STAT 248 - Analysis of Time Series

Full Lecture Notes
Spring 2022, UC Berkeley

Aditya Guntuboyina
October 7, 2022

Contents

1 Lecture One
1.1 State Space Models . . . . . . . .. .
1.2 Examples of State Space Models . . . . . ... ... ... ... ...
1.2.1 Direct Examples: Tracking . . . . ... .. ... ... ... ......
1.2.2 Trend Estimation . . . . . .. . . . ... .. .. .. ... ... ...
1.3 Recommended Reading for Today . . . . . . . ... .. ... ... .......

2 Lecture Two
2.1 Local Level and Local Linear Models . . . . . . .. ... ... ... ......
2.2 Stochastic Volatility Models . . . . . . .. . ... . oo
2.3 Dynamic Regression Model . . . . . .. .. .. . o o
2.4 Recommended Reading for Today . . . . . . ... ... ... ... ......

3 Lecture Three
3.1 Connection to the Periodogram . . . . . .. .. .. ... ... ... ......
3.2 Recommended Reading for Today . . . . . . .. ... ... ... ... .....

4 Lecture Four
4.1 The Autoregressive Model . . . . . . .. . ... o
4.2 Recommended Reading for Today . . . . . . .. .. .. .. ... ... .....

5 Lecture Five
5.1 Outline of Approach to Calculate Smoothing Distributions . . . . . . . . . ..
5.2 Linear Gaussian State Space Models . . . . .. .. ... ... ... ...
5.3 Recommended Reading for Today . . . . . . .. ... ... ... ... .....

6 Lecture Six
6.1 General Approach for calculating Filtering Distributions . . . . . . . ... ..
6.2 The Kalman Filter . . . . . . . . ... ... .. ... ... ... ... ... .
6.3 Recommended Reading for Today . . . . . . ... .. ... ... ... .....

7 Lecture Seven
7.1 The Kalman Filter . . . . . . . . .. .. ... ... ... .. ...
7.2 Some Examples . . . . . . . .
7.2.1 Tracking One: Velocity Model . . . . .. .. .. ... ... .. ....



10

11

12

13

7.2.2 Tracking Two: Acceleration Model . . . . . .. ... .. ... .....

7.2.3 Tracking Three: Local Linear Model . . . . . . . ... ... .. ....
7.3 Use of the Kalman Filter for Parameter Estimation by Maximum Likelihood
7.4 Recommended Reading for Today . . . . . . ... ... ... ... ......

Lecture Eight

8.1 Some remarks on the local level model . . . . . . ... ... .. ... .....
8.2 Application of the Kalman Filter to Linear Regression . . . . .. .. ... ..
8.3 Prediction . . . . . . .. e
8.4 Smoothing . . . . . . . . L
8.5 Recommended Reading for Today . . . . . . . . .. ... ... ... ......

Lecture Nine

9.1 Smoothing . . . . . . . . . L
9.2 Backward Recursion for General State Space Models . . . . . ... ... ...
9.3 Smoothing for Linear Gaussian State Space Models . . . . . . . ... ... ..
9.4 Dealing with missing data in the context of state space models . . . .. . ..
9.5 Recommended Reading for Today . . . . . . .. .. ... ... ... ......

Lecture Ten

10.1 Summary: General Filtering and Smoothing . . . . . . . . .. ... ... ...
10.2 Summary: Kalman Filtering and Smoothing . . . . . . . . .. ... ... ...
10.3 Special Case: Local Level Model . . . . . .. ... ... ... .. .......
10.4 Numerical Evaluation of X¢ | Yo =yo,...,Yi=y,0 . . . . . . ... ... ...
10.5 Recommended Reading for Today . . . . . . . ... .. .. ... ... .....

Lecture Eleven

11.1 Basic Optimization Algorithms . . . . . . . . ... ... ... ... ... ..
11.1.1 Gradient Ascent . . . . . . . . . ...
11.1.2 Newton’s Method . . . . . . . . . . . ... .. o
11.1.3 Quasi-Newton Method: BFGS . . . . ... ... ... ... ......

11.2 Application to Maximum Likelihood Estimation in State Space Models . . . .
11.2.1 Fisher Identity for the Score . . . . . . . . . . ... ... ... .....
11.2.2 E(,00) for state space models . . . . . .. ... ... ...,

11.3 Recommended Reading for Today . . . . . . . . ... .. ... .. ... ....

Lecture Twelve

12.1 Pairwise Smoothing Distributions . . . . . . .. .. .. .. ... 0oL
12.2 Fisher’s Identity (from last time) . . . . . ... . ... ... .. ... .. ..
12.3 The Score Function for the Local Level Model . . . . . . . .. ... ... ...
12.4 The EM Algorithm . . . . . . .. . ... .
12.5 EM for the local level model . . . . . . . . ... ... oL
12.6 Calculation of E(6,0() for general state space models . . . . . .. ... ...
12.7 Recommended Reading for Today . . . . . . . . .. ... . ... ... .....

Lecture Thirteen

13.1 The MM Algorithm . . . . . . . . . . .. ..

13.2 The EM Algorithm as a special case of MM . . . . . . . .. ... ... ....
13.2.1 The Kullback-Leibler Divergence . . . . . . . . .. .. ... ... ...
13.22 EMand MM . . . . .. 0 Lo

13.3 Full Smoothing Distribution . . . . . . .. ... ... o 0oL

13.4 Forward Filtering Backward SAMPLING . . . ... ... ... ... ....

13.5 Recommended Reading for Today . . . . . . . ... .. ... ... ... ....

31
32

32
32
35
36
36
37

37
37
37
38
41
41

42
42
43
44
45
46

46
46
46
47
47

49
51
52

52
52
53
53
55
55
56
o7



14 Lecture Fourteen
14.1 Local Level Model . . .. ... ... ..
14.2 Gibbs Sampler . . . .. .. .. ... ..
14.3 Gibbs Sampler for the Local Level Model

14.4 Gibbs sampler for general Linear Gaussian state space models . . . . . . . ..

14.5 Recommended Reading for Today . . . .

15 Lecture Fifteen
15.1 Approach One: Gibbs Sampling . . . . .
15.2 Approach Two: Direct Sampling . . . .

15.3 Approach Three: Posterior Normal Approximation . . . . .. ... ... ...

15.4 Approach Four: Importance Sampling .
15.5 Recommended Reading for Today . . . .

16 Lecture Sixteen
16.1 Notation for Discrete Distributions . . .
16.2 Monte Carlo versions of (99) and (100) .
16.3 The Bootstrap Particle Filter . . . . . .
16.4 Importance Sampling Recalled . . . . .

16.5 Bootstrap Particle Filter as Importance Resampling . . . . . ... ... ...
16.5.1 First Way of Seeing the Connection . . . ... ... ... ... ....
16.5.2 Second Way of Seeing the Connection . . . . .. ... ... ... ...

16.6 Likelihood Approximation from the Bootstrap Particle Filter . . . . . . . ..

16.7 Recommended Reading for Today . . . .

17 Lecture Seventeen
17.1 Recap: Bootstrap Particle Filter . . . .
17.2 Unique Values and Particle Degeneracy
17.3 The Guided Particle Filter Algorithm .

17.4 Weights when q;(u | z,v,0) = fx,|x,_ =2, vi=go(®) - . ...

17.5 Example: Local Level Model . . . . ..
17.6 Recommended Reading for Today . . . .

18 Lecture Eighteen
18.1 Sequential Importance Resampling . . .

18.2 Example: Local Level Model with non-Gaussian evolution errors . . . . . . .

18.3 Recommended Reading for Today . . . .

19 Lecture Nineteen
19.1 Complete Smoothing . . . . . . .. . ..
192 FFBS . ... ... ... ... . .....
19.3 Recommended Reading for Today . . . .

20 Lecture Twenty
20.1 Recap: Complete Smoothing . . . . ..

20.2 Complete Smoothing with partial trajectory resampling . . . . . . ... ...

20.3 Recap: FFBS . . . . ... ... ... ..
20.4 Recommended Reading for Today . . . .

21 Lecture Twenty One
21.1 Model Selection . . . . .. ... ... ..

63
63
64
64
66
66

66
67
67
68
69
72

72
73
74
75
76
7
77
78
78
79

79
79
80
81
83
83
84

84
84
85
88

89
89
91
93

94
94
94
95
96



21.2.2 Models with parameters . . . . . . . . .. ... oL 98

21.2.3 Digression: MLE asymptotic distribution . . . . . ... ... ... .. 98

21.3 Back to AIC . . . . . . e 104
21.4 Recommended Reading for Today . . . . . . ... ... ... ... ...... 105

22 Lecture Twenty Two 106
22.1 Recap: AIC . . . . . . 106
22.2 Bayesian Model Selection . . . . . . . ... .. ... ... . 107
22.3 Two Alternative Expressions for the Evidence . . . . . . .. .. ... ... .. 110
22.4 The BIC . . . . . e e 111
22.5 Recommended Reading for Today . . . . . . . . ... ... ... .. ...... 112

23 Lecture Twenty Three 112
23.1 Recap: Frequentist and Bayesian Model Selection . . . . . . .. ... ... .. 112
23.2 Example: Normal Mean . . . . . . . .. . . . ... .. ... ... ... ... 113
23.3 Application: Linear Regression . . . . . . . .. .. .. .. ... ........ 114
23.4 Recommended Reading for Today . . . . . . ... ... ... ... . ...... 117

1 Lecture One

Time series refers to observations collected sequentially in time. One can have univariate
time series (where a single observation is collected at each point in time) or multivariate
time series (where a bunch of obserations are collected at each point in time). In this class,
we shall denote the observed time series by

Yo, Yty .- Yr-

Here yo denotes the observed value at the first time point, y; denotes the observed value
at the second time point etc. Typically the time points where the observations are taken
are uniformly spaced but there do exist situations where the time points are not uniformly
spaced (if the time points are not uniformly spaced, we shall denote them by tg,t1,...,tr
and note that the observation y; corresponds to the time ¢;).

Time series are commonly analyzed through time series models. These models assume first
that the observed time series yq, ...,y are a realization of random variables Yy, Y1,..., Y,
and then proceed to describe the joint distribution of Yp,...,Yr. We shall focus on State
Space Models in this class as these are a general class of time series models with wide
applicability.

1.1 State Space Models

State space models assume that {Y;,0 < ¢ < T} are noisy measurements of a hidden or
latent Markov process {X;,0 <t <T}.

Here {X;,0 < ¢t < T} is a Markov process means that the conditional distribution of
X, given Xy_1 = x4_1,...,X0 = x¢ is the same as the conditional distribution of X; given
Xi1 = x4 for every 1 < ¢ < T and xg,x1,...,x:. We shall denote the density of Xg
by po(-) and the density of X; given Xy 1 = x4—1 by pi(xy | #—1) for t = 1,...,T. pg is
called the initial distribution of the Markov process {X;} and p;(z; | ¢_1) is called the "
transition density. If the transition densities are the same for all ¢, we say that {X;} is a time



homogeneous Markov process (otherwise, {X;} is said to be a time inhomogeneous Markov
process). Note that the joint density of Xy, ..., X7 equals

T
po(zo)p1(z1 | o) ... pr(zr | 27-1) = Po(0) H (2t | 21-1)

State space models specify that {X;,0 < ¢t < T'} is a Markov process and, additionally, that
Yy, ..., Yr are independent conditionally on X, ..., X7 and, moreoever, that the conditional
distribution of Y; given Xy = xo, ..., X7 = x7 is the same as the conditional distribuion of Y;
given X; = x; for each 0 < ¢ < T. We shall denote the conditional density of Y; given X; = x;
by fi(y: | x¢). The conditional joint density of Yy, ..., Y7 given X = zo,..., X7 = 7 equals

T
1T /e | ).
t=0

To summarize, state space models specify that the joint distribution Xy, Yp,..., X7, Y7
equals

&
I

T
(e | @) [ felye | o) (1)
i=0

The random variables Xy, ... X7 are known as state variables (or hidden or latent variables)
and Yp,...,Yr are known as data variables. Observe that the joint density of the data
variables Yy, ..., Y is given by integrating (1) with respect to zo,...,z7:

T T
/. . / [po(;po) Hpt(xt | l'tfl) Hft(yt ‘ .’Et) dxodxy . ..dxp
t=1 t=0

State space models can also be referred to as Hidden Markov Models although some authors
use Hidden Markov Models to refer to models where the state variables X; are discrete
random variables.

1.2 Examples of State Space Models
1.2.1 Direct Examples: Tracking

In tracking problems, the goal is to track the movement of an unknown moving object from
noisy measurements {Y;}. Here the state space model directly arises with the state variable
X; representing attributes of the moving object (such as position and velocity). To give
a concrete example, consider a body moving in the two-dimensional plane. Suppose we
discretize time to a resolution d (so that the time points are tg,t1,... with t; = ko).

Denote the position of the object at time ¢ by (z1x, zor) (remember we are assuming that
the movement is in the two-dimensional plane). Also let the velocity of the object at time
t; is (w3k, x4r). If the velocity in the time period [ty_1, %] is assumed to be nearly constant,
we would have

Tk R T1p—1 +0T3k—1 and Top N X1 + 0Ty 1.

One can assume these equations to be exact (as opposed to approximate) by incorporating
error variables:

Tip = T1p—1 +0T3k—1 +qix and  Top = 2o 1 + T4 k1 + Gk



Here ¢, go;, denote error variables which can be modeled as i.i.d with a normal distribution.
Further the assumption that the velocity is nearly constant in the time period [tx—_1,tx] can
be written as

T3k X T3k—1 and Typ N Typo1.
These two equations can also be assumed to be exact by incorporating error variables:
T3p = 3 p—1 +q3k  and  Typ = Typ_1 + Quk-
If we therefore let

L1k

xr
X, = 2k
T3k

Lak

denote the position and velocities of the unknown object, then X} satisfies the equation

10 6 0 q1k

({0 10 0 | g2k
X = 00 10 Xi_1+ qr where g = .
0 0 01 qak

If we assume that g are i.i.d, then it is easy to check that { X} is a Markov process.

The observation Y here is a noisy measurement of X. The exact relationship between Y},
and X} depends on the nature of the measurements. Suppose that we are obtaining noisy
measurements only of the position of the object. Then

Tk €1k 1 0 00 €1k
Y = = X
= () GG 0 ) ()
€1k
€2k

{qx} are independent. Then this represents a state space model (it turns out that this is a
linear Gaussian state space model as will be clear soon).

Suppose we assume that ¢, = ( ) are i.i.d and also that the two error sequences {¢;} and

In another measurement model, we could only be measuring the angle that the unknown
object makes with the positive z-axis (this is sometimes known as bearings-only tracking).

Here we would have
T2k
Y, = arctan | — | + €.
L1k

This is again a state-space model (this is a nonlinear state space model).

