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Trend analysis: binary-valued and point cases 

D. R. Brillinger 
Dept. of Statistics, University of California, Berkeley, CA 94720, USA 

Abstract: A sequence of occurrence times of floods may be considered to be part of a realization 
of a binary-valued time series or of a stochastic point process. In this paper a criterion for detecting 
the presence of a monotonic trend in the rate of the process is considered. The criterion is based on 
linear functions of the data with the coefficients chosen to emphasize a monotonic rate. In the case 
that the process is stationary and mixing, the null distribution of the test statistic is approximately 
standard normal. 
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1 I n t r o d u c t i o n  

Floods are an important  hazard. There is concern with description of their character 
and possible changes of behavior. This paper studies data consisting of the years of 
occurrence of floods of the Rio Negro River at Manaus in Brazil. In this case there 
is the possibility that  upriver deforestation is leading to an increase in the number  of 
floods, see Sternberg (1987). Data on the height of the Rio Negro have been recorded 
at Manaus, daily since 1903. Following Sternberg, a flood is defined as the river level 
exceeding 28.5m sometime in tile year. This allows a record to be constructed for 
the years 1903 on. Early floods of 1892, 1895, 1898 were recorded by Le Cointe, see 
Sternberg. This allows the series to be extended backwards somewhat and thus there 
is a motivation to reduce the data from 1903 on to simply whether or not flooding 
occurred in a given year. The years of floods are found to be: 1892, 1895, 1898, 1904, 
1908, 1909, 1913, 1918, 1920, 1921, 1922, 1944, 1953, 1955, 1971, 1972, 1973, 1975, 
1976, 1982, 1989. These values allow construction of a 0-1 t ime series with Yt taking 
the value 1 if there is a flood in year 1892 + t and the value 0 otherwise for, t = 0, 
..., 100. Figure 1 graphs the cumulative count of floods and the corresponding flood 
years. The dashed line corresponds to a constant rate of flooding. The step function 
fluctuates away from the line and a question is whether the departure is significant. 
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Figure  1. Flood years and cumulative count of years with floods 

The paper has sections as follows: trend detection for time series, the binary case, 
results for the Rio Negro data, an extension to the point process case, discussion and 
finally an Appendix indicating the derivation of the results. 

2 T e c h n i q u e s  for  d e t e c t i n g  t r e n d  

In this work a trend will be taken to refer to the monotonic increase (or decrease) 
of some mean level or rate. In the case of independent observations a variety of 
procedures have been set down for testing for the presence of trends of other types. 
The papers Cuzick (1988), Lee (1988), Margolin (1988) may be mentioned. For the 
time series case there are: Cox (1981), Dagum and Dagum (1988), Harvey (1989). 

Consider the problem of detecting the presence of a monotonic trend when a time 
series has the form 

Yt = St + St (1) 

and data are available for t = 0, 1, 2, ... Here St = E{Yt}, the mean level, is 
supposed either constant or monotonic in t and $ is a stationary noise process with 
mean 0 and power spectrum f2(~). 

A naive statistic on which, to base a trend detection procedure is ~ ( t - t )Y t ,  see Lee 
(1988). This statistic can be anticipated to be particularly effective in the presence of 
a linear trend. Abelson and Tukey (1963) considered instead a linear statistic ~c~Yt,  
involving a set of coefficients {et}, summing to 0 which maximized the minimum 
correlation coefficient squared between {q} and all {St} subject to So _~ $1 _~ $2 <_ 
• .. _ ST-1. The values found were 

for t = 0, 1, ..., T-1. Schaafsma and Smid (1966) found the same coefficients in 
deriving a most stringent somewhere most powerful test. 
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To deal with the serial dependence, generally present in time series data, Brillinger 
(1989) considered the detection statistic 

2/1/2 
(3) 

with f:(0) an estimate of f2(0). Because E c~ = 0 the numerator of (3) has expected 
value 0 for constant mean level. Following the Abelson and Tukey (1963) result, the 
numerator is larger if the St are monotonic increasing. The denominator of (3) is 
an estimate of the standard error of the numerator. For stationary mixing g the 
statistic (3) was found to be approximately standard normal and the test procedure 
consistent. The value f2(0) could be obtained by smoothing the Y values to estimate 
St and then basing a spectrum estimate on the residuals, Yt - St. 

