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Abstract

We proposea new method for estimating intrinsic dimension of a
datasetderived by applying the principle of maximum likelihood to
the distancesbetweencloseneighbors. We derive the estimator by
a Poissonprocessapproximation, assessts bias and variance theo-
retically and by simulations, and apply it to a number of simulated
and real datasets. We alsoshow it hasthe best overall performance
comparedwith two other intrinsic dimension estimators.

1 Intro duction

There is a consensusn the high-dimensionaldata analysiscommunity that the only
reasonany methods work in very high dimensionsis that, in fact, the data are not
truly high-dimensional. Rather, they are embeddedin a high-dimensional space,
but can be exciently summarizedin a spaceof a much lower dimension, such as a
nonlinear manifold. Then one can reduce dimension without losing much informa-
tion for many types of real-life high-dimensional data, such as images, and avoid
many of the \curses of dimensionality”. Learning thesedata manifolds canimprove
performance in classi cation and other applications, but if the data structure is
complex and nonlinear, dimensionality reduction can be a hard problem.

Traditional methods for dimensionality reduction include principal componert anal-
ysis (PCA), which only dealswith linear projections of the data, and multidimen-
sional scaling (MDS), which aims at preserving pairwise distancesand traditionally

is usedfor visualizing data. Recerily, there hasbeena surgeof interest in manifold
projection methods (Locally Linear Embedding (LLE) [1], Isomap [2], Laplacian
and Hessian Eigenmaps [3, 4], and others), which focus on "nding a nonlinear
low-dimensional embedding of high-dimensional data. So far, these methods have
mostly been used for exploratory tasks suc as visualization, but they have also
beensuccessfullyapplied to classi cation problems [5, 6].

The dimension of the embedding is a key parameter for manifold projection meth-
ods: if the dimensionis too small, important data featuresare \collapsed" onto the
same dimension, and if the dimension is too large, the projections becomenoisy
and, in somecases,unstable. There is no consensushowever, on how this dimen-
sion should be determined. LLE [1] and its variants assumethe manifold dimension



is provided by the user. Isomap [2] provides error curvesthat can be \eyeballed" to
estimate dimension. The charting algorithm, arecert LLE variant [7], usesa heuris-
tic estimate of dimensionwhich is essetially equivalert to the regressionestimator
of [8] discussedbelow. Constructing a reliable estimator of intrinsic dimension and
understanding its statistical properties will clearly facilitate further applications of
manifold projection methods and improve their performance.

We note that for applications sud as classi cation, cross-walidation is in principle
the simplest solution { just pick the dimension which gives the lowest classi ca-
tion error. Howewer, in practice the computational cost of cross-walidating for the
dimension is prohibitiv e, and an estimate of the intrinsic dimension will still be
helpful, either to be useddirectly or to narrow down the range for cross-alidation.

In this paper, we presert a new estimator of intrinsic dimension, study its statistical
properties, and compareit to other estimators on both simulated and real datasets.
Section 2 reviews previous work on intrinsic dimension. In Section 3 we derive the
estimator and give its approximate asymptotic bias and variance. Section4 preseris
results on datasetsand comparesour estimator to two other estimators of intrinsic
dimension. Section 5 concludeswith discussion.

2 Previous Work on Intrinsic Dimension Estimation

The existing approadiesto estimating the intrinsic dimension can be roughly di-
vided into two groups: eigervalue or projection methods, and geometric methods.
Eigenvalue methods, from the early proposal of [9] to a recert variant [10] are based
on a global or local PCA, with intrinsic dimension determined by the number of
eigernvalues greater than a given threshold. Global PCA methods fail on nonlinear
manifolds, and local methods depend heavily on the precisechoice of local regions
and thresholds [11]. The eigervalue methods may be a good tool for exploratory
data analysis, where one might plot the eigervaluesand look for a clear-cut bound-
ary, but not for providing reliable estimatesof intrinsic dimension.

The geometric methods exploit the intrinsic geometry of the dataset and are most
often basedon fractal dimensionsor nearestneighbor (NN) distances. Perhapsthe
most popular fractal dimension is the correlation dimension [12, 13]: given a set
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The correlation dimensionis then estimated by plotting logC, (r) againstlogr and
estimating the slope of the linear part [12]. A recert variant [13] proposedplotting
this estimate against the true dimension for some simulated data and then using
this calibrating curve to estimate the dimension of a new dataset. This requires a
di®erert curvefor eat n, and the choiceof calibration data may a®ectperformance.
The capacity dimension and padking numbers have also been used [14]. While
the fractal methods successfullyexploit certain geometric aspects of the data, the
statistical properties of these methods have not beenstudied.

