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© Player incurs loss ¢;(a;).
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Online Prediction as a Zero-Sum Game

A repeated game:
At round t:

@ Player chooses prediction a; € A.
@ Adversary chooses loss /; € L.

© Player incurs loss ¢;(a;).

Player's aim:

Minimize regret wrt comparison C:

n
Rn = Zﬁt(at) — ;ggzgt(ét)
t=1

t=1
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Online Prediction as a Zero-Sum Game

Online Convex Optimization

e A = convex subset of RY.

@ L = set of convex real functions on A.
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Online Prediction as a Zero-Sum Game

Online Convex Optimization

e A = convex subset of RY.

@ L = set of convex real functions on A.

Quadratic loss: £:(a) = ||x: — a||?.

Linear regression: £+(a) = (xz - a — y¢)>.
Absolute loss linear regression: /(a) = |x; - a — yt|.
Prediction with expert advice: £;(a) = w, a (A=2Am).
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Online Prediction as a Zero-Sum Game

Online Convex Optimization

e A = convex subset of RY.

@ L = set of convex real functions on A.

v
Examples

o Shortest path: /;(a) = w,' a (A = flow, wy = edge weights).
e Portfolio optimization: ¢;(a) = — log(r,' a) (A=Am).
o Collaborative filtering: £¢(A) = (x — Ai,ji.)*. (A =Rmxm,
o SVM: /,(A) = (1 — y,;xtTa)Jr + Allall?. (A = RKHS).
@ Density estimation: /;(a) = — log (exp(a' T (yz) — A(a))), for

exponential family with sufficient statistic T(y).

A\
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Online convex optimization

© Binary prediction

o With (perfect) expert advice
e Minimax strategy
o With imperfect experts: exponential weights

@ General online convex

© Minimax strategies
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Binary Prediction with Expert Advice

@ Suppose we are predicting whether it will rain tomorrow.
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Binary Prediction with Expert Advice

@ Suppose we are predicting whether it will rain tomorrow.
@ We have access to a set of m experts, who each make a forecast.
@ Can we ensure that we predict almost as well as the best expert?

@ We'll consider two settings: voting and prediction.
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Binary Prediction with Expert Advice

Voting

The player votes for a mixture of experts:

we set A = A, the probability simplex on {1,..., m}, and the loss
function at time t is £¢(a) = |a' f; — y|, where £, € {0,1}™ are the
forecasts of the experts and y; € {0, 1} is the outcome.

| A

Prediction

The player votes for a mixture of experts, but the vote can depend on
their forecasts: we set A = (A’"){O’l}m, and the loss function at time t is
le(a) = |a(fe) " e — yl.

The comparison class C is the set of constant functions. (That is, a € C
has p € A™ so that for all f € {0,1}™, a(f) = p.)
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Binary Prediction with Expert Advice

Prediction allows the player to see how the experts’ predictions compare
before making a prediction.
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Binary Prediction with Expert Advice

Prediction allows the player to see how the experts’ predictions compare
before making a prediction.

We write ¢:(e;) € {0, 1} for the loss incurred by expert i, where e; € A™ is
zero in all but the ith coordinate. and /:(e;) € {0,1} is the indicator for
expert / making an incorrect forecast at time t.

We can interpret any a € A™ equivalently as a prediction,

9+ =a'f, € [0,1]. And we can view J; either as the expectation of a
random {0, 1}-valued prediction where the loss ¢;(a¢) is the probability of
a mistake, or as a real-valued prediction, where the loss is the absolute
difference between the prediction and the outcome.
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Prediction with Expert Advice

The minimax regret is the value of the game:

i . le(ar) — 24 ( .
n;'lan}?X mlnmax (Z t(at) mlnz ¢( )

An easier game

Suppose that the adversary is constrained to choose the sequence ¢; so
that some expert incurs no loss, that is,

How should we predict?
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Prediction with Expert Advice

Halving Algorithm

[Littlestone, 1988]
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@ Define the set of experts who have been correct so far:

Ct = {i o El(e;) == Et,l(e,-) = 0}.
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Halving Algorithm
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Prediction with Expert Advice

Halving Algorithm

@ Define the set of experts who have been correct so far:

Ct = {i : El(e;) =000 = Et,l(e,-) = 0}.

@ Choose
Ve = ar(fe) " fp = majority ({f:(j) : j € C¢})

This strategy has regret no more than log, m.

[Littlestone, 1988]
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Prediction with Expert Advice

If the strategy makes a mistake (that is, ¢+(a;) = 1), then the minority of
{ft(j) : j € C¢} is correct, so at least half of the experts are eliminated:

1G]

|Cy1] < >

11 /132



Prediction with Expert Advice

If the strategy makes a mistake (that is, ¢+(a;) = 1), then the minority of
{ft(j) : j € C¢} is correct, so at least half of the experts are eliminated:

1G]
2

And otherwise |Ci11| < |G| (because |C:| never increases).

|Cy1] <

11 /132



Prediction with Expert Advice

If the strategy makes a mistake (that is, ¢+(a;) = 1), then the minority of
{ft(j) : j € C¢} is correct, so at least half of the experts are eliminated:

1G]

|Cy1] < >

And otherwise |Ci11| < |G| (because |C:| never increases). Thus,

11 /132



Prediction with Expert Advice

If the strategy makes a mistake (that is, ¢+(a;) = 1), then the minority of
{ft(j) : j € C¢} is correct, so at least half of the experts are eliminated:

1G]

|Cy1] < >

And otherwise |Ci11| < |G| (because |C:| never increases). Thus,
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Prediction with Expert Advice

If the strategy makes a mistake (that is, ¢+(a;) = 1), then the minority of
{ft(j) : j € C¢} is correct, so at least half of the experts are eliminated:

1G]

|Cy1] < >

And otherwise |Ci11| < |G| (because |C:| never increases). Thus,

Zf ar) <lo Gl = logy m — log, |Cpy1| < logy m.
|Cn+1|
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Prediction with Expert Advice

We can do better with a randomized voting strategy.

[Karlin and Peres, 2016]
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Prediction with Expert Advice

We can do better with a randomized voting strategy.

Random Leader

Choose at(f;) uniformly on

Ct = {i . El(e,-) = = Et_l(e,-) == 0} .

Theorem
This strategy has regret no more than H,, — 1, where

| A\

1
- €(Inminm+1).
i

Ms

i=1

v

[Karlin and Peres, 2016]
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Prediction with Expert Advice

We show that, at time t, the strategy can make no more than Hc, —1
mistakes from that time on.

13 /132



Prediction with Expert Advice

We show that, at time t, the strategy can make no more than Hc, —1
mistakes from that time on.

@ This is clearly true when |C;| = 1: the strategy never makes another
mistake.

13 /132



Prediction with Expert Advice

We show that, at time t, the strategy can make no more than Hc, —1
mistakes from that time on.

@ This is clearly true when |C;| = 1: the strategy never makes another
mistake.

@ Suppose it is true for |Ci11| < k, suppose that |C;| = k, and suppose
that j experts in C; make a mistake at time t, where 1 < j < k — 1.

13 /132



Prediction with Expert Advice

We show that, at time t, the strategy can make no more than Hc, —1
mistakes from that time on.

@ This is clearly true when |C;| = 1: the strategy never makes another
mistake.

@ Suppose it is true for |Ci11| < k, suppose that |C;| = k, and suppose
that j experts in C; make a mistake at time t, where 1 < j < k — 1.
Then the expected number of mistakes made from time t onwards is
no more than

J

k—l—Hk_j—l

13 /132



Prediction with Expert Advice

We show that, at time t, the strategy can make no more than Hc, —1
mistakes from that time on.

@ This is clearly true when |C;| = 1: the strategy never makes another
mistake.

@ Suppose it is true for |Ci11| < k, suppose that |C;| = k, and suppose
that j experts in C; make a mistake at time t, where 1 < j < k — 1.
Then the expected number of mistakes made from time t onwards is
no more than )

J

k+Hk—j_1§Hk_1-
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Prediction with Expert Advice
The minimax regret is between [log, m| and log, m. l

[Karlin and Peres, 2016]
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[Karlin and Peres, 2016]

Set k = |log, m| so that 2k <'m < 2kt1 Consider the following
adversary strategy:

@ Choose (p as the first k experts.

@ At round 1 < t < k, choose C;+1 C C; uniformly at random from
subsets of size |C¢|/2.

@ Choose y; € {0, 1} uniformly at random.
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Prediction with Expert Advice

The minimax regret is between [log, m| and log, m.

[Karlin and Peres, 2016]

Set k = |log, m| so that 2k <'m < 2kt1 Consider the following
adversary strategy:

@ Choose (p as the first k experts.

@ At round 1 < t < k, choose C;+1 C C; uniformly at random from
subsets of size |C¢|/2.

Choose y; € {0,1} uniformly at random.
Set

i Vi for i € Cyq,
f 1—y; otherwise.
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Prediction with Expert Advice

Clearly, after k rounds there is still a perfect expert.
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Clearly, after k rounds there is still a perfect expert. The expected
number of mistakes of any player strategy is

k _ [logym|

=200 > Jlogy m).
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Prediction with Expert Advice

Minimax strategy

Set a,(f;) " f = p(p:)y + (1 — H(p:))(1 — ¥), where

y = majority ({f:(j) : j € Ce}),

lic i) = majority (170) 1 € )}

1
Pt ‘Ct|

9
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Minimax strategy

Set a,(f;) " f = p(p:)y + (1 — H(p:))(1 — ¥), where

y = majority ({£:(j) : j € C¢})
p: = @ {i € G : (i) = majority ({£:(j) : j € Ct})}

¢(p) =1+ logy p.

9
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Prediction with Expert Advice

Minimax strategy

Set a,(f;) " f = p(p:)y + (1 — H(p:))(1 — ¥), where

y = majority ({£:(j) : j € C¢})
p: = @ {i € G : (i) = majority ({£:(j) : j € Ct})}

¢(p) =1+ logy p.

9

That is, follow the majority with probability ¢(p:).

(NB: ¢(p) = 1 corresponds to the halving algorithm.
¢(p) = p corresponds to voting uniformly on C;.)
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Prediction with Expert Advice

Proof

We'd like an upper bound on the expected number of mistakes of the form
log, m. To make the inductive proof of this bound work, we need to
consider two cases. First, if the majority is correct (y; = ), then we need

loga(ptm) + (1 - ¢(Pt)) < loga m.
Second, if the minority is correct, then we need

log,((1 — pe)m) + ¢(pt) < log, m.
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Prediction with Expert Advice

|Oga(ptm) + (1 - d’(Pt)) < |Oga m,
|oga((1 - pt)m) + ¢(Pt) < |Oga m.
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Prediction with Expert Advice

|oga(ptm) + (1 - d’(Pt)) < |Oga m,
|oga((1 - pt)m) + ¢(Pt) < |Oga m.

Rearranging and combining, we need
1+ log, pr < ¢(pt) < —log,(1 — pr)

1
< loga(apt) < loga 1—p :
- Mt

The largest a satisfying ap:(1 — p;) < 1is a=4.
So any ¢(p:) between 1 + log, p; and — log,(1 — p¢) will suffice.
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Prediction with Expert Advice

The minimax regret is between [log, m| and log, m. l
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Online convex optimization

© Binary prediction

o With (perfect) expert advice
e Minimax strategy
o With imperfect experts: exponential weights

@ General online convex

© Minimax strategies
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Prediction with Expert Advice

We return to the voting setting, and allow even the best expert to make
mistakes.
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Prediction with Expert Advice

We return to the voting setting, and allow even the best expert to make
mistakes.

