

This formularevealsan importantpropertyof asymptoticallyoptimal quantization—-name)ythe asymp-
totically optimal quantizerdesignis the onethat minimizesthe multiplicative constantassociatedvith the
clogc 1 term. With a harmlessabuseof notation,from now on we shalluseJ to denotethis constant,
which becomesa functionof . More preciselyJ is a function of the following vectorof probabilities
inducedby the quantizer:

(FO);:::f 0K 1) fl@);:::;f YK 1)):

We areinterestedn the propertieof aquantizatiorrule thatminimizesJ .
We begin with a simpleresulton the structureof asymptoticallyoptimalquantizerdesigns:

Proposition 3. For a xed prior ( %, ) andT > 0, let ( 4;:::; 1) be the optimal quantizerdesign
amongthosein Cr.
(@) Foranyl i;j T,thereholds( ©  9)( 1 Iy o
i j i j
(b) If there is a pair (i; j) sud that ( © o) 1) < 0thenthere existsa prior ° sothat
i j i j
( 1;::15 1) isnotoptimalin Cr.
Proof. To establishclaim (a), supposehatfor somepair (i; j ), thereholds( © Oy t ys> o
i j i j

Without lossof generalityassumeghat © > © and ' > 1), Theasymptoticcost(19) canthenbe

improvedby replacingquantizerdesign jlatthefaeriodicilnde(j Jbythedesign i . Theproofof part(b) is

similarto thatof Proposition2. O

It is well known [13] that optimal quantizers—whenunrestricted—canbe expressedsthresholdrules
basednthelog likelihoodratio (LLR). Our counter@amplesn the previoussectiondmply thatthethresh-
olds neednot be stationary(i.e., the thresholdmay differ from sampleto sample). In the remainderof
this section,we addressea partial corverseto this issue:speci cally, if we restrictoursehesto stationary
(or blockwisestationary)quantizerdesigns thenthereexists an optimal designconsistingof LLR-based
thresholdrules.

In theanalysigto follow, we assuméhatT = 1 soasto simplify the exposition.Our mainresult,stated
belowv asTheorem8, providesa characterizatiomf the optimal quantizer ;, denotednoresimply by

10



to shaw thatresultsfor T = 1 canbe generalizedo blockwisestationaryquantizerd ,; n= 1;:::;Tg
for thecaseTl > 1.

De nition 4. Thequantizeresignfunction : X ! U issaidtobeallikelihoodratiothresholdruleif there
arethresholdsdp = 1 < d; < :::< dgk = +1,andapermutation(uy;:::;ux) of (0;1;:::;K 1)

X)=uif d 1 FYEX)=FOX) d;

Whenf 1(X)=f0(X) = d 1,set (X)=u por (X)= uy with Py-probability 1.3

Previouswork ontheextremalpropertieof lik elihoodratiobasedjuantizerguaranteethattheKullback-
Leiblerdivegenceds maximizedby aLLR-basedjuantizef12]. In ourcasehowever, recallthattheoptimal
costfunctionJ takestheform

o

1
J = 5+
In particular this function dependson the pair of KL divergences, ° and !, which arerelatedto one
anotherin a nontrivial manner Hence establishingasymptoticoptimality of LLR-basedrulesfor this cost
function doesnot follow from existing results,but ratherrequiresfurther understandingf the interplay
betweerthesetwo KL divergences.

The following lemmaconcernscertain“unnormalized”variantsof the Kullback-Leibler(KL) diver-
gence.Givenvectorsa = (ap;ai) andb = (bg; by), we de ne functionsD® andD* mappingfrom R} to
therealline asfollows:

D%aik) = aolog?i + bolog% (20a)
Diah) = a Iog% + bllog%: (20b)

Thesefunctionsarerelatedto the standardnormalized)KL divermgencevia therelationsD%a;1 a)
D(ap;a1), andD'(a;1 a) D(as;ao).

