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Online fixed design linear regression

Online linear regression: previous work

o (Foster, 1991): ¢»-regularized least squares.
o (Cesa-Bianchi et al, 1996): (>-constrained least squares.

o (Kivinen and Warmuth, 1997): exponentiated gradient (relative
entropy regularization).

o (Vovk, 1998): aggregating algorithm.
o (Forster, 1999; Azoury and Warmuth, 2001):
aggregating algorithm is last-step minimax.
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The value of the game: Minimax Regret
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@ Minimax regret?

Optimal player strategy?
Efficient algorithms?

°
°
@ Horizon-free?
°

Optimal adversary strategy?




Fixed design.
Minimax strategy is regularized least squares.

Box and ellipsoid constraints.

Adversarial covariates.
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Linear regression: Proof idea

Value to go
We show by induction that
V(St,(f?, )_St Ptst U?‘F’Yf

It's true for T =t with y7 = 0.

Provided the problem is not too constrained, i.e., B > \xtTHPHlst\
(otherwise, the player should clip y:11 to B or —B),
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Optimal predictions
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Linear regression: Proof idea

An alternative recurrence
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Linear regression: Regret
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il t T
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Adversarial covariates

Thus, each Py > 0 (a ‘covariance budget’) defines a set of sequences
2l 000 g 2K 0

The same strategy is optimal for each of these sequences.
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(x{ .y €2)
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Linear regression: Adversarial covariates; horizon-free

Given: Z C 751 (RP x R)T
For t =1,2,3,...

@ Adversary reveals x; € RP

@ Learner predicts y; € R

o Learner incurs loss (9 — y¢)°.

o Adversary reveals y; € R (x/,y{ € 2)

T

-
2

_ T
Regret = E (Ve — _52;12275 (5 Xt_yt> :

t=1 =l
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Linear regression

Constraints on y;s

© Box constraints: B(B) := {y{" : |y:| < B:}, for By, Ba,... > 0.
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Linear regression

Constraints on y;s

© Box constraints: B(B) := {y{" : |y:| < B:}, for By, Ba,... > 0.
@ Ellipsoidal constraints:

-
E(x/,R) = {le : ZytzxtTPtxt < R} .

t=1
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Linear regression

Constraints on x;s

@ Compatibility constraints:

X(B) = {XlT . B Ztil

xtT Pixs

Bs for2 <t < T}.

s=1
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Linear regression

Constraints on x;s

@ Compatibility constraints:

xtT Pixs

X(B) = {XlT . B Ztil

s=1

Bs for2 <t < T}.

@ Covariance constraints:;

F(x) = {x] :for Po,..., Pr defined by x, P* =}
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Linear regression

For all positive semidefinite ; By, By,... >0

the forward strategy s* is horizon-independent minimax optimal,
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Linear regression

For all positive semidefinite X; By, By, ... >0
the forward strategy s* is horizon-independent minimax optimal,

T xlTex \yf eyv(x) s yi €V(x)

sup sup < sup RT(s*,xlT,le) —min  sup RT(s,xlT,le)> =0.

with respect to the following (X', Y(x{)):

(X(B{ )N X(X),B(B)).
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Linear regression

For all positive semidefinite ; By, By,... > 0; and R > 0,
the forward strategy s* is horizon-independent minimax optimal,

sup sup sup RT(s*,xlT,le) —min  sup RT(s,xlT,le) =0.
T xlex \yJev() Sy eV()

with respect to the following (X', Y(x{)):

(X(B{)NX(X),B(B/)),  (X(X),E(x,R))-
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Linear regression

For all positive semidefinite ; By, By,... > 0; and R > 0,
the forward strategy s* is horizon-independent minimax optimal,

sup sup sup RT(s*,xlT,le) —min  sup RT(s,xlT,le) =0.
T xlex \yJev() Sy eV()

with respect to the following (X', Y(x{)):

(X(B{)NX(X),B(B/)),  (X(X),E(x,R))-

That is, s* performs as well as the best strategy that sees the covariate
sequence.
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The minimax strategy as regularized least squares

The minimax strategy predicts y, = QA,TX,,, where GA,, is the solution to

n—1

m@in ;(HTxt — )2+ 0" R0,
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The minimax strategy as regularized least squares

The minimax strategy predicts y, = QA,TX,,, where GA,, is the solution to

n—1
m@in Z(HTxt — )2+ 0" R0,
t=1
T T
P
Rp = Z &xtx:.

T
M 1 —+ Xt PtXt
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The minimax strategy as regularized least squares

The minimax strategy predicts y, = GA,TX,,, where GA,, is the solution to

n—1
m@in Z(@Txt —y1)? +0 R0,
t=1
T T
X PtXt T
R, = Tt X,
t;l 1+ xt—r Pix; t

Indeed,

-1
n
i - (z ol + m)
t=1
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The minimax strategy as regularized least squares

The minimax strategy predicts y, = GA,TX,,, where GA,, is the solution to

n—1
m@in Z(@Txt —y1)? +0 R0,
t=1
T T
X PtXt T
R, = Tt X,
t;l 1+ xt—r Pix; t

Indeed,

-1
n

én = <Z XtXt:r + R,,) Sp_1 = Pn_lsnfl.
t=1
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Linear regression

- T
er = Xp Pnsn—1 J

@ Minimax optimal for two families of label constraints:
box constraints and problem-weighted ¢ norm constraints.
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Linear regression

- T
Y: = Xp Pnsn—1 J

@ Minimax optimal for two families of label constraints:
box constraints and problem-weighted ¢ norm constraints.

@ Strategy does not need to know the constraints.

@ Same strategy is optimal for covariate sequences consistent with some
‘covariance budget’ Py.
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