The player votes for a mixture of experts:

we set A = A™, the probability simplex on {1,..., m}, and the loss
function at time t is ¢;(a) = Y 7" ; a;jl¢(e;), where ¢ € A™ is zero in all
but the ith coordinate, and /;(e;) € {0,1} is the indicator for the ith
expert making an incorrect forecast at time t.
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Prediction with Expert Advice

Exponential Weights

v

[Littlestone and Warmuth, 1994]
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Prediction with Expert Advice

Exponential Weights

@ Maintain a set of (unnormalized) weights over experts:

wi =1,

Wer1 = wiexp (—nte(er)).

@ Here, n > 0 is a parameter of the algorithm.

v

[Littlestone and Warmuth, 1994]
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Prediction with Expert Advice

Exponential Weights

@ Maintain a set of (unnormalized) weights over experts:

wi =1,

W£+1 = Wé exp (—nl:(er)) -

@ Here, n > 0 is a parameter of the algorithm.

@ Choose a; as the normalized vector,

v

[Littlestone and Warmuth, 1994]
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Prediction with Expert Advice

The exponential weights strategy with parameter

8Inm
7’] =
n
has regret satisfying
ninm
Rn < >

[Cesa-Bianchi, Freund, Haussler, Helmbold, Schapire, and Warmuth, 1997]
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Prediction with Expert Advice

Proof Idea

We use a measure of progress:

m
Wt = E Wt{
i=1
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Prediction with Expert Advice

Proof Idea

We use a measure of progress:

m
Wt = E Wt{
i=1

Q@ W, grows at least as

exp (—77 miin Z Et(e,-)> .
t=1

@ W, grows no faster than

exp (—77 Zﬁt(at)> .

t=1
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Prediction with Expert Advice

Wn+ 1

I
nW1
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In =In w,, —Inm
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Wn+1 = i
In =In w,, —Inm
=In <Z exp (anﬂe;))) —Inm
i=1 t
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Prediction with Expert Advice

1
n+ = <ZWn+1) - nm

=1In (; exp (nzt:et(e,-))) —Inm
> In <maxexp( nZa & )) —Inm
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Prediction with Expert Advice

nH = <Z Wn+1) —Inm

<Zm:exp( nZet e )) —Inm
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where we have used Hoeffding's inequality:
for a random variable X € [a, b] and X € R,
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(Proofidea |

Werr _ | <Z?"1 exp(nft(ei))w1.’5>

In

> w
YW 2
< _pililE)w  n°
> Wi 8
2
= —nle(a) +

W;

where we have used Hoeffding's inequality:
for a random variable X € [a, b] and )\ € R,

N2(b — 3)2.

In (Ee)‘x) < XEX + =
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Prediction with Expert Advice

2

n
—n inf th(a Inm <In WV'|7/+1 < —nZﬁt(at) + n%

acRd 1 =

Thus,

R <Imm , nn
7 8

Choosing the optimal 7 gives the result:

27 /132



Prediction with Expert Advice

Proof idea:
|/Vn—I—l m72
—n inf li(a) —Inm <lIn < li(a
y inf z : " ?7; 9+

Thus,

R < Inm nn

n 8

Choosing the optimal 7 gives the result:

The exponential weights strategy with parameter n = /8In m/n has

regret no more than \/"'%.
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Prediction with Expert Advice

For a finite set of actions (experts):

o If one action is perfect (i.e., has zero loss), the minimax strategy

gives per round regret of
logy m

n

@ Exponential weights gives per round regret of

Inm
V 2n "
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Prediction with Expert Advice

In the proof, the only properties of ¢; that we used were
@ boundedness: /:(e;) € [0, 1] (for Hoeffding's inequality), and
Q linearity,

le(a) = Zzt(e,)wg.

For linearity, an inequality would have sufficed,
leae) < lelen)w,

which corresponds to convexity of /;.
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Online convex optimization

© Binary prediction

o With (perfect) expert advice
e Minimax strategy
o With imperfect experts: exponential weights

@ General online convex

Empirical minimization fails
Gradient algorithm.

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

© Minimax strategies
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Online convex optimization

The problem

o A = convex subset of RY.

o L = set of convex real-valued functions on A.
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The problem

o A = convex subset of RY.

@ L = set of convex real-valued functions on A.

nglln meax n;:,n S (Z li(ar) — m|n Zét > .
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Empirical minimization fails

Choosing a; to minimize past losses, a; = arg min,c 4 Zz;i ls(a), can fail.
(‘fictitious play,” ‘follow the leader’)
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Online convex optimization

Empirical minimization fails

Choosing a; to minimize past losses, a; = arg min,c 4 Zz;i ls(a), can fail.
(‘fictitious play,” ‘follow the leader’)

@ Suppose A =[-1,1], L={a—v-a:|v| <1}
@ Consider the following sequence of losses:

1
fl(a) - 537 62(3) =4 53(3) =4, 64(3) = —4 £5(a) =4,
dai :0, 32:—1, 33:17 a4:—1, 35:1,

e a* = 0 shows min,cga > 71 0+(a) <0, but >°7_; le(ar) = n—1.
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Online convex optimization

@ Choosing a; to minimize past losses can fail.
@ The strategy must avoid overfitting, just as in probabilistic settings.

@ Similar approaches (regularization; Bayesian inference) are applicable
in the online setting.

o First approach: gradient steps.
Stay close to previous decisions, but move in a direction of
improvement.

33/132



Online convex optimization

© Binary prediction

@ General online convex
Empirical minimization fails
Gradient algorithm.

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

© Minimax strategies
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Online convex optimization: Gradient Method

316./4,
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Online convex optimization: Gradient Method

dl c ./4, dt+1 = nA (at — ant(at)) 5
where I 4 is the Euclidean projection on A,

M = argmin||x — al|.
A(x) = arg min [x — 3]

Theorem

For G = max; ||V/:(at)|| and D = diam(.A),
the gradient strategy with n = D/(G+/n) has regret satisfying

R, < GD+/n.

v

[Zinkevich, 2003]
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Online convex optimization: Gradient Method

A={acR?: |a| <1}, L={ar>v-a:]|v|] <1}
D=2 G<L1.

Regret is no more than 2./n.

(And O(+/n) is optimal.)
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Online convex optimization: Gradient Method

A=A" L={a—v-a:|v|e <1}
D=v2 G<m

Regret is no more than v/2mn.

Since competing with the whole simplex is equivalent to competing with
the vertices for linear losses, this is worse than exponential weights (y/m
versus log m).
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Online convex optimization: Gradient Method

Define dry1 = ar — NVl(ay),

ae+1 = Ma(de41).
Fix a comparator a € A and consider the measure of progress ||a; — a||.

ot — all® < 541 = all?

38 /132



Online convex optimization: Gradient Method

Define dry1 = ar — NVl(ay),

ae+1 = Ma(de41).
Fix a comparator a € A and consider the measure of progress ||a; — a||.

lae+1 — al|? < ||&e1 — alf?
= |lac — all® + 72| VLe(ae) > — 2nVe(ae) - (a: — a).
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By convexity,

n

D (Le(ar) — Le(a <Zw ar) - (ar — a)

t=1

||81—3||2—||a w1—al®  n
< TR DB,
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Online convex optimization: Gradient Method

By convexity,

n

D (Le(ar) — Le(a <Zw ar) - (ar — a)

t=1
||31 - 3||2 — [lans1 — 77 2
Vi (
T Z IV ¢e(a0)]
D?> nG>n
< — + .
27 2
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Online Convex Optimization

© Binary prediction

@ General online convex
Empirical minimization fails
Gradient algorithm

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

© Minimax strategies
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An observation: gradient algorithm is regularized minimization.
@ Suppose /; is linear: /1(a) = g; - a.
@ Suppose A =R9.
@ Then minimizing the regularized criterion

t
. 1
dt+1 = argmin (77265(3) + 2HQH2>
s=1

corresponds to the gradient step a;11 = ar — nV/4¢(ar).
@ Indeed, setting the derivative to zero gives

t
dt+1 = —7’]2 Vés = at — nVﬁt
s=1

t—1
ar = —n Z Vis.
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Online Convex Optimization: Regularization

Definition: Regularized minimization

Consider the family of strategies of the form:

t
3r+1 = arg min (nzﬁs(a) + R(a)> :
s=1

Assume: The regularizer R : R? — R is strictly convex and differentiable.

42 /132



Online Convex Optimization: Regularization

Regularized minimization
t
= i Y4 R .
aer1 = argmin (77;1 s(a) + (a)>
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Online Convex Optimization: Regularization

Regularized minimization
t
= i Y4 R .
aer1 = argmin (77;1 s(a) + (a)>

@ R keeps the sequence of a;s stable: it diminishes /;'s influence.

@ We can view the choice of a;1; as trading off two competing forces:
making ¢¢(a+1) small, and keeping a;1 close to a;.

@ This is a perspective that motivated many algorithms in the literature.
We'll investigate why regularized minimization can be viewed this way.
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Online Convex Optimization: Regularization

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss and the distance to the previous decision.

44 /132



Online Convex Optimization: Regularization

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss and the distance to the previous decision.
The appropriate notion of distance is the Bregman divergence Do, ,:

44 /132



Online Convex Optimization: Regularization

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss and the distance to the previous decision.
The appropriate notion of distance is the Bregman divergence Do, ,:

$o = R,
O = D1 + by,

44 /132



Online Convex Optimization: Regularization

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss and the distance to the previous decision.
The appropriate notion of distance is the Bregman divergence Do, ,:

Definition

$o = R,
O = D1 + by,

So

t
dtp1 = arg g&lﬂ (7) ng(a) + R(a))
s=1

= arg g&iﬂ o (a).
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Online Convex Optimization: Regularization

Definition: Bregman Divergence

For a strictly convex, differentiable ® : RY — R, the Bregman divergence
wrt ® is defined, for a, b € RY, as

D¢ (a, b) = ®(a) — (¢(b) + VP(b) - (a — b)) .

[Bregman, 1967]
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Definition: Bregman Divergence

For a strictly convex, differentiable ® : RY — R, the Bregman divergence
wrt ® is defined, for a, b € RY, as

D¢ (a, b) = ®(a) — (¢(b) + VP(b) - (a — b)) .

Dg¢(a, b) is the difference between ®(a) and the value at a of the linear
approximation of ¢ about b. [Bregman, 1967]
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Bregman Divergence

Do (a, b) = ®(a) — (d(b) + Vb(b) - (a — b)).
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Bregman Divergence

Do(a, b) = ®(a) — (d(b) + Vb(b) - (a — b)).

Example

For a € RY, the squared euclidean norm, ®(a) = 3| a[%, has
L2 L2
Do(a, b) = 5lall? ~ ( S116I + b~ (a — b)
1
= 5”3 - bH27

the squared euclidean norm.
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Bregman Divergence

Do (a, b) = ®(a) — (d(b) + V(b) - (a — b)).