3 T h e  b i n a r y  time series case 

Consider now a series representing the years of floods, specifically a 0-1 time series 
Yr. Binary series are discussed in Cox (1970) for example. The model (1) with the 
series g stationary, is unreasonable, for suppose that 

Prob{Yt = 1} = ~rt 

then Prob{Yt = 0} = 1 - ~rt, E{Yt} = rrt and var{Yt} = ~rt[1 - ~rt], and so the series 
Y is nonstationary in variance. 

The binary case was studied in Brillinger (1994), through a probit model, 

Prob{Yt = IIYt_I,Yt_2,. . .  } = ¢ St + a~Yt-u 

with St = a + fit and ¢ the normal cumulative. This is a fairly strong assumption. 
The hypothesis of no trend may be formalized here as/3 = 0. In the present work 
the statistic (3) will be employed, but an estimate of h(0) specific to the binary case 
needs to be developed. 

A model is required for a 0-1 valued Yt allowing the presence of a trend. To that 
end consider the model of random (time dependent) deletion of the l ' s  of a stationary 
0-1 process. Specifically suppose 

Yt = ItXt 

with Xt a 0-1 stationary process having mean # and autocovariance function, 
cov{Xt+u,Xt} = 7(u) and with It a sequence of independent 0-1 variates having E{It} 
= yr. Then, see Appendix, 

7r~ = E{Yt} = ut/~ 

and 

cov{Ys, Yt} = ~5~a#(1 - ut#) + (1 - 6~)usaV(s - t) 

where (5~ is 1 if s = t and is 0 otherwise. Nonstationarity of the rate 7rt comes from 
nonconstancy of the ~'t. Now 

E { E  ctYt} = E ct,,,/~ (4) 
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and 

set 

For an est imate of this last, one needs estimates of E{Yt} = ut/~ and of u~ut"/(s-t). 
An est imate of ~rt = E{Yt} = ut# may be obtained by smoothing tile Y values in 
some fashion. An est imate of 7(u)/t -2 is provided by 

1 
g(u) = 7 E (Zs-Z--) ( Z t - Z )  (6) 

s--tmu 

where Zt = Yt/~'t. Nov," (4) may be estimated by 

E c~/rt (1 -- 7rt) + E csct~'s~'tg(s - t) (7) 
sCGls--tI~UT 

for some Ut. 
Under a mixing condition on the series X, the statistic ~ ctYt will be asymptotically 

normal and the variance est imate (7), will be consistent, see Appendix. One might 
damp down the terms in the second sum of (7) by inserting a window function, as is 
usual in spectrum estimation. 

Such estimates as (6), with terms weighted inversely to probabilities, are considered 
in Brillinger (1979), Lee and Brillinger (1979), Guttorp and Thompson (1991). 

4 Resu l t s  for t h e  Rio  N e g r o  

Figure 2 presents an estimate of ~rt obtained via the procedure gam() of Hastie (1991) 
for the Rio Negro data. The dashed line is at the overall level. Of course there is 
uncertainty in the estimates. (In gam 0 the options family = binomial ( l ink=probit)  
and loess(span=.75) were employed.) 

For the Rio Negro data 

E ctYt = -1.143 

and taking UT = l0 the standard error estimate is .732 . The value of the statistic 
(3) is -1.563, so there is no substantial evidence of a monotonic increasing (or even 
decreasing) trend. 

5 T h e  p o i n t  p r o c e s s  case  

Consider a stochastic point process N --- {rj}. As in the binary case one can ask if 
the rate function of N is monotonic increasing as opposed to constant. In this section 
a procedure paralleling the 0-1 case will be indicated. 