1.2.2 Trend Estimation

State space models can be used to estimate trend in state space models. Trend in a time
series can be generally understood as a smooth function that tracks well the evolution or
course of the time series. One way of estimating a smooth trend is via the following state
space model. As usual, we let Yj,..., Yy to be the data random variables. The idea is that
the hidden state variables X, ..., X7 represent the trend. Because trend is supposed to be
smooth, we assume that

Xt = X1+ with 7, "% N(0, 02)‘ (2)



This equation says that X; is centered around X; 1 with an error whose size is controlled
by oy. If 0, is small, then X; ~ X;_; representing a smooth trend. Note that (2) clearly
implies that {X;} is a Markov process.

The data variables Y; are connected to the state variables X; via
Y, =X, +¢  with ¢~ N(0,02). (3)
This equation captures the intuition that the trend X; tracks the time series Y;.

The noise parameters o, and o control the twin objectives of smooth trend and tracking
the data respectively. If o, is small, we would get smoother trends while if o, is small, our
trend estimate will closely track the data. Note however if the observed time series y; is not
very smooth, then both the objectives cannot be simultaneously achieved. In general, one
chooses 0, and o, so as to obtain the best fit to the data (we shall see all this later).

The state space model given by the pair of equations (2) and (3) is called the local level
model. It is a common way of estimating trend in time series.

1.3 Recommended Reading for Today

1. Definition of State Space Models: Sections 2.1 and 2.2 of the Chopin-Papaspiliopoulos
book.

2. Tracking application of State Space Models: Section 2.4.1 of the Chopin-Papaspiliopoulos
book, and Section 1.3.2 of the Triantafyllopoulos book.

3. Local level model: Section 2.1 of the Durbin-Koopman book, and Section 1.2 of the
Triantafyllopoulos book.

2 Lecture Two

In the last class, we introduced state space models and looked at two examples (a tracking
model and the local level model). To recap, state space models describe the distribution of
Yy, ..., Yp in terms of a hidden set of random variables X, ..., X7. The joint distribution
of Xg, Yo, ..., X7, Yr is specified via the joint density:

T T
po(xo) [ [ pe(we | ea) [ felwe | 20)- (4)
=1 =0

This means that the density of Xy is pp, the conditional density of X; given X; 1 = x4—; (as
well as given X1 = x4_1,..., X0 = x0) equals p;(x | x4—1) and the conditional density of
Y, given X; = z; (as well as given X; = x;, Xy = x5 for s # t) equals fi(y; | x1).

Specifying the joint distribution via the joint density (4) requires writing down po(xo),
pe(xy | 2e—1) as well as fi(y: | ©¢). In practice, people specify state space models via equa-
tions involving independent random variables. More precisely, one usually first specifies the
distribution py of X (this is often a diffuse density such as a normal with a large variance
or a uniform over a large range), and then specify the distribution of X; via the equation:

Xt = Kt(Xt—la Ut) for t = ]., 2, e (5)



where {U;} are independent random variables that are also independent of Xj. Finally the
distribution of Y; is specified via

Y%:Ht(Xt,V;f) fort:0,1,2,... (6)

where {V;} are independent random variables that are also independent of {U;} and Xj.
The functions K; and H; in (5) and (6) can be completely arbitrary.

Linear Gaussian State Space Models form a special case of state space models (inference
is particularly easy in linear Gaussian State Space Model because of the Kalman filter; as
we shall study in the next few weeks). Specifically, for a linear Gaussian state space model,
X is normal, the state evolution equation (5) takes the form

independent

Xt == Ft—lXt—l + Ut with Ut ~ N(O, Qt)

and the observation equation (6) takes the form

independent

Y, =HX,+V; with V; ~ N(0, Ry)

Here F;_1 and H; are deterministic matrices, and @)y and R; are covariance matrices. Note
that for the linear Gaussian state space model, each of the densities po(xo), pi(z¢ | x1—1) and
ft(ye | x¢) are normal with mean being a linear function of the underlying variable and the
covariance being a deterministic matrix.

We shall look at a few additional examples of state space models today.

2.1 Local Level and Local Linear Models

In the last class, we looked at the simple local level model:

Xo ~ N(mg,To)
. iid

Xi=Xi1+m with 7, "~ N(0, 0’%)
Y, =X, +¢  with ¢ ~' N(0,02).
This model has the two parameters U% and o2 (the parameters mg and Ty of Xg are usually
set to be some standard values corresponding to a diffuse distribution such my = 0 and
I'p = 10%). We have seen simulation examples involving smooth trend estimation where this
model does a decent job in recovering the underlying smooth trend function (it does not work
however when the underlying trend function is nonsmooth). But often the trend estimate

provided by this model is somewhat wiggly and we might want to obtain a smoother fit.
This can be achieved by the local linear model given by

Xo ~ N(mg,T'g)
Xi =X 1=Xo 1 - Xs o+ with 7, "~ N(0, 0727)
Yi=X,+ ¢ with e i1d N(0, 062).
The difference between the local level and the local linear models is that the random walk

specification in the local linear model is in terms of the slopes X; — X;_1 as opposed to the
levels as in the local level model. This generally leads to smoother fits.



Note that the local linear model is also a state space model even though {X,;} as defined
by Xt — X¢—1 = Xt—1 — Xy—2 + n is not Markov. This is because we can rewrite the model
in terms of the state variable X; defined by

5 Xt
S ().

The equation Xy — Xy 1 = Xy 1 — Xi_o + 1 is easily seen to be equivalent to

> 2 -1 it Mt
Xt—<1 0>Xt—1+<0>

which implies that {f(t} is a Markov process. The observation equation Y; = X; + ¢; can be
written in terms of X; as

Y, = (1 0)X;+e.
This shows that the local linear model is also a state space model.

This re-writing of a second order Markov process { X;} in terms of the Markov process X,
is reminiscent of a similar argument in Ordinary Differential Equations. For example, the
second order differential equation

2"(t) = —w?a(t)

can be re-written as the first order differential equation
(xﬁ(t)) _ ( 0 1> <m1(t)>
xh(t) —w? 0) \>a(t)
2.2 Stochastic Volatility Models

Consider the model
Xi=Xe1 4+ with p X N(0,02)
Y: = exp (X/2) ¢ with ¢ A N(0,02).

Data generated from this model exhibits volatility clustering i.e., the variance remains high
or low for considerable periods of time. This model is useful for finance data (say for log-
returns of stocks) which exhibit volatility clustering. This model is an alternative to volatility
time series models such as ARCH or GARCH (which are somewhat less natural even though
they are widely used). It is easy to check that this is also a state space model (it is not a
linear Gaussian state space model however).

2.3 Dynamic Regression Model

Consider the following model for a response variable Y; and an explanatory variable z; (z;
will be treated as deterministic and non-random in the model below) which are both indexed
by time ¢t = 0,1,...,7. Dynamic regression models (also known as linear regression with
time varying parameters) are of the form:

Yt = ap + Brx + € with ¢ iLd N(O, O’?)

The difference with the usual simple linear regression model is that both the intercept and
the slope coefficients above are allowed to depend on t. In order to make estimation of this



model feasible, we need further restrictions on {ca;} and {3;} (otherwise there are just too
many parameters in the model). One simple restriction is to assume that:

Qp = g1 + Wqt with wea i1d N(0, ai)
Bi =Bt +wgy  with wg, = N(0,0%)

Note that this is an example of a state space model with the state variable:
0%
S pr—
- (5)

Sy = Si—1+ (wat)
wﬁt

which implies that the state process is Markov. Further the observation equation can be
written as

which satisfies

Yt = (1 .Tt) St+€t-

Dynamic regression models are used in many regression situations where the response and
explanatory variables are collected in time. One example is when y; gives the returns on a
particular stock and z; gives the average returns of the market. Then the dynamic regres-
sion model allows one to study the performance of the stock with respect to the average
performance of the market over the course of time.

2.4 Recommended Reading for Today

1. For a description of linear Gaussian state space models, see Section 2.4 of the Petris-
Petrone-Campagnoli book and Section 3.1 of the Durbin-Koopman book.

2. Local Linear Model: Section 3.2.1 of the Durbin-Koopman book, Section 11.3 of the
Kitagawa book.

3. Stochastic volatility models: page 49 of Petris-Petrone-Campagnoli, Section 2.4.3 of
Chopin-Papaspiliopoulos, Section 1.3.3 of Triantafyllopoulos

4. Dynamic linear regression: Section 3.2.7 of Petris-Petrone-Campagnoli and Section
4.1.5 of Triantafyllopoulos.

3 Lecture Three

We are in the midst of looking at different applications of state space models. Our next step
is to see that ARMA models are special cases of state space models. We shall first consider
the AR(2) model before going to general state space models. Historically, the AR(2) model
was introduced in the context of the sunspots data (see the classical 1927 paper titled “On
a method of investigating periodicities disturbed series, with special reference to Wolfer’s
sunspot numbers” by G. Udny Yule or the 2011 book “The Foundations of Modern Time
Series Analysis” by T.C. Mills). It is often claimed that (see, for example, https://en.
wikipedia.org/wiki/Sunspot) the sunspot number varies according to an approximately
11-year cycle. We can verify this by fitting the simple sinusoidal model:

Y: = u+ aq cos(wt;) + agsin(wt;) + € fori=1,...,n (7)

10
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to the observed data (t1,%1), ..., (tn,yn). Here t; refers to year ¢ and y; denotes the average
number of sunspots for year t;. In the dataset (obtained from https://wwwbis.sidc.be/
silso/infosnytot), we have data for all years from 1700 to 2019. So we are analyzing the
whole data, we can take n = 320 and ¢; = 1700,t2 = 1701,t3 = 1702,...,t, = 2019. In
general, it is not necessary to have the observed times ¢; to be consecutive (i.e., it is okay for
the time series to have some observation gaps).

Today, we shall study the problem of fitting the model (7) and obtaining estimates of the
frequency parameter w from the sunspots data. Note that, if we believe the 11-year cycle
for the sunspots data, then we would expect the data to give an estimate of w (in the model
(7)) that is close to 27r/11 = 0.5712. In the next class, we shall see the connection between
the model (7) and AR(2).

For the model (7), we shall assume that

€1y, €n i N(0,02)
which is the most standard distributional assumption for errors. The problem then is to
estimate the frequency parameter w. The other four parameters u,aq, s, o are unknown
but they are not our main focus (these parameters can be termed nuisance parameters). For
principled estimation of w in the presence of the nuisance parameters u, oy, as, o, we shall
take the Bayesian approach with the following natural prior:

w, i, a1, o, log o i1 Unif(—-C, C)

for a large number C (the exact value of C' will not matter in the following calculations). Note

that as o is always positive, we have made the uniform assumption on logo (by the change
_ I{-C<logz<C} _ I{e “<z<e®}
- 2Cz - 2Czx :

of variable formula, we would have f,(z) = fiogo(logz)2

The posterior for all the unknown parameters w, u, aq, @z, logo is then (below we write
the term “data” for Y1 = y1,...,Y, = yn):

fw,p,al,a2,0|data(wa M, O, G2, U) X le,...,Yn|w,,u,a1,a2,o(ylv ce yn)fw,p,oa,ozzp(wa My O, G2, U)'

The two terms on the right hand side above are

n
le,..‘,Yn|w,,u,a1,a2,cr(y1v cee ayn) X H in|w,,u,a1,a2,a(yi)
=1

n
= H fsim,o,al,az,a(yi — K= Q1 COS(Wti) — a2 Sin(wti))
=1

1 exp [ — (yi — p — aq cos(wt;) — g sin(wt;)?
202

n
x o " exp (_0 (yl — B — Q1 cos(wti) — Q9 Sin(wti)2> )
=1

and
fw,u,m,az,a(wa Wy, 0p,0) = fw(w)fu(ﬂ)fm(al)faz (a2) fs(0)

HC<w<OHLC<p<OH{-C<a<CtH{-C<a <C}IH{e ¢ <o<e}
2C 2C 2C 2C 2Co

1
x —I{-C < w,pu,a1,a9,logo < C}.
o

11
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‘We thus obtain

fw,u,al,ag,ﬂdata(wv M, 01, G2, G)

1 n
x o " texp (—

253 (y; — b — aq cos(wt;) — ag sin(wti)2> I{-C <w,p,a1,az,logo < C}.
o

i=1

To obtain the posterior density of w, we simply integrate the above with respect to u, a1, as, o.
Thus for every w € (—C,C),

e€ C C C n . 2
; P — ;) — t;
fu|data(w) oc/ / / / o " Lexp <_Z,:1(y i arcos(wty) = azsin(wh) )d,u,daldagda.
eC¢J-_cJ-clJ-c

202

When C is large, the above integral is well-approximated by

00 00 00 00 n P — 1 — t;) — : t; 2
/ / / / o " Lexp <— Zim Wi —p = o COS2(w ) — azsin(wti) > dpdodasdo.
0 —o0 J —o0 J —0o0 20
(8)

This integral can be evaluated exactly. The calculation is easiest done using matrix notation.
Let

Y1 1 cos(wty) sin(wty)
. . . M
Y=| - and X = | - . . and S=[og
. o

Yn 1 cos(wt,) sin(wty)

With this notation,

n

> (yi — i — o cos(wt;) — agsin(wt;)® = [V — XB]1%.
=1

so that (8) is the same as

e Y - X 2
/0 ot /11%3 exp (—H2026”> dBdo (9)

Now if B is the least squares estimator:

B := argmin ||Y — XBHQ,
B

then
~ 519 519 N\ T T ~
IV = X8I = IV = XBI? + | X8 - XBI* = Y - XBI? + (8- 8) X"X (8-8).

The integral (9) then becomes

0o Y Al2 Ay A
/0 /R 1L exp (_HY X )exp (_(5 HXX( 5)) Jdo

e Y - X5 B-BX'X(B-5
:/0 U 1exp<_\ = ’)/RBGXP<—< XX >>d5da_

12



‘We shall now use the formula:
1
/ exp <—2(x — )y Yz - u)) dry...dz, = (2m)P/2\/det (D)
RP

where ¥ is a p X p positive definite matrix and the integral is over = (x1,...,z;,). This is
basically the formula for the normalizing constant for the multivariate normal distribution
which we shall study next week.

This formula with p = 3 and ©71 = X' X/(0?) (or equivalently ¥ = 0?(X'X)™!) gives

/}R3 exp (_ (B — B)TXTX(/B - B)) dB = (27r)p/2\/det (o2(X'X)"1) = (277)1”/201’ (det(X’X))flﬂ _

202

The integral (8) thus equals

(2m)P/? (det(X' X))~/ /°° o P lexp <_HY_XBH2> do.