Example

For a € [0,00)9, the unnormalized negative entropy,
®(a) = Y9, ai(Ina; — 1), has

Do(a,b) = (aj(Ina; — 1) — bi(In b — 1) — In bj(a; — b;))

:Z<ailn‘z—l—b;—a;>,

the unnormalized KL divergence.
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Bregman Divergence

Do (a, b) = ®(a) — (d(b) + V(b) - (a — b)).

Example

For a € [0,00)9, the unnormalized negative entropy,
®(a) = Y9, ai(Ina; — 1), has

Do(a, b) = Z (ai(lnaj — 1) — bi(In bj — 1) — In bj(aj — b;))
:Z (a;ln‘;—l—b;—a;),

the unnormalized KL divergence.
Thus, for a € A9, ®(a) = ", a;Ina; has Dy(a, b) Za,ln—
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Bregman Divergence

When the domain of ® is A € RY, in addition to differentiability and strict
convexity, we make two more assumptions:
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Bregman Divergence

When the domain of ® is A € RY, in addition to differentiability and strict
convexity, we make two more assumptions:

@ The interior of A is convex,

e For a sequence approaching the boundary of A, ||[V®(a,)| — oo.
We say that such a ¢ is a Legendre function.
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QO Dy >0
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(1] Dq> > 0, D¢(a, a) = 0.
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(1] Dq> > 0, D¢(a, a) = 0.

© Darg = Da+ Dg.

© Bregman projection, N9 (b) = arg min,e 4 Do (a, b) is uniquely defined
for closed, convex A.

@ Generalized Pythagorus: for closed, convex A, a* = I_Ij(b), ac A

De(a, b) > D¢(a, a*) + De(a*, b).

© V.Ds(a, b) = Vd(a) — Vo(b).
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Bregman Divergence

O For /¢ affine, D¢ = Do.
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Bregman Divergence

O For /¢ affine, D¢ = Do.
@ For ®* the Legendre dual of @,

Vo = (Vo) !,
D¢(37 b) = Do+ (V¢(b), V¢(a))
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Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

51/132



Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

o ®* is Legendre.

51/132



Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

o ®* is Legendre.
e dom(®*) = V&(int dom ®).

51/132



Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

o ®* is Legendre.
e dom(®*) = V&(int dom ®).
o VO = (Vo) L.

51/132



Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

®* is Legendre.

dom(®*) = V&(int dom ).
Vor = (Vo) L.

Do(a, b) = Do-(V¢(b), V(a)).
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Bregman Divergence

Definition: Legendre Dual

For a Legendre function ® : A — R, the Legendre dual is

o (u) = ‘s/;leja(u v —0(v)).

®* is Legendre.

dom(®*) = V&(int dom ).
Vor = (Vo) L.

Do(a, b) = Do-(V¢(b), V(a)).
O = 0.
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Bregman Divergence

For¢:%||-|

,2;, the Legendre dual is * = %H |2, where 1/p+1/q = 1.
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/23' the Legendre dual is &* = %H |12, where 1/p+1/q = 1.

For¢:%||-

For ®(a) = 39, e?,
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Bregman Divergence

2, the Legendre dual is ®* = 3| - ||2, where 1/p+1/q = 1.

For & = |-

Example
For ®(a) = 27:1 edi,

(Vo) ! (u) = VO*(u) = (Inus, . .., Inug)’,




Bregman Divergence

2, the Legendre dual is ®* = 3| - ||2, where 1/p+1/q = 1.

For & = |-

Example
For ®(a) = 27:1 edi,

(Vo) ! (u) = VO*(u) = (Inus, . .., Inug)’,

and ®*(u) = >, ui(Inu; — 1).
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Properties of Regularization Methods

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss plus the distance (Bregman divergence) to
the previous decision.

Theorem
Define &; via VR(41) =0, and set

Gt = arg min (nfe(a) + Do, (2. 5t))
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Properties of Regularization Methods

In the unconstrained case (A = R9), regularized minimization is equivalent
to minimizing the latest loss plus the distance (Bregman divergence) to
the previous decision.

Theorem
Define &; via VR(41) =0, and set

Gt = arg min (nfe(a) + Do, (2. 5t))

Then .
S+, = arg min (n;&(a) + R(a)> :
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Properties of Regularization Methods

By the definition of &, (®:(a) :=n> iy ts(a) + R(a))

nte(a) + Do,_,(a, d) = P¢(a) — ®r-1(a) + Do,_,(a, &t).
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Properties of Regularization Methods

nle(a) + Do, ,(a,dt) = Pt(a) — Pr-1(a) + Do,_,(a, dt)-
The derivative wrt a is

Vo, (a) — VO,_1(a) + VaDo, ,(a, 3¢)
= Vo (a) — VOr_1(a) + Vr_1(a) — VOr_1(5)

By the definition of &, (®:(a) :=n> iy ts(a) + R(a))
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By the definition of &, (Pe(a) :=n >, ls(a) + R(a))
nte(a) + Do,_,(a,dr) = ®1(a) — ®t-1(a) + Do,_,(a, 3t).

The derivative wrt a is

Vo, (a) — VO,_1(a) + VaDo, ,(a, 3¢)
= Vo (a) — VOr_1(a) + Vr_1(a) — VOr_1(5)

Setting to zero shows that

V¢t(§t+1) = V¢t_1(§t) =rco0c = V¢0(§1) = VR(él) = 0,
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Properties of Regularization Methods

By the definition of &, (Pe(a) :=n >, ls(a) + R(a))
nte(a) + Do,_,(a,dr) = ®1(a) — ®t-1(a) + Do,_,(a, 3t).

The derivative wrt a is

Vo, (a) — VO,_1(a) + VaDo, ,(a, 3¢)
= Vo (a) — VOr_1(a) + Vr_1(a) — VOr_1(5)

Setting to zero shows that
VO, (3p11) = VOr1(dr) = - = Vdo(a1) = VR(a1) = 0,

So &;41 minimizes ®,.
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Properties of Regularization Methods

Constrained minimization is equivalent to unconstrained minimization,
followed by Bregman projection:
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Constrained minimization is equivalent to unconstrained minimization,
followed by Bregman projection:

Theorem
For

3c1 = argmin &¢(a),

e = 2 Tl ®¢(a),
a
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Properties of Regularization Methods

Constrained minimization is equivalent to unconstrained minimization,
followed by Bregman projection:

Theorem
For
ary1 = argmin ®;(a
t+ gaE.A t( )7
dr11 = arg min ®,(a),
acRd
we have
by~
at+1 = ﬂAt(at+1).
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Properties of Regularization Methods

Let &, ; denote I"Ij*(étﬂ).
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Let &, ; denote I"Ij*(étﬂ). First, by definition of a; 1,

®¢(arr1) < Pe(ariq)-

Conversely,
I ~
Do, (ay11,8t41) < Do,(at+1, t41)-

But V¢t(5t+1) = 0, SO

Do, (a,8r11) = Pe(a) — Pe(Get1).
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Properties of Regularization Methods

Let &, ; denote I"Ij*(étﬂ). First, by definition of a; 1,

®¢(arr1) < Pe(ariq)-

Conversely,
I ~
Do, (ay11,8t41) < Do,(at+1, t41)-

But V¢t(5t+1) = 0, SO
D¢t(3; 5t+1) = ‘Dt(a) - ¢t(5t+1)-

ThUS, q)t(a;Jrl) < ¢t(at+1).
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Properties of Regularization Methods

For linear ¢;, regularized minimization is equivalent to minimizing the last
loss plus the Bregman divergence wrt R to the previous decision:
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Properties of Regularization Methods

For linear ¢;, regularized minimization is equivalent to minimizing the last
loss plus the Bregman divergence wrt R to the previous decision:

arg min (n > ts(a) + R(a))
s=1

s (arg min (nf(a) + Dr(a. st))> |
acRd
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For linear ¢;, regularized minimization is equivalent to minimizing the last
loss plus the Bregman divergence wrt R to the previous decision:

arg min (n > ts(a) + R(a))
s=1

s (arg min (nf(a) + Dr(a. st))> |
acRd

because adding a linear function to ¢ does not change Dg.
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Properties of Regularization Methods

For linear ¢;, regularized minimization is equivalent to minimizing the last
loss plus the Bregman divergence wrt R to the previous decision:

arg min (n > ts(a) + R(a))
s=1

s (arg min (nf(a) + Dr(a. st))> |
acRd

because adding a linear function to ¢ does not change Dg.

(e.g., R squared Euclidean norm)

58 /132
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Properties of Regularization Methods: Linear loss

We can replace ¢; by V/¢(a¢), and this leads to an upper bound on regret.

60 /132



Properties of Regularization Methods: Linear loss
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Theorem

Any strategy for online linear optimization, with regret satisfying

n n
> gr-ar— gneiﬂz:gt ra< Co(g1,---+8n)
t=1 t=1
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can be used to construct a strategy for online convex optimization, with
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Properties of Regularization Methods: Linear loss

We can replace ¢; by V/¢(a¢), and this leads to an upper bound on regret.

Any strategy for online linear optimization, with regret satisfying

n n
> gr-ar— g&iQth ra< Co(g1,---+8n)
t=1 t=1

can be used to construct a strategy for online convex optimization, with
regret

Zﬂt(at) - m|n th ) < Go(Vii(ar), ..., Vin(an)).

Convexity implies ¢(a;) — ¢¢(a) < Vli(at) - (ar — a).




Properties of Regularization Methods

We can replace ¢; by V/:(a;), and this leads to an upper bound on regret.
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Properties of Regularization Methods

We can replace ¢; by V/:(a;), and this leads to an upper bound on regret.
Thus, we can work with linear /;.
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Regularization Methods: Mirror Descent

Regularized minimization for linear losses can be viewed as mirror
descent—taking a gradient step in a dual space:

see [Nemirovsky and Yudin, 1983]
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descent—taking a gradient step in a dual space:

Theorem
The decisions )

t

3 = arg min -a+ R(a
41 = arg min <n;gs (a)

can be written
see1 = (VR) ™ (VR(3:) — nge)

see [Nemirovsky and Yudin, 1983]
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Regularization Methods: Mirror Descent

Regularized minimization for linear losses can be viewed as mirror
descent—taking a gradient step in a dual space:

The decisions .
3 = arg min -a+ R(a
41 = arg min (77 ; g ( ))

can be written
dt+1 = (VR)_l (VR(&:) — ngt) -

v

This corresponds to first mapping from 3; through VR, then taking a step
in the direction —g;, then mapping back through (VR)™! = VR* to 3;:41.

see [Nemirovsky and Yudin, 1983]
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Regularization Methods: Mirror Descent

For the unconstrained minimization, we have
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t
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t—1
VR(3:)=-n) &,
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Regularization Methods: Mirror Descent

For the unconstrained minimization, we have

t
VR(5t+1) = _nzgsa
s=1

t—1
VR(3:)=-n) &,
s=1

so VR(3:41) = VR(3:) — nge,
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Regularization Methods: Mirror Descent

For the unconstrained minimization, we have

t
VR(éll”rl) = _nzgsa
s=1

t—1
VR(3:)=-n) &,
s=1

so VR(&t+1) = VR(&:) — nge, which can be written

drp1 = VR™! (VR(.St) - 77gt) .

