Asymptotic normality of finite FT, Cramer and narrow band
filtering
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Figure 4.4.1 Normal probability plot of real part of discrete Fourier transform of season-
ally adjusted Vienna mean monthly temperatures 1780-1950,
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Figure 4.4.2 Normal probability plot of imaginary part of discrete Fourier transform of
seasonally adjusted Vienna mean monthly temperatures 1780-1950.




Narrow bandpass filtering
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Cramer representation

dx(x) = i X(1) expl —inrt). (4.6.2)

Im =T

This transform will provide the basis for the representation. Set

2 ZyD(N) = f: dx(a)da, (4.6.3)

We see
2r Zy™(\) = }E X[ — exp{—irt})/(—if) (4.6.4)

f==T
if we understand

[1 — expl—iM}]/(—ity = ©  fort = 0. (4.6.5)

Define
OFS > o0+ 2u)) (4.6.6)

to be the period 27 extension of the Dirac delta function. We may now state

Theorem 4.6.1 Let X(r), ¢+ = 0, x1,... satisfy Assumption 2.6.1. Let
ZyT()), —e < h < =, be given by (4.6.4). Then there exists Zx(}),
— @ < A < o, such that Zx™()\) tends to Zx()) in mean of order », for
any v > 0. Also Zx(h 4 2r) = Zx(N), Zx(2) = Zx(—}) and

cum{Z (M) . . ., Za(M))

M M k
= f . f ',.(E E[j)ﬁl...,uk(ﬂl, e sk )or o day (46.7)
0 0 i

foray,...,ax=1,...,nk=2,3....

covidZi(\), dZx(u}} = n(h — u) Txx(N)dAdyu (4.6.9)



fu  SONZA(N). (4.6.10)

If
ﬁ  SOx(BY AN < o, (4.6.11)

this integral exists when defined as
. 2 RSN 2an 2a(n + 1) 2xn
Lim > *(T)[Z*’(‘*Tv"“) - Zx(—ﬁ-)} (4.6.12)

N = 't

See Cramér and Leadbetter (1967) Section 5.3. We may now state the
Cramér representation of the series X(1), 1 = 0, &1,....

Theorem 4.6.2 Under the conditions of Theorem 4.6.1
2=
X(n =ﬁ expline}dZy()\) t=0,=+1,... (4.6.13)

with probability 1, where Zx()\) satisfies the properties indicated in Theorem
4.6.1.

Y() =2 alt — wX(w) t=0,%1,...

where the series X(r) has Cramér representation (4.6.13). If
AQ) = 2 aw) exp| —idu}  — @ <A<,
with
ﬁ * AM VAN < @,
then

Y() = f:' expliMIAQNZA(N) 1= 0, £, ...

In differential notation the latter may be written
dZy(\) = A(\IZx(X) — @ < A< o,



frr(A) = AN x(NADY

of Section 2.8.
Suppose the filter is a band-pass filter with transfer function,

AR =1 for x| <A
=0 otherwise

applied to each coordinate of the series X(1), r = 0, =1, . ...
Suppose, as we may, that the Cramér representation of X

X(r) = f explin}dZx(M).

Then the band-pass filtered series may be written

—wta wid
Y(1) = {f_ . 'f“f_a } explint}dZx())
= expliwt|dZx(w) + exp| —iwt | dZx(—w)

L) = X h(‘T)X(r) exp| —int]
]
for some tapering function A(x). By direct substitution we see that

dyiM()) = j::' HT\ — w)dZy(a)

HOM = 5 n(;,) exp{—it}.



