Time series power spectral density.

frequency-side, A, vs. time-side, t

X(t),t=0, £1, =2,... Suppose stationary
Cyx(U) = cov{X(t+u),X(t)} u=0, x1, £2,... lag

f yx(A)= (12n) Z exp {-1AU} Cyx(U) -7<A=<~7

period 2t  non-negative

A2z frequency (cycles/unit time)

Cyx(W) =1 i Prexp{iu} fyy(4) d 2



152 5. Oyenka cnekmpa mowrocmu

$ 153
* 5.4. Ceaaocenrias nepuodozpamia
10! 1 :
6 7 w1
: 8
4 3 : — 2 =
| 5
2l : |
I 3
1 1 5 i
8 | 2 |
= 6
S : | b It rEn z 18 g7
; i = ==
e ' e i o o=
[ Wi S SE=S
6 =
4. i I | , : S
: ' ! N Z -~
4 ’ : Y. 5
2 7 { {
2 ] .
: 1.5 ‘
2 | k : 5
- - - . 5 ¢ e l0 0 LA %) 4
A/2n . 3 o
; ca 3a
Puc. 5.4.5. Ouenka [} (A) cocraBHoro psina ocazkos jmst Auramm u Ysasca 8 o ‘;{;’( O S T ocaxsts 1A ke wd
1789-—1959 rr. c ocpenHeHHeM MSTH OPAUHAT MEPHON e

orapudma-
NOrpaMMbl (JOrapH(MHYeCK 789—1959 rT. ¢ OCpelHEHHEM MATHALLATH OpAMHAT NepPHOJIOTPaMMEL (iorapu®!
macmrat). (Ilo ropnsonTa]u —4acTOTE B LMKJI/MeCALL. ) : 1392 ;

wecknii maciura6.) ([lo ropuaonTans —4acToTbl B HHKJ/MecsIL.)

\ 1
b SE==ces=as
6 8 ot = ! 1
4 6 I
5
2 4
. |
1
8 2
5 20 1.5 il
g 4 & s i} = f \ f f
% P s e AV g l
- N v Fl ¥ B b LA TR | v wiexy |l
1 3 el 6 |
) S |
4 4
6 o B
4 2 A
& ¢ ¥
3 2
15
1072 1 5
B 0 .l 4 5 10-! |0 H B 3 4
d e : A o Vaabca 8a
. 3JIb
‘Puc. 5.4.6. Onenka f‘){}( (X) cocraBHOTO psina ocankoB Anst AHrauM M Yaibca 33 Puc. 5.4.8. Onenka f(XT;( (A) cocTaBHOTO psiia OCaJKOB st AHNIEE H
1789—1959 rr. c OcperieHHeM OAMHHAAUATH OPIMHAT MepHON s

OrpaMMbl (J10TapHd-.

e E i T aMMBl (J10Tas
1789—1 59 rr. ¢ ocpejHeHHEM JIBajllaTH OJTHOM Op AMHAThL nepHOJIOrp (
j )' ( L 1aCTOTBI B LK K.’!/MECSJLL.) 7 9

Mecal.
pudMuYecKHil Macwra6). ([0 ropHsOHTA/IH — YaCTOTH B ivie ] I.)



The Empirical FT.

Data X(0), ..., X(T-1)

d T(1)= X exp {-iAu} X(u)

dy'(0)= Z X(u)

What is the large sample distribution of the EFT?



The complex normal.

The complex normal, N© (u, o%), is a variate of the form
Y=U+1V
where U and V are independent N (Re 1,67 /2), N(Im i,5° [ 2)

Notes:
EY =u
varY =E|Y —ul’=0"
N€(0,1) = IN(0,1/2) = (Z, +iZ,) /2
IN“(0,1) ’=(Z; +Z,)I2= y; /2 =exponential

=7t +.+Z7  Z,IN(OJ)
Ey’=v vary =2v



Theorem. Suppose X Is stationary mixing, then

i).d} (A)is asymptotially
N(Tc, ,24Tf,, (0), A=0
NC(0,22Tf,, (1)), A#0

i).dy (4),....d} (1), 4,..., 4, distinct and = 0 are asymp
INC(0,27Tf,, (1)

2. dT (22
T T
are asymp IN© (0,2#Tf,, (1))

iii ). d" ( ), I,..., I,_distinct integers = 0 with 2ar, /T ~ A



Proof. Write
d(1)=1A(L-a)dZ ()

Evaluate first and second-order cumulants
Bound higher cumulants

Normal is determined by its moments



Consider
cov{d (A),d" (1)}=s[JA(A-a)A (~u+ B) T (2)S(A—a)dedf
=i[A(A-a)A(—u+a)f (a)da
~ 27N (A— )t (A)

We have
[A(A-a)A(u—a)da =27A (1 — p)




Comments.