64 /132
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Regularization methods: Regret bounds

Recall: Regularized minimization
t
3r+1 = arg min (ngﬁs(a) + R(a)> :

The regularizer R : RY — R is strictly convex and differentiable.
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Regularization methods: Regret

Theorem

For A = RY, regularized minimization suffers regret against any a € A of

Z Ce(ar) — Z t(a)
t=1 t=1

Dr(a,a1) — Do,(a, a Ly
_ R( 1) ¢n( ”+1) +6ZD¢t(at,at+1)a
t=1

Ui
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For A = RY, regularized minimization suffers regret against any a € A of

Z Ce(ar) — Z t(a)
t=1 t=1

Dr(a,a1) — Do,(a, a Ly
_ R( 1) n¢n( ”+1)+7ZD¢t(at,3t+1)a

and thus

th(at) < |nf (th (2,21 ) Zcht(at,atH)-
t=1

Ui
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Regularization methods: Regret

For A = RY, regularized minimization suffers regret against any a € A of

Z Ce(ar) — Z t(a)
t=1 t=1

Dr(a,a1) — Do,(a, a Ly
. R( 1) ¢n( ”+1) = Z D¢t(3t, 3t+1)a

n
and thus
z a al
Zﬁt(at) < |nf (th 7 ) ZDcpt(at,atH).
t=1

So the sizes of the steps Do, (at, ar+1) determine the regret bound.
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For A = RY, regularized minimization suffers regret

Zn:gt(at) S |nf <Z£t a) + e > ZDCDt(at,atH)
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Regularization methods: Regret

Theorem

For A = RY, regularized minimization suffers regret

th(at) S |nf <Z£t a) + e ) ZDCDt(at,atH)

Notice that, because a;;1 is the unconstrained minimizer of &,

Do, (at, at+1) = Dor (V®¢(ary1), VOe(ar))
= Do: (0, VO,_1(ar) + nVie(ar))
= Do; (0,nV{¢(ar)).

So it is the size of the gradient steps, Do:(0,7V/¢(a;)), that determines
the regret.
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Regularization methods: Regret

Suppose R = 1] - ||2.
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Regularization methods: Regret

Example

Suppose R = 1|/ - 2. Then we have

zz 2) < inf Zf o'l ”an .

acRd
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Regularization methods: Regret

Example

Suppose R = 1|/ - 2. Then we have

zz 2) < inf Zf o'l ”an .

acRd

And if ||g¢|| < G and ||a* — a;1|| < D, choosing 1 appropriately gives
regret < DG+/n.
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Regularization methods: Regret

Seeing the future gives small regret

For regularized minimization, that is,

t
3r41 = arg min (nzﬁs(a) + R(a)> :
s=1

v

see also [Kalai and Vempala, 2005]

70 /132



Regularization methods: Regret

Seeing the future gives small regret

For regularized minimization, that is,

ar41 = arg m|n (nZE + R(a ))

forall ae A,

th 2ei1) Zz () < 717(R(a) ~ R(ar)).
=1

v

see also [Kalai and Vempala, 2005]
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Regularization methods: Regret

Seeing the future gives small regret

For regularized minimization, that is,

ar41 = arg m|n (nZE + R(a ))

forall ae A,

v

(N B: This is Cheating!) see also [Kalai and Vempala, 2005]
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Regularization methods: Regret

Since a;11 minimizes O,

7725 )+ R( a)>nzﬁ (at+1) + R(at+1)

s=1
t—1
= nle(art1) + szs(atﬂ) + R(at+1)
s=1

v
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Regularization methods: Regret

Proof:

Since a;11 minimizes ®;, and a; minimizes ®;_1,

7725 )+ R( a)>nzﬁ (at+1) + R(at+1)

s=1
t—1
= nﬁt(am) + nzﬁs(am) + R(3t+1)
s=1
t—1
> nle(ag+1) + nz&(at) + R(at)
s=1

v
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Regularization methods: Regret

Proof:

Since a;11 minimizes ®;, and a; minimizes ®;_1,

7725 )+ R( a)>nzﬁ (at+1) + R(at+1)

s=1
t—1
= nﬁt(am) + nzﬁs(am) + R(3t+1)
s=1
t—1
> nle(ag+1) + nz&(at) + R(at)
s=1

> nzgs(aerl) + R(al)'

s=1

v
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Regularization methods: Regret

Theorem
For all a € A,

>~ te(aen) = 30 6(a) < L(R(a) — R(an).
t=1

t=1

72 /132



Regularization methods: Regret

Theorem
For all a € A,

> te(acin) = 3 te(a) < 1 (R(2) — Ran)),

t=1

Thus, if a; and a;y1 are close, then regret is small:

For all a € A,

D (Ee(ae) = €:(3)) < Y (Le(ar) — Le(arsa)) + 717 (R(a) — R(a1)) -
t=1 t=1
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Regularization methods: Regret

Theorem
For all a € A,

> te(acin) = 3 te(a) < 1 (R(2) — Ran)),

t=1

Thus, if a; and a;y1 are close, then regret is small:

For all a € A,

n n

Y (te(ae) = £e(a)) < Y (Lelae) — Le(aes1)) + = (R(a) = R(a1)).

1
t=1 t=1 N

So how can we control the increments (¢(a;) — ¢¢(ar+1)?
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Regularization methods: Regret

Definition
We say R is strongly convex wrt a norm || - || if, for all a, b,

R(a) > R(b) + VR(b) - (a— b) + %Ha — b|2.

73 /132



Regularization methods: Regret

For linear losses and strongly convex regularizers, the dual norm of the
gradient is small.
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Regularization methods: Regret

For linear losses and strongly convex regularizers, the dual norm of the
gradient is small.

Theorem
If R is strongly convex wrt a norm || - ||, and ¢;(a) = g; - a, then

llae = arall < nllgel«,
where a1 minimizes ®; and || - ||« is the dual norm to || - ||:

VIl = sup{v-a: | <1}.
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Regularization methods: Regret

For linear losses and strongly convex regularizers, the dual norm of the
gradient is small.

Theorem

If R is strongly convex wrt a norm || - ||, and ¢;(a) = g; - a, then
llae — acall < nllgtll-,
where a1 minimizes ®; and || - ||« is the dual norm to || - ||:

VIl = sup{v-a: | <1}.

Note that the definition implies a generalization of the Cauchy-Schwarz
inequality: for ||al| > 0,

vt < vl
fa = "1
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Regularization methods: Regret

1
R(a:) > R(ats1) + VR(ars1) - (ar — ary1) + §Hat - at+1H27
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Regularization methods: Regret

1
R(a:) > R(ats1) + VR(ars1) - (ar — ary1) + §Hat - at+1H27

1
R(ac+1) 2 R(ar) + VR(a) - (a1 — ac) + 5 llae — a1
Combining,

lar — ae1]1? < (VR(ar) = VR(ar+1)) - (ae — ar41)
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Regularization methods: Regret

1
R(a:) > R(ar41) + VR(ae+1) - (ae — ae1) + §Hat - at+1H27
1
R(ac+1) 2 R(ar) + VR(a) - (a1 — ac) + 5 llae — a1
Combining,

lar — ae1]1? < (VR(ar) = VR(ar+1)) - (ae — ar41)

Hence,
lae — art1ll < [[VR(at) — VR(ae+1) |« = [Ingtl]«
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Regularization methods: Regret

This leads to the regret bound:

Corollary

For linear losses, if R is strongly convex wrt || - ||, then for all a € A,

n

> (eae) = (@) <) llgell? + % (R(a) — R(a1)).-
t=1

t=1
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Regularization methods: Regret

This leads to the regret bound:

Corollary
For linear losses, if R is strongly convex wrt || - ||, then for all a € A,
n
> (te(ar) — €(a)) < nz lgell? + = (R(a) — R(ar)) -
t=1

Thus, for ||gt/l+ < G and R(a) — R(a1) < D?, choosing 7 appropriately
gives regret no more than 2GD+/n.

76 /132



Regularization methods: Regret

Example

Consider R(a) = %||a||?, a1 = 0, and A contained in a Euclidean ball of
diameter D.
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Regularization methods: Regret

Example

Consider R(a) = %||a||?, a1 = 0, and A contained in a Euclidean ball of

diameter D.
Then R is strongly convex wrt || - || and || - ||« = || - ||. And the mapping
between primal and dual spaces is the identity.
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Regularization methods: Regret

Example

Consider R(a) = %||a||?, a1 = 0, and A contained in a Euclidean ball of
diameter D.

Then R is strongly convex wrt || - || and || - ||« = || - ||. And the mapping
between primal and dual spaces is the identity.

So if sup,c 4 [|VEe(a)]| < G, then regret is no more than 2GD+/n.
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Regularization methods: Regret

Consider A= A", R(a) =), ajIna;.
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Regularization methods: Regret

Example

Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise).
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Regularization methods: Regret

Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise). And the divergence
is the KL divergence,

Dgr(a, b) = Za,- In(aj/bi).
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Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise). And the divergence
is the KL divergence,

Dgr(a, b) = Za,- In(aj/bi).

And R is strongly convex wrt || - ||1.
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Example

Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise). And the divergence
is the KL divergence,

Dgr(a, b) = Za,- In(aj/bi).

And R is strongly convex wrt | - ||1. Also, R(a) — R(a1) < Inm.
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Regularization methods: Regret

Example

Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise). And the divergence
is the KL divergence,

Dgr(a, b) = Za,- In(aj/bi).

And R is strongly convex wrt | - ||1. Also, R(a) — R(a1) < Inm.
Suppose that ||g¢|lc < 1.
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Regularization methods: Regret

Example

Consider A =A™, R(a) =) ;ajIna;. Then the mapping between primal
and dual spaces is VR(a) = In(a) (component-wise). And the divergence
is the KL divergence,

Dgr(a, b) = Za,- In(aj/bi).

And R is strongly convex wrt | - ||1. Also, R(a) — R(a1) < Inm.
Suppose that ||g¢|lcc < 1. Then the regret is no more than 2v/nIn m.
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Regularization methods: Regret

A=A R(a)=>;ailna;.
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Regularization methods: Regret

Example

A=A R(a)=>;ailna;.
What are the updates?

at41 = I_lft(étﬂ)
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Regularization methods: Regret

Example

A=A R(a)=>;ailna;.
What are the updates?

aty1 = nf\(ét—l-l)
= NR(VR*(VR(4:) — ner))

79 /132



Regularization methods: Regret

Example
A=A R(a)=>;ailna;.
What are the updates?
ars1 = N5(5e41)
= NR(VR*(VR(3:) — net))
= NE(VR*(In(3; exp(—7g)))
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Regularization methods: Regret

Example
A=A R(a)=>;ailna;.
What are the updates?
ars1 = N5(5e41)
= NE(VR*(VR(5:) — ngt))
= NE(VR*(In(5: exp(—7gt)))
= nf\(ét exp(—ngt)),
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Regularization methods: Regret

Example
A=A R(a)=>;ailna;.
What are the updates?
ars1 = N5(5e41)
= NE(VR*(VR(5:) — ngt))
= NE(VR*(In(5: exp(—7gt)))
= nf\(ét exp(—ngt)),

where the In and exp functions are applied component-wise.
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Regularization methods: Regret

Example

A=A R(a)=>;ailna;.
What are the updates?

arp1 = N5 (5e11)
= NE(VR*(VR(5:) — nar))
= NR(VR*(In(3; exp(—ngt)))
= NK(5; exp(—ngr)),

where the In and exp functions are applied component-wise.
This is exponentiated gradient: mirror descent with VR = In.
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Regularization methods: Regret

Example

A=A R(a)=>;ailna;.
What are the updates?

at41 = n§(5t+1)
= NR(VR*(VR(3:) — nar))
= NE(VR*(In(5: exp(—71t)))
= N5 (5t exp(—nst)),
where the In and exp functions are applied component-wise.

