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Hierarchical Linear Regression

The following hierarchical linear model was the basis for smoothing in the proposed 1990
census adjustment (Freedman et al, 1993):

(1a) Y=y+$
(1b) y = XB +e.

Here, X may be viewed as afixed n x p matrix; § and ¢ are assumed to be independent n x 1
vectors; the means are 0; cov(8) = K isagiven positive definite matrix; cov(e) = 021, where 52
isgiven, being positive and finite; I isthen x n identity matrix. In the census context, ¥ would be
the vector of “raw” adjustment factorsand y the “true” adjustment factors, with one component of
the vector for each post stratum in aregion. Theorem (3) below would not apply: o2 and K have
to be estimated from the data, X is chosen by a data-based algorithm, etc. For more discussion of
the model in the census context, see Freedman et a (1993).

Goldberger (1962) proposed the estimator y for . His construction involves an auxiliary
matrix I'; to define the latter, let H be the OLS projection matrix, that is, H = X (X’X)~1X’. Now

(2a) ri=xk?'+6721-H)
(2b) p =TK~ Y.

The estimator y can be motivated in the normal case as Bayes with a diffuse prior on g; then T is
the posterior covariance of y given Y; seeLindley and Smith (JRSS, 1972). Being positive definite,
K1+ 067%(I — H) isinvertible. Hence, T is well-defined and positive definite. Moreover, T is
symmetric because K and H are symmetric.

Notes. Being a covariance matrix, K is symmetric; soisI"; but 'K ~1 is asymmetric. The
estimator ¢ can aso be represented as a generalized average of Y and gls; see (28). If U, V are
n x landm x 1, respectively, and E(U) = E(V) = 0, then cov(U, V) isdefined asE(U V).

(3) Theorem (Goldberger).
@Ey—-y)=0
(b) cov(y —y) =T
(c) y isthe minimum-variance unbiased linear estimator of y.

The object hereisto prove (3). Claim (c) can be translated asfollows. If M isann x n matrix and
E(MY —y) = 0, then cov(MY — y) — I' isnon-negative definite, vanishing only if M = 'K L.

Warning. cov(y) # I for the objectivist, because y israndom.

(4 Lemma 'K~1X = X so'K~'H = H.



Proof. Let x bein the column space of X. Then
iy = K 1x;

indeed, by (2a) the differenceis o —2(I — H)x = 0. Pre-multiply the display by I". QED

Claim (a) in the theorem isimmediate: E(y) = X8 = E(y), thelast equality holding by (4).
(5 Lemma. If Misann x n matrixand E(MY —y) =0,then MX = Xand MH = H.
Proof. Clearly, (MX — X)8 =0foral 8. QED
(6) Lemma. If M isann x n matrix and M X = X, then

CoV(MY —y) = MKM' +o?(M — I)(M' —I).

Proof. Clearly,
) MY —y = M8+ (M — e
because M X = X. Now usethe assumptionson§ ande. QED

Use (7) with M = TK 1 to see
(8) p—y=TK s+ TK1=De
Claim (3b) follows from (6) applied to M = 'K ~1 and the identity
9) TK M +o2CKt—I(KIr—1)=T.

To prove (9), multiply from the right by I'~1; use definition (2a) to evaluate K ~1 — I' "1 and (4) to
simplify the results.

For claim (3c), let ¢ = MY — y, so that
(10) MY —y =@ —y)+¢.
It suffices to show that M X = X implies
(11) cov(¢, 7 —y) =0
because then cov(MY — y) = cov(y — y) + cov(¢). Clearly,
(12) {=M-TK H +e).
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By (8) and (12),

13) ooV, 7 —y) =EL@ —y)} =M —TK HT + (M —TK H(K'T - o?.
Theright side of (13) is

(14) (M = TK [T + 02K T = 1],

By the definition (2a) of T,
[K_l o2 - H)]F —1,

SO

KIr=1-0672%1I-HT
and
(15) o?(K™Ir —1)=—( — H)T.

The identity (15) can be used to evaluate the expression (14) as
(M —TK~Y)(C =T + HT) = [(M _ FK_l)H]F —0
by (4) and (5). This proves (11), hence, (3). QED

Notes. (i) The proof of (9) could be rearranged dlightly to use (15).

