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Motivation: A prediction problem I

Lid. (X,Y),(X1,Y1),...,(X,,Y,) fromX x .

Use datg X1,Y3),...,(X,,Y,) to choosef : X — ) with smallrisk,

ELY, f(X)),

where/ : V? — R is a loss function.

Empirical risk minimization choosef € F to minimize

A

BUY, F(X) = UV, (X))

Question: What i€((Y, f(X)) — inf jer BL(Y, f(X))?




Loss Classe’

Fix a clasgy of functions onZ = X x ). e.g., excess loss class:

g (z,y) — Uy, f(z)) — Ly, f*(x)), where
f* eargminser EX(Y, f(X)).

Minimizing Eg is equivalent to empirical risk minimization ovéf.

Eg is excess risk.




Empirical Minimization I

From now on, we’'ll consider:
Li.d. X, Xq,..., X, from X,

a classF of [0, 1]-valued functions o’ (with Ef > 0),

f € argminfeg:IAEf.
Question: What i€ f?




Notation I

Define: &, (r1,72) = Esup {Ef—fEf feF,r<Ef< 7“2},
& (r) :Esup{]Ef—Ef:fe}",Ef:r}.
Classical results:
Ef <sup{r>0:&,(0,1) —r>0}+---.

Implied by bounds on Vapnik-Chervonenkis dimension/uniform
covering numbers. But conservative (valid for any probability

distribution). Also implied by bounds on covering numberd.y{ P).
But not useful wherP is unknown.




Risk Bounds'

Global uniform convergence is stronger than necessary: Asymptotic
analysis of M-estimators shows that can replace supremum of empitical
process with a fixed point of the modulus of continuity of the empiricgl
process. (e.g., van de Geer, 200Q)

Analogous results are known for the finite sample case, of the form

Efgsup{r>O:¢n(0,r)—7“20}—|-°“7

wherey,, (r1,r2) = Esup {Ef—@f . feF,rm <Ef*< 7“2}.

(Koltchinskii and Panchenko, 2000), (Lugosi and Wegkamp, 2004), (Bartlett
Bousquet and Mendelson, 2004), (Koltchinskii, 2004).



Outline I

. Improvement {; shells versud., balls):
Ef <sup{r>0:&(r)—r>0}+---.

. Estimating the fixed poing, (r) = r from data, using Rademacher
averages.

. An optimal bound:

Ef = argrquéc(fn(r) —r) £

. Examples: The improvement can be enormous. But in general, the
better bound cannot be estimated from data.




Assumptions'

Bounded Eachf in F maps to—1, 1].

Star-shaped If f € Fand0 < a < 1, thenaf € F.

Bernstein Forsome) < g < 1andB > 1, everyf € F satisfies
Ef? < B(Ef)".

Examples of Bernstein classes:

e Nnon-negative functions.

e excess loss class from a convex function class and a strictly convex logs.
e excess loss class for low-noise classification.

(For simplicity, supposg = 1.)



Isomorphic coordinate projections'

Theorem: If F is bounded, star-shaped, Bernstein, and contains a
tion with Ef = 0, then with probability at least — e~*, the empirica
minimizer satisfies

Ef <sup{r>0:&,(r)—r/4>0}V %

Recall:¢,, (r) = Esup {Ef—fEf . fEe FEf = 7“}.




Isomorphic coordinate projections: Proof idea'

Definition: The coordinate projectiol xr : f — (f(X1),..., f(X%n))
IS ane-isomorphism for F if for every f € F,

(1-e)Ef <Ef <(1+¢)Ef.
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Isomorphic coordinate projections: Proof idea'

Theorem: If r >

~, With probabilityl — e™*,

n

En(r) < (1 —a)r
= Il x» is ane-isomorphism ofF,. = £, (r) < (1 + a)r.

whereF, ={f e F:Ef =r}.

Proof: Talagrand’s functional Bernstein inequaliye Bernstein property
controls the variance term).

Theorem: For star-shaped,
IIxn IS ane-isomorphism ofF,
<= llxr is ane-isomorphismof f € 7 : Ef > r}.
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Isomorphic coordinate projections: Proof idea'

Combining gives:

Theorem: |If

En(T) cx

r > V 5
no
then with probability at least — e, every f € F satisfies

E
Engf\/r.

Thus, if somef hasE f = 0, the empirical minimizer satisfiégf < r.
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Isomorphic coordinate projections.