This is exponentiated gradient: mirror descent with VR = In.

It is easy to check that the projection corresponds to normalization,
Ri=\ _ =/|=
N%(a) =4a/llallx
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Regularization methods: Regret

Notice that when the losses are linear, exponentiated gradient is exactly
the exponential weights strategy we discussed for a finite comparison class.
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Regularization methods: Regret

Notice that when the losses are linear, exponentiated gradient is exactly
the exponential weights strategy we discussed for a finite comparison class.
Compare R(a) =Y, a;In a; with R(a) = 3||a||?,

for |lgtlloo <1, A= A™:

O(Vnln m) versus O(y/mn).
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Regularization methods: Extensions

@ Instead of
arp1 = arg raréiﬂ (nt:(a) + Do, ,(a,3)),
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Regularization methods: Extensions

@ Instead of
arp1 = arg géiﬂ (nt:(a) + Do, ,(a,3)),

we Can use

ary1 = arg gyﬂ (nft(a) + D‘bt—l(a’ at)) :
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Regularization methods: Extensions

@ Instead of
arr1 = arg g’élﬂ (nﬁt(a) + Do, ,(a, §t)) ,

— arg min E D 1 t .

And analogous results apply. For instance, this is the approach used
by the first gradient method we considered.
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Online convex optimization

© Binary prediction

@ General online convex
Empirical minimization fails
Gradient algorithm

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

© Minimax strategies
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Regularization methods: Strongly convex losses

When the loss is strongly convex wrt the regularizer, the regret rate can be
faster; in the case of quadratic ¢, it is O(log n), versus O(y/n).
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:
Consider :

®.(a) = ZUSKS(Q) + R(a), dr+1 = arg ;Te]]iRrL ®¢(a).
s=1
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:

Consider :

di(a) = Znsﬁs(a) + R(a), dr+1 = arg ;n]an b:(a)-
s=1

For any a € R,

n

Z(ft(at —l(a)) = Z Dd> (at; at41) + Do, (a, at) — Do, (a, 3t+1))
t=1

v
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:

Consider :

di(a) = Znsﬁs(a) + R(a), a1 = arg min ®¢(a).

—1 acRd

For any a € R,

n

Z(Zt(at ét a) = Z ch at,at+1) + cht l(a at)

t=1 =

Do, (a, at41))

(Easy to check. Use V®¢(ar11) = VO,_q1(ar) =0.)

v
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:

Consider :

di(a) = Znsﬁs(a) + R(a), dr+1 = arg ;n]an b:(a)-
s=1

For any a € R,

n

Z(ft(at —l(a)) = Z Dd> (at; at41) + Do, (a, at) — Do, (a, 3t+1))
t=1 =

v

(Easy to check. Use V®¢(ar11) = VO,_q1(ar) =0.)
What keeps the last two terms small?
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:

Consider :

di(a) = > nsls(a) + R(a), Bt = arg min ®¢(a).
s=1

For any a € R,
n

n

> (t(ar) ~ (@) = Y - (Doy(at,3e42) + Doy (2,2 — Do (3:2641)

t=1 t=1

v

(Easy to check. Use V®¢(ar11) = VO,_q1(ar) =0.)
What keeps the last two terms small? If we linearize the ¢;, we have

n n n 1
th(at) - th(a) < Z 77 (DR(3t7 3t+1) + DR(3> 3t) - DR(37 3t+1)) )
t=1 t=1 t=1 It
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Regularization methods: Strongly convex losses

Some intuition about time-varying 7:
Consider :

di(a) = > nsls(a) + R(a), Bt = arg min ®¢(a).
s=1

For any a € R,
n

n

> (t(ar) ~ (@) = Y - (Doy(at,3e42) + Doy (2,2 — Do (3:2641)

t=1 t=1

v

(Easy to check. Use V®¢(ar11) = VO,_q1(ar) =0.)
What keeps the last two terms small? If we linearize the ¢;, we have

n n n 1
th(at) - th(a) < Z 77 (DR(3t7 3t+1) + DR(3> 3t) - DR(37 3t+1)) )
t=1 t=1 t=1 It

which requires n; &~ constant. But what if /; are strongly convex?
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Regularization methods: Strongly convex losses

Theorem

If ¢; is o-strongly convex wrt R, that is, for all a, b € RY,

0e(a) > £e(b) + Vee(b) - (a— b) + %DR(a, b),

v

[B., Hazan, Rakhlin, 2007]
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Regularization methods: Strongly convex losses

If ¢; is o-strongly convex wrt R, that is, for all a, b € RY,

0e(a) > £e(b) + Vee(b) - (a— b) + %DR(a, b),

and R is strongly convex wrt || - ||,

V.
[B., Hazan, Rakhlin, 2007]
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Regularization methods: Strongly convex losses

Theorem

If ¢; is o-strongly convex wrt R, that is, for all a, b € RY,
0e(a) > £e(b) + Vee(b) - (a— b) + %DR(a, b),
and R is strongly convex wrt || - ||, then for any a € A, mirror descent,
arp1 = NJ ((VR) 1 (VR(ar) — neVie(ay)))
with 7 > % has regret

n n n 4 i
Zﬁt(at) — th(a) < Z 7DR(at) at+l) < ntHVEt(at)Hi
t=1 t=1 =1 't

t=1

v

[B., Hazan, Rakhlin, 2007]
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Regularization methods: Strongly convex losses

D (te(ar) ~ (@) < 3 (Vee(ar) - (ae — ) — 5 Da(a ) )

t=1 t=1
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Regularization methods: Strongly convex losses

n n

> (@) — te(@) <D (Vhelar) - at—a)—%DR(a,at)).

t=1 t=1'

Define: 3;.1 so that a;y1 = I'Ifl (8t41):
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Regularization methods: Strongly convex losses

n n

Z( (ar) — ) < <V€ (at) - (ar — a) — %DR(a, at)) .

t=1 t=1
Define: 3;.1 so that a;y1 = I'Ifl (8t41):

Giy1:= VRY(VR(a) — 1:VL:(ay)),
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Regularization methods: Strongly convex losses

n n

Z( (ar) — ) < <V€ (at) - (ar — a) — %DR(a, at)) .

t=1 t=1
Define: 3;.1 so that a;y1 = I'Ifl (8t41):

de41:= VR™Y(VR(ar) — n:Vee(ar)),
and hence

VRil (5t+1) = VR(at) — ntVEt(at).
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Regularization methods: Strongly convex losses

Vii(ar) - (ar — a)

= 7;5 (VR(at) — VR(d¢+1)) - (ar — a)
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Regularization methods: Strongly convex losses

Vii(ar) - (ar — a)

= 7;5 (VR(at) — VR(3t41)) - (a: — a)

where the first equality follows from the definition of 3:1,
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Regularization methods: Strongly convex losses

Vii(ar) - (ar — a)

= 7;5 (VR(at) — VR(3t41)) - (a: — a)

1 . .
0 (Dr(a, at) — Dr(a, d¢41) + Dr(at, d¢41))
t

where the first equality follows from the definition of 3:1,
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Regularization methods: Strongly convex losses

Vii(ar) - (ar — a)

= 7;5 (VR(at) — VR(d¢+1)) - (ar — a)
1

0 (Dr(a, at) — Dr(a, d¢41) + Dr(at, d¢41))
t

where the first equality follows from the definition of 3:1,
the second follows from the definition of Bregman divergence,
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Regularization methods: Strongly convex losses

Vii(ar) - (ar — a)

= 7;5 (VR(at) — VR(3t41)) - (a: — a)

1 . .

0 (Dr(a, at) — Dr(a, d¢41) + Dr(at, d¢41))
t
1 .

< e (Dr(a, at) — Dr(a, ar+1) + Dr(at, dt4+1)) 5
t

where the first equality follows from the definition of 3:,1,
the second follows from the definition of Bregman divergence,
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Regularization methods: Strongly convex losses

Vie(a) - (ar — a)
= 7;5 (VR(at) — VR(3t41)) - (a: — a)

1 . .
0 (Dr(a, at) — Dr(a, d¢41) + Dr(at, d¢41))
t
1 .
< e (Dr(a, at) — Dr(a, ar+1) + Dr(at, dt4+1)) 5
t

where the first equality follows from the definition of 3:,1,

the second follows from the definition of Bregman divergence,

and the inequality follows from the Pythagorean Theorem for Dg (for
a* =N9%(b) and a € A, Do(a, b) > Do(a, a*) + Do(a*, b).)
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Regularization methods: Strongly convex losses

n

Z (¢e(ar) — £:(a))

t=1

< Z (Vﬁt(at) (ar—a) — %DR(av 3t)>
t=1
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Regularization methods: Strongly convex losses

n

Z (¢e(ar) — £:(a))

t=1

< Z (Vﬁt(at) (ar—a) — %DR(av 3t)>

. o
< Z ( (Dr(a, at) — Dr(a, at+1) + Dr(at, 8t+1)) — EDR(Q’ at)>
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Regularization methods: Strongly convex losses

n

Z (¢e(ar) — £:(a))

t=1

< Z (Vﬁt(at) (ar—a) — %DR(av 3t)>
t=1

n 1 i .
<3 (o (De(a:20) = Da(ara11) + (o, 3e42)) — 5 (a2
t=1 \ 't

" 1 /1 1 o
= ; EDR(at, 5t+1) + tz:; (Ut - — 2) DR(«?, at)
1
+ < - ;) Dr(a, a1).

m
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Regularization methods: Strongly convex losses

n

Z (¢e(ar) — £:(a))

t=1

< Z (Vﬁt(at) (ar—a) — %DR(av 3t)>
t=1

n 1 i .
<3 (o (De(a:20) = Da(ara11) + (o, 3e42)) — 5 (a2
t=1 \ 't

" 1 /1 1 o
=" = Dg(ar, 3e1) + = — = — 2 ) Dg(a,a
;ﬁt rlae; de+1) ;(m Ne—1 2) R(2,2:)
1
+ < - ;) Dr(a, a1).

m

And choosing n; = ¢/t for ¢ > 2 /o eliminates the second and third terms.
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Regularization methods: Strongly convex losses

Also,

Dr(a¢, dr41) < Dr(ar, d¢41) + Dr(Ge41, at)
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Regularization methods: Strongly convex losses

Also,

Dr(a¢, dr41) < Dr(ar, d¢41) + Dr(Ge41, at)
= (VR(at) — VR(dt41)) - (ar — de+1)

89 /132



Regularization methods: Strongly convex losses

Also,

Dr(a¢, dr41) < Dr(ar, d¢41) + Dr(Ge41, at)
= (VR(at) — VR(dt41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)

89 /132



Regularization methods: Strongly convex losses

Also,

Dr(a¢, dr41) < Dr(ar, d¢41) + Dr(Ge41, at)
= (VR(at) — VR(dt41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)

where the second equality is from the definition of ;11
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Regularization methods: Strongly convex losses

Also,

Dr(at, dt41) < Dr(at, dt41) + Dr(Gt11, at)
= (VR(at) — VR(dt41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)
< 0e||VEe(ae)ll«llar — Getal]

where the second equality is from the definition of ;11
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Regularization methods: Strongly convex losses