Already used to study mean estimate

Tapering, h(t)X(t). makes

vard'(A) ~i[|H (1-a)| T (a)da

Get asymp independence for different frequencies
The frequencies 2zr/T are special, e.g. A(22r/T)=0, r=0
Also get asymp independence if consider separate stretches

p-vector version involves p by p spectral density matrix fy (A )



Estimation of the (power) spectrum.

For A = 0, consider the periodogram,
1
NOESSLRO)
- % IN“(0,27TF_(A) |
~f (A)x /12, exponential
Estimate appearsinconsistent unless f (1) =0

but note E{f (1)y /12}=1 (A)
andvar{f (1) y 12}=1 (1)

An estimate whose limit is a random variable



Some moments.

Ell[=vard +|EQ|
Ed' (1) =iZX (t)exp{-1At}=c A (1)
SO
Eld (AD)[=1]AA-a)] T (a)da+c [67(1)]

The estimate is asymptotically unbiased
Final term drops out iIf A = 27r/T = 0

Best to correct for mean, work with

d (4)-cA(4)



Periodogram values are asymptotically independent since d'
values are -

Independent exponentials

Use to form estimates



Smoothed periodogram. Consider r,...,r distinct integers = 0
271 T near A

Estimate
f (A)=s1"2ar IT)/L

CLT gives
f (1) —> f (4)x /2L Indistribution

Now
E{f W)y /2L}=1 (1) var{f (W) y /12L}=1 (1) /L

Can control variance. Try severalL's
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Approximate marginal confidence intervals

Pr{log f" (1) +logv/ y:(1-a/?2)
<log f(A)<log f'(A)+logv/ x’(a/2)}

Notes.

variance stabilized by log

set Cl about mean level

simultaneous band via extreme value distribution
might take L — oo for consistent estimate

might take weighted mean,or tapered FT

might split data, T = LV



More on choice of L

Consider
E{fT(}=ED I"T(A)/L}, 4 =2mIT~A=2m T
I

| %Z%[sinT(/L —a)/12)I(sin(4, —a)/2)]2 f(a)da
. LT

::JWT(/I—a) f(a)de

Choice of L affects width of W' ()
L2 /T radians

If f is notconstant, f' biased



Approximation to bias
Suppose W' (o) =B'W (B )

(W (@) f (1 —a)da
=/W(B) t(1-B )
=W (B)[f(1)-B ' (A)+B g f"(1)/2+..]d8
= f (AW (B)dB-B T (A)] pW (L)AL +B " (1) W (L)AL 2+...

For W symmetric /] AW (8)dS3 =0



Indirect estimate

zifzexp{—izu}w (u)e (u)du
T



Estimation of finite dimensional &.

approximate likelihood (assuming I values
Independent exponentials)

spectrum f(4;0), 6iIn®

L(O) =TT f (2ar IT)  exp{=1" (2ar IT)/f (22 IT)}



Bivariate case.

X(t)| . 1dZ (1)
{Y G } - exp{.m{sz w}
cov{dZ, (4),dZ (1)}=S(A— ) (A)du
spectral density matrix

f.(4) 1.(4)
{ .(4) T (/1)}



Crossperiodogram.

A= (D)

T

: 1" I
matrix form 1" (1) = L*j Ij}

X YY

Smoothed periodogram.