(i) For uniqueness, cov(¢) = 0 meansthat MY = 7 amost surely, and then M = TK 1
rather easily.

Discussion

Goldberger’'s estimate is in the shrinkage—empirical Bayes style; Y is shrunk toward the
column space C of X. This works fine if C is low-dimensional and y is amost in there, i.e.,
o2 issmall. The amount of shrinking and the directions are controlled by o2 and K. If you get
these wrong, or some of the modeling assumptions break down, shrinking can actually make the
errors bigger rather than smaller. Also, the benefits of shrinking—as gauged by I'—depend rather
critically on the assumptions about the error terms § and €. To sum up: If the model is wrong,
the benefits of shrinking can be over-stated, and shrinking can be counter-productive. For some

empirical evidence, see (Freedman and Navidi, 1986) or (Freedman et al, 1993).

Conditional Normal Distributions

Let U and V bejointly normal vectors, n x 1 and m x 1, respectively; both have mean 0.
Suppose V is of full rank. By definition, cov(U, V) = E(UV’) and cov(V) = cov(V, V). Let
M = cov(U, V)cov(V)~1L; thisisan n x m matrix, well-defined because V has full rank.



(16) Proposition.
@E{U|IV}=MV.
(b) cov{U|V} = cov(U) — cov(U, V)cov(V)tcov(V, U).
(c) The conditiona distribution of U is normal.

Proof. Let ¢ = U — MV. Clearly, U, V, and ¢ are jointly normal with mean O; furthermore,
cov(¢, V) = 0and cov(¢) is given by the right hand side of (b). Thus, ¢ and V are independent;
given V = v, U isdistributed as Mv + ¢. QED

Notes. (i) It isnormality that converts cov(¢, V) = 0 to independence. To argue the indepen-
dence, you need to write down the density and factor it.

(if) Theright hand sidein (b) is “total variance — explained variance.”

(17) Lemma. Let A and B ben x n matrices, suppose A + B isinvertible.
@AA+B)1=1,-BA+B)L
(b)(A+B)tA=1,—(A+ B)1B.
(c) A(A+ B)™1B = B(A + B)"1A.
(d) Suppose A isinvertibleand A~1B = BA~. Then

A(A+B) 1=+ B)1A.

Proof. For claim (@), I, = (A+B)(A+B) = A(A+ B) 1+ B(A+ B)~1, and (b) isthe same.
For (c), use (@) and (b):
A(A+B) B = A[(A + B)—lB]
= A[In —(A+ B)_lA]
—A—-A(A+B) 1A
= [ln —A(A + B)—l]A
= B(A+ B)~tA.

For (d),
A(A+B)L= (In + %)_1 —(A+B)'A. QED

(18) Proposition. Let ¢ and  beindependent mean 0 normal n x 1 vectorswith respective covariance
matrices C and D. Then

@ Ef¢lc +n} = C(C+ D)1 +n)
(b) cov{z|¢ +n} = C(C + D)"1D.



Proof. This follows from (16). Indeed, cov(z, ¢ + 1) = cov(¢) so M = C(C + D)~t. And
cov{¢|¢ + n}isgiven by (17b) as

cC-c(C+D)lc= C(In —(C+ D)—lc) —C(C+D)"'D. QED

Bayesian Least Squares

Consider the regression model
(19) Y=XB+e, e~ N(Q, %)

whereY isn x 1, X isn x p of full rank, g isp x 1, and € isn x 1. For the moment, g is
unknown but o is known. Take X to be constant (non-random). For the Bayesian, 8 has a prior
distribution—and a posterior given thedata Y.

(20) Proposition. With the OL S regression model (19), and g ~ N (O, rzlp) independent of ¢, the
posterior distribution of 8 given Y isnormal, with conditional mean

2

A (0} A
— (1, — )
,BBayes (p TZX’X—{—GZIP ﬂols
and conditional variance
2.2
cov{B|Y} = ‘o .
2X'X + 0211,

Proof. Since X'Y issufficient, it isenough to compute the conditional law of 8 given X'Y. Thiscan
be doneusing (16) withU = B and V = X'Y. For theBayesian, cov(X'Y) = t2(X'X)%2 +02X'X
whilecov(8, X'Y) = t2(X'X). So

°X'X
M =
2(X'X)2 + 02X'X
2X'X o
= (X' X)
2X'X + 021,
2

I, —
(” 2X'X + 021,

™

and

o2

- 2X'X + 02,

MX'Y = (1,, ) Bos.