0 202

The change of variable

o

t= ——F+—
1Y — X8|

then gives

(27)P/?(det (X' X))~ 1/? /OO o P lexp (—HY - X6H2> do

0 202
R o
= (2m)P/?(det(X'X)) "2y — Xﬂu—nﬂ?/ t~" P Lexp <—> dt
0
o (det(X'X)) 2|y — X BT
Putting everything together, we have proved that
Fuotdata(w) o< (det(X'X)) Y — X 5|7+

Note that the right hand side depends crucially on w because X depends on w. Also [3’
depends on X as 8 = (X’X)71X'Y. To make this explicit, let us write X(w) for X and

B(w) for f:

Yl (1, ) o< (det(X (w)' X (w)))

This function of w can be plotted on the computer (and normalized so the density integrates
to one). Note that p = 3. This allows inference on w based on the data.

Y - X(w)Bw)| . (10)

3.1 Connection to the Periodogram

It turns out the Bayesian posterior (10) can be related to the periodogram which is a standard
object in time series analysis. The periodogram corresponding to the time series data (¢;, y;)
is defined as

2 2

I(w) := - Zyj cos(wtj) | + Zyj sin(wt;) . (11)

13



This is a function of w € R. Usually, the periodogram is computed for uniformly spaced data
(where the time points ¢; can be taken to be consecutive integers such as 0,...,n — 1) and
when w is of the form % for some integer k € {1,...,n — 1}. These values of w are known
as Fourier Frequencies. Observe that I(w) can also be written as

2

1 .
I(w) = n Zyjewtj
J

where i = /=1, €% is the complex number cos(wt;) + isin(wt;) and |z| for a complex
number z denotes its modulus. The complex number

b(w) = Zyjei‘”tj
J

is termed the Discrete Fourier Transform of the data when ¢; = j — 1 and w ranges over the
Fourier frequencies. Thus, the periodogram is basically the squared modulus of the DFT
(scaled by n).

It is a standard procedure to look at the periodogram of an observed time series in order to
determine periodic components present in the data. It turns out that the Bayesian posterior
(10) is related to the periodogram as we shall argue below. To see this, first note that the
posterior (10) is described in terms of the matrix X (w). For this matrix, it is easy to see
that

n > =1 cos(wt;) > iy sin(wt;)
X'(w)X (w) = | 275=; cos(wty) Py cos?(wt;) =y cos(wty) sin(wt;)
dojopsin(wt;) D70 cos(wt;) sin(wt;) > i1 sin?(wt;).
Quite often, this X’(w)X (w) matrix can be well-approximated as
1 1 > =1 cos(wt;) 1 > iy sin(wt;) 1 0 0
n % > =y cos(wt;) 1 1 > i cos?(wt;) 1 21?:1 cos(wt%-) sin(wtj) | =n [0 1/2 0
7 2 sin(wty) 5 05 cos(wtj) sin(wt) % 2_j—1 sin®(wt;). 0 0 1/2

To see this, consider the case where the time points are consecutive in which case we take
tj = j — 1. Then for a wide range of w, we will argue that

1o I
— ti)=~0 — in(wt;) ~ 0
- ]z::lcos(w ) - ]z::lsm(w )

| =

LS o) ~ L LS sin(or) & |
— COS (Wi, ) =~ —_ SsIn“ (Wi, ) =~ —
ni J 2 ni I 2

1 n
- E cos(wt;) sin(wt;) ~ 0
n

i=1

Let me provide the argument for one of the above assertions. The argument for the others
is similar. We shall consider the assertion

—

1 n

2
— ti) ~ —. 12
njg_l cos”(wt;) 5 (12)

14



To see this, write

n

—Zcos wt] - lz 1+cos 2wtj

Jj=1

1 1 - 2iwt - —2iwt;
=§+%Zcos(2wtj = Z i+ — Zle J
: ]:

Jj=1

3

The sums above can be evaluated explicitly under the assumption that the times are uni-
formly spaced t; = j — 1:

2ium -1

n n n
§ :esztj _ § :627,0.)(] 1) E : Qw) = — ’
, , e —1
J=1 J=1 Jj=1

and similarly

n —2iwn 1

E e—QiUJt]‘ — € : — )
e—22w -1

j=1

Now if w is a Fourier frequency of the form w = 2rk/n, then et?«n = ¢4k — cos(47k) +
isin(4wk) = 1 so the above displayed sums are zero leading to (12). If w is not a Fourier
frequency, we can write

n

iE e2wtj | —
4n 4
J=1

leinn_1‘< 1

4n e2iw —1 | = 2nle2iv — 1|

because [ — 1] < [e?®n] 41 < 2. We can thus ignore this term if n|e?® — 1| is large.
Similarly the term

n
1 Z o2t
4n 4

Jj=1

can be ignored if n|e=2® — 1] is large. The assertion (12) is therefore justified if n|e*?™ — 1|

is large (which will often be the case unless w is too close to zero).

In the rest of this section, we shall assume that

n 0 0
X' (Xw)= |0 n/2 0
0 0 n/2

Under this condition, the integral (9) can be evaluated in the following alternative way. We
start with

|V = XB|?=Y'Y —2Y'XB+ X' X8

—Zyz—QZylu—l—alcos(wt)—i—a—QSln(wt))—{—n,u + a1+ a2

% i=1

= ny -2/ Z yi + np® — 200 Z y; cos(wt;) + ga% — 23 Z y; sin(wt;) + gag
7 7 (2 7

15



Thus the inner integral over R? in (9) can be broken down into 3 one dimensional integrals
(as opposed to one three-dimensional integral) as

Y — X3
/Rg P <_2a2> a5
Z 2 Z . 2 E . . 2
= exp (— Qi‘gi ) [/ exp (M 021' o ZZQ) dﬂ] [/ exp (al iy;QCOS(Wtz) o Z:%) dal]

a9 ), yisin(wt; na?
o et

can be evaluated in the following alternative way. Each of the above three integrals can be
evaluated explicitly using the one-dimensional integration formula:

/Ooexp <xC1 — C;Qx2> dx = \/226 XPp <2CCIQ>
We thus deduce
_ 2
[ oo (-8 g
R3 20

o exp <_22:;32112) o3 exp (%) exp ((Zl Yi COS(wti))2> exp ((Ez Yi Sin(wti))Q) .

202

Finally the integration over ¢ can be done as before to obtain

S )
fuldata(w) o¢ Z;yi - (Z w” <Z yi cos(wt;) ) —% (Z i sin(wti))

r 2 2 —(n—p)/2

2
— Z,(y;y) —% (Z Yi cos(wh)) —% (Z Yi Sin(bﬂfi))

Using the periodogram formula (11), we can write the above as

fuojaata(w) [W B I(w)]
o [1 _ Z?j—(’;:d)_y)] —(n—p)/2 |

Thus the Bayesian posterior for w is essentially a function of the periodogram (and the
sample variance of the data). But it is important to note that it is a very specific function
which can look quite different from the raw periodogram. For example, for the sunspots
dataset, the periodogram has several peaks but the Bayesian posterior is typically quite
strongly concentrated. Thus if we are trying to find a single frequency in a time series
dataset, the Bayesian posterior will provide that information much more precisely compared
to the periodogram.

—(n—p)/2

—(n—p)/2

3.2 Recommended Reading for Today

1. The Bayesian analysis of the model (7) is taken from the book Bayesian spectrum
analysis and parameter estimation by Larry Bretthorst (available freely online). You
can read Chapters 1 and 2 of that book.
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2. The periodogram is a standard object in time series analysis and it can be found
in many books; see for example Chapter 4 of the book Time series analysis and its
applications by Shumway and Stoffer (note that some authors use slightly different
scaling factors while defining the periodogram).

4 Lecture Four

In the last class, we studied the model
Y: = u+ aq cos(wt;) + ag sin(wt;) + € fori=1,...,n (13)

for the sunspots dataset. We used a Bayesian method to infer the frequency parameter w
(which is the main parameter of interest) and this led to an estimated period of close to 11
(which is often cited as the period of the solar cycle). Note however that (13) is not ideal
for the sunspots dataset for at least two reasons: (a) the fit to the data is not very good
(some of the oscillations have a much higher amplitude than that explained by the single
sinusoid), (b) data generated from the model (13) look much more “noisy” compared to the
actual sunspots data. Starting with these observations, Yule (1927) proposed an alternative
model that is also based on a single sinuosoid. This is the topic of this lecture.

Yule started with the following basic observation. Let s; denote the sinusoid:
st = 1+ aq cos(wt) + g sin(wt) (14)

The same sinusoid can be understood as the solution to a specific difference equation. To
derive the difference equation, let us first note that, in continuous time, s(t) satisfies

s"(t) = —w? (o cos(wt) + ag sin(wt)) = —w? (s(t) — ). (15)

In discrete time (where ¢t € {...,—2,—1,0,1,2,...}), the sequence (14) satisfies the following
difference equation that is analogous to (15):

St42 — 28441 + 8¢ = 2(cosw — 1) (8441 — 1) - (16)
To see this, note that

St+2 — 28t41 + St
= oy (cos(w(t +2)) — 2cos(w(t + 1)) + cos(wt)) + ao (sin(w(t + 2)) — 2sin(w(t + 1)) + sin(wt))

Writing A =w(t+ 1) and B = w, we get

cos(w(t +2)) — 2cos(w(t + 1)) + cos(wt) = cos(A + B) — 2cos A + cos(A — B)
= 2cos A(cos B —1)
= 2(cosw — 1) cos(w(t + 1))

and similarly
sin(w(t +2)) — 2sin(w(t + 1)) + sin(wt) = 2(cosw — 1) sin(w(t + 1))
This proves
Si42 — 28141 + 8¢ = 2(cosw — 1) (g cos(w(t + 1)) + agsin(w(t +1))) = 2(cosw — 1) (5441 — 1)

and this proves (16).
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The converse is also true in the sense that every solution {s;} to the difference equation
(16) say, for t = 0,1,2,..., with given values of sy and s; (initial conditions) is of the form
(14) for some aj and awe. To see this, let g, = sy — u and note that {g;} satisfies

gt+2 — 2Gt+1 + g¢ = 2(cosw — 1)ge41.

We find oy and a9 such that
hi == o cos(wt) + ag sin(wt)
matches g; for t = 0,1. Now if g, = hy and g1 = hy41, then

gr+2 = (2co8w) g1 — Gt
= (2cosw) (a1 cos(w(t + 1)) + agsin(w(t + 1))) — (aq cos(wt) + g sin(wt))
= o (2coswcos(w(t + 1)) — cos(wt)) + ag (2coswsin(w(t + 1)) — sin(wt))
= a1 (cos(wt) (2cos? w — 1) — sin(wt)2sinw cosw)
+ a (sin(wt) (2 cos? w — 1) + cos(wt)2 sinw cosw)
= o (cos(wt) cos(2w) — sin(wt) sin(2w)) + ae (sin(wt) cos(2w) + cos(wt) sin(2w))
= o cos(w(t +2)) + agsin(w(t + 2)) = hyyo.

Using this for t =0,1,2,... proves that (14) is the unique solution to (16).

To summarize, an alternative way of describing a sinusoid of frequency w is via the differ-
ence equation (16) which is equivalent to

Str2 = (2cosw)sir1 — 8¢+ 2(1 — cosw) .
Based on this equation, Yule proposed the model:

Yijo=0Y 1 —Yi+c+ Zyyo (17)

with two parameters 6 and ¢ (and the additional noise parameter o in Z; 19 N (0,02)).
Note that this is also a single sinusoid plus noise model but now the noise is in a different
place. To better understand the difference between (17) and the earlier model:

Y: = p+ aq cos(wt) + ag sin(wt) + €, (18)

consider the following physical situation where sinusoids naturally arise (see e.g., page 2 of
the Fourier Analysis book by Stein and Shakarchi). Consider a mass m that is attached to a
horizontal spring, which itself is attached to fixed wall, and assume that the system lies on a
frictionless surface. Choose an axis whose origin coincides with the center of the mass when
the spring is neither compressed or stretched. When the spring is compressed or stretched
and released, the mass undergoes simple harmonic motion.

Let y(t) denote the displacement of the mass at time t. Hooke’s law says that the force
exerted by the spring on the mass is given by F' = —ky(t) where k£ > 0 is the spring constant.
By Newton’s law (note that the acceleration is given by y”(t)), we have

—ry(t) = my"(t)

|k
”t:*2 t h = —
y'(t) w?y(t) where w -

18

This is same as



whose general solution is the sinusoid «aj cos(wt) + e sin(wt). In the context of this physical
situation, the two different sinusoid plus models ((18) and (17)) can be understood as follows.
We are taking measurements of the displacement Y; at various times t.

Model (18): Here our measurements are noisy and every measurement is corrupted by
an unknown noise which we are terming ¢; and modeling as N (0, 02).

Model (17): Here there is no measurement error and our measurement mechanism is
perfect. However the actual oscillation of the mass is not perfectly sinusoidal and is affected
by noise. For example, imagine, as Yule put it, that some kids are randomly throwing stones
at the mass (sometimes from the left and sometimes from the right) while it is oscillating.

It is very interesting to note that observations generated from Model (17) are much
smoother compared to observations generated from Model (18). Yule used this to argue
that (17) is a better model for the sunspots data compared to (18).

It is natural to wonder if it makes sense to incorporate both kinds of errors simultaneously
(measurement errors and errors affecting the oscillation). This leads to the model:

Xi=0X4 1 - Xy 2o+c+ Z;
Yi=Xi+e&

This is a state space model if we take the state variable to be

= ()
= ()0 )+ ()

is Markov, and the observations are

because the state evolution

Vi=(1 0)X;+e.

4.1 The Autoregressive Model

Yule (1927) also fit models to the sunspots dataset that are more complicated compared to
(17) and introduced the Autoregressive Model (of order 2) in this process. The AR(2) model
is given by

Yijo = ¢1Yip1 + Y +c+ Zigo (19)
Note that (17) can be seen as a simpler version of the above model where the ¢, parameter
is set to the value —1. We can fit this model to the observed sunspots data yi,...,yr to

obtain parameter estimates ¢, qgl, qgg and & of the model parameters. Using the fitted model,
future values can be predicted by recursing the equation:

Vi=¢+ Y1+ doY, g fort=T+1,T+2,...

with Y7 and Y7_; set to the observed values yr and yr_; respectively. For the sunspots
data, these predictions follow a damped sinusoid. Indeed, fitting the AR(2) model to the
sunspots data for the time period 1700 — 1969 led to the model:

Yipo = 23.92 + 138541 — 0.69Y; + Zypo
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which gives the prediction equation:
Y, = 23.92 + 1.38Y;1 — 0.69Y;_»

for the future values of sunspot numbers from 1970 onwards. This equation can also be
written as

Y; — 7716 = 1.38 (Y;—1 — 77.16) — 0.69 (Y;_2 — 77.16)
Thus the predictions for U; := Y; — 77.16 are given by recursing the equation:
Uy = 1.38U;—1 — 0.69U;_2 (20)

fort =T+1,T+2,... (note that Ur_; and Ur are observed from the data). It follows from
the following fact that the general solution of (20) is of the form:

c1 (1.2) " cos (0.59t + ¢3)

for two constants ¢; and ca. The above is clearly a damped sinusoid (the sinusoid cos (0.59¢ + ¢2)
is damped by the factor (1.2)7%).