L (D) =S1"Qa IT)IL, 22 /T ~A,1=1,.,L



Complex Wishart
X, X~ 1IN _(0,%)
WS (n,E) ~ W =37 X,X]

diagonals chi - squared
EW =nX



Predicting Y via X

predicting dZ (1) by dZ (1)
min E|dZ (1)-AdZ (1)

A(A)=f (1)f (4)", transferfunction
| A(1) |: gain arg A(A): phase

MSE : [1-|R(A) [1f (1)
coherency:R(A) = f (A)//f (A)f (A)
a(u) =(27) 1A(a)expfiuaida

Y (t) = 1] exp{iMt}A(1)dZ (A)



Plug in estimates.
A(A)=1 (AT (1)
|A(4)] argA'(4)
MSE : [1-|R" (1) |']f (1)

R'(A)=f ()T (D) (A)

Density of |R™ |
I'(L)

(I-|R|)-F(L,LL|R[|R |Z)F(|__]_)F(1)

If | R [=0approx100a% point
1-(1-a)™
E|IR |'=1/L



Large sample distributions.

var log|AT| «c [|IR|? -1]/L
var argAT oc [|R[? -1]/L



Berlin and
Vienna
monthly
temperatures

an value from the éorrespondingiﬁéhth’ values. If Y(£) denotes the ad-
ted series for Berlin, then it is given by

K—1
Y(j + 12k) = B(j + 12k) — K~! > B(j + 12k) (6.10.1)
k=0
Ohces 15 =05, 50 0 K= ] and K = T/12. Let X(¢) likewise denote

series of adjusted values for Vienna. These series are given in Figures
0.1 and 2 for 1920-1930. The original series are given in Figure 1.1.1.
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e 6.10.1 Seasonally adjusted series of monthly mean temperatures in °C at Berlin for
years 1920-1930.
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wre 6.10.2 Seasonally adjusted series of monthly mean temperatures in °C at Vienna
the years 1920-1930.
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F:gl;l‘e 6.10.3 An estimate of .the power spectrum of Berlin temperatures and an esti
of the error spectrum after fitting Vienna temperatures for the years 1780-1950.
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Figure 6.10.6 G™)()), an estimate of the amplitude of the transfer function for fitting Berlin
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Figure 6.10.8 [Ryx™(V)|?, an estimate of the coherence of Berlin and Vienna temperatu

for the years 1780-1950.
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Figure 6.10.9 a™(u), an estimate of the filter coefficients for fitting Berlin temperature

Vienna temperatures.
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Vienna temperatures.



Furnace data

Percent CO2 in outlet gas
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Partial coherence/coherency. Mississipi dams

Following the connection of the dams 1n series one can envisage the tollowing
models for the flows at Dams 8 and 10, in terms of that at Dam 9,

Yinlt) = p + f alt — u)Ya(u)du + (1)

.
Ya(t) = v + .l‘. bit — ulYalu)due + nii)

Rxzw =

(Rxz—Rxz Ry JNI(L- R xz? )(2- [Rzy [2)]
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Advantages of frequency domain approach.

techniques for many stationary processes look the same
approximate i.i.d sample values
assessing models (character of departure)

time varying variant...



London water usage

Cleveland, RB, Cleveland, WS, McRae, JE & Terpenning, | (1990),
‘STL: a seasonal-trend decomposition procedure
based on loess’, Journal of Official Statistics

Y(t) = S(t) + T(Y) + E(1)

Seasonal, trend. error
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Dynamic spectrum, spectrogram: IT (t,A). London water
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Earthquake? Explosion?

Earthquake
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Earthquake Explosion
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Earthquake
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Lucilia cuprina

Cage | - square root of counts
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nobs = length(EXP6) # number of observations

wsize = 256 # window size

overlap = 128 # overlap

ovr = wsize-overlap

nseg = floor(nobs/ovr)-1; # number of segments

krnl = kernel("daniell™, c(1,1)) # kernel

ex.spec = matrix(0, wsize/2, nseq)

for (k in 1:nseg)

{a=ovr*(k-1)+1

b = wsize+ovr*(k-1)

ex.spec[,k] = mvspec(EXP6[a:b], krnl, taper=.5, plot=FALSE)3$spec }
X =seq(0, 10, len = nrow(ex.spec)/2)

y =seq(0, ovr*nseg, len = ncol(ex.spec))

Z = ex.spec[1:(nrow(ex.spec)/2),] # below is text version
filled.contour(x,y,log(z),ylab="time" ,xlab="frequency (Hz)",nlevels=12
,col=gray(11:0/11),main="Explosion")

dev.new() # a nicer version with color

filled.contour(x, y, log(z), ylab="time", xlab="frequency(Hz)", main=
"Explosion™) dev.new() # below not shown in text
persp(x,y,z,zlab="Power" ,xlab="frequency(Hz)",ylab="time" ticktype="det
ailed" theta=25,d=2,main="Explosion")