Lemma5. For anypositivescalaisas; by; ¢1; ag; by; co sud thatg—(l) < % < g—é atleastoneof thefollowing
two conditionsmusthold:

D%a;b+ c) > DO%b;c+ a) and DY(a;b+ c) > D%b;c+ a); or (21a)
DO%c;a+ b)> D°b;c+ a) and D'(c;a+ b) > D°b;c+ a): (21b)

The abore lemmaimplies that undercertainconditionson the orderingof the probability ratios, one
canincreasébothKL divergencesy re-quantizing.This insightis usedin thefollowing lemmato establish
thatthe optimalquantizer behaesalmostlike alikelihoodratio rule. To statethefollowing result,recall
thatthe essentiasupemumis thein mum of thesetof all suchthatf (x) for Po-almostall x in the
domain for ary measurabléunctionf .

3This lastrequiremenbf the de®nitionis termedthe canonicallik elihoodratio quantizetby Tsitsiklis [12]. Althoughonecould
considerperformingadditionalrandomizatiorwhenthereareties, our later results(in particular Lemma7) establishthatin this
caserandomizatiorwill notfurtherdecreaséheoptimalcostd .
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Lemma 6. If is anasymptoticallyoptimal quantizerthenfor any pairs of (u1; uz) 2 U, u; 68 up, there
holds: £100 £100
fo(ul) 2 eSSX3 (|Q)f: uz W’ eSSx: ?XL;EUZ f O(X)

Notethatalik elihoodratio rule guaranteesomethingstronger:For Pg-almostall x suchthat (x) = ug,
f 1(x)=f °(x) takesa valueeitherto the left or to the right, but not to both sides,of the interval speci ed
above.

Aswewill shaw, theproofthatthereexistsanoptimalLLR-baseduleturnsoutto reduceto theproblem
of shawing thatthe optimalcostfunctiond is aquasiconcavéunctionwith respecthespaceof quantizers.
(A functionF is quasiconcee if andonly if for ary , thelevel setf F (x) g is a corvex set). Since
the minima of a quasiconcee function aregenerallyextremepointsof the function's domain[3], andthe
extremepointsin the quantizerspaceare LLR-basedrules[12], we deducethat there exists an optimal
guantizerthat is LLR-based. In Lemma7, we presenta proof of quasiconceity for the caseof binary
quantizersThis resultis sufcient to shav thata LLR-basedoptimal quantizerexists.

LetF :[0;1°! R begivenby

Co + C1 )
D(ap;a;) + do D(as;ag) + di

F(ag;a1) = (22)
Lemma 7. For any non-n@ative constantscy; c1; dg and ds, the functionF de ned in equation(22) is
guasiconcave

Thefollowing theoremis the mainresultof this section.

Theorem 8. Restrictingto the classof (blodkwise)stationaryand deterministicdecisionrules, thete exists
an asymptoticallyoptimalquantizer thatis a likelihoodratio rule.

We presenthefull proof of thistheoremin AppendixE, which follows from Lemma6 andLemma?.
We remarkthat our theoremis restrictedto deterministicquantizerdesigns.We conjecturethatJ is qua-
siconcae with respectto spaceof quantizerdan general,which implies that Theorem8 alsoholdsin the
(larger) spaceof randomizedquantizerrules. As notedabove, Lemma? establishegjuasiconceaity of J
for binaryquantizerules,whichimpliesthatour conjecturecertainlyholdsfor thecaseof binaryquantizers.

6 Discussion

Theproblemof decentralizedequentiatietectiorencompasseswide rangeof problemsnvolving different
assumptiongboutthe amountmemoryavailable at the local sensorsaandthe natureof the feedbackfrom
the centraldecision-makr to the local sensors.A taxonomyhasbeenprovided by Veeraalli et al. [15].
Their analysisfocusedon CaseE, the settingof a systemwith full feedbackandmemoryrestrictedto past
decisions. In this setting, the local sensorsaandthe centraldecision-makr possesshe sameinformation
state,andthe problemcanbe attacled usingdynamicprogrammingandothertools of classicalsequential
analysis.This mathematicatractability is obtained however, at a costof realism.In mary applicationsof
thedecentralizedequentiatletectionit will notbefeasibleto feedbackall of the decisiondrom all of the
local sensorsjndeed,in applicationssuchassensometworks theremay be no feedbackat all. Moreover,
the local storagecapacitymay be very limited. In this paperwe have focusedon this moreimpoverished
caseassuminghatneitherfeedbacknorlocal memoryareavailable(CaseA in thetaxonomyof Veeraalli
etal.).