The correlation dimension (1) implicitly usesNN distances,and there are methods
that focuson them explicitly. The useof NN distancesrelieson the following fact: if
f(x) in R™, and Ty (x) is the Euclidean distance from a xed point x to its k-th
NN in the sample,then
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whereV (m) = ¥"=2[;( m=2+ 1)]' ! is the volume of the unit spherein R™. That is,
the proportion of sample points falling into a ball around x is roughly f (x) times
the volume of the ball.

The relationship (2) can be used to estimate the dgnension by regressinglog T
on logk over a suitable range of k, where T = ni ! 1 Tk(Xj) is the averageof
distancesfrom ead point to its k-th NN [8, 11]. A comparison of this method to
a local eigervalue method [11] found that the NN method su®eredmore from un-
derestimating dimensionfor high-dimensional datasets, but the eigervalue method
was sensitive to noise and parameter settings. A more sophisticated NN approac
wasrecenly proposedin [15], where the dimensionis estimated from the length of
the minimal spanningtree on the geadesicNN distancescomputed by Isomap.

While there are certainly existing methods available for estimating intrinsic dimen-
sion, there are someissuesthat have not beenadequately addressed.The behavior
of the estimators as a function of samplesizeand dimensionis not well understood
or studied beyond the obvious \curse of dimensionality"; the statistical properties
of the estimators, such as bias and variance, have not beenlooked at (with the
exception of [15]); and comparisonsbetween methods are not always presened.

3 A Maxim um Lik eliho od Estimator of Intrinsic Dimension
Here we derive the maximum likelihood estimator (MLE) of the dimensionm from

lower-dimensionalsample,i.e., X; = g(Y;), whereY; are sampledfrom an unknown

smooth density f on R™, with unknown m - p, and g is a continuousand suzciently

smooth (but not necessarilyglobally isometric) mapping. This assumption ensures
that closeneighborsin R™ are mapped to closeneighbors in the embedding.

The basicideais to X a point x, assumef (x) ¥ constin a small sphereS,(R) of
radius R around x, and treat the obsenations asa homogeneoud?oissonprocessin
S« (R). Considerthe inhomogeneousprocessf N (t; x); 0- t- Rg,

X
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which counts obsenations within distancet from x. Approximating this binomial
(xed n) processby a Poisson processand suppressingthe dependenceon x for
now, we can write the rate , (t) of the processN (t) as

(0 = FOQV(m)mt™i (4)
This follows immediately from the Poissonprocessproperties sinceV (m)mt™i 1 =
d"%[V(m)tm] is the surface area of the sphere Si(t). Letting p = logf (x), we can
write the log-likelihood of the ozbser\ed processN (t%as (seee.g.,[1€])
R

R
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This is an exponertial family for which MLEs exist with probability ! lasn! 1
and are unique. The %ALES must szatisfy the likelihood equations
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Substituting (5) into (6) givesthe MLE for m:
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In practice, it may be more corveniert to x the number of neighbors k rather than
the radius of the sphereR. Then the estimate in (7) becomes
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Note that we omit the last (zero) term in the sum in (7). One could divide by
ki 2rather than k 1to make the estimator asymptotically unbiased,aswe showv
below. Also note that the MLE of p can be usedto obtain an instant estimate of
the entropy of f, which was also provided by the method usedin [15].

For someapplications, onemay want to evaluate local dimension estimatesat every
data point, or averageestimated dimensionswithin data clusters. We will, however,
assumethat all the data points come from the same\manifold”, and therefore
averageover all obsenations.