The matrices commute, so the informal notation is unambiguous. The assertion about the condi-
tional mean is now proved, and the conditional variance follows from (16b) by a straightforward
calculation. QED



Notes. (i) With lots of data (and a little luck), XX is large. Then Beayes & Pois = Prmie
and cov{B|Y} ~ ¢2(X'X)~1, the frequentist covariance of Bm|e. This is a specia case of
the Bernstein-von Mises theorem: under suitable regularity conditions, asymptotically, the
posterior distribution of 8 — Bme is close to the frequentist distribution of Bmie — Birue-

(ii) Suppose o2 is fixed and 12 is large, so the prior is “diffuse” or “uninformative” or an
“ignorance prior.” (An uninformative prior could be defined as Lebesgue measure on /,,.)
Then the Bayes estimate is essentially the same as the OL S estimate.

(iii) Suppose 72 isfixed and o2 islarge, so the data are “uninformative.” Then the posterior is
essentially the same as the prior. In the extreme, if 72 = 0, you start by knowing that 8 = 0,
that is how you end up.

(iv) The proof of (20) can be based on (18) with¢ = X’ Xg and n = X'e.

(21) Corollary. In (19), supposee ~ N (0O, K) where K isn x n positive definite and given. With
this GLS model, the posterior distribution of g given Y is normal, with conditional mean

,BABay&s = (Ip — (2X'K7IX + Ip)_1>l§gls
and conditional variance
cov{B|Y} = t?(e2X'K1X 4+ 1,)7L.
Proof. Multiplication from the left by K —1/2 converts the GLS model to OLS, with 62 = 1 and
design matrix K ~1/2X. QED

An Identity

Of course, withthe GL Sregression model, it is possible to compute the posterior mean directly
from (16), asE(B|Y) = 12X’ (t°X X’ + K)~1. Thuswe have an indirect proof of the well-known
identity

(22) X' (?XX' +K) " = @2X' KX + 1)1 X'k L
This can be proved directly: multiply from the left by
?X'K1X +1,

and from theright by 72X X’ + K ; then clean up.

Note. XX’ issingular, so the behavior of (z°XX’ + K)~1 on the left in (22) for large 72 is
problematic. Ontheright, X’K ~1X isinvertible.

Bayes and Goldberger

Consider the model (1) from a Bayesian perspective: we assume K and o2 are known, and
put a prior on the “ hyper-parameters’ 8, namely, 8 ~ N (0O, rzlp), independent of § and €.
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(23) Theorem. Consider the model (1) with prior distribution 8 ~ N (0O, rzlp) independent of §
ande. Let T — oo. The Bayesestimatefor y convergesto y, and the posterior variance converges
torl'.

The proof is a bit involved. As before, we can use (16) to compute the posterior law of y
given Y. Thisis best donein three steps:

Step 1. Computethe posterior law of g given Y. We have a GL S model with covariance matrix
Y = K + o?I,. The posterior distribution is by (16) multivariate normal with conditional mean

(24 Poayes = (Ip = C2X'Z7X + 1)) Ags
and conditional variance
(25) cov{B|Y} = t?(*X'2 71X +1,)71.

Step 2. Compute the conditional law of y given g and Y; thisis done below, also using (16).
Call the conditional density f(y |8, y). Of course, f isnormal.

Step 3. Integrateout S in f(-|8, y) from Step 2 using the posterior law of g from Step 1. This
too is done below.

Step 2 can be implemented as follows: g and Y contain the same information (i.e., span the
same o-field) as g and § + €. Recal that y = X8 + €. Let & = 021, + K. By (18),
(26) E{v1B, Y} =E{yIB,é + €}
= XB + E{¢|B, 5 +¢€)
= XB + E{e|s§ + €} because g L (6, €)
— XB+ 22715+ €)
= XB +o?=7(Y — XB)
oy ly+ kx1x8 by (17a).
Likewise,

(27) cov{y|B, Y} = T 1K.

Note. Step 2 is conditional on g and results do not involve 2.

