What aretoday's X and s? or Happinessis a new data type
By David R. Brillinger

The sample mean X and standard error s have long been computed for data sets of
numbers as convenient summary values providing measures of locaion and scde. With
the use of X to share restaurant bills equaly, it must be the most often employed
statisticd tod - by far. In contrast sisn't so popuar, bu it does have a tea presencein
the (X, S) buton on, even elementary, handheld cdculators. With today's many
stimulating data sets it seems pertinent to wonder just what are the cntemporary X ands.

Many of these data sets correspond to randam or stochastic processes. Of such
processes Jerzy Neyman, this Department's founder, oncewrote, [5]:

"Currently in the period of dynamic indeterminism in science, there is hardly a serious
piece of research which, if treated realistically, does not involve operations on stochastic
processes. The time has arrived for the theory of stochastic processes to become an item
of usual equipment of every applied statistician.”

Having reminded the reader of Professor Neyman's remark, it can be agued that we ae
now in the ga of randam processdata analysis.

The first randam process as oppased to randam variable, studied in any detail is surely
the time series. For example, foll owing a study of newspapers and magazines, Tufte, [7],
remarked:

"The time series plot is the most frequently used form of graphic design.”

So there is a type of randam process data that abounds in the world at large.
Neuroscientists and exploration seismologists have long had atime series analog of X. It
iswhat neuroscientists cal the average evoked resporse. As the name suggests a stimulus
is applied a number of times and then the resporses at lag u time units, after applying the
stimulus, are averaged. The average evoked resporse is the result, X(u), graphed as a
function d u. A speda computer, the ARC (average resporse mmputer), was even
developed for doing this.

Time series remains an areaof adive reseach, bu attention has turned to ather randam
processes. Just what is a randam process? It is smply a family of randam variables or
chance quantities. However today's usage often seams to have in mind that the index
labeling the family has something extra, like an order or a toplogy or an algebraic
structure. Often the index refersto time or spaceor baoth.

Under stimulus from physics, engineaing, medicine and daher fields, basic data
elements of concern now include graphs, trees, tesslations, shapes, regions, cdlular
structures, and aher mathematica objeds. Dependence is basic and the dimensions are
often much increased. Parameters too have taken onmore mmplex forms, eg. curves or
measures instead of simply numbers or vedors. One anusing asped is that ealy results
in estimation and approximation, that some put down at the time & excessve astradion,
are now basic to pradice (Professor LeCam wins!)



Today's move to the anpiricd analysis of randam processes is made possble in part
through the development of useful probability models for unusual mathematicd
structures and the avail ability of new devices and ideas for the storage and manipulation
of randam process data sets. Below an example will be presented of studying a randam
curve onthe surfaceof a sphere.

Problems continue to be the dasscd ones of: summarization, model assessment,
display, including explanatories, efficiency, robust variants, sanctioning and missng
values. New ones arising include: How to get experimental output of spedal form into a
computer for analysis? How to dsplay and make available unusua data types? In
conredion with this last there ae now appeaing videos posted on World Wide Web
sites, see for example the animation d United States weekly AIDS mortality rate by
courty, [1] and the gplet allowing the study of chip failures as a function d locaion on
wafers in integrated circuit manufaduring, [4]. In the seach for insight and unwsual
occurrences (eg. ouliers), descriptive statistics have returned as aforce Tods employed
include: laptops, stochastic models, differential equations and complex algorithms.
Commonly used data forms are music CDs, images and videos. Spedal computer data
storage methods have been developed for sounds and images in particular.

How does one get involved with all this? A simple way isto take some objed and make
it randam, or make it dynamic or make its values more “abstrad”. Journals to look at
include: IEEE Trans. Bio-Medical Engineering, Annals of Applied Probability, SAM
News, JASA Applications Section, IEEE Sgnal Processing Magazine, Symposium on the
Interface of Computer Science and Statistics.

Because of the difficulty of the problems being studied and the massve amourt of
subjed matter, there is a basic neal for collaboration with scientists from other fields.
Next follows a brief description d some personal work with a marine biologist (and
lawyer!), Brent Stewart, of Hublbs SeaWorld Reseach Institute, San Diego.

Twice ayea elephant seds st off from along the California wast on lengthy
migrations northwest into the Padfic. Sensors are dtached and cata for journeys become
available on the animals' return. The figure below shows one migration taking 75 days.
The points plotted are estimated midday pasitions of the animal and these ae the basic
data for an analysis. As the figure shows the migrations can cover thousands of
kilometers. A surpriseis that this animal seemed to have in mind bdh an inboundand an
outbound astination. Aninitial step of analyticdly describing such migratory trajedories
might help to develop some understanding of this circumstance One possbility is that
the sed is approximately following a gred circle route, the shortest route between two
points on the surfaceof a sphere. A gred circle path has been included onthe figure & a
reference The navigational medianisms sich an anima might employ are & yet
unknownn, bu a gred circle route would imply that the animals are ale to asesstheir
pasition relative to some astronamicd or global magnetic badkground and constantly
make ourse @rredions. As the dephant seds dive and forage cntinuowsly while
migrating, thereis aneed for course @rredions.
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How might such data be summarized? What might X and s be here? One gproachisto
build a stochastic model and thereby be led to pertinent statistics. Historicdly, paths of
particles have been described by differential equations, and indeed the old name for a
redization d atime series is a trgjedory. In the present case, due to foraging, currents
and aher unmeasured locd effeds on the animal it seems pertinent to include randam
elements in such equations. The stochastic diff erential equations for a particle wandering
randamly on the surface of a sphere were set down by Perrin, [6]. In the cae of an

animal migrating, adrift term isintroduced and Perrin's equations beamme
2

dé, = (2tan6t —-9)dt +odU,
o

dg =— dv

é sing, !

where 6 and ¢ are latitude and longitude in a wordinate system with the destination the

North Pole. For the seds the initial destination may be some point at seawhil e the return
destination is the starting point on the California mast. Here J is the velocity towards
the destination, o is meant to represent foraging and aher variability around a dired
healing and U, V are independent randam walks. For example the expeded time to get
from a distance x from the destination to a distance d is now a nortradable doude
integral, na thesimple (x—d)/d of the noise-free cae.

Other aspeds of the problem to take acournt of include: the positions are avail able
only at discrete time points, there ae some missng values and there is measurement
error. With some further assumptions a likelihood function can be set down and the
parameters estimated. The analysis turns up amongst other things that the earor of
location appeas to be more substantial than the foraging variability, o . This will become
apparent in a ommparison d the figure éove with the figure to be presented below.

So these days there ae avariety of novel data types and ore can wonder what are
today's X and s? In various circumstances they could be aparameter estimate and a
correspondng uncertainty. A candidate for X is Clevelands, [7], loesq) function, which
has now readed the status of a dickable buttonin Splus 4.0 .Loesswas used to estimate



smoath paths for the sed journeys. As an analog of s 1 propose the figure below. It
displays the results of 19 smulations of the process given by the stochastic differential
equations above, employing estimates of d,0. This figure gives an indicdion d the
variability of the basic process The measurement error estimate has not been included in
the smulations. It plays ancther role.

19 simulations of return journey
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Randam processtedhniques were basic in gpproaching this problem. A number of my
colleagues work on such processes. We can wonder what natural discoveries Aldous's
clumps, Evans locd fields, Perez's tree indices and Pitman's windings are lealing to.
There will surely be some.
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Postscript. Here's a projed for the probabili st readers: develop some properties of atied
down randaom walk onthe sphere, bah with and withou drift.