The choice of k clearly a®ectsthe estimate. It can be the casethat a dataset has
di®erert intrinsic dimensionsat di®eren scales,e.g., a line with noise added to it
can be viewed as either 1-d or 2-d (this is discussedin detail in [14]). In suc a
case, it is informativ e to have di®erent estimates at di®erent scales. In general,
for our estimator to work well the sphereshould be small and contain suzciently
many points, and we have work in progresson choosing suc a k automatically.
For this paper, though, we simply averageover a range of small to moderate values
k = k; :::k, to getthe "nal estimates
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The choice of k; and k, and behavior of v, asa function of k are discussedfurther
in Section4. The only parametersto set for this method are k; and k», and the
computational costis essetially the cost of nding k, nearestneighbors for every
point, which hasto be done for most manifold projection methods anyway.

3.1 Asymptotic behavior of the estimator for m xed, n! 1.

Here we give a sketchy discussionof the asymptotic bias and variance of our estima-
tor, to be elaborated elsewhere.The computations here are under the assumption
that mis xed, n! 1;k! 1 ,andk=n! 0.

As we remarked, for agivenx if n! 1 and R! 0, the inhomogeneousbinomial
processN (t; X) in (3) convergesweakly to the inhomogeneousPoissonprocesswith

rate , (t) givenby (4). If we condition on the distance T, (x) and assumethe Poisson
approximation is exact, then fmlog(Tx=T;) : 1- j - ki 1g aredistributed asthe
order statistics qga sampleof sizek j 1 from a standard exponertial distribution.

HenceU = mi ! J-kill log(T«=T,) hasa Gamma(ki 1;1) distribution, and EU! ! =
1=(k i 2). If weusek i 2 to normalize, then under these assumptions,to a rst
order approximation

2
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As this analysis is asymptotic in both k and n, the factor (kj 1)=(k j 2) makes
no di®erence. There are, of course, higher ordeg terms since N (t; x) is in fact a
binomial processwith EN(t;x) = , (t) 1+ O(t?) , where O(t?) dependson m.

With approximations (10), we have Erh = Emyg = m, but the computation of
Var(r) is complicated by the dependenceamong i, (X;). We have a heuristic
argumert (omitted for lack of space)that, by dividing r(X;) into n=k roughly
independert groups of sizek ead, the variance can be shavn to be of order ni 1,
asit would if the estimators were independert. Our simulations con rm that this
approximation is reasona‘ple{ for instance, for m-d Gaussiansthe ratio of the theo-
retical SD = C(ky; ko)m="n (where C(ky;ky) is calculated asif all the terms in (9)
were independert) to the actual SD of i was between0:7 and 1:3 for the range of
valuesof m and n consideredin Section4. The bias, howewer, beharesworse than
the asymptotics predict, as we discussfurther in Section5.

4 Numerical Results
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Figure 1: The estimator iy asa function of k. (a) 5-dimensionalnormal for seweral
samplesizes. (b) Various m-dimensional normals with sample sizen = 1000.

We “rst investigate the properties of our estimator in detail by simulations, and

then apply it to real datasets. The rst issueis the behavior of iy asa function

of k. The results shovn in Fig. 1 are for m-d GaussiansN, (0;1), and a similar

pattern holds for obsenations in a unit cube, on a hypersphere,and on the popular

\Swiss roll" manifold. Fig. 1(a) shaws vy for a 5-d Gaussianas a function of k for

seweral samplesizesn. For very small k the approximation doesnot work yet and

My is unreasonablyhigh, but for k assmall as 10, the estimate is nearthe true value
m = 5. The estimate shonvs some negative bias for large k, which decreaseswith

growing sample size n, and, as Fig. 1(b) shaws, increaseswith dimension. Note,

howevwer, that it is the intrinsic dimensionm rather than the embedding dimension
p, m that matters; and as our examplesbelow and many exampleselsewhere
shaw, the intrinsic dimension for real data is frequertly low.

The plots in Fig. 1 show that the \ideal" rangek; :::k; is di®eren for every com-
bination of m and n, but the estimator is fairly stable as a function of k, apart
from the rst few values. While "ne-tuning the range k; :::k, for di®eren n is
possibleand would reducethe bias, for simplicity and reproducibilit y of our results
we X ki = 10, ky = 20 throughout this paper. In this range, the estimatesare not



a®ectedmuch by samplesize or the positive bias for very small k, at least for the
range of m and n under consideration.