Also,

Dr(at,d:41) < Dr(at, dt11) + Dr(3t41, at)
= (VR(at) — VR(&¢41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)
< 0e||VEe(ae)ll«llar — Getal]
< e[| VEe(ae) 1| VR(ar) — VR(Ee11)]]«

where the second equality is from the definition of ;11
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Regularization methods: Strongly convex losses

Also,

Dr(at,d:41) < Dr(at, dt11) + Dr(3t41, at)
= (VR(at) — VR(&¢41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)
< 0e||VEe(ae)ll«llar — Getal]
< e[| VEe(ae) 1| VR(ar) — VR(Ee11)]]«

where the second equality is from the definition of ;11
and the second inequality follows from the strong convexity of R wrt || - ||.
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Regularization methods: Strongly convex losses

Also,

Dr(at,d:41) < Dr(at, dt11) + Dr(3t41, at)
= (VR(at) — VR(&¢41)) - (ar — de+1)
= ntVEt(at) : (at — 5t+1)
< 0e||VEe(ae)ll«llar — Getal]
< e[ VEee(ae)[|«[[VR(at) — VR(8e41) |
= nfllwt(at)lli,

where the second equality is from the definition of ;11
and the second inequality follows from the strong convexity of R wrt || - ||.
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Regularization methods: Strongly convex losses

Theorem

If ¢; is o-strongly convex wrt R and R is strongly convex wrt || - ||, then for

any a € A, mirror descent, a;11 = MR ((VR) ™1 (VR(ar) — n:Vle(ar)))
with 7 > % has regret

Zﬁt(at) - th(a) < anllwt(at)lli-
t=1 =1 t=1
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Regularization methods: Strongly convex losses

Theorem

If ¢4 is o-strongly convex wrt R and R is strongly convex wrt || - ||, then for
any a € A, mirror descent, a;11 = MR ((VR) ™1 (VR(ar) — n:Vle(ar)))
with 7 > % has regret

th(at) - th(a) < Zﬁt”Vft(at)”i-
t=1 =1 t=1

| \

Example

For R(a) = 3||al|3, we have

n n n G2
le(ar) — inf > fy(a) < Vi2=0(—I :
>~ tua0) ~ of, 3 0ea) < o Vel = 0 (- togn)
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Brief digression: Linear Losses

Also, even if o = 0, this proof shows that we can choose 7, = c/+/t to get
a regret bound of the form

n

Z (Le(ar) — Le(a))

t=1

Lo a t Jt—1 1
Z —Dg(a¢, de41) + ({ - ) Dr(a; at) + EDR(‘?? a1)

il =2
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Brief digression: Linear Losses

Also, even if o = 0, this proof shows that we can choose 7, = c/+/t to get
a regret bound of the form

n

Z (Le(ar) — Le(a))

t=1

n
\/f Vit—1 1
< Z DR ar, dry1) + Z ( c Dg(a, at) + EDR(E’, a)

n

< Zntuwt (a0)|2 + — Z (V- vi- 1)

t=1
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Brief digression: Linear Losses

Also, even if o = 0, this proof shows that we can choose 7, = c/+/t to get
a regret bound of the form

n

Z (Le(ar) — Le(a))

t=1

n
\/f Vit—1 1
< Z DR ar, dry1) + Z ( c Dg(a, at) + EDR(E’, a)

n

< Zntuwt (a0)|2 + — Z (V- vi- 1)

t=1

2
< <CG2+DC> Vvn
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Brief digression: Linear Losses

Also, even if o = 0, this proof shows that we can choose 7, = c/+/t to get
a regret bound of the form

n

Z (Le(ar) — Le(a))

t=1

n
\/f Vit—1 1
< Z DR ar, dry1) + Z ( c Dg(a, at) + EDR(E’, a)

n

< Zntuwt (a0)|2 + — Z (V- vi- 1)

t=1

< <CG2 - D:) vn
= O(DG+/n).
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Regularization methods: Convexity and Strong Convexity

e

convex

o-strongly convex

SIS
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Regularization methods: Convexity and Strong Convexity

e

convex

o-strongly convex

SIS

All that changes is the step-size.
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Regularization methods: Convexity and Strong Convexity

e

convex

o-strongly convex

SIS

All that changes is the step-size.
What if we don't know o7
Can we adapt our step-size to give the right

rate?
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© Binary prediction
@ General online convex

Empirical minimization fails
Gradient algorithm

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

e Strong convexity (Adaptive Gradient)
o Diagonal regularizers (AdaGrad)

© Minimax strategies
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Regularization methods: adapting to strong convexity

Adaptive regularization
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Regularization methods: adapting to strong convexity

Adaptive regularization

Replace £4(-) with Z(-) :== £:(-) + Aeg (),
where g is strongly convex wrt R.
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Regularization methods: adapting to strong convexity

Adaptive regularization

Replace £4(-) with Z(-) :== £:(-) + Aeg (),
where g is strongly convex wrt R.

n

Ro = (Le(ar) — £:(a))

t=1
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Regularization methods: adapting to strong convexity

Adaptive regularization

Replace £4(-) with Z(-) :== £:(-) + Aeg (),
where g is strongly convex wrt R.

n

Ro = (Le(ar) — £:(a))

t=1

Z(‘” (3¢) — Te(@) + Melg(2) — &(a0)) )

=1
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Regularization methods: adapting to strong convexity

Adaptive regularization
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Regularization methods: adapting to strong convexity

Adaptive regularization

Replace £4(-) with Z(-) :== £:(-) + Aeg (),
where g is strongly convex wrt R.

n

Ro = (Le(ar) — £:(a))

t=1
—i(ft (20) = 7e(@) + Me(g(a) — g(a0)))
< D? zn: A + zn: (5t(at) - Ift(a)> )
t=1 t=1

where we've defined D? :=sup, , (g(a) — g(ar)).
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Regularization methods: adapting to strong convexity

Adaptive regularization

Replace £4(-) with Z(-) :== £:(-) + Aeg (),
where g is strongly convex wrt R.

n

Ro = (Le(ar) — £:(a))

t=1

—i(ft (20) = 7e(@) + Me(g(a) — g(a0)))

where we've defined D? := sup, , (g(a) — g(at))

This is an approximation error term, plus the regret for the regularized
losses /.
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This is similar to a model selection problem.
v

© How does R, depend on the \;s? (We'll give a bound.)

@ Does the best trade-off between the two terms above ensure the
optimal rates for convex and strongly convex ¢,7 (Yes.)

© Can we choose \; online to obtain the best trade-off between these
two terms? (Yes.)
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Regularization methods: adapting to strong convexity

If ¢; is o4-strongly convex wrt R, that is, for all a, b € RY,
0e(a) > e(b) + Vee(b) - (a— b) + %DR(a, b),

and R is strongly convex wrt || - ||,

see, e.g., [B., Hazan, Rakhlin, 2007]
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Regularization methods: adapting to strong convexity

Theorem

If ¢; is o4-strongly convex wrt R, that is, for all a, b € RY,
0e(a) > e(b) + Vee(b) - (a— b) + %DR(a, b),

and R is strongly convex wrt || - ||, then for any a € R?, mirror descent
with n; = 2/ 3°F_| 05 has regret

Ve (ar) ||2
ZE at)—ZEt(a <Z DR (at, d¢+1) <2Z
Zs 10s

see, e.g., [B., Hazan, Rakhlin, 2007]
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Regularization methods: adapting to strong convexity

Theorem

If ¢; is o4-strongly convex wrt R, that is, for all a, b € RY,
0e(a) > e(b) + Vee(b) - (a— b) + %DR(a, b),

and R is strongly convex wrt || - ||, then for any a € R?, mirror descent
with n; = 2/ 3°F_| 05 has regret

||V€t at) ||2
ZE at)—ZEt(a <Z DR (at, d¢+1) <2Z

s 105

Notice: 7; is used to update a; to a;41, so it uses only past information.

see, e.g., [B., Hazan, Rakhlin, 2007]
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Regularization methods: adapting to strong convexity

As before (when o was constant), we have

n

Z (Ce(ar) — Le(a)

t=1

"1 5 /1 1 o
< Z —Drg(at, dr11) + Z < - = 2t) Dr(a; a¢)

=1 't t=2

1 o1
= _2)p .
- <771 2) R(2;21)
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Regularization methods: adapting to strong convexity

As before (when o was constant), we have

n

Z (Ce(ar) — Le(a)

t=1

"1 5 /1 1 o
< Z —Drg(at, dr11) + Z < - = 2t) Dr(a; a¢)

=1 't t=2

1 o1
= _2)p .
- <771 2) R(2;21)

And the choice of 7; eliminates the second and third terms.
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Regularization methods: adapting to strong convexity

Adaptive regularization

Work with 7;(-) := £;(-) + A\tg(-) (where g is strongly convex wrt R).
If the ¢; are o;-strongly convex wrt R, then ¢; are (¢ + A¢)-strongly
convex.
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Regularization methods: adapting to strong convexity

Adaptive regularization

Work with Z:(-) := £¢(-) + Aeg(-) (where g is strongly convex wrt R).
If the ¢; are o-strongly convex wrt RL then ¢; are (ot + \¢)-strongly
convex. Using mirror descent for the /;:s, we choose steps

2

==
' Yim1(os + Xs)
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Regularization methods: adapting to strong convexity

This strategy incurs regret

Zzt a;) — inf th(a <D22At+2z<€t a;) )

acRd
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<D*) A+2 ” it
Z Z f(os+ )
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Regularization methods: adapting to strong convexity

This strategy incurs regret

Zzt a;) — inf th(a <D22At+2z<€t a;) )

acRd
Vi(a:)|?
<D*) A+2 ” it
Z Z f(os+ )

n

(Gt + A:B)?
<D%2N ")\, 42 t
Z ' Z 51(05+)‘)

where | V/:(at)][« < Gy and ||[Vg(ar)||« < B.
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Regularization methods: adapting to strong convexity

Ry < D* ) At + Ro(A1,. .., An).

t=1

© How does R, depend on the \;s?

