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Last lecture:
1. ARMA(p,q) models

2. Stationarity, causality and invertibility

3. The linear process representation of ARMA procesges:
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1. Review: ARMA(p,q) models and their properties

2. Autocovariance of an ARMA process.

3. Homogeneous linear difference equations.




Review: Autoregressive moving average modef

An ARMA(p,q) process{ X, } is a stationary process that
satisfies

Xi—1 Xy 1— = Op Xy p =W +O W1+ - - +0, Wiy,

where{W,;} ~ WN(0, c?).

Usually, we insist thad,,, 0, # 0 and that the polynomials
¢(2)=1—r1z2— - — Pp2P, 0(z2) =14+01z2+--- 46,21

have no common factors. This implies it is not a lower ordeivdRkRmodel.




Review: Properties of ARMA(p,q) models.

Theorem: If ¢ andf have no common factors, a (unigLstg-
tionary solution{ X;} to ¢(B)X; = 0(B)W,
exists iff

D(z) =1—¢rz— - —dpaf =0 = |2 £ 1.
This ARMA(p,q) process isausal iff
d(z)=1—prz—--—¢p2P =0 = |2z| > 1.

It is invertible iff

0(2) =14+61z4+ - 4+6,27=0. = |z| > 1.




Review: Properties of ARMA(p,Q) models'

¢(B)X; = 0(B)W;,
so  0(B) =v(B)¢(B)
& 1+0B+-+0,B"=Wo+ 1B+ )1 —-¢1B—--—¢pB")
& 1 = 1o,
01 = 1 — P10,
O = o — G191 — - -+ — Patbo,

This is equivalenttd; = ¢(B)w,, withfy, =1,60; =0forj <0, 5 > g.
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Autocovariance functions of linear processe'

Consider a (mean 0) linear procgss; } defined byX; = ¢(B)W;.

v(h) = E(X: Xeyn)

=EWoWr + viWi_1 +¢aWio+--+)
X (VoWign + ViWish—1 +aWign_o+--)
= oo, (Yon + Y1¥ns1 + Yatbpga + -+ ).




Autocovariance functions of MA processe'

Consider an MA(q) processX; } defined byX; = 0(B)W,.

v(h) =

02 310 00,4, ifh<q,
0 if h > q.




‘Autocovariance functions of ARMA processej

ARMA process:p(B)X: = 0(B)W;.

To computey, we can computé, and then use

v(h) = og (Yo + V1ng1 + Yathpga + ).




‘Autocovariance functions of ARMA processej

An alternative approach:

Xt =1 X1 — = 9p Xy
=Wy +0Weq +-- -+ 0, Wiy,
SO E((X¢ — 1 Xym1 — -+ — 0pXy—p) Xi—p)
=E((W; +0Wiqa 4+ +0,Wi—y) Xi—p),
thatis,y(h) — ¢1v(h—1) — - — ppy(h — p)
=E(0sWin Xeopn + - + 0, Wi g Xy i)

qg—h
=00, Y Onijthy. (Write 6 = 1).
j=0

This is a linear difference equation.
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Autocovariance functions of ARMA processes: Examplj

(1+0.25B%)X, = (1 +0.2B)W,,

1 1 1 1 1 1
vaj — (17 = iy

5 47 20°16°80° 64

O°20-12u¢0 If h = 1,

0 otherwise.
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Autocovariance functions of ARMA processes: Examplj

We have the homogeneous linear difference equation
v(h) + 0.25v(h —2) =0

for h > 2, with initial conditions

v(0) + 0.25v(—2) = 02 (1 + 1/25)
v(1) + 0.25v(—1) = o2 /5.

We can solve these linear equations to determine
Or we can use the theory of linear difference equations...
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Difference equationj

Examples:

xy —3x1 =0 (first order, linear)
Tt — Tp_1Tp—o9 = 0 (3rd order, nonlinear)

Ty + 211 —x7 5 =0  (3rd order, nonlinear)
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Homogeneous linear diff eqgns with constant coefficienf

apTy + a1T¢—1 + -+ apXi— =0
(a0—|—alB—|—---—|—akBk)xt =0
& a(B)xy =0
auxiliary equation:  ag + a1z +---+apz® =0
& (z—21)(z—29) - (2—2zk) =0
wherezq, 2o, ..., 2z, € C are the roots of thisharacteristic polynomial.

Thus,

a(B)x; =0 (B—21)(B—22) (B — z)xs = 0.
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Homogeneous linear diff eqgns with constant coefficienf

a(B)xy =0 & (B—2z1)(B—29)--(B—zi)x: = 0.

So any{z;} satisfying(B — z;)x; = 0 for some; also satisfiea(B)z; = 0.