Next, we investigate an important and often overlooked issueof what happenswhen
the data are near a manifold as opposedto exactly on a manifold. Fig. 2(a) shows
simulation results for a 5-d correlated Gaussianwith mean 0, and covariance matrix
1= [Y2r (1§ A% ], with & = 1fi = jg. AsYchangesfrom Oto 1, the dimension
changesfrom 5 (full sphericalGaussian)to 1 (a line in R®), with intermediate values
of Yzproviding noisy versions.
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Figure 2: (a) Data near a manifold: estimated dimension for correlated 5-d normal
as a function of 1 %2 (b) The MLE, regression,and correlation dimension for
uniform distributions on sphereswith n = 1000. The three lines for eadh method
shaw the mean § 2 SD (95% con dence intervals) over 1000replications.

The plots in Fig. 2(a) show that the MLE of dimension does not drop unless %2
is very closeto 1, so the estimate is not a®ectedby whether the data cloud is
spherical or elongated. For “2closeto 1, when the dimension really drops, the
estimate dependssigni cantly on the samplesize,which is to be expected: n = 100
highly correlated points look like a line, but n = 2000 points 1l out the space
around the line. This highlights the fundamertal dependenceof intrinsic dimension
on the neighborhood scale,particularly when the data may be obsened with noise.
The MLE of dimension, while re°ecting this dependence,behavesreasonably and
robustly as a function of both “2and n.

A comparison of the MLE, the regressionestimator (regressinglog Ty on logk),
and the correlation dimension is shavn in Fig. 2(b). The comparisonis shovn
on uniformly distributed points on the surface of an mj dimensional sphere, but
a similar pattern held in all our simulations. The regressionrange was held at
k = 10:::20 (the sameas the MLE) for fair comparison, and the regressionfor
correlation dimension was basedon the “rst 10:::100distinct valuesof logC(r),
to re°ect the fact there are many more points for the logC,, (r) regressionthan for
the log T« regression.We found in generalthat the correlation dimensiongraph can
have more than one linear part, and is more sensitive to the choice of range than
either the MLE or the regressionestimator, but we tried to setthe parametersfor
all methods in a way that doesnot give an unfair advantage to any and is easily
reproducible.

The comparisonshows that, while all methods su®erfrom negative bias for higher
dimensions,the correlation dimension hasthe smallestbias, with the MLE coming



in close second. Howevwer, the variance of correlation dimension is much higher
than that of the MLE (the SD is at least 10 times higher for all dimensions). The
regressionestimator, on the other hand, hasrelatively low variance (though always
higher than the MLE) but the largest negative bias. On the balance of bias and
variance, MLE is clearly the best choice.
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Figure 3: Two image datasets: hand rotation and Isomap faces(example images).

Table 1. Estimated dimensionsfor popular manifold datasets. For the Swissroll,
the table givesmean(SD) over 1000 uniform samples.

Dataset | Data dim. Samplesize MLE Regression Corr. dim.
Swissroll 3 1000 2.1(0.02) 1.8(0.03) 2.0(0.24)
Faces 64£ 64 698 4.3 4.0 35
Hands 480£ 512 481 3.1 25 3.9

Finally, we compare the estimators on three popular manifold datasets (Table 1):
the Swissroll, and two image datasetsshowvn on Fig. 3: the Isomap face database,
and the hand rotation sequencé usedin [14]. For the Swissroll, the MLE again
provides the best combination of bias and variance.

The face databaseconsistsof imagesof an arti cial face under three changing con-
ditions: illumination, and vertical and horizontal orientation. Hencethe intrinsic
dimension of the dataset should be 3, but only if we had the full 3-d imagesof the
face. All we have, however, are 2-d projections of the face,and it is clear that one
needsmore than one\basis" imageto represen di®erert poses(from casualinspec-
tion, front view and pro le seemsuzcient). The estimated dimension of about 4 is
therefore very reasonable.

The hand imagedata is a real video sequenceof a hand rotating alonga 1-d curvein
space,but again seweral basis2-d imagesare neededto represen di®erert poses(in
this case,front, back, and proTe seemsuzcient). The estimated dimensionaround
3 therefore seemsreasonable.We note that the correlation dimension provides two
completely di®erert answersfor this dataset, depending on which linear part of the
curve is used; this is further evidenceof its high variance, which makesit a less
reliable estimate that the MLE.