12



We have provided anasymptoticcharacterizationf the costof the optimal sequentiatestin the setting
of CaseA. Thischaracterizatiohasallowedusto resol\e theopenquestiorasto whetheroptimalquantizers
are stationary In particular we have provided an explicit countergampleto the stationaryconjecture.
Moreover, we have shavn thatin the asymptoticsetting(i.e., whenthe costper samplegoesto zero)we
areguaranteea rangeof prior probabilitiesfor which stationarystratgjiesare suboptimal. We have also
presentec new resultconcerninghe quasiconceity of the optimal costfunction. This resulthasallowed
usto establisithatasymptoticallyoptimalquantizersrelik elihood-basethresholduleswhenrestrictedo
the classof blockwisestationaryquantizers.
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A Dynamic-programming characterization

In this appendixwe describehow the optimalsolutionof the sequentiatiecisionproblemcanbe character
izedrecursvely usingdynamicprogramming DP) agumentd1, 17]. We assumehatX 1; X »; ::: areinde-
pendenbut notidentically distributedconditionedon H . We usesubscripin in f 9(x) andf }(x) to denote
theprobabilitymasgor density)functionconditionedonH = OandH = 1, respectiely. It hasbeenshavn

that the sufcient statisticfor the DP analysisis the posteriorprobabilityp, = P(H = 1jX1;:::;Xn),

which canbeupdatedashby:

Pfaes (Xns1) .
pnf%+1 (Xn+1) + (1 pn)fr?+1 (Xn+1) '

Po= Lipns =

Finite horizon: First, let usrestrictthestoppingtime N to a nite interval [0; T] for someT . At eachtime
stepn, de ne JT (pn) to betheminimumexpectedcost-to-go At n = T, it is easilyseerthat

J7 (pr) = 9(pr);

whereg(p) := minfp;1 pg. In addition,theoptimaldecisionfunction attimestepT, whichis afunction
of pr, hasthefollowing form: t(pr) = 1if p 1=2 and0 otherwise.
ForO n T 1,astandardP agumentgivesthefollowing backwardrecursion:

Jn (pn) = minfg(pn);c+ Al (pn)g;

where
T T . X T 1 0
An(pn) = Efdpig (Pn+1)iX 1505 Xng = Jn+1 (Pn+1)(Pnf iy (Xn+1) + (1 pPn)fper (Xn+1)):

Xn+1

Thedecisionwhetherto stopdepend®npy: If g(pn) ¢+ A/ (pn), thereis noadditionaloene t of making
onemoreobsenration, thuswe stop. The nal decision (p,) takesvaluelif p, 1=2 andO otherwise.
Theoverall optimal costfunctionfor the sequentiatestjust describeds J .

It is known thatthe functionsJ,] andA areconcae andcontinuousn p thattake valueO whenp = 0
andp = 1[1]. Furthermorethe optimalregion for which we decideH = 1 is a corvex setthatcontains
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pn = 1, andtheoptimalregion for whichwe decider = 0is acorvex setthatcontainsp, = 0. Hencewe

stopassoonaseitherp,  pf orp, p, forsome0 < p; < p,. Thiscorrespond$o alikelihoodratio
test: For somethresholda, < 0< by, let:

" oq kD)

N = inffn 1jLp:=  log-——

LX)

anorL, b (23)

Set (Ln) = 1lif L, b, andO otherwise.

In nite horizon: Theoriginal problemis solvedby relaxingtherestrictionthatthestoppingtimeis bounded
by aconstanfT. LettingT ! 1 , for eachn, the optimalexpectedcost-to-gal ! (pn) decreaseandtends
toalimit denotedoy J(pn) = limyiz  JIn(pn).

Note thatsince X 1; X »;::: arei.i.d. conditionallyon a hypothesisH, the two functionsJ ! (p) and
J,T:ll (p) areequvalent. As aresult,by lettting T ! 1 , Jn(p) independenbf n andcanbe denotedas
J(p). A similar time-shiftargumentalsoyieldsthatthe costfunctionlimty; Al (p) is independenof n.
We denotethis limit by A(p). It is theneasilyseernthatthe optimalstoppingtime N is alikelihoodratiotest
wherethethresholdsa, andh, areindependenof n. We usea to denotethe formerandb the latter. The

functionsJ (p) andA(p) arerelatedby thefollowing Bellmanequation2]:
J(p) = minfg(p);c+ A(p)gforallp2 [O; 1] (24)

Thecostof theoptimal sequentiatestof the problemis J ( 1).