Theorem: If F is bounded, star-shaped, Bernstein, and contains a
tion with Ef = 0, then with probability at least — e~*, the empirica
minimizer satisfies

Ef <sup{r>0:&,(r)—r/4>0}V %

How can we use data to estimate

r* = sup {r >0:&,(r) > %}7
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Estimating the fixed point from data'

Definition: For f € FandXq,...,X,, theRademacher average

Rnf — %;O’Zf(XZ),

whereoy, ..., 0, are independent uniforq-1} random variables.
Define

R,F = sup R, [,
fer

and the empirical version,

1 n
EanF:E Sup—ZUif(Xi) Xl,...,Xn .
fer i
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Estimating the fixed point from data'

We want an upper bound otf = sup {r > 0: &,(r) > = }.
We computer* = sup {r >0:&,(r) > g}. Justification:

£q(r) < 2ER, (F,) (symmetrization)

<AJ4E,R,(F,) + il (Talagrand’s inequality)
n

A

< A4E, R, (F;/2,3r/2) + r (wWwp.1—e *ifr >r*Vex/n)
c

Here, 7. ={f e F:Ef =r} and
ﬁr/2,3r/2 — {f cF: Ef S [T/273T/2]}
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Estimating the fixed point from data'

Using binary search (witb(log n) steps), we can compute an estimate
that is with high probability larger thant:

Theorem: If F is bounded, star-shaped, Bernstein, and contains a
tion with Ef = 0, then with probability at least — cne=%, the empirica

minimizer satisfies
CIr

Ef <#vV

n
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A near-optimal bound I

Ef = argr?{lgac(fn(r) —r)E--.

Roughly:

More precisely: Define the range of near-maximizer§,gf) — r:

Te + :sup{O <r<l: fn(r) —r 2 SUP(gn(S) _S) _6}’

Te — :inf{O <r<1:&,(r)—r >sup(én(s) — s) —e}.
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A near-optimal bound I
Theorem:

1. With probability at least — e™7,
A 1
Ef S re,—I— V )
n

2. 1 £,(0,c1/n) < supgsq (&n(s) — s) —e, then with probability at leas
1 —e™ 7,

Ef > 7.,
provided

¢ > (C“ FI08) i (6ns) — s>) "

n s>0

18



A near-optimal bound: Proof idea'

Split F into shells of different expectation.
Defines = arg max,~o (&, (1) — ).

Use concentration to show that there is likely to be a funcfiom

{f € F:Ef = s} with Ef smaller thanf for any f in
{feF :r <Ef <ry}, for
1. (upper bound:Jry,rs] = [r*, 1];
[T17T2] — [’I“,?“ — A’I“] with Te,+ <r< r*.
2. (lower bound:)[r{, 2] = [0,1/n];
r1, o] = [ryr + Arjwith1/n <r <r. _.
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The near-optimal bound versus the fixed poin]

The difference can be enormous:

Theorem: Forxz > 0 andn > Ny(x) there is a probability measuie and a
bounded, star-shaped, Bernstein classuch that

p

(n+Lr ifo<r<1/n,
En(r) =< r if 1/n <r<1/4,
0 if r>1/4.

\

Fixed pointissup {r > 0: &, (r) —r/4 > 0} = 1/4.
Maximizer of&,, (r) — ris 1/n, so with probability at least — e™*

(1~ ev/iogn/n) <&

1
n
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The near-optimal bound versus the fixed poin]

But the difference cannot be estimated in general:

Theorem: For anyn > Nj there is a probability measuféand a pair of
bounded, star-shaped, Bernstein clas$gs/,, such that
1. Foreveryf € 71, Ef <c¢/n.

2. Foreveryf € 7o, Ef > 1/4.

3. ForeveryX,,..., X, lxnFy = Il xnFo.

That is, any statistic based only on values of functions on the data canndt
lead to a general upper bound that is better than the fixed point.

And there are versions of these results for fixed function classes (i.e., no

varying withn).
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Outline I

Uniform convergenceEf < sup{r > 0:&,(0,1) —r >0} +-- -,
Local, L» baIIS:IEf <sup{r>0:4¢,0,7r)—r>0}+---,
Local, L; shells:Ef < sup{r >0:&,(r) —r >0} +---,

Optimal:Ef = arg mf%((fn(r) — )

Can estimate local complexities (fixed points) from data.

In general, cannot obtain better estimates from data than the fixed pgint.
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