5 Discussion

In this paper, we have derived a maximum likelihood estimator of intrinsic dimen-
sion and someasymptotic approximations to its bias and variance. We have shown

1This estimate is obtained from the range 500...1000. For this dataset, the correlation
dimension curve has two distinct linear parts, with the rst part over the range we would
normally use, 10...100, producing dimension 19.7, which is clearly unreasonable.

2http:/fisomap.stanford.edu/datasets.html

3http:/ivasc.ri.cmu.edu//idb/html/motion/hand/index.html



that the MLE produces good results on a range of simulated and real datasets
and outperforms two other dimension estimators. It does, howewver, su®erfrom a
negative bias for high dimensions,which is a problem sharedby all dimension esti-
mators. One reasonfor this is that our approximation is basedon sutciently many
obsenations falling into a small sphere,and that requiresvery large samplesizesin
high dimensions(we shall elaborate and quartify this further elsewhere).For some
datasets, such as points in a unit cube, there is alsothe issueof edgee®ectswhich
generally becomemore sewere in high dimensions. One can potentially reduce the
negative bias by removing the edge points by some criterion, but we found that
the edgee®ectsare small comparedto the sample size problem, and we have been
unable to achieve signi cant improvemert in this manner. Another option usedby
[13] is calibration on simulated datasetswith known dimension, but sincethe bias
depends on the sampling distribution, and a di®erert curve would be neededfor
every samplesize,calibration doesnot solve the problem either. One should keepin
mind, howewer, that for most interesting applications intrinsic dimensionwill not be
very high { otherwise there is not much benet in dimensionality reduction; hence
in practice the MLE will provide a good estimate of dimension most of the time.

References
[1] S. T. Roweis and L. K. Saul. Nonlinear dimensionality reduction by locally linear
embedding. Science, 290:2323{2326,2000.

[2] J. B. Tenerbaum, V. de Silva, and J. C. Landford. A global geometric framework for
nonlinear dimensionality reduction. Scienae, 290:2319{2323,2000.

[3] M. Belkin and P. Niyogi. Laplacian eigenmapsand spectral techniques for embedding
and clustering. In Advancesin NIPS, volume 14. MIT Press, 2002.

[4] D. L. Donoho and C. Grimes. Hessian eigenmaps: New locally linear embedding
techniques for high-dimensional data. Tednical Report TR 2003-08, Department of
Statistics, Stanford Univ ersity, 2003.

[5] M. Belkin and P. Niyogi. Using manifold structure for partially labelled classi cation.
In Advancesin NIPS, volume 15. MIT Press, 2003.

[6] M. Vlachos, C. Domeniconi, D. Gunopulos, G. Kollios, and N. Koudas. Non-linear
dimensionality reduction techniques for classi cation and visualization. In Proceedings
of 8th SIGKDD , pages645{651. Edmonton, Canada, 2002.

[7] M. Brand. Charting a manifold. In Advancesin NIPS, volume 14. MIT Press, 2002.

[8] K.W. Pettis, T.A. Bailey, A.K. Jain, and R.C. Dubes. An intrinsic dimensionality
estimator from near-neighbor information. IEEE Trans. on PAMI, 1:25{37, 1979.

[9] K. Fukunaga and D.R. Olsen. An algorithm for "nding intrinsic dimensionality of
data. IEEE Trans. on Computers, C-20:176{183, 1971.

[10] J. Bruskeand G. Sommer. Intrinsic dimensionality estimation with optimally topology
preserving maps. |IEEE Trans. on PAMI, 20(5):572{575, 1998.

[11] P. Verveer and R. Duin. An evaluation of intrinsic dimensionality estimators. |IEEE
Trans. on PAMI, 17(1):81{86, 1995.

[12] P. Grassberger and |. Procaccia. Measuring the strangenessof strange attractors.
Physica, D9:189{208, 1983.

[13] F. Camastra and A. Vinciarelli. Estimating the intrinsic dimension of data with a
fractal-based approach. IEEE Trans. on PAMI , 24(10):1404{1407,2002.

[14] B. Kegl. Intrinsic dimension estimation using packing numbers. In Advancesin NIPS,
volume 14. MIT Press, 2002.

[15] J. Costa and A. O. Hero. Geodesic entropic graphs for dimension and entropy esti-
mation in manifold learning. IEEE Trans. on Signal Processing 2004. To appear.

[16] D. L. Snyder. Random Point Processes Wiley, New York, 1975.