Fact 4.1. Consider the difference equation
Uy = p1Ui_1 4+ ¢pUp_o fort e {k-i—l,...}. (21)
with initial conditions Ux_1 = a and Uy = B. Suppose that the quadratic polynomial

1 — g1z — ¢o2?

has complex roots z1 and zo. As ¢1 and ¢o are real, z1 and zo must be complex conjugates
of each other so they can be written as re? and re™ for some r > 0 and 0 € R (here
i =+/—1). Then the solution to (21) is of the form:

U = c1r "t cos (0t + ca) fort=k+1,k+2,... (22)

for some constants c¢1 and co.

Proof. Let Hy = cir~'cos (6t + ¢2). We find ¢; and c¢o such that H; = Uy for t = k — 1 and
t = k. Then observe that

H; = 17 cos(0t + c2)
— 2y (eietez'CQ i e—iete—m)
= 2c1€™2 (re” )t 4 2cpe2 (ret?) !
= 2clei0221_t + 2¢re” 2 zQ_t.
This gives
_ jco (,—t —t+1 —t+2 —ico (,—t —t+1 —t+2
Hy — ¢g1Hy—y — ¢poHyg = 216" (27" — dpr27 T — 227 "7) + 201672 (257 — 12577 — 25 7)

= 2cleic2zft (1 — 121 — gbgz%) + 261€_i6225t (1 — 129 — QSQZS) =0

because 1 — ¢121 — ¢22% =1— 129 — qbgz% = 0 as 21 and z9 are roots of the polynomial
1—¢12—p222. Thus H; satisfies the given difference equation and it matches Uy for t = k—1, k
which implies that it matches U; for all t > k + 1. O
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4.2 Recommended Reading for Today

1. A very nice account of Yule’s influential 1927 paper is Chapter 6 of the 2011 book “The
Foundations of Modern Time Series Analysis” by T. C. Mills. (available for free from
the library website).

2. Section 3.4 of the Durbin-Koopman book writes ARMA and ARIMA models in state
space form.

5 Lecture Five

We start today with the problem of fitting state space models to observed time series data.
This is the main topic of the class. We shall denote the observed time series data by
Yo, Y1,---,yr (note that the number of observations is 7'+ 1). We shall assume that the
observations are realizations of random variables Yy, Y7,. .., Yp. State space models describe
the distribution of Yp, ..., Y7 in terms of a hidden set of state random variables X, ..., X7.
The joint density of Xy, ..., X7, Yy, ..., Y7 is given by

T T
fxo (o) H Ixu X 1=ae_r (T1) H Iy xi=a. (Yt)-
t=1 =0

As we have seen previously, this means that X, ..., X7 is Markov, and also that Yy, ..., Y
are independent conditional on Xy = zq, ..., X7 = zpr with
d
Y| Xo=20,....Xr =27 = Y| Xi=ux.

Often, in actual specifications of state space models, the description of the conditional den-
sities fx,, fx,|x,_1s Jvi|x, depends on additional unknown parameters 6 (for example, in the
local level model, § = (072], 0?) where a% and o2 are the state and observation error variances).
We shall follow the full Bayesian approach in the treatment of these nuisance parameters
6. Specifically, we shall assume that they are random and employ a (usually diffuse) prior
density fo(-). From now on, we shall explicitly acknowledge that fx,, fx, x,_,s fv;|x, depend
on 6 by using the notation:
Ix010> XX 1.00 fva| X260

Our main goal is to fit the state space model to the observed data yg,...,yr. Fitting a
model in the Bayesian context means computing the conditional distribution of the unknown
parameters of the model given the observed data Yy = yg,...,Yr = yr. For the state space
model, the unknown parameters are Xg,..., X as well as #. The conditional distribution
of Xo,...,Xr,0 given the observed data Yy = yo, ..., Y = yr equals

on,...,XT,9|Y0=y(),...,YTZyt (IOJ <oy Lt 0)
X on,...,XT,YO,...,YT,Q({I:O: s Ty Yoy -5 YT, 0)
= on,...,XT,Y(),...,YTw(xoa <o TS Yo, - - 7yT)f9(0)

T T
= fX0|9(x0) H th|Xt—1:xt—1,9(xt) H fYt|Xt=zt,0(yt)f9(0)'
t=1 t=0

With the normalizing constant,

fXO,...,XT,Q‘Yozyo,...,Yszt (‘r()’ <oy Tt 0)
T T
Ixolo(o) [Ti=1 Fxoixeo1=a0_1.0(®t) [ Ti=0 fyvi | xi=20,0(yt) fo (0)

= 23
T Fxolo(@o) Thet fxux sz v,0(@e) TT{—o Friixi—ae.0 (We) fo(0)dao . . . daurdf 29
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This is a high-dimensional density which, in principle, answers any inferential question about
the unknown parameters Xo, ..., X, 6 based on the data Yy = yg, ..., Yr = yr. In practice,
the quantities of main interest would be the conditional densities of each individual state
conditioned on the data Yy = yg,...,Yr = yr:

X | Yo=vwo,...,.Yr=yr fort=0,1,...,T.
In principle it is possible to deduce

in|Y0:y07~--,YT:yT (z¢) (24)

from the full posterior (23). But a naive way of doing this would involve high dimensional
integration that would not be computationally feasible. We shall study principled compu-
tationally feasible algorithms for obtaining (24) for t = 0,...,T. I will give a high level
overview of the main ideas in this class and we shall study full details in the coming classes.
The first step is to write (24) as

IxiYo=yo,...Yr=yr (Tt) = /th|Yo:yo,.‘.,YT:yT,e(ﬂft)f9Yo:yo,...,YT:yT(e)de-

This implies that the task of calculating (24) can be broken down into the following two
subtasks:

L. Calculate fx,|vy—yo,....vr—yr,6(7t). This is the conditional density of X; given the entire
data as well as 6.

2. Calculate fov,=yo,.... vr=yr (0). This is the conditional density of § given the entire data.
This can be done via calculating the likelihood fy; . y;.6(v0,- - -, yr) because, by Bayes
rule,

JolYo=yo,...vr=yz (@) < fyy,...vrlo(Wo, - - -, yr) fo(0)

It is convenient here to introduce some standard terminology. The conditional distributions:
X | Yo=wvwo,....Yr =yr,0 fort=0,1,...,T (25)

are called smoothing distributions. Thus, the conditional densities (24) can be determined
from the smoothing distributions as well as the likelihood fy; . yi.6(v0,---,y7)-

5.1 Outline of Approach to Calculate Smoothing Distributions

The approach that we will use for efficiently calculating all the smoothing distributions i.e.,
all the conditional distributions (25) for ¢ = 0,1,...,T is the following. This is a sequential
approach that has the following two steps:

1. The first step calculates the distributions:
Xt‘YYO:yOa"'vYVt:ytae (26)

for each t = 0,1,...,7. Note that the conditioning above is on Yp,...,Y; and not
on the whole data Yp, ..., Y. These conditional distributions are known as Filtering
Distributions and algorithms for calculating them are called Filtering Algorithms.
We shall study the standard filtering algorithms: Kalman filter (for Linear Gaussian
State Space Models) and Partile filter (for arbitrary state space models). These al-
gorithms calculate the filtering densities recursively starting from ¢t = 0 and then for
t=1,...,T.
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2. After the filtering step, the last smoothing distribution:
Xr | Yo=vo,Y1=y1,....Yr =yr,0

is already available. From here, the idea is to calculate the rest of the smoothing
distributions (25) recursively for t =T — 1,7 — 2,...,0. Note that this is a backward
recursion.

This overall approach to calculating the smoothing distributions is known as FFBS (Forward
Filtering and Backward Smoothing). We shall study this approach in the case of general state
space models. For the special case of linear Gaussian state space models, these recursions
can be solved in closed form.

5.2 Linear Gaussian State Space Models

A state space model is specified by the densities fx j6(z0), fx,|x,_1=a,_,,0(x¢) fort =1,...,T
and fy,|x,—, (y¢) for t = 0,...,T. We say that a state space model is Linear Gaussian if
the following three conditions are all satisfied:

L. fx,e(+) is a Gaussian density.

2. fx,x,_1=x,_,(*) is a Gaussian density whose mean is a linear function of x;—1 and
whose covariance does not depend on x;_1.

3. fy,)x,=a,(+) i a Gaussian density whose mean is a linear function of z; and whose
covariance does not depend on x;.

Quite often, linear Gaussian state space models are specified as:

Xo ~ N(O7 Zo)
X =AXe 1+ U;
Y, =BX; +V;

where Xg,Uy,...,Ur,Vy, ..., Vp are independent with
Uy~ N(0,%;) and Vi~ N(0,Ry).

It is easy to see that this specification satisfies the three conditions of the Linear Gaussian
State Space Model. The quantities X, A¢, B, 2, Ry all potentially depend on unknown
parameters 6.

For the linear Gaussian state space model, all the filtering and smoothing distributions
turn out to be Gaussian which means that they are specified by means and covariances. The
general approach for filtering and smoothing can be specialized to this case as recursions in
terms of means and covariances. This leads to the Kalman Filter and Kalman Smoother
algorithms. We shall start our study of these in the next class.

5.3 Recommended Reading for Today

1. Definitions of filtering and smoothing distributions and the general problem of Se-
quential Analysis of State Space Models is described in Section 2.3 of the Chopin-
Papaspiliopoulos book.

2. Chapter 1 of the Sarkkéa book also describes the main goals in the analysis of state
space models and gives a list of the common Filtering and Smoothing algorithms.
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6 Lecture Six

The goal of today’s lecture is to study the general filtering algorithm and then specialize it
to the case of linear Gaussian State Space Models leading to the Kalman Filter.

Let us recall the basic setup. We have a state space model describing the distribution of
random variables Xy, Yy, X1,Y1,..., X7, Y7 as

T T
Fxolo(@o) [T Fxuxicrmoso(@e) T T Faiximono(ve)
=1 =0

Here fx,|¢ is the density of Xo, fx,|x,_,=z,_,,0 is the conditional density of X} given X1 =
zi—1 and fy,|x,—4, 0 is the conditional density of Y; given X; = z;. Throughout there is
additional conditioning on 6.

Our aim is to calculate the conditional distributions:
Xs ‘ }/E):y07--'7y't:yt70

for various values of s and t. These conditional distributions have known by different names
depending on the specific values of s and t:

1. Filtering Distributions: These correspond to s = ¢.
2. Smoothing Distributions: These correspond to s < t.
3. Prediction Distributions: These correspond to s > t.

The importance of calculating these three types of conditional distributions varies with
the application. In tracking applications, interest mainly lies in filtering and prediction
distributions while in applications such as trend estimation, interest mainly lies in smoothing
and prediction distributions.

6.1 General Approach for calculating Filtering Distributions

Let us now study the general recursive scheme for calculating the filtering distributions. The
main step is to go from the filtering density at time t — 1:

fo,—l|Y0=y0,-~~,Yt—1=yt—1,9(a;t—l)

to the filtering density at time ¢:

th|Y0:y07~-aYt—l:yt—l7Yt:yt~9($t)
This recursion is carried out in two steps:

1. Step One: Go from the filtering density fx, | |vo—yo,...vi_1=y;_1,0(Tt—1) at time t — 1
to the one-step ahead prediction density fx,|vy—yo,..vi_1=y;_.,0(T¢) at time ¢ — 1. This
step is known as the one-step prediction update.

2. Step Two: Go from the one-step ahead prediction density fx,|yvo—yo,....Vi_1=y:_1,0(Tt)
at time ¢ —1 to the filtering density fx,|v,—yo,... vi=y,0(t) at time ¢. This step is known
as the filtering update.
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The one-step ahead prediction update is carried out via the formula:

th|Y0:y0,...,Yt,1:yt,1,6($t)

= / th|Xt—1:xt—17Y0:y07---,Yt—1:yt—1,9(xt)th—1\Y():yoy---,yt—liyt—l70(xt—1)dxt—1

Now by the Markov nature of the state variables and the independence of the observation
random variables conditioned on the state variables, we have

th|Xt—1:It—l7YO:yOV~~:Yt—1:yt—179(xt) - th\Xt—1=It—179(wt)'

Thus

th‘YO:yOwat—l:yt—l79(xt) :/th|Xt—1:It—1:6($t)th—1YO:yD»mth—lzyt—l70($t_1)dxt_1 (27)

This equation tells us how to go from the filtering density at time ¢ — 1 to the one-step up
ahead prediction density at time ¢ — 1.

Let us now see the filtering update which specifies how to go from the one-step ahead
prediction density at time t — 1 to the filtering density at time ¢. By Bayes rule, we can write

th|Y0=y0,~~~,Yt=yt79 (@)
X fYt|Xt:l’t7Y0:yO7---7thl:yt7179(yt)th|Y0:y0=---7)/t—1:yt—176(xt)'

The Markov nature of the state variables and the independence of the observation random
variables conditioned on the state variables implies that

fYt\Xt:zt,YO:yO,...,Yt,lzyt,l,e(yt) = fn|xt:xt,9(yt)~

Thus

th\Y0=y0»~~-,Yt=yt,9(xt) X fYt|Xt=xtﬁ(yt)th|Y0=y07~--,Yt—1=yt—179(1715)'

The constant underlying the proportionality symbol o< above is simply the constant that
makes the left hand side integrate to one. We thus get

Iy xi=20,0(Ut) X Yomyo,. Ve 1=ye_1,6(Tt)
IXuYomyo,..Yomye,0(Tt) = : P (28)
(o=w0,mYi=un, I Fyxi=u0(We) FxiYo=yo,... i1 =10 () du

The two steps (27) and (28) together describe the recursion to go from the filtering density
at time t — 1 to the filtering density at time ¢. The recursion can be initialized by simply
using (28) with ¢ = 0 and replacing fx,|vy—yo,.... vi_1=y,_1,0(Zt) on the right hand by fx,s(x0)
for t = 0.

For linear Gaussian state space models, steps (27) and (28) can be implemented in closed
form leading to the Kalman Filter which we shall study next.