@ Does the best trade-off between the two terms above ensure the
optimal rates for convex and strongly convex ¢;7
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Ry < D* ) At + Ro(A1,. .., An).

t=1

© How does R, depend on the \;s?
@ Does the best trade-off between the two terms above ensure the
optimal rates for convex and strongly convex ¢;7
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two terms?
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Regularization methods: adapting to strong convexity

And the best choice of A1,..., )\, is good here in the convex case:

1 — —_—
B2 + D2

Example

Assume o; > 0. Choose

and o =--- =\, =0.
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And the best choice of A1,..., )\, is good here in the convex case:

Example

Assume o; > 0. Choose

N
B2 + D2
and A\ =--- =X, =0. Then the bound gives

n

Gt+)\B
R, < D? Ae +2 _
Z ’ Z_: 51(05+>\)

=0 (J(B2+D2)XH:G,_?) .
t=1
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Regularization methods: adapting to strong convexity

And the best choice of A1,..., )\, is good here in the convex case:

Example

Assume o; > 0. Choose

N
B2 + D2
and A\ =--- =X, =0. Then the bound gives

n

(Gt + AeB)?
R, < D? At +2 e
Z + Z S (on )

If G, < G, thisis R, = O <\/32 T D2Gﬁ>.
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Regularization methods: adapting to strong convexity

And the best choice of A1,..., A, is good here in the strongly convex case:

Example
Assume o > o and Gy < G. Choose \{ =--- =\, = 0.
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Regularization methods: adapting to strong convexity

And the best choice of A1,..., A, is good here in the strongly convex case:
Example

Assume o+ > o and Gy < G. Choose \1 =--- =\, = 0. Then the
bound gives

n

(Gt + A:B)?
R, <D?*Y )\ +2 t
Z Z 51(05+/\)

2
=0 <G Iogn).
o
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Regularization methods: adapting to strong convexity

We can also obtain a spectrum of rates with the best choice of Ay,..., Ap:

Example

Suppose oy =t~ and G; < G. Then the bound gives
O(logn) if =0,
R, =
O(v/n) ifa>1/2.
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Regularization methods: adapting to strong convexity

We can also obtain a spectrum of rates with the best choice of Ay,..., Ap:

Example

Suppose oy =t~ and G; < G. Then the bound gives

O(logn) if =0,
R, = ¢ O(n%) if 0 <a<1/2,
O(v/n) ifa>1/2

(Choose Ay = n®and A =---\, =0.)
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Regularization methods: adapting to strong convexity

Ry < D* ) At + Ro(A1,. .., An).

t=1

© How does R, depend on the \;s?

@ Does the best trade-off between the two terms above ensure the
optimal rates for convex and strongly convex ¢;7

© Can we choose \; online to obtain the best trade-off between these

two terms?

104 /132



Regularization methods: adapting to strong convexity

Theorem
Choosing
1 = * 1662 =
— tf —
Ae=3 <s§_:1(as +Xs) + m) o (;(as +Xs) + at)

with this regularized mirror descent strategy

v

[B., Hazan, Rakhlin, 2007]
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Regularization methods: adapting to strong convexity

Theorem
Choosing
1 t—1 2 16G2 t—1
— tf —
Ae =3 <;(as + ) + m) + D2 B <;(as +As) + (Tt)

with this regularized mirror descent strategy gives regret

R, = 2 2 § : 2 : t

— 510's+>\)

v

[B., Hazan, Rakhlin, 2007]
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Regularization methods: adapting to strong convexity

@ Notice that we're using information about each ¢; only after we see it.
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@ Notice that we're using information about each ¢; only after we see it.

@ Compare this to the simple gradient method that we saw earlier,
which chooses n = D/(G+/n). Here, we don't need to know the
upper bound G (or n): we choose \; as a function of information
about past losses, and we can compete with the optimal bounds.
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Regularization methods: adapting to strong convexity

@ Notice that we're using information about each ¢; only after we see it.

@ Compare this to the simple gradient method that we saw earlier,
which chooses n = D/(G+/n). Here, we don't need to know the
upper bound G (or n): we choose \; as a function of information
about past losses, and we can compete with the optimal bounds.

@ For instance, for the case of convex functions that satisfy a gradient
dual norm bound G,

R, — (\/52 n D2Gﬁ) .

(And similarly for the stronger version that replaces G by the rms
dual norm of the gradients.)
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Regularization methods: adapting to strong convexity

Proof ldea

We prove that balancing the two terms is near-optimal: Consider

Hn({At}) : Z At + Z

s 1 US + A )
Then choosing A; to solve the quadratic equation

Ce

M=
LYl (s As)

ensures that

Hu({\e}) <2 nf Hu({31))

v
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Regularization methods: adapting to strong convexity

Proof Idea

There is an inductive proof of this balancing result, which considers

separately the cases
t t
IENED PE:
s=1 s=1
and
t t
2 s> DN
s=1 s=1
and exploits the fact that the two terms of H; are monotonic in 22:1 As.

And the choice of A; in the theorem is the positive solution to the
appropriate quadratic equation.
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Regularization methods: adapting to strong convexity

Theorem
Choosing

1 t—1 2 16G2 t—1
Ae= > <s§::1(as + ) + at> e (;(05 + ) + at)

with this regularized mirror descent strategy gives regret

. z G+AB
_ 2 2 t
R”_O(Alf?fxn(D + B?) § At+§ ))

s 10-5+>‘)
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© Binary prediction
@ General online convex

Empirical minimization fails
Gradient algorithm

A regularization viewpoint
Bregman divergence
Properties of regularization
Linearization

Mirror descent

Regret bounds

Strongly convex losses
Adaptive regularization

e Strong convexity (Adaptive Gradient)
o Diagonal regularizers (AdaGrad)

© Minimax strategies
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Regularization methods: Adaptive regularization

We considered mirror descent where we added an adaptively chosen

component of a regularizer g that is strongly convex wrt R. To simplify,
assume g = R.
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We considered mirror descent where we added an adaptively chosen

component of a regularizer g that is strongly convex wrt R. To simplify,
assume g = R. We can view this in two ways:

t

ary1 = arg g&iﬂ (Z sV (ls + AsR)(as) - (a — ar) + R(a))
s=1
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Regularization methods: Adaptive regularization

We considered mirror descent where we added an adaptively chosen

component of a regularizer g that is strongly convex wrt R. To simplify,
assume g = R. We can view this in two ways:

t

ary1 = arg g&iﬂ (Z sV (ls + AsR)(as) - (a — ar) + R(a))
s=1

= arg ';;iﬂ (n:V (0 + A\eR)(at) - (a — a¢) + Dgr(a, 3t)) -
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Regularization methods: Adaptive regularization

We considered mirror descent where we added an adaptively chosen

component of a regularizer g that is strongly convex wrt R. To simplify,
assume g = R. We can view this in two ways:

t
at41 = arg g;iﬂ (2:1 77sv(€s + )\sR)(as) ) (a - at) + R(a)>
s=
= arg l;;l.z (ntv(gt + )\tR)(at) . (a — at) + DR(a, gt)) .
Rather than minimizing the sum of the linearization of £; + AR plus the
regularizer R, we could instead minimize the linearization of ¢; plus the

regularizer (1 4+ \)R:

arr1 = arg gnelﬂ (ntV&(at) -(a—at) + Datar(as 5t)) .
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Regularization methods: Adaptive regularization
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Regularization methods: Adaptive regularization

o Adaptive regularization: R:(a) = (1 + A:)R(a).
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o Adaptive regularization: R:(a) = (14 A\¢)R(a).
@ We could be more ambitious, and consider more than a single
parameter ().

e For example, generalizing the gradient case (where R(a) = ||a||3), we
could consider
R:(a) = a' M;a,

o with M; = (1 + A;)/ (as before),
e with M, a positive diagonal matrix, or
o with M, = 0 (an arbitrary positive definite matrix).
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Regularization methods: Adaptive regularization

o Adaptive regularization: R:(a) = (14 A\¢)R(a).
@ We could be more ambitious, and consider more than a single
parameter ().

e For example, generalizing the gradient case (where R(a) = ||a||3), we
could consider
R:(a) = a' M;a,

o with M; = (1 + A;)/ (as before),
e with M, a positive diagonal matrix, or
o with M, = 0 (an arbitrary positive definite matrix).

@ We can view this as adapting the step-size in different directions.
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Regularization methods: Adaptive regularization

Consider the following version of mirror descent (also called ‘proximal
gradient’: stay close to a; instead of &;):

arp1 = arg gyﬂ (nVli(at) - a+ Dg,(a, at)) .
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Regularization methods: Adaptive regularization

Consider the following version of mirror descent (also called ‘proximal
gradient’: stay close to a; instead of &;):

arp1 = arg gyﬂ (nVli(at) - a+ Dg,(a, at)) .

Similar arguments give the following theorem.

For R; strongly-convex wrt some norm || - ||,,
1 1 n—1
Rn < EDRl(a*a 31) + EZ (DRt+1(a7 at+1) - DRt(a’ at+1))
t=1

T] n
+ 23 Ivealk,.
t=1

v
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Regularization methods: Adaptive regularization

Example
For Ri(a) = a' M:a with M, a positive diagonal matrix, say,
M; = diag(s:), we have

Dr,(a,b) = (a— b)"Mi(a — b) = > (aj — bi)’st.

i
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Regularization methods: Adaptive regularization

For R:(a) = a' M;a with M, a positive diagonal matrix, say,
M; = diag(s:), we have

Dg,(a,b) = (a— b)" M(a — b) = Z(a,- — b;)%st.

And Dg, is strongly convex wrt the norm Ha||2t =2a' M;a.
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Regularization methods: Adaptive regularization

For R:(a) = a' M;a with M, a positive diagonal matrix, say,
M; = diag(s:), we have

Dr,(a,b) = (a— b)"Mi(a — b) = > (aj — bi)’st.
And Dg, is strongly convex wrt the norm Ha||2t =2a' M;a. Also

1 1 g.2

2 T -1

— g Mg =N 8L

g, « 28 Mg =3 Ay
1
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Regularization methods: Adaptive regularization

Example
Applying the theorem, the regret satisfies

n—1

1 1
Rn < EDRl(a*, ar) + 52 (DR, (a,at11) — Dr,(a, at11))

t=1

77
- Z Vee(ac) I,
=1

v
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Regularization methods: Adaptive regularization

Example
Applying the theorem, the regret satisfies

n—1

1 1
Rn < EDRl(a*, ar) + 52 (DR, (a,at11) — Dr,(a, at11))

t=1

77
- Z Vee(ac) I,
=1

1 n—1

1
< EDRl(a*ﬂ a1) + EZ m,.ax(a}k - 3t+1,i)2||5t+1 — sellx
t=1

+ % ; Vii(a;)" diag(s:) 1V ee(ay).

v
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Regularization methods: Adaptive regularization

Adagrad

[Duchi, Hazan, Singer, 2011]
If we insist that the regularization increases (that is, the components of s;

are monotonically non-decreasing with t), we can choose

Sti =

t
Z Vﬁt(at),?,
s=1
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Z Vﬁt(at),?,
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Regularization methods: Adaptive regularization

Adagrad

[Duchi, Hazan, Singer, 2011]
If we insist that the regularization increases (that is, the components of s;

are monotonically non-decreasing with t), we can choose

Sti =

t
Z Vﬁt(at),?,
s=1

N = Dy := sup ||a* — at|/cos
a*zat
to give an adaptivity result (versus constant s):

D? -
Rn, < cmin <°°sT1 +1n Z Vi(ar)' diag(s)_1V£t(at)>
ns \ N

t=1
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Regularization methods: Adaptive regularization

Adagrad

[Duchi, Hazan, Singer, 2011]
If we insist that the regularization increases (that is, the components of s;
are monotonically non-decreasing with t), we can choose

Sti =

t
Z Vﬁt(at),?,
s=1

N = Doo := sup ||a" — a¢]|co,

a*zat

to give an adaptivity result (versus constant s):

D? -
Rn, < cmin <°°sT1 +1n Z Vi(ar)' diag(s)_1V£t(at)>
ns \ N

t=1

d n
=0 (DY | D Vie(ar)?
i=1 t=1
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Regularization methods: Adaptive regularization

Adagrad
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Regularization methods: Adaptive regularization

Adagrad

@ The gradient term might be much smaller than v/nd.
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Regularization methods: Adaptive regularization

Adagrad

@ The gradient term might be much smaller than v/nd.

@ For instance, if the gradients are sparse and bounded (for instance, for
logistic regression with sparse {0, 1}-valued features), then we expect
the gradient terms to be much smaller.