Chapter  3 of Cox and Lewis (1966) is devoted to trend analysis of point processes. 
Cox and Lewis consider the Poisson and also renewal models. The Poisson is a 
common model for times of floods, see Todorovic (1979), and may be motivated by 
the idea that  floods are rare. Ogata and Katsura (1986) proceed to model point 
processes incorporating trends by linearly parametrizing the conditional intensity 
function of the point process. (This function completely defines a broad class of 
point processes, as indicated in the reference.) These authors then obtain maximum 
likelihood estimates. 
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Turning to the development of a procedure of the character of (3), suppose that  
the times of points are available for the interval (0, T]. Let Nt denote the cumulative 
count, that  is the number of points in (0, t]. An analog of the statistic (3) is based 
on 

/ T-1 e, dN, = ~ % 
1_<~ T-1 

with the ct given by (2). In studying this case and since T is large it is convenient 
to replace ct by bt where 

Ct ~ bt = 2 t / T -  1 
2[t(1 -- t /T)] l /z  

for 1 < t < T-1. The intervals (0,1) and (T-1,T] are avoided in the integral to keep 
quantities involved finite. 

If the process has rate rrt, defined via E{dNt} = rctdt, then 

E { f W - l b t d N ~ }  = ~T-1 bt~tdt 

which will be 0 for ~rt constant. Supposing cov{dM~,dMt} = q(s-t)dsdt for s ~ t, one 
has 

cov{dNs, dNt} = [5(t - s)ut# + u~utq(s-  t)]dsdt 

and so 

{~1 T-1 } ~1 T-1 f ~IT-I var btdNt = b~ut#dt + j1T-1 //s/-%q(s-- t)dsdt (8) 

The estimation of q(u), given the 7rt, is considered in Brillinger (1979) and Lee and 
Brillinger (1979). The rate function 7rt can be estimated by a kernel or some such 
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procedure, see Boneva et al (1971), Guttorp and Thompson (1991) and so one can 
construct an estimate of the variance and thereby form a standardized test statistic. 

An advantage of the present approach is simplicity, specifically the linearity of the 
numerator. Another advantage is the broad assumption of stationarity instead of 
the narrow Poisson or renewal. If a full specification is available, as in Ogata and 
Katsura (1986), then one would expect a likelihood approach to be more efficient. 

The point process problem of this section may sometimes be conveniently reduced 
to the corresponding 0-i case. One simply breaks the time interval up into small 
equiwidth cells and sets Yt equal to 1 if there is a point in the t-th cell and to 0 
otherwise. 

6 Discussion 

Little evidence was found for an increasing trend in the rate of flooding of the Rio 
Negro near Manaus. 

If it is felt reasonable to assume that the observed process is Bernoulli or Poisson, 
then there would be a simpler denominator for (3), specifically the second terms in 
(4) and (8) are not needed. In terms of inadequacies of the analysis, one thing to be 
mentioned is that the data analyzed started with a flood rather than at an arbitrary 
time origin. The statistical derivations assumed an arbitrary origin. 

In the future it seems worth developing test statistics for other nonstationary 0-1 
valued and point processes based on some stationary process. 
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A p p e n d i x  

This Appendix refers to some of the analytic details. Basically the methods and 
assumptions of Brillinger (1972) and Brillinger (1979) are employed. Re the rate ut it 
is assumed that ut = u(t /T) with u(.) satisfying Assumption 1.2 of Brillinger (1989). 
To obtain the expressions (4) and (5) for the mean and variance one uses the results 

E{Yt} = Ex{E{YdX}} 

and 

cov {Y,, Yt} = Ex {cov {Y,, YdX}) + covx {E {Y~, IX}, E{YdX)) 

To develop the asymptotic normality of the numerator of the criterion, one simply 
evaluates cumulants, as in Brillinger (1989). The estimate of the variance tends to 
the variance, in probability, and the statistic is consequently asymptotically normal. 

The consistency of the test follows from the fact that 

I E c & l  2 > 2 E ( s ,  - s)2 (1 + o(1)) 
c~ - log T 

for monotonic St, here ut/C and the coefficients in question. 
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