6.2 The Kalman Filter

Consider the linear Gaussian state space model:

Xo ~ N(po,To)
X; = A Xo1 + Uy (29)
Y, =BX: + Vi
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with Xo, Uy, ..., Vo, Vi,... independent and U, ~ N(0,%;) and V; ~ N(0, R;). In this case,
it turns out every conditional distributions X, | Yy = vo,...,Y; = y;, 0 are Gaussian so we
can write

XS ‘ }[0 :y()a”'uYi :ytaeNN(ms|t7QS|t>‘ (30)

The Kalman filtering algorithm specifies how to compute my;, Qy; for ¢ = 0,1,... by es-
sentially solving the equations (27) and (28) in closed form. Equation (27) specifies how to
calculate my;_1, Qyy—1 from my_yj;_1,Q¢—1)s—1. For this, we can either explicitly compute
the integral in (27) or just use standard properties of normal distributions as:

d
Xt‘Y():y()a"'?}/t—l:yt—he:AtXt—l—'_Ut‘Yozyﬂu"w}/t—lzyt—lae'

Because, conditional on Yy = yg,...,Y;—1 = y:—1,0, the random variables X; 1 and U; are
independently distributed as N (m;_1j;—1, Q¢—1:—1) and N(0, %) respectively, we obtain

Xe | Yo=90,--, Vi1 = ye-1,0 ~ N(Agmy_yj—1, AtQy_1jp—1 Ap + Xt)
Thus
My = Aymy_qp—1 and  Qyu_y = ArQy_1ji—1 A} + 2t (31)

We next calculate myy, Qyy from my,_1, Qy¢—1 by calculating filtering update (28). The basic
idea behind this calculation is encapsulated in the result below.

Fact 6.1. Suppose X ~ N(mo,Qp) and Y | X = x ~ N(Bz, R) (note that the condition
Y | X =2z~ N(Bzx,R) can also be written as Y = BX +V where V.~ N(0, R) with V, X
being independent). Then

X |Y =y~ N(mi,Q)

where
mi=(Q;' +B'R'B) (Qy'mo+BR'y) and Q= (Qy'+BR'B). (32)
The following two simple examples can be used to better understand the formula (32).

Example 6.2 (Normal Mean Estimation). Suppose © ~ N(u,7%) and Y1,...,Y, | © =
g N(6,0?). Then it is well-known that

2 =/ ~2 1
@\Y1=y1,---7Yn=yn~N<u/T tny/o >

1/m2+n/o? ' 1/12 4+ n/o?
This result is a special case of (32) corresponding to mg = pu, Qo = 72, Y = (Y1,...,Y,),
y=(y1,...,yn), B=(1,...,1) and R = o*I,.

Example 6.3 (Linear Regression). Suppose 8 ~ N(mq, Qo) andY | 8 ~ N(ZB3,0°1L,,) where
Z is a deterministic n X p matriz. The formula (32) then gives

XX\ ' /XY X'x\ !
e ((a 52 (5 ). (o2 )

This result is expected because when Qo = CI for a large constant C', we can neglect the

effect of Qo and this leads to

BlY =y~ N((X'X)'X'Y,0*(X' X))

which is familiar from usual least squares theory.

26



The Sherman-Morrison-Woodbury formula:
(A+UCV) ' =A - AU (C + VAT U) T vat

can be used with A = Qal, U=DB,C=R"' V = B to obtain the following alternative
formulae for mq and Q:
my =mo + QoB' (BQuB + R) ™ (y — Bmo)

/ / -1 (33)
Q1=Qo— QB (BQuB' + R) " BQo

Note that (32) involves inversion of the matrix Q' +B’R~' B while (53) involves inversion of
BQoB'+ R. When the dimension of BQoB’+ R is much smaller than that of Q,'+B'R™'B,
it is computationally advantageous to work with (53) compared to (32). This will often be
the case so we shall mainly use the formula (53).

Now let us get back to the derivation of the filtering updates for the Linear Gaussian State
Space Model where we need to calculate my; and Qy; in terms of my; 1 and Q1. It is
easy to check that Fact 9.1 is directly applicable with mo = my;_1, Qo = Qy¢—1, B = B,
R = Ry and my = my);, Q1 = Q. The formula (53) then gives

-1
My = Myg—1 + Qt|t—lB£ (BtQt|t—1B£ + Rt) (yt - Btmt|t—1) (34)
-1
Qut = Que—1 — Qui—1Bt (BiQuyu—1Bi + Ri)  BiQy—1

The equations (51) and (52) together comprise the Kalman Filter. They provide the solution
for the filtering problem for linear Gaussian state space models. Here is a formal description
of the Kalman Filter including the initialization step: We are given the model (49) and we
assume that pg, Lo, {A¢, ¢ > 1} {By,t > 0}, {3, t > 0} and {R, ¢ > 0} are known. The
Kalman filter for calculating the conditional distributions (50) for s =t is:

1. Imitialization: Set mg_; = po and Qp—; = I'p. Implement (52) for ¢ = 0 to obtain
mojo and Qo

2. Recursion: For each ¢t = 1,2, ..., implement (51) and (52).

Note that the Kalman Filter algorithm also computes the one-step ahead prediction means
my;—1 and covariances Qy;—; in intermediate computations. So the Kalman Filter can also
be used to obtain these one-step ahead predictions.

6.3 Recommended Reading for Today

1. The general filtering approach described in Section 6.1 can be found in:
a) Section 6.2 of the Kitagawa-Gersch book
b) Section 14.2 of the Kitagawa book.
¢) Section 2.7.1 of the Petris-Petrone-Campagnoli book
2. The Kalman filter is described in the all the books listed in the course outline:
a) Section 5.2 of the Kitagawa-Gersch book
b) Section 9.2 of the Kitagawa book

¢) Section 4.3 of the Durbin-Koopman book
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d) Section 4.3 of the Sarkké book
e) Section 2.7.2 of the Petris-Petrone-Campagnoli book
f) Section 3.2 of the Triantafyllopoulos book

Section 7.2 of the Chopin-Papaspiliopoulos book also discusses the Kalman filter. They
however derive the algorithm from a general Feynman-Kac formalism (see their Chapter
5). I will discuss the Feynman-Kac stuff in class a few weeks later.

7 Lecture Seven

7.1 The Kalman Filter

Consider the linear Gaussian state space model:
Xo ~ N(uo,To)
Xi=A Xy 1+ Uy (35)
Yi=BX¢+V;
with Xo,U,...,Vo,Vi,... independent and U; ~ N(0,%;) and V; ~ N(0,R;). Each of
the quantities ug, Lo, A¢, B, 2¢, Ry appearing in the model above can depend on an unknown

vector of parameters 6. Every conditional distribution X, | Yo = yo, ..., Y; = y, 0 is Gaussian
and we can write

XS ‘ }/b :y();--'vyvt :ytaewN(mSﬁ’Qsﬁ)' (36)

The Kalman filtering algorithm specifies how to compute my;, Qy; for t = 0,1,... using the
following equations:

Mijt—1 = Atmt—1|t—1 and Qt\t—l = AtQt—l\t—lA; + 3. (37)
and
— / / —1
My = Myj—1 + Q-1 By (BtQt|t—lBt + Rt) (yt - Btmt|t—l)
-1
Qut = Qepe—1 — Qui—1 Bt (BiQuyu—1Bi + Ri)  BiQyp—1

Equations (51) and (52) together comprise the Kalman Filter. The formal description of the
Kalman Filter including the initialization is as follows. We are given the model (49) and
we assume that po, Do, {A¢, ¢ > 1}, {B, t > 0}, {¥:,¢ > 0} and {R;, ¢ > 0} are known. The
Kalman filter for calculating the conditional distributions (50) for s = ¢ is:

(38)

1. Imitialization: Set mq_; = po and Qg—; = I'p. Implement (52) for ¢ = 0 to obtain
mojo and Qo

2. Recursion: For each ¢t =1,2,..., implement (51) and (52).

Note that the Kalman Filter algorithm also computes the one-step ahead prediction means
my;—1 and covariances Qyy—; in intermediate computations. So the Kalman Filter can also
be used to obtain these one-step ahead predictions.

7.2 Some Examples

We shall give here some simple examples of linear Gaussian state space models and write
the Kalman recursions more explicitly.
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7.2.1 Tracking One: Velocity Model

Consider the problem of tracking the position of an object moving on a straight line. We
observe the position of the object every At seconds but these measurements are imprecise.
For k=0,1,2,,..., let 2} denote the actual position of the object at time k(At) and let yg
denote the measurement. We assume that

Yk = Tk + € with € i N(0, 0'52)

for k=0,1,2,.... For the state model, in this “velocity model”, we assume that the velocity
of the particle stays constant at a level uy in the time interval [(k — 1)(At), kAt] leading to
the equation:

xp = xp—1 + up(At) fork=1,2,....

Further, we shall assume that uy,us, ... areii.d N(0,02). Finally assume that zo ~ N(0, O)
for a large positive constant C. This is basically the local level model with the state evolution
error variance equal to o2 (At)2.

The Kalman filter for this model for computing
Tk | Yo, - - - 7ykaaeaauac
is easily checked to be given by

20 A2
Mplk—1 = Mp_1jk—1  and  Qpr—1 = Qrp_1jp—1 + 0, (A?)

and
Qklk—1
M|k = Mglp—1 T+ Qs + 02 (e — mk|kz—1) (
39)
2
Qip—1 Qup—10¢

Qrjk = Qrjk—1 — = :
| | Qur-1+ 02 Q-1+ 0?

The Kalman Filter is initialized with mg_; = 0 and Qy—; = C' which leads to (via the filter
update (39))

mojg = M + oj-1 (y m ) __¢ Y

00 =Mo|-1+ 73 (Yo — Mo|-1) = 5%

| | Qo1+ 02 | C+a?
Qoj-102 Co?

It is clear that when C' is large, the above equations imply that mqo ~ yo and Qo ~ o2
Thus a commonly used initialization for the local level model is mqg = yo and Qoo = o2.

7.2.2 Tracking Two: Acceleration Model

Consider the same setting as the last subsection. We now consider a different model for
the state evolution where we assume that the acceleration (not velocity) remains constant
in each time period [(k — 1)(At), k(At)]. Denoting this acceleration by aj, we see that the
velocity at time (kK — 1)(At) (which we denote by x;_12) and the velocity at time k(At)
(which we denote by x, 2) are related by the equation:

Tpo =Tp 12+ ar(At). (40)
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Further the position at time (k — 1)(At) (which we denote by x;_1 1) and the position at
time k(At) (which we denote by 1) are related by the equation:

1
Tp1 = Tr—1,1 + Tp—12(At) + §(At)2ak- (41)

Letting the state vector at time k to be both the position and the velocity at time k:

T — Tk,1
k Tho 5
we can write the state evolution as

e 3o (4).

Because the accelerations ai,ao,... are unknown, a simple way of dealing with them is to
assume that: o
ai,az,... ~ N(0,02).

Then the state evolution becomes

(o e e (] 2[5 )

The equation relating the observation and state variables becomes
Yp = T +€p = (1 0) T + € where €, i1 N(0,02).

The Kalman filter for this model simplifies to the following equations. Note that my is a
2 x 1 vector and Q¢ is a 2 X 2 matrix. The one-step prediction update is

1 At
Mijt—1 = 0 1 mMi_1)t—1

= (5 5o (a 3) (@ )

The filter update is given by the two equations:

My = Myjg—1 + (b= (1 0) ?tﬁ_l) Qujt—1 <(1)>
(1 0)Quees () + o2

(yt - mt|t71[1]) <Qtt_1[1, 1])
Qui-1(1,1] + 02 \Qy—1[2,1]) 7

and

= Myt—1 +

and

Qs () (1 0 Quis

Qt\t = Qt\t—l - 1
2
(1 0) Qi1 <0> + 0o
_0 _ 1 Q?|t_1[1a 1] Qee-1[1, 1Qs-1(2,1]
-1 Qt\t—l [17 1] + 0'62 Qt|t—1[17 I]Qt\t—l [27 2] Q?hﬁflpa 1]
In the above, we used Q;_[i, j] for the (i,7)"" entry of the matrix Qyi—1 and my;_1[1] for

the first entry of the 2 x 1 vector my;_;.
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7.2.3 Tracking Three: Local Linear Model

The local linear model that we saw previously can be seen as an approximation of the
acceleration model of the last subsection. Specifically, in the position equation (41), we drop
the last term ax(At)?/2 the idea being that if At is small, then this term will generally be
negligible compared to at least one of the other two terms ;1 1(At) and xj_1,1(At). This
leads to the equations:

Tl = Tk-1,1+ xk_LQ(At) and Tpo = Tp-12 + ak(At).

We can combine these two equations into one by using xj 9 = w (which is obtained
from the first equation) in the second equation to deduce

Tkl — 2$k—1,1 +TE21 = ak_l(At)Q ~ N(O, O'g(At)4)

which is the local linear model with the state evolution error variance equal to o2(At)%.
LTk,1

This can be written as a state space model using <x
k—1,1

> as the state or as in the previous

LTk,1
(A Mapy — zk-11)
be many different ways to write a model in state space form. The Kalman recursions for the
local level model are left as exercise.

subsection with ( ) as the state. Note that this shows that there can

7.3 Use of the Kalman Filter for Parameter Estimation by Maximum Likelihood

As mentioned previously, the quantities g, Lo, Ay, By, 2¢, Ry appearing in the state space
model (49) typically depend on an unknown vector of parameters 6 which needs to be
estimated from the observed data yg,...,yr. A standard method for parameter estimation
is maximum likelihood and the Kalman filter output is useful for writing down the likelihood
function. To see this, first note that the likelihood for the observed data vy, ...,y is given
by

T T

fYo,...,YT|9(yO7 ceyT) = H meO:yo,...,n,lzyt,he(yt) = H thXt+vt|Y0:y0,...,n,1:yt,1,9(yt)-
t=0 t=0

Conditionally on Yy = yo, ..., Yi—1 = y+—1, 0, the random variables X; and V; are independent
having the N (my;_1, Q¢—1) and N(0, R;) respectively. Thus

Bi X + Vi | Yo =0, Yie1 = ye—1,0 ~ N(Bymy_1, BeQye—1 By + Ry).
Thus, for each t =0,1,...,7T, we have
fYt|Y0:y0,...,Yt,1:yt,1,6(yt)
= |27 (BiQu—1 Bt + Ry) }_1/2 exp <—; (y¢ — Bemyj—1)" (BiQuo—1B1 + Rt)_l (ye — Btmt|t—1)>
where | - | denotes determinant. Let
€(0) == ye — Bymyy—q  and  Hi(0) == ByQye—1 By + Ry
fort =0,1,2,.... Then

~2108 fyi|vo=yo,... Ve 1=yi-1,6(Ut) = l0g |2 Hy(0)] + €,(0) H; ™ (0)er(0)
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Thus

T
(—2) x log-likelihood = > ~ [log |27 Hy(0)| + €,(6) H; " (6)er(6)] -
=0
For calculating this likelihood, we only need my;_; and Qy;—y for ¢ = 0,1,2,... which can

be obtained from the Kalman Filter. One can maximize likelihood by minimizing the right
hand side above over the parameters 8. Numerical optimization routines can be used for this
purpose.

