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Chapter 2 continued

For MA(1)
whh = 1 − 3ρ(1)2 + 4ρ(1)4, h = 1

= 1 + 2ρ(1)2, h > 1

For AR(1)
whh = (1 − φ2h)(1 + φ2)(1 − φ2)−1 − 2hφ2h

Forecasting stationary time series

Predicting second-order r.v’s. Wish to predict Y given W . Look for minimum

MSE = S(a0, a1) = E{(Y − a0 − a1W )2}
µY = a0 + a1 µW , cov{W, W}a1 = Γa = γ = cov{Y, W}

Predicting Xn+h from Xn

γ(0)a = γ(h)

AR(1). Yt − µ = φ(Yt−1 − µ) + Zt, |φ| < 1. Predictor of Yn+1 given Yn.

µ + φ(Yn − µ) (1)

Vector case. Wish to predict Y given W using a0 + aW

µY = a0 + a µµW, ΓΓa = γγ (2)

ΓΓ = cov{W,W}, γγ = cov{Y,W}

Best linear predictor. Stationary case

PnXn+h = a0 + a1Xn + ... + anX1 (3)

MSE = S(a0, ..., an) = E(Xn+h − a0 − a1Xn − ... − anX1)
2 (4)
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µ = a0 + a1µ + ... + anµ (5)

cov(Xn+h, Xn+1−j) = a1cov(Xn, Xn+1−j) + ... + ancov(X1, Xn+1−j) j = 1, ..., n

a0 = µ(1 −
n∑

i=1

ai), ΓΓnan = γγn(h) (6)

The predictor

PnXn+h = µ +
n∑

i=1

ai(Xn+1−i − µ) (7)

The minimum MSE
E(Xn+h − PnXn+h)
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Properties of Pn.

4. E[(Xn+h − PnXn+h)Xj] = 0, j = 0, 1, ..., n

or
E[(Error) × (Predictor V ariable)] = 0

This uniquely determines the predictor.
(The residuals are orthogonal to the regressors.)

h = 1 case of AR(1). Xt = φXt−1 + Zt

PnXn+1 = φXn E(Xn+1 − PnXn+1)
2 = σ2

Case of AR(p). n > p

PnXn+1 = φXn + ... + φpXn+1−p E(Xn+1 − PnXn+1)
2 = σ2

Prediction using infinite past. Pn,mXn+h based on 1, Xm, ..., X0, m < 0

P̃n = lim
m→∞ Pm,nXn+h =

∞∑

j=1

αjXn+1−j

E[(Xn+h − P̃nXn+h)Xn+1−i] = 0, i = 1, 2, ...

Innovations. One-step predictors. Zero-mean case.

X̂1 = 0

X̂n = Pn−1Xn, n = 2, 3, ... vn = E(Xn+1 − PnXn+1)
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