For features that appear more frequently, the s; ; will be larger
(learning rate slower in those directions).
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Regularization methods: Adaptive regularization

Adagrad

@ The gradient term might be much smaller than v/nd.

@ For instance, if the gradients are sparse and bounded (for instance, for
logistic regression with sparse {0, 1}-valued features), then we expect
the gradient terms to be much smaller.

For features that appear more frequently, the s; ; will be larger
(learning rate slower in those directions).

@ More generally, for coordinate directions with large gradients, we can
make the corresponding component of s large (to keep things more
stable in those directions), and for coordinate directions with small
gradients, we can use less regularization.
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Regularization methods: Adaptive regularization

Adagrad

A similar approach can be applied to matrices, with

M, — (>ees Vét(at)vgt(at)T)l/z
(s Va0 ()

playing the role of s;.

118 /132




© Binary prediction
@ General online convex

Empirical minimization fails
Gradient algorithm

A regularization viewpoint
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Properties of regularization
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Regret bounds

Strongly convex losses
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© Binary prediction
@ General online convex

© Minimax strategies

o Convex and strongly convex losses
o The linear game
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Convex and strongly convex losses

The convex and linear games

For a convex set A C R? and a sequence G, ..., G, > 0, define

Geonv (A, {Gt}) as the online convex optimization game with constraints
ar € A and

e {0:||Vl(ar)]| < G, € convex} .
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Convex and strongly convex losses

The convex and linear games

For a convex set A C R? and a sequence G, ..., G, > 0, define

Geonv (A, {Gt}) as the online convex optimization game with constraints
ar € A and

e {0:||Vl(ar)]| < G, € convex} .

Define Gjin (A, {G:}) as the online convex optimization game with
constraints a; € A and

0 € {E:E(a): vi(a—a)+c,veRY ceR, |v| < Gt}.
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Convex and strongly convex losses

The convex and linear games

For a convex set A C R? and a sequence G, ..., G, > 0, define

Geonv (A, {Gt}) as the online convex optimization game with constraints
ar € A and

e {0:||Vl(ar)]| < G, € convex} .

Define Gjin (A, {G:}) as the online convex optimization game with
constraints a; € A and

0 € {E:E(a): vi(a—a)+c,veRY ceR, |v| < Gt}.

@ The adversary’s constraints depend on the player’s choices.
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Convex and strongly convex losses

The strongly convex and quadratic games

For a convex set A C R? and sequences G, ..., G, > 0 and

O1,...,00 >0, define Gst—conv (A, {G¢}, {o+}) as the online convex
optimization game with constraints a; € A and

b € {€: | V()| € G, VPl = 0l } .

122 /132



Convex and strongly convex losses

The strongly convex and quadratic games

For a convex set A C R? and sequences G, ..., G, > 0 and
O1,...,00 >0, define Gst—conv (A, {G¢}, {o+}) as the online convex
optimization game with constraints a; € A and

b € {€: | V()| € G, VPl = 0l } .

Define Gguad (A, {G:}, {0+}) as the online convex optimization game with
constraints a; € A and

4 € {@:K(a) = vT(a—at)-i-%“a—atHanc, veRY ceR,|v| < Gt}.
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For a convex set A C R? and sequences G, ..., G, > 0 and
O1,...,00 >0, define Gst—conv (A, {G¢}, {o+}) as the online convex
optimization game with constraints a; € A and

b € {€: | V()| € G, VPl = 0l } .

Define Gguad (A, {G:}, {0+}) as the online convex optimization game with
constraints a; € A and

4 € {@:K(a) = vT(a—at)-i-%“a—atHanc, veRY ceR,|v| < Gt}.

V.

@ Again, the adversary's constraints depend on the player’s choices.
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Convex and strongly convex losses

For fixed A, {G;} and {0}, we have

Vir (Gst—conv (A, {6t} {0¢})) = Vi (Gquad (A, {Gt}, {o1}))

v

[Abernethy, B., Rakhlin, Tewari, 2008]
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Convex and strongly convex losses

For fixed A, {G;} and {0}, we have

Vir (Gst—conv (A, {6t} {0¢})) = Vi (Gquad (A, {Gt}, {o1}))

Vn (gconv ('A’ {Gt})) = V,-, (g/in (A’ {Gt})) o

v

[Abernethy, B., Rakhlin, Tewari, 2008]
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Convex and strongly convex losses

Lemma
Fix sets Nqi,..., N, and M C N,.
Suppose that for all /1 € N; and a; € A there is an ¢} € M such that

forall ar,l1,...,ar1,€t—1, and a¢1,0e11, ..., an, In,

Rn(alaglw 0 'aatyeh 00 '1an7€n) S Rn(alagla 00 '7at7€>:7 . '7an7€n)-
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Convex and strongly convex losses

Lemma
Fix sets Nqi,..., N, and M C N,.
Suppose that for all /1 € N; and a; € A there is an ¢} € M such that

forall ar,l1,...,ar1,€t—1, and a¢1,0e11, ..., an, In,

Rn(alaglw 0 'aatyeh 00 '1an7€n) S Rn(alagla 00 '7at7€>:7 . '7an7€n)-

Then

inf sup --- inf sup --- inf sup Rn(a1,%1,...,an,%n)
a€Aypen a€A . e N, an€A g, N,
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Convex and strongly convex losses

Lemma
Fix sets Nqi,..., N, and M C N,.
Suppose that for all /1 € N; and a; € A there is an ¢} € M such that

forall ar,l1,...,ar1,€t—1, and a¢1,0e11, ..., an, In,
%
Rn(alagb coog at7€t7 0009 amgn) < Rn(alagla 0oog ataeta 000y anagn)-

Then
inf sup --- inf sup --- inf sup Rn(a1,%1,...,an,%n)
a€Aypen a€A . e N, an€A g, N,

= inf sup --- inf sup --- inf sup Rp(a1,l1,...,an,¢n).
a€A g eny at€Ay.eMm an€A g, N,
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Convex and strongly convex losses

Lemma
Fix sets Nqi,..., N, and M C N,.
Suppose that for all /1 € N; and a; € A there is an ¢} € M such that

forall ar,l1,...,ar1,€t—1, and a¢1,0e11, ..., an, In,

Rn(alaglw 0 'aaheh 00 '1an7€n) S Rn(alagla 00 '7at7€>:7 . '7an7€n)-

Then
inf sup --- inf sup --- inf sup Rn(a1,%1,...,an,%n)
a€Aypen a€A . e N, an€A g, N,

= inf sup --- inf sup --- inf sup Rp(a1,l1,...,an,¢n).
a€A g eny at€Ay.eMm an€A g, N,

(Because M C N, and it contains ¢} that's always at least as good as /;.)
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Convex and strongly convex losses

For the strongly convex case, define

(X
M = {zz Ua)=vT(@—a)+ Fla—al+c vl < Gt} :
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Convex and strongly convex losses

For the strongly convex case, define

(X
M = {zz Ua)=vT(@—a)+ Fla—al+c vl < Gt} :
and notice that

M C Ny = {€:||Vl(ar)|| < G, V2= 0ul}.
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Convex and strongly convex losses

For the strongly convex case, define

M = {zz L 0(a) = v (a—a;) + %Ha a4, v < Gt} ,
and notice that
M C Ny = {€:||Vl(ar)|| < G, V2= 0ul}.

For ¢+ € N, define ¢ as

" ag
05(a) = Le(ar) + Vee(ar) " (a — a;) + ?tHa — a2
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Convex and strongly convex losses

For the strongly convex case, define

M= {zz L 0(a) = v (a—a;) + %Ha a4, v < Gt} :
and notice that
M C Ny = {€:||Vl(ar)|| < G, V2= 0ul}.
For ¢+ € N, define ¢ as
0(3) = lelar) + Vee(a0) T (a = a0) + Tlla— acl”.

Notice that ¢; € M, since ¢;(a:) = l+(ar) and Vili(ar) = Vi (a).
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Convex and strongly convex losses

For the strongly convex case, define

M= {zz L 0(a) = v (a—a;) + %Ha a4, v < Gt} :
and notice that
M C Ny = {€:||Vl(ar)|| < G, V2= 0ul}.
For ¢+ € N, define ¢ as
0(3) = lelar) + Vee(a0) T (a = a0) + Tlla— acl”.

Notice that /7 € M, since ¢;(a:) = l+(a:) and Vli(ar) = VI;i(at). Also,
l+(a) > ¢i(a) for all a, so M and N; satisfy the conditions of the lemma.

125 /132



Convex and strongly convex losses

For the strongly convex case, define

M= {zz L 0(a) = v (a—a;) + %Ha a4, v < Gt} :
and notice that
M C Ny = {€:||Vl(ar)|| < G, V2= 0ul}.
For ¢+ € N, define ¢ as
0(3) = lelar) + Vee(a0) T (a = a0) + Tlla— acl”.
Notice that /7 € M, since ¢;(a:) = l+(a:) and Vli(ar) = VI;i(at). Also,

l+(a) > ¢i(a) for all a, so M and N; satisfy the conditions of the lemma.
The convex/linear case uses a similar argument.
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© Binary prediction
@ General online convex

© Minimax strategies

o Convex and strongly convex losses
o The linear game
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The linear game

Theorem
For A= {acR?: |a|| <r} with d >3, and a fixed sequence {G;},

Vn (gconv (.A, {Gt})) = Vn (glin (.A, {Gt}))

= i G2.
t=1

[Abernethy, B., Rakhlin, Tewari, 2008]

v
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The linear game

O Wilog, we can assume r = 1 and /;(a) = w'a with |w| < G;.
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The linear game

O Wilog, we can assume r = 1 and /;(a) = w'a with |w| < G;.
@ Writing W; .= 22:1 W,

n

i = —||W,||.
iy > ta) = = Wil
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The linear game

Proof

© The adversary can ensure

by playing w; satisfying

T
Wy at :O,

]

T
Wi Wi—1 =0,

|we| = Ge.
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The linear game

Proof

@ The adversary can ensure

]

by playing w; satisfying
WtTat =0, WtTWt—l =0, [we]l = G

To see this, notice that this choice ensures Y 7 ; ¢¢(a;) = 0 and so
Rn = ||Whl|.
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The linear game

Proof

© The adversary can ensure

]

by playing w; satisfying
WtTat =0, WtTWt—l =0, [we]l = G

To see this, notice that this choice ensures Y 7 ; ¢¢(a;) = 0 and so
Ry = [[W,]|. But

t
IVl = [ Weea + well = \/IWea]2 + lwell2 = || 37 G2
s=1
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The linear game

Proof
O If the player defines Wy = 0 and chooses
_ —Wi1
VIIWea P+ 30, G2

at

then

R, < Zn: G?.
t=1
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The linear game

Proof

This is equivalent to showing that, for this a;, no matter what choices of
w; the adversary makes,

n n
dowla+ (Wl <\ D G2
t=1

t=1
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The linear game

Proof
This is equivalent to showing that, for this a;, no matter what choices of
w; the adversary makes,

n n
dowla+ (Wl <\ D G2
t=1

t=1

The proof is by a backward induction, and involves a 2-dimensional
geometric argument (since a; is aligned with W;_1, we need only consider
the role of wy).
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© Binary prediction
@ General online convex

© Minimax strategies

o Convex and strongly convex losses
o The linear game

132 /132