7.4 Recommended Reading for Today

1. The local level model is analyzed in detail in Chapter 2 of the Durbin-Koopman book.
In particular, see Section 2.2.1 for the Kalman filter updates in the local level model.
Some comments on the initial distribution Xy ~ N(0,C) (for a large C') can be found
in Section 2.9.

2. The acceleration model of Subsection 7.2.2 can be found in https://en.wikipedia.
org/wiki/Kalman_filter (see Section 7).

3. For likelihood computation using the Kalman filter, see Section 9.6 of the Kitagawa
book.

8 Lecture Eight

8.1 Some remarks on the local level model

Consider the local level model:

Xo ~ N(0,C) X=X 1+ 7% Vi =Xi+ ¢
where Xg, Z1,Zs,...,€0,€1,... are independent with Z; i N(0,0%) and ¢ i N(0,02).
The Kalman filter recursions for this model are given by

_ _ 2
myp—1 =my_1p—1  and Q1 = Qy_1jp—1 + 07

and
Qje—1 o? Qje—1
My = Myjt—1 + Yt — Myjt—1 tlt—1 T
| | Q-1 + 02 ( | ) Q-1 + 02 | Q41 + 02
Q1 = Qt|t—1062
=", 32°
| Qyjt—1 + 02
Here m,); and Q,|; denote the conditional mean and variance of X given Yo = yo, ..., Y =y

(and oz, 0¢).

It is interesting to note that my is a weighted linear combination of my;_; and y;. We
see in simulations that when the oz parameter is large, then the filtering mean my; is close
to y; for each ¢ > 0. This can be explained as follows. Because Q;—1 = Q;_1;—1 + O'% > a%,
it follows that, when oz is large, each Qy,_; is also large. As a result, the weight for y
dominates the weight for m;;_; in the formula for my; leading to my; ~ y; when oz is large.
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Note that my; ~ y: does not imply that the model is overfitting the observed data. This
is because the log-likelihood multiplied by (—2) is given by

T 2
—2)log-likelihood = log {2 P +M
(—2)log-likelihoo ;log{ T (Qye—1 +02)} Qo 1t o?
= 3 log {27T (Qt71|t71 + a% + 062)} + (yt _ mt‘”é—l)2 .
t=0 Qt71|t71 + o7 +0¢

When oz is large, we would have m;_j;_y =~ y:—1 as remarked above. Thus the above
expression for large o, becomes

T

(—2)log-likelihood ~ Z [log {27r (Qt71|t71 + 0% + 062)} +
t=0

(yt - yt71)2
Qi-1j—1 + 0% + 02

The second term in the sum above is of smaller order compared to the first term when oy
is large. Thus the behavior of the whole expression will be similar to the behavior to the
first term which is increasing in 0. Thus as oz increases, the log-likelihood decreases (note
that the above is the expression for negative log-likelihood multiplied by 2). This means
that there is no overfitting for large oz (overfitting would happen when the likelihood keeps
getting better and better when oz is increased which is not happening here).

In the last class, we mentioned that parameter estimates of oz and o, can be obtained by
maximizing the likelihood (or equivalently, minimizing negative two times the log-likelihood)
over oz and g.. The result of this optimization cannot be written in closed because it is a
somewhat complicated optimization. This is because it depends on oz and o in a not-so-
simple way. To highlight this, let us note that ¢y;_, and m;;_; depend on oz and o, and
also on the initial state variance C. We shall therefore write them as Qt\t—1(0, oz,0.) and
my—1(C, 0z, 0c) respectively. We thus have

l(oz,0) = (—2)log-likelihood
T

= Z log {27T (Qt|t71(07 07,0¢) + Uz)} +

t=0

(yt - mt|t—l(Cv 07, Ue))2
Qt|t—1(ca 0z, 0-6) + 062

The dependence of this function on C, oz, o, is not so simple. Numerical routines can be used
to optimize this function of oz and o.. The following trick reduces this to a one-parameter
optimization problem and it can be quite handy. To see this, first note that for ¢t = 0, we
have Qo _; = C and mg_; = 0. Thus

U(oz,0.) =log {21 (C +02)} +

C—i—a
T

+2

=1

(?/t - mt\t—l(ca 0z, O'e))2
Qyt-1(C,07,0.) + o2

log{27r Q- 1(C, Uz,ae)-l-U )}+

As C is large, the first term is approximately log(2wC') and the second term is zero. Thus

T
Uog,o.) ~log(2nC) + Z

t=1

(yt - mt|t—1(cv UZ,Ue))2
Qyi-1(C,0z7,0) + o2

log {27 (Qy¢-1(C, 02,00 + 02) } +

The log(27C') term does not depend on oz or o¢ so it can be removed from the optimization
so the goal is to minimize:

(yt - mt|t71(07 07, Ue))2
Qyt-1(C,0z7,0.) + o2

Z [log {270 (Qit-1(C, 0z, 0¢) + 0! )} +
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We shall now take C' = +o00. The quantities Qy;_1 (00,07, 0.) and my,_; (00, 07, 0,) are then
obtained for t =1,2,... by running the Kalman filter steps with the initialization mgo = yo
and Qoo = o2 Our goal is to minimize

2
(yt - mt\t—l(OO»O’Za 06))
Qt‘tfl(oo7 0z, UE) + 062

T
0*(oz,0¢) == Z log {27r (Qﬂt_l(oo, 07,0¢) + Uz)} +
t=1

We now note the following useful fact:

oz
mt|t—1(oovaZ7U€) Myt~ 1(00, g ;1) and Qt|t—1(OOaUZ,Ue) o Qt|t 1(00
€ E

O'Z 1)

(42)
I will leave the proof of this fact as an exercise. To compute my;_(00,07/0c,1) and
Qyjt—1(00,07/0¢,1), we would need to run the Kalman filter with oz and o, replaced by
oz/0c and 1 respectively (the initialization would then be mgq = yo and Qgo = 1).

Because of the scaling fact (42), we can write £*(oz,0¢) as

T

(og,0¢) := Z [log{QW Qy)r—1(00, 02,0¢) + 07 )}+

t=1

(yt - mt|t—1(0070’2,06))2

Qt|t*1(ooa o0z, 06) + 062

2
T T oz 1)
oz 1 ( = Myt~ 1( 0; e )
~ Tlog(2m0?) + 3 log (Qtt_1<oo, ” ) 15 |

=1 02 = Qui-1(00, %%, 1) +1

The goal is to minimize the above function over all o, > 0 and oz > 0. Equivalently, we need
to minimize this over all . > 0 and ¢q := ‘;—f > (0. The advantage of viewing the problem
as an optimization over o, and ¢ is that it is easy to find the best o, for each value of q.
Specifically, we need to minimize

1 ZTI (yt — my—1(00, ¢, 1))2 (43)

T
T log(2m0? ! +1
og(2mo?l) + Z 0g (Qt|t—1(007 ¢ 1)+ ) + 02 Qy—1(00,q,1) + 1

t=1 t=1

over both o, > 0 and ¢ > 0. For each fixed g, it is easy to find the minimizing o, by simply
taking the derivative with respect to o and setting it equal to zero. This gives

1 Z yt My|— 1 00,4, 1))2

— 44
thl Qe-1(00,¢,1) + 1 “
Plugging this value of o2 in (43), we get
T
Tlog(2m67(q)) + Y log (Qui—1(00, ¢, 1) + 1) + T (45)
t=1

This function will need to be numerically minimized over ¢ > 0 to obtain the minimizer
G. This is an easier optimization problem (compared to minimizing ¢*(oz, o) over both oz
and o¢) for numerical methods as it only depends on the one variable g. After obtaining the
minimizer §, o2 is estimated by 2(g) (i.e., the right hand side of (44) with ¢ = §) and then
oz is estimated by §o(¢). Finally, note that to form the objective (45), we need to calculate
62(q) and, for this, it is necessary to implement the Kalman filter with o set to ¢ and o
set to 1 in order to calculate my;_1(o0,q,1) and Qy—1(00,q,1).
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8.2 Application of the Kalman Filter to Linear Regression

Consider the usual linear regression setting where we observe data (zo, %0), - . -, (27, yr) where
z is the p x 1 covariate and y; is the scalar response corresponding to index ¢. The usual
linear model for this setting assumes that the covariates z, ..., zr are deterministic and the
response ¥; is related to z; via

y =20+ & with € i1 N(0,02).
In Bayesian treatments of the linear model, one supplements the model above with the prior

B ~ N(uo,To).

If no information on 3 is available, one can set g = 0 and I'g = CT for a large constant C.
Having a prior is a good idea in general as it avoids degeneracy issues. For example, when
the matrix Z of covariates (whose rows are z(,...,2}) does not have full column rank, the
usual least squares estimator is not defined but the Bayesian posterior is well-defined as long
as I'g is invertible.

The posterior distribution of § is given by

B A —1 2% B B A -1
ﬁdata,a~N(<Fol—l—0_2> <02+F01uo>,<F01+02> > (46)

Direct computation of mean vector and covariance matrix of the above posterior distribution
requires inverting the p x p matrix I'y Yy 722 /o? and this can be computationally costly
(note that calculating I'y ! is usually not hard as Iy is commonly a constant multiple of the
identity; the main issue here involves inverting T'y' + Z'Z/c?).

The Kalman filter provides an alternative way of computing the posterior mean and vari-
ance via a sequential algorithm which does not involve matrix inversion at any step. This is
described below. The first step is to write the linear regression model in state space form.
We take the state variables to be Bg, 81,... with the state evolution as

Bt:ﬁtfl fort:1,2,...

The observation is
Yr = 2Pt + € fort =0,1,2,...

Finally the initial condition is 8y ~ N(ug,Tg). This linear Gaussian state space model is
exactly the Bayesian linear regression model and so we can apply the Kalman filter. Note
that (46) is simply the filtering distribution in this state space model at time T'. Thus

~ AN A _ AN
mT|T = (FO 1 + ) <0_2 + FO IMO) and QTIT = (FO 1 + ) .

o2 o2

The Kalman filter provides an alternative way of computing mpr and Qpr using the
following recursions. Because §; = (;_1, the one-step ahead prediction update is simply
mt|t_1 = mt_1|t_1 and Qt|t—1 = Qt—1|t—1' The filter update is

/
Yt — ZgMy|t—1 0 .
7 tjt—1~t
24 Q412 + 02

Qt|t71ztzz,€Qt|t71
2 Qyje—12t + o?

My = Myjg—1 +

Qe = Qpje—1 —
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These recursions are initialized with mg_; = po, Qoj—1 = I'o leading to

Yo — ZpHo

———— 51020
2 Lozo + o2

Moo = Ho +

/
Fozgzor()

Qop=To— 575
| ZOFOZO + 0'2

The main point to be noted here is that, in the Kalman filter, at no point do we need to
invert a p x p matrix. There are matrix vector products and other elementary operations
but there is no matrix inversion.

8.3 Prediction

Prediction, in the context of state space models, refers to the problem of finding the distri-
bution X | Yo = vo,...,Y: = y,0 for s > t. The prediction problem for linear Gaussian
state space models is readily solved by the Kalman filter. To see this, note that we need to
find the mean my; and covariance Q,; for each s > ¢. The Kalman filter tells us how to
compute my;, Q¢ The prediction problem for s =t + 1 is easily solved via (this is basically
the same as the one-step ahead prediction update used in the Kalman filter):

Mey1)e = At+1mt|t and Qt+1\t = At—&-th\tA;—f—l + Xt (47)
Next for s =t + 2, observe that
Xev2 | Yo =90, Y =y1,0) = A2 Xy1 + U2 | (Yo =y0,.. ., Ye = ut,0)
Note now that

X1 | (}/E) = Y0y -5 Ye = Yty 9) ~ N(mt-i-l\ta Qt+1|t>
Ut+2 | (YO :yOa”'aYt :ytae) NN(Ovzt-‘rQ)

and further X,y and Uy are independent conditional on Yy = yg,...,Y; = y;, 0. Thus
Xivo | (Yo =wo,-- -, Ye = 41,0) ~ N(Arromy 1y, At 0Qr1jpAria + Siya)-
Therefore
Mot = At+2mt+1|t and Qt+2\t = A:€+2Qt+1\tAt+2 + Yito.
Note that the terms m;;; and Qy,q; appearing on the right hand side above have already
been calculated in (47).
More generally, one can write m;, Qg for s > ¢ in terms of m,_q)y, Qs as

Mgl = A8m5—1|t and Qs\t = Ast—l\tA; + Xs.

This equation can be used recursively for s = t 4+ 1,t 4 2, to calculate all prediction distri-
butions.

8.4 Smoothing

Smoothing, in the context of state space models, refers to the problem of finding the distri-
bution of X, | Yo = yo,...,Y: =y, 0 for s < t. These are calculated by backward recursion
starting for s = ¢ and then decreasing s (note that the smoothing distribution for s = ¢
is a filtering distribution which is given by the Kalman filter). The details for this will be
discussed next week.
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8.5 Recommended Reading for Today

1. The technique described in Section 8.1 for reducing the likelihood optimization to a
one-dimensional optimization problem can be found in Section 2.10.2 of the Durbin-
Koopman. This technique holds in some more settings as described in Section 9.6 of
the Kitagawa book.

2. See Sections 3.1, 3.2 and 3.3 of the Sarkka book for treatment of linear regression and
application of the Kalman filter for recursive linear regression. Also see Section 3.4 for
a treatment of the linear regression with drift model.

3. The prediction recursions can be found in Section 9.5 of the Kitagawa book.

9 Lecture Nine

9.1 Smoothing

Smoothing, in the context of state space models, refers to the problem of finding the con-
ditional distribution X | Yo = vo,...,Y: = y,0 for s < t. The main interest in these
conditional distributions is in the case t = T' (recall that our observed data is yo,. .., yr).

The algorithm that we shall discuss proceeds by first running the filtering step which
calculates the distributions X; | Yo = vo,...,Y: = y,0 for t = 0,1,2,.... Following this,
one follows backward recursion starting from s = ¢ and then decreasing s ast — 1,t — 2, ...
to calculate the conditional distributions X5 | Yo = o, ..., Y: = 4,0 for s < ¢. The overall
algorithm is often referred to as FFBS (Forward Filtering Backward Smoothing).

We shall understand the backward recursion in the general case of arbitrary state space
models. Subsequently, we shall specialize this to the case of linear Gaussian state space
models.