B Proofof Lemmab

By renormalizingwe canassumev.l.o.g.thata; + by + ¢; = ag+ by + ¢g = 1. Alsow.l.0.g,assumehat
b1 bp. Thus,c; > ¢panda; < ag. Replacingc; =1 a; bpandcg=1 a Iy, theinequality
C1=0 > b=l isequialenttoa; < aghy =ty (b lo)=h.

We x valuesof b, andconsidewaryinga 2 A, whereA denoteghe domainfor (ag; a;) governedby
thefollowing equalityandinequalityconstraints:

O<a;<1 by (25a)
O<ag<1l Iy (25b)
a; < agp (25¢)
a1 < agh=ly (b1 fo)=hy: (25d)

Notethatthethird constraintis redundantiueto the otherthreeconstraints.In particular constraint(25d)
correspondgo a line passingthrough((by  bp)=h;;0) and(1 bp;1 by) in the (ag; a;) coordinates.
As aresult,A is the interior of the trianglede ned by this line andtwo otherlines givenby a; = 0 and
ag=1 Iy (seeFigureB).

It is straightforvardto checkthatbothD%(a; 1 a) andD(a;1 a) arecorvex functionswith respecto

(ap; a1). In addition,the derivativeswith respecto a; are af‘(ll aa{’l) < Oandlog 238 Zf; < 0, respectiely.
Hence bothfunctionscanbe (strictly) boundedrom below by increasinga; while keepingag unchanged,
i.e.,by replacinga; by af sothat(ag; a?) liesontheline givenby (25d),whichis equivalentto theconstraint

C1=¢ = bi=hy. Letcf =1 by af thencd=¢ = by=h.
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a

(b bo)=h 1 b a

Figure 1: lllustrationof thedomainA.

We have
(a) al by + 9
D%a:b+¢) > a%log=2t+ (by+ d)lo 1 26a
(aib+©) > aflog -+ (by+ ) log (262)
0 0
® 0™, 0.0 by
= ajlog— + ¢jlog— + by log = 26b
1 gao 1 QCO by gbo (26Db)
(©) ad+ § by
0, 0 17 G
aj+ ¢))log———=+ b log = 26¢C
(a7 1) ga0+ % o} gbo (26¢)
= D%+ cb); (26d)

whereinequality(c) follows from anapplicationof the log-suminequality[4]. A similar conclusionholds
for DY(a;b+ c) aswell.

C Proofof Lemma6

Supposéhe oppositds true, thatthereexist two setsS;, S, with positive Pg-measuresuchthat (X) = u;
forany X 2 S;[ S, and

f1(Sy) - f 1(uy) < f1(S2) |

fO(S1) fO%u) fOS)
By reassigning; or S, to thequantileuy, we areguaranteetb have anew quantizer °suchthat %, >
and 1,> 1  thanksoLemma5. Asaresult, ®hasasmallersequentiatost] ,, whichis acontradiction.

(27)

0

D Proofof Lemma?

The proof of this lemmais conceptuallystraightforvard, but the algebrais involved. To simplify the nota-
tion, we replaceag by x, a; by y, thefunctionD (ag; a1) by f (X; y), andthefunctionD (a;y; ag) by g(X; y).
Finally, we assumédhatdg = d; = O; the proofwill revealthatthis caseis sufcient to establisthe more
generakesultwith arbitrarynon-nejative scalarsdg andd;.

Wehavef (x;y) = xlog(x=y) + (1 x)log(1 x=1 vy)andg(x;y)= ylog(y=x)+ (1 y)log(l
y=1 x). Notethatbothf andg arecorvex functionsandarenon-neative in theirdomainsandmoreaer
thatwehave F (x; y) = co=f (X; y) + c1=0g(X; y). In orderto establistthequasiconcuaty of F, it sufces to
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show thatfor ary (x; y) in thedomainof F, wheneaervectorh = [hg h1] 2 R? suchthath™r F(x;y) = 0,
thereholds

h'r 2F(x;y) h O (28)
Herewe adoptthe standarchotationof r F for the gradientvectorof F, andr 2F for its Hessianmatrix.