Step 3 is done by the following computation:
(28) E{y|Y} = o227y + K 1XE(B|Y)
=227V + K27 X Boayes
=’ Y + KX Bgs — A
=227y + K Wys— A
where



(29) A = KE_lX(TZX/E_lX + Ip)_l,égls-

For 72 large the term A is negligible, presenting y as a mixture—with matrix weights—of ¥ and
the GL S projection onto the column space of X .

Now cov(y|Y) may be computed by integrating out 8 but holding Y fixed:
(30) E{cov(y|B, Y) | Y} 4+ cov{E(y|8,Y) | Y}.

In the first term of (30), cov(y|B, Y) = 02K X1 and is constant, see (27). In the second term,
E(y|, Y) isby (26) equal to
o’y + K= 71x3,

whose covariance given Y is

(31) K= tXxcov{B|Y}X' 7K.

But cov{|Y} was computed in Step 1, see (25); and (31) is
KE_lX[tZ(rZX/Z_lX + Ip)—l} X's7Kk - K Hs K

as 12 — oo. (By definition, & = ¢2I, + K, and Hy, = X(X'21X)"1x'2 -1 is the GLS
projection matrix relativeto x.) Thus,

(32) cov{y|Y} =o’S 7K + KX 1HsK.
Note: We have to use cov(B|Y) not cov(B) in (31).

(33) Lemma. Let = = 0621, + K and Hy, = X (X' 1x)"1x'=-1,
(@ X'>~Y(1, — Hx) =0.
(b) H= (1, — Hx) = 0.
(¢) (I, — H)Hx, = 0.
(d) TK—1= Hs + 022711, — Hy).
Tk 1l=0?z 14+ K32 1Hs.
T =0?27 K+ KX 1HsK.

Proof. Claim (a) is easy and (b) follows on multiplying from the left by X (X’ X)~1. Claim (c) is
easy. For (d), by (2a),

(34) K 1=1,+07%K(, — H).
We have to prove
(35) (1 + 072K, — ) |[Hs + 025721, — H) | = 1.
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By (c), the left side of (35) is

Hs + 022711, — Hs) + K71, — Hy)
= Hs + (6’1, + K) (I, — Hy)
= Hy + X271, — Hy) = I,.

This proves (35) and hence (d). Claim (€) follows from (d): the difference between the two right
hand sides is 0, as one sees by collecting terms. For (f), multiply (€) on theright by K. QED

(36) Corollary. Let T — oo.
@ E{y|Y} = 02(0?l, + K) 1Y + K(6%l, + K) ¥ys = TK1Y,
(b) cov{y|Y} — T.

Proof. Claim (a). Convergence follows from (28), because A — 0. Then use (33e). Claim (b) is
immediate from (32) and (33f). QED

This completes our first proof of (23).

Bayes, Goldberger and the Identity

Here is amore direct approach, with the same model and prior asin the previous section. We
use (18) with¢ = y and n = §. For the Bayesian, these are independent normal vectors with mean
0; furthermore,

(37) C = cov(¢) = cov(y) = 6°l, + t°X X’
(38) D = cov(n) = cov(s) = K.

Thus, E{y|Y} = MY where M = C(C + D)1 so0

(39) M t=1,+072KU, +2XX")71
withx = t2/62. Wewant M1 — KI'"las)i — oo, that is,
(40) (I, + XX 1> I - H.

Of course, if x L X, then (I, + AXX")x = x so (I, + A XX")"1x = x = (I — H)x. Suppose now
that x isin the column space of X, that is, x = Xc¢ wherecis p x 1. We must show

(41) (I, + 2 XX 1x - 0.
To prove (41), we use (22) twice, with K = I,, and t2 = 1/A:

(L, + A X X)) 1Xcl|? = X' (I, + A X X') % Xc
= (L, + A X' X)X (I, + AXX') "1 X
= (I, + A X'X)7%X'X¢
=272 (V%L 4+ X' X) 72X Xc — 0.
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The point of rigor: the function A — A~2 iscontinuousat X’ X not at X X'.
The covariance of y given Y follows from (18b), indeed
cov{B|Y} = C(C + D)"D = MK;

But M — I'K~1ast — oo. This completes our second proof of (23).
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