9.2 Backward Recursion for General State Space Models

Fix a value of ¢ > 0. Assume that we have computed the conditional density:

sz+1 [Yo=yo,...,Yt=yt,0

for some s < t. The goal is then to figure out how to use the above density to calculate
IXYo=yo..... Yi=ys0-
For this, we write
IX, | Yo=yo,... Yieye,0(Ts) = /szX5+1:m5+1,YO:yo,...,Yt:yt,@(ms)fX5+1|Y0:y0,...,Yt:yt,0($s+1)d558+1-
The key now is to note that
Xo | (Xer1 = 2041, Yo =90, ., Yo = 90,0) £ Xo | (Xoi1 = 241, Y0 = 30, .., Ys = 45, 6).

In words, the above means that conditional on X517 = x541,Y0 = vo,...,Ys = ¥s, the
random objects X5 and (Ys41,...,Y;) are independent. I will leave the verification of this
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property as an exercise. We thus have

sz|Y0=yo7~-~7Yt=yt79(xS) _/sz|Xs+1=xs+17Y0=y07--~7Ys=ys,9(xs)sz-H|Yo=y0,-~-7Yt:yt70(xS+1)d$8+1'

The next step is to calculate sz|Xs+1:$s+1,YO:yO7---7Ys:ys,9($s)' For this we use Bayes rule to
write

IX X op1=0011,Yo=y0, Yomys 0 (Ts) X X Yoz, Vomye,0 (Ts) X 11 | Xo=s, Yoz, Vomye,0 (Ts+1)
= fXS|Y0:yo,...,Y5:ys,9(xs)sz+1 \stzs,e(xsﬂ)

 IXaYomyor Yamye 0(Ts) X 1 | X =20 0 (Tst1)
f fXS|Y0:y0,...,Y5:y5,0(u>fXS+1 |X5:u,9(x8+1)du

We can thus write the backward smoothing recursion in one step as

sz\Y0:y07---,Yt:yt,9(a78)

IXoYo=yo,..Vamys.0(Ts) FX o1 Xo=20,0(Tst1) (48)
:/[ [Yo=yo Y +1] x - fXS+1\Yo=yo,~~-,Yt=yt79(x5+1)dx8+1

f fXS|Y0:y0,...,YS:ys,9(u)sz+1 \stu,e(fﬂsﬂ)

Note that the right hand side above involves the densities fx_ .| [Yo=yo,....Yi=y,6> /Xs|Yo=y0,....Ye—ys.,0
and fx_ ., |x,=u,0- The first of these densities is available to us because we are assuming that
we calculated the smoothing density for s + 1. The second of these densities is a filtering
density and will be available after running the forward filtering algorithm. The third of these
densities is the transition density of the hidden Markov process that is available from the
specification of the state space model.

For the linear Gaussian state space models, the recursion above can be re-written in closed
form in terms of the means and covariances of the distributions as we show in the next section.

9.3 Smoothing for Linear Gaussian State Space Models

Consider the linear Gaussian state space model:
Xo ~ N(po,To)
Xi=AXi 1+ U (49)
Y, =B/X; +V;

with Xo,Ui,..., Vo, Vi,... independent and U; ~ N(0,%;) and V; ~ N(0,R;). Each of
the quantities ug, o, As, By, X¢, Ry appearing in the model above can depend on an unknown
vector of parameters §. Every conditional distribution X | Yo = o, ..., Y; = y, 0 is Gaussian
and we can write

Xs ‘ }/OzyOa'“aYVt:ytaeNN(ms|taQs|t)' (50)
We have already seen that the Kalman filter computes my;, Qy; using the following equations:
My = Aymy_qp—1 and Qg = ArQy_1ji—1 AL + 2t (51)
and
_ / / —1
mye = Myp—1 + Quu—1 Bt (BiQye—1Bi + Re) ™ (ye — Bemnye—1)
-1
Qut = Qepr—1 — Qu—1Bt (BiQuy—1Bi + Ri) BiQyjr—1

The smoothing algorithm described below computes my;, Q¢ for a fixed t > 0 and all s < .
We shall make use of the following fact that we used previously in the derivation of the
Kalman Filter:

(52)
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Fact 9.1. Suppose X ~ N(mo,Qo) and Y | X = x ~ N(Bz, R) (note that the condition
Y | X =z~ N(Bx,R) can also be written as Y = BX +V where V ~ N(0, R) with V, X
being independent). Then the following assertions hold:

1. X |Y =y~ N(in(y), Q) where

m(y) = mo + QoB' (BQoB' + R) ™ (y — Bmy)

A / / -1 (53)
Q=Qo— QuB' (BQuB'+R)  BQo

2. Y ~ N(Bmg, BQoB' + R)
Note that m(y) depends on y but Q does not depend on .

Remark 9.1. Fact 9.1 can be reformulated in terms of densities as follows. Let ¢(x;p, )
denote the multivariate normal density with mean vector u and covariance matriz Y. evaluated
at T i.e.,

_ 1 _
olaip ) = (2rder( ) Poxp (— 3o = s e =) )
The first conclusion X | Y =1y ~ N(m(y), Q) of Fact 9.1 is equivalent to the identity

¢(z;mo, Qo)¢(y; Bx, R) = -
T 9t mo. Qu)oly: Bu, Bydu ~ * 701 4

This is because the left hand side above is simply

frix=@ix(@) .
I Fyix=u(y) fx (u)du X[y =y\T).

The second conclusion of Fact (9.1) is equivalent to the identity:

/ 6(y; B, R)é(ws mo, Qo)dw = 6(y; Bmo, BQuB' + R). (55)

This is because the left hand side above is

/ Frix—e() fx(@)dz = fir(y).

It should be easy to see that (55) is easily extended to the case where the Bx term on the left
hand side is replaced by Bx + ¢ for a deterministic vector c:

/ o(y: B + ¢, R)(; mo, Qo) = (y; B + ¢, BQoB' + R). (56)

Using the identities (54) and (55), we can rewrite the general backward smoothing recur-
sion (48) as follows.

¢($s;ms\t7Qs\t)

= fX,|Yo=yo,....Yimy:,0(Ts)
/[ IX o Yo=yo,Vemys 0 (Ts) FX o1 |Xs=as,0 (Ts 1)
- fsz‘Y0:y01~~-)YS:y870(u)sz+l|Xs:U,9($3+1)du
_/[ A(Ts5 M55 Qo)) P(Ts+1; As 11T, Nst1)
) LS olusmys, Quls) (s 15 Asyru, Yspr)du

:| sz+1|Y0:y0,...7}/}=yt79(‘%‘5+1)dxs"rl

] <Z5(9Us+1; Ms41)t Qs+1\t)dxs+1
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Applying (54) with mg = my|s, Qo = Qqs, B = As11 and R = Y11, we deduce that the
term inside the square brackets above equals

P(xs; Mg|s, Qs|s)¢($s+1; Ast1Ts, Ysy1)

J (u;my)g, Qgps)d(2si1; Asru, Bgp1)du = 9Aesi M(Ta41), Q) (57)
where
U(@s41) = Mggs + QusAbsy (Asr1Qups Ay + Bss1) ™ (To41 — Agrrmys)
Q = Qus — QusAlyy (Ast1QueAlyy + 1) Ast1Qus
As a result

(55 mi), Q) :/Qb(xs;m($s+1)aQ)¢(xs+1;ms+1taQs+1t)dxs+1 (58)

We now apply (56). Note that m(zs41) is a linear function of 51 and it can be written as
Bz + ¢ with

-1
B:= Qs\sA/erl (As—l—le\sA/erl + 25+1)

and

¢ = Myls — Qus A1 (Ast1Quls ALy + Es-i—l)_l Asp1mg)s.

The identity (56) therefore gives that the integral on the right hand side of (58) equals the
multivariate normal density with mean Bmyg +c and covariance BQoB’ + R evaluated at
zs (here mg = myi ), Qo = Qsp1)p and R = Q). Because the left hand side of (58) is the
multivariate normal density with mean m; and Q;, we deduce the equations

Mg = Mygjs + Qs)sAbiy (Ast1Qs)s ALy + Es+1)_1 (Mst1pe — Asy1mmy)s)
and
Qslt
= BQoB' + R
= Qus A1 (As+1Qs\sAls+1 + ZJs+1)71 Qsy1t (As+1Qs|sA/s+1 + ZJs+l)71 As11Qy)s
+ Qs — Qs Asiy (Ast1Qys A% + Es+1)71 As+1Qq)s
= Qujs + Qus ALy (Ast1Que Al + 1) Qe (Ast1Qups ALy + Zor1) ™ Ass1 Qs
— Qus Al (Ast1QupsAlyy + Zoi1) T Agi1Qys
= Qujs + Qus ALy (Ast1Que Ay + 1) Quiap (Ast1Qupe ALy + Zor1) ™ Agi1 Qs
— Qups Al (Asy1Qqs ALy + Es+1)71 (Asr1Qus A%y + Bsp1) (Asp1Qys ALy + Es+1)71 As+1Qqs
= Qsst
QuisAli1 (Asi1Qqs ALy + Zerl)il (Qugipt — Ast1QssAs i1 — Bot1) (As1Qu)s A%y + Esﬂ)i1 As+1Qqs

We shall now write these equations concisely by using the following notation. Recall that
from the one-step ahead prediction updates (51), we have

/
Msp1)s = As+lms|s and Qs—l—l\s = As+1Qs|5As+1 + Y541

Replacing the terms Agp1my)s and Q115 = Asy1QsA% 1 + Xst1 by myiq)s and Qg4 qs in
the smoothing recursion equations, we get

-1
Mgt = Mg|s + Qs\sAlerle_H‘s (merl\t - ms+1|s)

Qs|t = Qs\s + Qs\sAlerle__&l‘s (Qs+1\t - Qs+1|s) QS__:1|SA5+1QS|S
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Finally using the notation
-1
FS+1 = QS|SA;+1QS+1|57

we get

M|t = My|s + st (ms-l—l\t - ms+l|s)

Qs|t = Qs|s + Tt (Qs—&-l‘t - Qs+1|s) Ffs-i-l
These are the Kalman Smoothing equations; alternatively known as the Rauch-Tung-Striebel
equations. They allow the calculation of my, Qg from knowledge of my 1), Qy1)s as well
as from my|g, Qgs, Mgy1]s) @st1)s (these four quantities are obtained by running the Kalman

filter). One runs these smoothing equations starting from s = ¢t — 1 and decreasing s all the
way to zero.

9.4 Dealing with missing data in the context of state space models

Consider a time series dataset yg, y1, - . . , yr where observations corresponding to certain time

points may be missing. More precisely, the data might look like yg, y1, y2, miss, Y4, y5, g, miss, ys, - - . .

How does one analyze this dataset? In the context of state space models, this is quite straight-
forward. As usual, we use a state space model with a hidden Markov process {X;} and then
connect it to the observation random variables Yy, Y7,.... In contrast to the fully observed
setup, we now assume that each Y; takes an additional value “miss” which means that we
should also model:

P{Y; = miss | X; = z}.

Modeling this probability requires us to know the missing mechanism which is quite difficult
in general. A simplistic assumption is that

P{Y; = miss | X; = 2} does not depend on z. (59)

This is can be viewed as a “missing at random” assumption. Under this assumption, analysis
is quite straightforward and the Kalman filter and smoother for the model with missing ob-
servations are obtained by a simple modification of the model without missing observations.
For example, here is how to run the Kalman filter in the presence of missing observations
and the missing at random assumption (59). The Kalman filter tells us about the step:

Xi 1| Yo=wo,.. -, Yie1=y-1,0 to Xy |Yo=wo,...,Ys1 =y 1,0
which is the one-step ahead prediction update and then about the
Xt’YE)ZQO;---;Yt—IZyt—bH a‘nd Xt’YE):?JO,---;Y;t—l:yt—hY;f:yt,G (60)

which is the filter update. When y; is observed, both these steps are carried out as usual.
However when 3; is missing, then there is nothing to do in the filter update so we just take
the two conditional distributions in (60) to be the same (observe that the missing at random
assumption is crucial here). The smoothing procedure is the same as in the fully observed
case. We shall look at specific examples in the next class.

9.5 Recommended Reading for Today

1. The general smoothing approach described in Section 9.2 can be found in:

a) Section 6.2.1 of the Kitagawa-Gersch book (in particular, see Equation (6.7))
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b) Section 14.2 of the Kitagawa book.
¢) Section 2.7.4 of the Petris-Petrone-Campagnoli book
d) Section 8.1 of the Sarkké book

2. The Kalman/Rauch-Tung-Striebel smoothing equations are described in all the books
listed in the course outline:

a) Section 5.2 of the Kitagawa-Gersch book (in particular, see equation (5.6)

b) Section 9.3 of the Kitagawa book

d

)
)
c¢) Section 4.4 of the Durbin-Koopman book
) Section 8.2 of the Sarkké book

)

e) Proposition 2.4 of the Petris-Petrone-Campagnoli book
f) Theorem 3.4 of the Triantafyllopoulos book

Section 7.2 of the Chopin-Papaspiliopoulos book also discusses the Kalman smoothing
equations. They however derive the algorithm from a general Feynman-Kac formalism
(see their Chapter 5). I will discuss the Feynman-Kac stuff in class a few weeks later.

3. For missing data:

a) See Section 2.7 of the Durbin-Koopman book for a treatment of missing observa-
tions for the local level model and Section 4.10 of the Durbin-Koopman book for
a more general treatment of missing observations for linear Gaussian state space
models.

b) See Section 9.7 of the Kitagawa book.

¢) Section 2.7.3 of the Petris-Petrone-Campagnoli book for filtering with missing ob-
servations (also see page 62 of Petris-Petrone-Campagnoli where it is argued that
no changes to the smoothing step is necessary for dealing with missing observa-
tions).

10 Lecture Ten

10.1 Summary: General Filtering and Smoothing

Let us use the following simpler notation. Let fs|t(xs) denote the conditional density of X
given Yy = vo, ..., Ys = 44, 0 evaluated at the point xg.