Three cases:
1. Thez; are real and distinct.
2. Thez; are complex and distinct.

3. Somez; are repeated.
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Homogeneous linear diff egns with constant coefficienf

1. The z; are real and distinct.

a(B)xy =0

x: 1S a linear combination of solutions to
(B—2z1)x =0, (B—29)x =0,..., (B —2zx)xsy =0

—t —t —t
<~ Tt = Cl12; +Co29 -+ Ck2p

for some constants,, . . ., ¢.
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Homogeneous linear diff egns with constant coefficienf

1. Thez; are real and distinct. z; = 1.2, 29 = —1.3

-t -t
+
€12 767
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Complex exponentiali

a+ib=re' =r(cosf +isinh),

where r = |a + ib| = a? 4 b?

0 = tan~ ! (b

Thus, rie?trqe’?? = (7“17“2)€i(91+92),

2z = |z|°.
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Homogeneous linear diff eqgns with constant coefficienf

2. The z; are complex and distinct.

As before, a(B)xy =0

—t —t —t
<~ Ty = C127 +C229 + -+ Ckpzp -

If 21 € R, sinceaq,...,a; are real, we must have the complex conjugate
root, z; = z;. And for z, to be real, we must havg = ¢;. For example:

Ty = czl_t +e5 ¢
— 6@'0‘21 ‘—te—z’wt 4 6—i9‘21|—t6z’wt
— | <€z’(0—wt) X 6—i(9—wt)>

= 27| 21| " cos(wt — )

wherez; = |z|e’ ande = re®.
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Homogeneous linear diff egns with constant coefficienf

2. Thez; are complex and distinct.z; = 1.2 +1,20 = 1.2 —1

T T

—©— ¢=1.0+0.0i
—©- ¢=0.0+1.0i
—©- ¢=-0.8-0.2i H
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Homogeneous linear diff egns with constant coefficien

1i, 29 =1 —0.1i

2. The z; are complex and distinct.z; = 1 4+ 0.

1.0+0.0i

—-©- ¢

0.0+1.0i

—©- cC

-0.8-0.2i

—-©- C

22



Homogeneous linear diff egns with constant coefficienf

3. Somez; are repeated.

=

| 21 — 292,

=

We can check thate; + c2t)z1_t IS a solution...

More generally( B — z1)™x; = 0 has the solution
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Homogeneous linear diff egns with constant coefficienf

3. Somez; are repeated.z; = z9 = 1.5.

-t
(c,+c, 0z
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‘ Solving linear diff egns with constant coefficientj

aoT¢ + a12x¢—1 + -+ apri—p = 0,
with initial conditions x4, ..., z..
Auxiliary equationinz € C:  ag+aiz+---+apz® =0

& (z—21)" (2 —29)"2 (2 —2)"™ =0,

wherez, 2o, ..., z; € C are the roots of the characteristic polynomial, ang
z; occurs with multiplicitym;.

Solutions:cy (t)z; " + ca(t)zy " + -+ 1 (t) 2,

wherec;(t) is a polynomial int of degreem,; — 1.

We determine the coefficients of thgt) using the initial conditions

(which might be linear constraints on the initial valuss. . ., z;).
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Autocovariance functions of ARMA processes: Examplj

(1+0.25B%)X, = (1 +0.2B)W,, &

1 1r 1 1 1 1 1

= 1. = —=. — —
v; (’5’ 4’ 20716780 64’ 320’

[ 02 (Yo +0.2¢01) if h=0,
< y(h) +0.25v(h — 2) = < 0.202 1)y if h =1,

0 otherwise.
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Autocovariance functions of ARMA processes: Examplj

We have the homogeneous linear difference equation

v(h) + 0.25v(h —2) =0

for h > 2, with initial conditions
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Autocovariance functions of ARMA processes: Examplj

Homogeneous lin. diff. egn:
v(h) + 0.25v(h — 2) = 0.

The characteristic polynomial is

1 1
1+0.252% = - (4+2%) = (2 — 20)(= + 20),

which has roots at; = 2¢'™/2, z; = 2¢~i7/2,
The solution is of the form

v(h) = ez 4 e
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Autocovariance functions of ARMA processes: Examplj

2 =22 5 =2e7/2 ¢ = |c|e®?.
We have v(h) = czy " +ez "

_ o9—h (‘C|€i(9—h7r/2) 4 ‘C|€z'(—9—|—h7r/2)>

— 127" cos (hg — 9) .

And we determine;, 6 from the initial conditions

v(0) + 0.257(—2) = o= (1 + 1/25)
v(1) + 0.25v(—1) = o2 /5.
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Autocovariance functions of ARMA processes: Examplj
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