We alsouseFy to denotethe partialderivative with respecto variablex, Fyy to denotethe partialderivative
with respecto x andy, andsoon.

Wehaver F = %zi %rz—g Thus,it sufces to prove relation(28) for vectorsof theform
h i T
h= Cofy C10y cofx + Gk

It is corvenientto write h = covg + c1vi, wherevg = [ fy=f2 f,=f2]T andv; = [ g,=¢° ox=cF]".
TheHessiarmatrixr 2F canbewrittenasr F = c¢gHo + coH1, Wwhere

1 fuf 202 ff 264y

H0= 3t f 26,f, f,f 22 °
and X
Hy = 1 9«9 200 9y9 200G
= F 2 292
g° Oxy9d Ox%  Oyyd Oy
Now obsenre that

h'r 2Fh = (covo+ c1v1)T(coHo + ciH1)(Covo + C1vi);

which canbesimpli ed to

h'r 2Fh = cdviHovo + GV Hivi + Bci(2vi Hova + Vi H1vo) + coci(2v Hivi + v Hovy):

This functionis a polynomialin cg andc;, which arerestrictedto be non-nejative scalars. Therefore,it
sufces to prove thatall the coefcients of this polynomial (with respecto cg andc;) arenon-positve. In
particular we shallshow that

(i) v§Hovo 0, and
(II) ZVE)I- Hovy + Vg Hivg O.

Thenon-positvity of theothertwo coefcients follows from entirelyanalogousarguments.
First, somestraightforvard algebrashows thatinequality(i) is equivalentto therelation

Facfy+ fyyf 2 2fxfyfoy:
But notethatf is aconvex function,sof y fyy ffy. Hencewe have

b)

p_— (
fxxfyyfxfy zfxfyfxy,

(@)
facfy+ fyyf? 2

therebyproving (i). (In this agument,inequality (a) follows from the factthata® + k¥ 2ab, whereas
inequality(b) follows from the corvexity of f .)
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Regarding(ii), somefurtheralgebrareducest to theinequality
Gi1+Gy Gz O (29)
where
Gi = 2(fygyfux + fxaxfyy  (Fyge+ fxgy)fuy);
Gz = flgu+floy 26,fy0y;
Go = (e <o)

At this pointin the proof, we needto exploit speci ¢ informationaboutthe functionsf andg, which
arede ned in termsof KL divergences.To simplify notation,weletu = x=y andv = (1 x)=1 ).
Computingderivatives,we have

fx(xy) = log(x=y) log((1 x)=(1 Y)) = log(u=v);
fy(sy) = @1 x)=1 y) x=y=v uy

x(xy) = (1 y)=(1 x) y=x=1=v 1=u;
g(y) = log(y=x) log((1 y)=1 x)) = log(v=u);

ll ll ly + _yZ' 1
rPogy) = P Y, and rPgxy)= @07 ¢ XG0
x@T x) @ y)?Z " y? X(1 x) yd y)

Notingthatfy = gy; gy = fxx: fxy = gyy, Weseethatequation(29)is equialentto
2 2 2 2.
2(fxoxfyy + fyoxyy)  froyy + fyou é(fygx fxgy)” (30)

To simplify the algebrafurther, we shall make useof theinequality(logt?)? (t  1=t)2, whichis valid
for ary t. Thisimpliesthat

fyge = (v u)d=v 1=u) fyg = (og(u=v))’= fZ2= ¢ O

Thus, f2gy fyggy, and2(fyax  fxgy)?  Zfyox(fyge  fxgy): Asaresult,(30) would follow if
we canshaow that

2
2(fxoxfyy + fyoxgyy) + fyoxgyy + fyzgxx afygx(fygx fxoy):
Forall x 6 y, we maydivide bothsidesby fy(x;y)g«(X;y) > 0. Consequentlyit sufces to shawv that:
2
Axfyy=fy fyox= 3oy a(fxgy Oxfy);

or, equialently,

- v v Uy .
2log(u=v) " + + + x (log V) ;
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or, equialently,

(U v)(u+v 1) (u VEAu+v 4u) 2 (u v)? (Iog%)z: 31)

2log(u=v) u I V) uv(u 1)1 V) g uv

Dueto thesymmetryit sufces to prove (31) for x < y. In particular we shallusethe following inequality
for logarithmmean[8], which holdsfor u 6 v:

. 3 < logu logv < 1 )
2uv+ (u+ v)=2 u v (uv(u + v)=2)1=3"

We shall replace'o‘i(“iv) in (31) by appropriateupperandlower bounds.In addition,we shallalsobound

g(x; y) from below, usingthefollowing aument.Whenx < y, wehaveu < 1< v, and

y 1 y_ 3y x) 1 yx )

ylogy + @ NI > P+ r =2 @ 0@ YA &+ Y2
31 v u) N (u DA Vv

(U VR U+ (U V(Y 1))

a(x;y)

Let usdenotethis lower boundby q(u; v).
Having gotrid of thelogarithmterms,(31) will holdif we canprove thefollowing:

. Bu v)F(u+v 1) NG V)2(u+ v 4uv) 2 (u v 9 v)? .
@ uv+ (u+ v)=2)(u 1A V) uv(u 1)1 V) q(u; v) uv " uv+ (u+ v)=2)2
or equialently,

L6u+v 1) . (u+ v 4uv) 3 1
2 W+ (u+v)=2) uv (v wE u+ ) (vou)(v(v+ 1)=2)L3
1 9
2 = (szJr (U V)2 (32)
whichis equvalentto
w+v Pwu+v=2+ W aw) 3+ =212 27T+ (u+ 1)=2)
(27w + (u+ v)=2)uv (v uE" U+ (Ut D2)(v(v + 1)=2)13
u+v LW (u+v)=2+ 5 w) )

uv(2” uv + (u+ v)=2)2

andalsoequvalentto

(u+ =2+ 2P W) u+ =2+ P W+ avpre+ )= 2P+ u+ 1=2)]
QU+ U+ D2V + D=2)B(u+ V)=2+ 5TV u) (34)

It canbe checled by tediousbut straightforvard calculusthatinequality(34) holdsforaryu 1 v,
andequalityholdswhenu = 1= v,i.e.,x = V.
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E Proofof Theorem8

Supposéhat is notalikelihoodratio rule. Thenthereexist positive Pg-probability disjointsetsSs; Sy; S3
suchthatforany X1 2 S1; X2 2 Sp; X3 2 S3,

X1) = (X3)=u (35a)
(X2) = U286 uy (35b)
FiXy) _ f1(X2) _ f1(X3).
fO(X1) fOX2) fO(Xa)

(35¢)

De ne theprobability of thequantilesas:

fOuy) :
f1(ug) :

Similarly, for thesetsS;; S, andSs, we de ne

Po( (X)=u1); and fOuy):
Pi( (X)=u1); and fl(up):

Po( (X) = u2);
P1( (X) = u):

a=1%S1); =19%Sy) and co=fSs);
a1 = f3(S1); b=fYSy); and ¢ = f1(Sy):

Finally, let po; p1; o andg; denotethe probabilitymeasuresf the“residuals”:

po = fO%u2) I pr = fl(up) bu
® = fO%u) a oo q = flu) a cn

Note that we have a—l < % < g—o In addition, the setsS; and S; Werechosensothatg—é g—é %.

From Lemmae, thereholds Bﬂ'& = f—;% 2z 2L, & . Wemayassumewithoutlossof generalitythat

pit b a1 pit b by p1 pit b i
Do+ b - Then, 525 < &S0 5s < porhy - Overall, weareguaranteedo have theordering

&<p1+b1 ﬂ<E<&: (36)
Po Pothh a M C

Our stratgy will beto modify the quantizer only for thoseX for which (X)) takesthevaluesu; or
Uy, suchthattheresultingquantizeiis de ned by a LLR-baseahreshold andhasa smaller(or equal)value
of the correspondingostJ . For simplicity in notation,we useA to denotethe setwith measuresinder
Po andP; equalto ag andas; thesetsB, C, P andQ arede ned in ananalogousnanner We begin by
observinghatwe have either £ 33123 < g or% < gé:% o Thus,in our subsequennanipulation
of setswe alwaysbundleQ W|th eitherA or Caccordlngly\Nlthoutchanglngheorderlngof theprobability
ratios. Without lossof generality then,we may disregard the correspondingesidualsetcorrespondindo
Q in theanalysigto follow.

