Stat 260/CS 294-102. Learning in Sequential Decision
Problems.
Peter Bartlett
1. Linear bandits.

Exponential weights with unbiased loss estimates.

Controlling loss estimates and their variance.




Recall: Linear bandits.

At roundt,
Strategy chooses, € A C R?.
Adversary chooses$near loss/, € £ C [-1,1]4.
Strategy sees logs(a).

Loss islinear in action.

Aim to minimize pseudo-regret:

En = EZEt(at) — 1
t=1




Exponential weightsfor linear bandits'

Given A, distributiony on A, mixing coefficienty > 0, learning
raten > 0,
setg; uniform onA.
fort=1,2,...,n
Lpe=00=7)ag+yu
2. chooseu; ~ p;

3. observe! a;

4. updatey;i1(a) x gi(a) eXp(—W?a))’

where gt = t CLtCLt gt:

Et — ]EaNpt a/CIJT .




Unbiased loss estimates.

Assumespan(.A) = R? (otherwise, we can project to a lower
dimension) and that has support on d-dimensional set. So
Ey~p,aa’” has rankd.

Strategy observes' ¢; anday, So it can compute
gt = Zt_lat (&fgt) .

¢, is unbiased:

E Vt‘ft_l} = (EaNptaaT)_l (Eatwptata;r




Regret bound I

Theorem: Fornsup,c 4 ‘@Ta‘ <1,

_ ] i N2
R, <yn + og | A| + (e — Q)UZEEaNpt (Efa) .
g t=1

So we need to contraj times the magnitude of the loss estimates,

7) Sup EtTa|
acA

and the variance term,
EEaNpt (




\ Pr oof I

The regret is

E Z (¢} ar — EtTa,*)] :

t=1

We've seen that, given histod¥,_1,

E {gﬂft_l} = E [E;l&tafgt‘Ft_l] = E [€t|Ft—1] .

Lemma; Some unbiased estimates involviﬁg

E [E;Fa} =

T .
E [E;Fat} =K ./Tt_l} a| =E Z pt(a)ﬁfa] .
acA
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So we can write the strategy’s expected cumulative loss as

EZEtTat = EZ Zpt(a,)lz a
t=1

t=1 ac A

We’'ll give up on the loss incurred in the exploration trials:

ZZ% fTa—ZZ 1 —7)gi(a) + yu(a)) I a

t=1acA t=1 ac A

—7) (Z > qt(a)ffa> +> Y wa)a

t=1 acA t=1acA

G 7
Ve

exploration
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For q;, we follow the standard analysis (see Adversarial Bandis)
instead of using non-negativity of tifs, we use a lower bound:

log Eexp (—n(X — EX)) < E (exp(—nX) — 1+ nX)
< (6 - 2)772EX27

where the last inequality usesp(—z) <1 —z + (e — 2)z* for z > —1.

Soif n?fa > —1forall a € A, the previous analysis shows that, for any
a* € A, the first term above satisfies

>3 ale eTa<ZeT* AL =2y S ata) ()

t=1 ac A t=1 ac A
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Combining, and using the fact that — v)q:(a) < p:(a),

ZZpt eTa<ZeT '

t=1acA

+ (exploration + log |A| + (e — 2)n zn: Z pt(a) (Efa)Q .

N t=1 ac A

The unbiasedness lemma gives




‘ Controlling variance'

Lemma: For L C [—1,1]#, the variance term is bounded:

- 2
EE,.,, (zfa) <d.

- 2 ~ ~
E <€tTa,> =a'E (EtEtT) a
=a'E ((E;Fatf Zt_lataépzt_l) a
<a'S'E (a,ta,f) Y ta

=o' Y .

Egmp, K (Efa)Q < Etr (aTEt_la) = tr (Et_lE (aa,T))




Controlling the magnitude of the estimator I

Lemma: Forl C [—1,1]4,

~,

(Tal < sup a’ ;0.
a,be A

= &f@t (Zt_lat)T

a/ |

T Tvy—1

< sup a’%;'b.
a,be A

We'll see that typicallysup, ,c 4 a” X7 'b < cq/7.