In the remainderof the proof, we shall shav that eitherone of the following two modi cations of the

quantizer will improve (decreasethesequentiatostd :
(i) AssignA; B andCto thesamequantizatiorlevel uq, andleave P to thelevel uy, or

(i) AssignP, A andB tothesamdevel uy, andleave cto thelevel u;.
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It is clearthatthis modi ed quantizerdesignrespectghelikelihoodratio rule for the quantizationindices
xu; anduy. By repeatedhpplicationof this modi cation for every suchpair, we areguaranteedo arrive at
alikelihoodratio quantizerthatis optimal,therebycompletingthe proof.

Letal; B; cJ; pS benormalizedversionsof a; b; co; po, respectiely (i.e.,ad = ap=(po + ap+ o+ <o),
andso on). Similarly, let a2; b; c?; p9 be normalizedversionsof as; by; ¢;; p1, respectiely. With this
notation,we have therelations

f O(u)
fi(u)

0

P4 (an+ co)log 27 %

0
f*(u) log o1 + by ot C

+ (po + o) log

uus;uz

1 1

0 0 0

= Ao+ () + 19uz) (9 + H)log 5 B, (ag+ log B
1 1

0+ a%+ ¢
= Ao+ (F%ur) + fOup))DO(p°+ B &%+ 9;
X f 1(u) pL+ by aL+ c
1= fl)lo + + by) log = + (ay + ¢1)log 21
- (u) 955w (p1 + by) log 0o + o (a1 + ¢1) log 20+ G

= A+ (FY(uy) + f Y (u))DY(p°+ B* %+ &Y);

wherewe de ne

fO fO fO
Ay = fO(u) Inglgﬂg + (fO(ug) + fOuy)) log ¢ 183: flgﬂg 0;
uusg;uz
X f4(u) FLug) + £ 1(up)
— 1 1 1
Ar = ueumzf (U)Iogfo(u)+(f (ug) + f X(uy)) Iogfo(u1)+f0(u2) 0

dueto the non-ngjativity of theKL divergences.
Notethatfrom (36) we have
PP+ &l B
0 S 0 0 ®mS @
pp e+l & B d
in additionto the normalizationconstraintghatpd + a8 + B + ¢ = p + ad + B + ¢§ = 1. It followsthat
i+l _ plrajrbirc) _ 4
PotE T poragtbprce T
Let us considervarying the valuesof a?; b}, while xing all othervariablesand ensuringthat all the
above constraintshold. Then,af + 1 is constantandboth DO(p°+ b a%+ ¢ andD(p®+ B2 al+ 9
increaseasb; decreaseanda; increasesln otherwords,if we de ne ad’= a3, 8%= b anda$®andt®such
that
a®_ B’ 1 pp

g B 1

thenwe have
DO(p%+ 2%+ ¢  DOp%+ b0a%% ) andD(p’+ Ba%+ ) D(pP+ B9p%% & (37)

Now notethatvector(b39 1 in R? is a convex combinatiorof (0; 0) and(a% %% K. It follows
that(pg + B7p) + B is aconvex combinatiorof (p; pd) and(pg + ag™ H7p + % b)Y = (p§ + af +

b p? + &g + bY).
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By (37)andthequasiconcaity resultin Lemma7, we have:

o 1
J = -t T
0 1
Ao+ (FO(up) + fO(up)) DO(pP+ 1P, 20+ ) ' Ag+ (f1(ug) + T 1(u2)) D(p0+ bP %+ 9
0 1
Ao+ (TO(un) + 19(uz)) DO(p0+ 1200 & Aq+ (F {un) + T 1(u2)) DHpP+ BP%a%r
0 1
T Ao+ (fOCuz) + £ O(u2)) D (pd + B7pY + BYY * Ag+ (f1(ug) + f1(u2))D(pd + B9pf + Y
0 1
min

Ao+ (fO(uz) + f O(u2)) D (p3; pY) T ALt (i) + F2(u2)D (p3; p3)”
0

Ao+ (FO(u) + FO(u))D(p3+ a3+ Bipl+ al+ )
1

Ar+ (Fi(up) + FL(up)D(p)+ al+ Bip3+ ag+ 1)

But thetwo agumentsof the minimumin the nal equationarethe costsof thetwo possiblemodi cations
of . Hencetheproofis complete.
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