Regret bound I

Theorem: Forfl C [-1,1]4, if

_ Cd
sup a’ ;70 < =,
a,be A Y

. B log | A
settingn = \/n (e —2)d + cq)

Y = Cal]

givesR,, < 2v/n(d+ cq)log |Al.




Barycentric spanner I

A barycentric spanner of A is a set{by, ..., by} that span®? and

satisfies:
for all a € A thereis anv € [—1, 1]¢ such thats = B, where

(Suppose thaid C RY spans]Rd.)

B:(b1 bd>-

e Every compact4 has a barycentric spanner.

e If linear functions can be efficiently optimized ovdr; then there is
an efficient algorithm for finding an approximate barycenspanner
(thatis,|o;| < 14 6; O(d?log d/d) linear optimizations).




Barycentric spanner I

Lemma: If {b1,...,bq} C A maximizesdet(B), then it is a
barycentric spanner.

Proof. Fora = Ba,

|det(B)|




Barycentric spanner I

Theorem: For A C [—1,1]¢ and x uniform on a barycentri
spanner ofA4,

d2
sup a’ ¥, < —
a,be A Y

(that is,c, < d?). Hence,

R, < 2d+/2nlog|A|.

S, = gBBT i




Barycentric spanner: Proof I

sup ath_lb < sup aTBTZ,leB
a,be A a,Be[—1,1]¢

< sup aTBTEt_lBB
lell=lI81=v4d
= dAmax (B 37 ' B)

= dAmax (B'5,B7T)

d
~ Amin (B~Y(3BBT + M) B-T)
d? d?
Amin (BIBBTB-T) ~ ~

<

wheren.x () andAnin (+) denote the largest and smallest eigenvalues.




Other exploration distributions'

Txy—1 SupaEAHaH%
sup a X, b < :
a,beA ' Y Amin (Ea,\,u[aaT])

sup a” 70 < sup [|alZAmax (37
a,beA acA

_ SUPgecAa ||aH%

>\min (Zt)




John’s distribution.

Theorem: [John’s Theorem] For any convex sdtC R¢, denote
the ellipsoid of minimal volume containing it as

E={zeR:(z—c)'M(z—c)<1}.

Thenthereisasdtu,...,u,n} C ENAofm <dd+1)/2+1
contact points and a distributignon this set such that any< R¢
can be written

o= c+d Y pile— cous— ui — o)
=1

where(-, -) is the inner product for which the minimal ellipsoid|i
the unit ball about its center (z,y) = =1 My.




John’s distribution.

This shows that

T—c= dzpi(ui —¢)(u; — ) M(z — ¢)

& F=dY pil;i; i
7

1 ~ T
& gl = zz:pzuzuz :

whered; = M'/2(u; — ¢), and similarly forz. Setting the exploration
distribution; to be the distributiom over the set of transformed contact
pointsu;, we see that, fos, b € A,

) -1 s
0 Eyyuu’b = =a'b.

d




John’s distribution.

So if we shift the origin of the sefl and of theu, (and the corresponding
Introduction of a constant component in the losses), we have

d
sup ath_lb < —,
a,be A Y

thatis,c; < d. Hence,

R, < 2v/2ndlog | A|.




‘ Exploration distributions'

o (Dani, Hayes, Kakade, 2008):
For 1 uniform overbarycentric spanner,

R, =0 (d\/n log |A\> -0 (dS/Q\/ﬁ) |

e (Cesa-Bianchi and Lugosi, 2009):
For several combinatorial problemd,C {0, 1}¢, i uniform overA
gives

supac 4 llall2
= 0(d
S EampfaaT]) O\

R, =0 (V/dnlog[A]) = O (dy/n)

e (Bubeck, Cesa-Bianchi and Kakade, 200¥n’s Theorem:
O (d\/n).