Filtering recursions for general state space models are (see Lecture Six) the following. The
one-step ahead prediction update is

frp—1(2e) = /ththxt1,6($t)ft—1t—1($tl)dxtla (61)

and the filter update is
ft|t(l‘t) X fYt|Xt:act,9(yt)ft|t—1(xt)' (62)
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The backward smoothing recursion for general state space models is (see Lecture Nine):

fslt($s):/|: fs|s($s)fXé+1|Xs_zS’ (xS_H)

ffs|s sz+1|Xs—u 9(x5+1)du

fsr11e(@sr1)dzstn (63)

This can be rewritten in the following way. Note first that the denominator (inside the
square brackets) equals:

/fs|s(u)sz+1|X5:u,9(xs+l)du
:/fXSYOyO,...,YSys,e(u)fxs+1|xsu,e(l‘sﬂ)du

= / I X Yo=yo, Yomys,0 (W) FX o1 | Xo=u, Yomyo,.... Yomys,0 (Ts+1)dU

= fXoi1[Yomyo,,Yomys,0(Ts+1) = for1|s(Ts+1)

Thus (63) becomes

fopla /fs|s Ts) fxyi1|X0,0(Tst1)
st s

fsr1)e(Ts+1)dmsir.
fs+1|s xs-l-l) st °

Note also that the f; s(zs) term on the right hand side can be pulled out of the integral (as it
does not depend on x5 which is the variable of integration). Thus the smoothing recursion
becomes:

fs|t(x5) _ fss(xs)/fXS+1XS70($S+1)f8+1t(x8+1)d$5+1. (64)

fsr1)s(@st1)

10.2 Summary: Kalman Filtering and Smoothing

The general filtering and smoothing recursions can be computed in closed form for the case
of the linear Gaussian state space model:

Xo ~ N (o, To)
X = A X 1+ U
Y, =B X +V;

with Xo, U, ..., Vo, Vi,... independent and U; ~ N(0,%;) and V; ~ N(0, R;). Here every
density f,); is normal and we shall write m,; and @, for the mean and covariance corre-
sponding to the (possibly multivariate) normal density fs;. The one-step ahead prediction
update (61) becomes

Myp—1 = Agmy_qp—1 and  Quuq = AiQp 11 AL + X4
The filter update (62) becomes
My = Myg—1 + Qt|t—1B£ (BtQtlt—lB£ + Rt)_l (yt - Btmt|t—1)
Qut = Qi1 — Que—1Bt (BiQyu—1 B + Rt)_l BiQyj¢-1
Finally the smoothing backward recursion (63) becomes

Mgt = Ms|s + st (ms-l—l\t - ms+1|5)
Qs|t = Qs|s + F5—%—1 (Qs_g_l‘t - Qs+1|s) F;+1

where

o / -1
Potpr:= Qs|sAs+1Qs+1|s~
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10.3 Special Case: Local Level Model

Let us specialize the Kalman filtering and smoothing recursions for the special case of the
local level model:

Xo ~ N(0,C)
X, =X, 1+2  with U, X' N(0,0%)
Y, =X, +¢  with e % N(0,02)

We have already seen that the Kalman filter for the local level model is:

_ _ 2
My—1 =My_1p—1  and Q1 = Qy_1jp—1 + 07

and
2 Q 2Q
O tlt—1 O Wt|t—1
Myt = 3 Mt—1 + ., oYt and Qtt =5 | 9
| Qye—1 + 02 | Qyt—1 + 02 | Q-1 + 02
The Kalman smoothing equations become (note that I'sy; = Q?i‘;‘s = Qisfazz )
Q
M|t = Mg|s + CQSSZ—SO'% (ms+1|t - ms+1|s)
Qs\s 0’% Qs\s
= m + —=(m 1 —m = m + Mgi1|ts
ss Qs\s + O‘% ( s+1| s\s) Qs\s + O‘% s|s Qs|s + O’% s+1|
and
2
Qs|s
Qs\t - Qs|s + (M (Qs-l—l\t - Qs+1|s)
2
Qs|s 2
= + | = — -0
Qs|s <Q5|s i 0_% (Qs—i—l\t Qs|s Z)
2 2 2 2
|s Qs|s QS|SUZ Qs|s
= Q. — i + Qei1p = + Qsy1)t-
ols Qs|s + J% Qs|s + U% o+l Qs|s + O—% Qs|s + 0—% o+l

This local level model is useful for estimating smooth trends in time series. However it does
not work well for estimating nonsmooth trends such as piecewise constant trend functions.
For piecewise constant trend functions, using certain non-Gaussian distributions for the
evolution errors {Z;} works well. For example, one can use

7, '~ C(0,0%) (65)
or ..
7, ™ aN (0, small) + (1 — @) N(0, o3). (66)

In (65), C(0,0%) denotes the Cauchy density centered at 0 with scale parameter oz:

0z

2= ——F—F5 .
(2% 4+ 0%)

(66) is a mixture density with two components: the first component is a normal density
centered at zero with small variance and the second component is a normal density centered
at zero with variance o3. For fitting piecewise constant trend functions, we would take « to
be close to 1.
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When the density of Z; is not normal (as when it is of the form (65) or (66)), the overall
model is not “linear Gaussian” so that Kalman filtering and smoothing are not applicable. We
will study two ways of solving the filtering and smoothing problems in such models. The first
approach is to numerically evaluate the general recursions of Section 10.1 by discretization.
This method is described in the next section. The second approach is to use Monte Carlo
approximation and we shall discuss this later (this approach is known as “Sequential Monte
Carlo” and is the main focus of the Chopin-Papaspiliopoulos book for example).

10.4 Numerical Evaluation of X, | Yy =vo,...,Y; =y, 0

This method works for arbitrary state space models. It is also conceptually simpler (com-
pared to the Kalman recursions) but it is computationally quite intensive because we need
to recursively compute entire densities (as opposed to just means and covariances as in the
Kalman recursions).

We shall discretize space by placing a dense grid z(9), g € G covering the range of X;. We
shall use the same grid for each X; for simplicity although in principle different grids may be
used for different values of t. We shall reduce all densities to probability mass functions over
{9 g € G}. Let ps|t(x(9)), g € G denote the probability mass function that approximates
the density fy(-) i.e.,

pee(z19)) o< fopp(2'9)
or, more precisely,
fs|t(1‘(g))
Zg’eG fs|t(37(g/)) .

From knowledge of ps|t(x(9)), g € G, the density f,;(r) cannot be determined precisely for
all z but it can be approximated well if the grid G is dense. For example, one can use the

ps|t(x(g)) =

approximation
fsje(x) o< ps‘t(a:(g)) for 29 that is closest to z.

We shall discretize the recursions (61), (62) and(63). The discrete equation corresponding
to the one-step ahead prediction update (61) is given by

pt\t—l(fU(g)) X Z th|Xt,1:x(§> (x(g))pt—ﬂt—l(wg)
geG

The normalization constant can be written explicitly as

> geG fxt|xt_1:m<§),9($(g) )Pt—1}t—1(x9)

9y —
Pyje—1(z) = / - (67)
il g 2gec Ixixi 1 =a® (29))py_1jp—1(x9)
The discrete equation corresponding to the filtering update (62) is given by
pt|t(33(g)) X fyt|xt:z(g) (Z/t)pt|t—1(1’(g))
which becomes the following with proper normalization:
» (x(g)) - fYt|Xt::c(g) (Z/t)Pt|t—1($(g)) (68)
t|t - /
| > gec Tyiixi=ate) (Ye)P-1 (219))
Finally the discretized version of the smoothing recursion (63) is
fX —z(9) (x(é)) p (x(g)>
@y = (9) s+1|Xs=2(9),0 s+1t
Psjt(2) = pyjs(29) ; - (69)
g | gezé Zg’EG fxsﬂ\xszx(g),e(w(g )) ps+1\s($(g))
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These three equations (67), (68) and (69) can be implemented to compute p; for all s < ¢.
The recursions can be initialized with

p0|,1(a:(g)) x 1 forall g € G.

This corresponds to a diffuse prior on Xj.

These recursions are used, for example, to fit the local level model with evolution errors

(65) or (66).

10.5 Recommended Reading for Today

1. Kalman smoothing equations for the local level model can be found in Section 2.4 of
the Durbin-Koopman book and Example 8.1 of the Sarkké book

2. The numerical recursions for filtering and smoothing can be found in Section 6.3 of the
Kitagawa-Gersch book and Section 14.3 of the Kitagawa book.

3. For estimating smooth trend functions with state space models, see Section 8.2 of the
Kitagawa-Gersch book or Chapter 11 of the Kitagawa book.

4. The local level model with Cauchy errors has been used to fit a piecewise constant trend
function in Section 14.4 of the Kitagawa book (they actually used the more general
Pearson family for the evolution errors). Section 8.4 of the Kitagawa-Gersch book also
considers the Pearson family for the evolution errors as well as the normal mixture
distribution (66).

11 Lecture Eleven

We shall discuss optimization algorithms for maximum likelihood estimation for state space
models. We start with a general discussion of optimization algorithms before specializing to
the case of state space models.

11.1 Basic Optimization Algorithms

The goal is to maximize a function F'(f) over §. Optimization algorithms are iterative and
output a sequence of values (9, (V) . which is supposed to converge to a (local) maximizer
of F. We shall describe briefly three standard optimization algorithms: Gradient Ascent,
Newton’s method and BFGS.

11.1.1 Gradient Ascent

Given the current iterate #), consider the first order Taylor expansion of F near §(™):
F(0) ~ F(0) + (VF(O),0 - 0.

This suggests that F(0) > F(#™) provided

<VFWWMQ—MM>20
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which will be satisfied when
0—0" =a,VFO™)  for a>0.
Motivated by this, the gradient ascent update is
o) = 9 4 o, VF(O™).

The quantity «, is called the step-size and the best way to choose it (which guarantees
improvement in function values) is to maximize the quantity

F (0(") + aVF(Q(”))) over all a > 0.

The above one-parameter maximization can be done by a line search.

11.1.2 Newton’s Method

Given the current iterate (), consider the second order Taylor expansion of F' near 6(™):
F(0) ~ F(0™) + <VF(0(”)), 0 — 9<n>> + %(9 —0MYHF@O™)(0 - 0™).  (70)
The maximizer of the right hand side above can be calculated in closed form as:
oo = (—HF(9<">))_1 (VF(G(”))) .
This motivates setting
ot — g 4 o, (—HF(@W)Y1 (VF(H(”))) (71)

where again «,, is chosen to maximize the quantity
-1
F <9<n> ta (—HF(G("))) (VF(9<">)>) over all a > 0.

Note that it is important that —H F(G(”) must be positive semi-definite for the quadratic
approximation (70) to have a well-defined maximum (otherwise, its maximum will be 400).

Newton’s method works very well when initialized reasonably close to the actual maximizer
of F. But one needs to calculate the Hessian matrix HF(6() which may be difficult on
impossible in some applications.

11.1.3 Quasi-Newton Method: BFGS

Quasi-Newton methods mimic the Newton update (71) without explicitly including Hessian
matrices. Instead the idea is to have approximate Hessians and update them at each step.
The most popular of these methods is BEGS (Broyden-Fletcher-Goldfarb-Shanno) and this
method works as follows. At each step of the procedure, the current estimate of the maximizer
6(") is updated to the next value (™™ and the current approximate Hessian matrix H ()
is also updated to the next value H™*t1. The update 8™ — #("+1) ig exactly the same as
(71) with HF (™) replaced by the current Hessian approximation H(™):

ot = g 4 o, (—H(”)) B (VF(G("))> (72)
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where, as before, a,, is chosen to maximize the quantity
-1
F <6’(n) +a <—H(")) (VF(H("))>> over all a > 0.

The update for the Hessian is given by (we are assuming that each —H (") is symmetric and
positive definite)
gy HM™ss'H™

g's s’H(Ms (73)

where

5= 00D _ g and g:= VF (9<”+1>) _VF (9<">) .

The Hessian update can also be written in terms of (H(™)~!:

(0+0) ™ (1 . gg> () (z _ §> + g (74)

This is useful because the #-update (72) is written in terms of the inverse of H (™),

Here is some intuition behind the Hessian update (73) (or, equivalently, (74)). It is easy
to check that H(™t1s = ¢ which is same as

H(n+1) (9(n+1) - 9(71)) _ VF(H(TL+1)) - VF(Q(n))

This is a reasonable condition to insist because H(" 1) is supposed to approximate HF' (0("“)).
Observe that when the dimension equals 1, the equality H™t1s = ¢ is the same as

F/(e(n—l—l)) _ F/(e(n))
Q(n-‘rl) _ Q(n)

H(n+l) —

The matrix H"*1 defined by (73) is actually the solution to the following optimization
problem:

g+l — argmin {D(XHH(”)) : Xs=gand X is psd}
X

where

D(X|[H) = % i ()7 X) ~logdet (1) X)) — d].

Here d is the dimension of 6 (note that each H is d xd). The above expression D(X||H) is the
Kullback-Leibler divergence between the multivariate normal distribution with covariance X
and the multivariate normal distribution with covariance H. At a high level, H("+1) should
be understood as the closed matrix to H™ (measured in terms of the divergence D(-| H™))
subject to the condition H"g = ¢. It is standard to initialize H® with the identity
matrix.

Observe that in order to apply the gradient ascent and the BFGS methods, it is necessary
to be able to compute the gradients of F'. To apply the Newton method, one also needs to
compute the Hessian of F'.

If you want to learn more about these optimization algorithms, you can read standard
books on nonlinear optimization; I can recommend Numerical Optimization by Nocedal and
Wright, or the first chapter of Introductory Lectures on Convex Optimization by Nesterov,
or Iterative Methods for Optimization by Kelley.
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11.2 Application to Maximum Likelihood Estimation in State Space Models

We shall apply the optimization algorithms for obtaining maximum likelihood estimates in
state space models. The function F' in the previous section will now be the log-likelihood
function. We have seen that it can be calculated for state space models by filtering (in
particular, the Kalman filter can be used for likelihood computation in linear Gaussian state
space models). As we saw in the previous section, gradient ascent and BFGS require gradient
evaluations. We thus need to calculate the gradient of the log-likelihood function in state
space models. One often uses the term score vector or score function for the gradient of the
log-likelihood function.

For calculating the score vector in state space models (and more generally in latent variable
models), it is convenient to use the Fisher identity which we shall describe next.

11.2.1 Fisher ldentity for the Score

Consider a general latent variable model which describes the joint density fy, x|9(y, ) of two
variables Y, X in terms of parameters §. Here Y denotes the observed variable (the observed
data from Y will be denoted by y) and X denotes the hidden or latent variable (we will not
be observing any specific realizations x corresponding to X). This setting is quite general
and includes the state space model as special case. For state space models, Y = (Yp,...,Yr)
and X = (X(), ce ,XT>.

The likelihood of the observation y is simply equal to the density of Y at y:

fyie(v) :/fy,xw(y»l“)dx

viewed as a function of the parameters f. Generally in latent variable models, fyo(y) is
harder to evaluate compared to fy, X|9(y, x). Our goal here is to calculate the score function
(gradient of the log-likelihood) at a specific parameter value 6©) . More precisely, we want
to calculate:

Vo log fyo(y)

6=6(0)
Fisher’s identity provides a formula for the score in terms of fy, x|y

Fact 11.1 (Fisher’s Identity). For every 0O and y, we have

Volog frio(y)] = VeE (0,07 (75)
0=6(0) 9=0(0)
where
E0,09) = / [log fyx10(y: 2)] fx|y—yo—p (€)dz (76)
Proof. Fix 6 and y. Note that for every z,
fyxpe(y, )
fY\@(y) - fX\Y:y,G(x)
which can be rewritten as
log fyo(y) = log fy,x19(y, ) — log fx|y=y,6(2). (77)

49



We now integrate both sides of the above equality with respect to the probability density
q(x) == fx\yzy,eze(()) (z).
Note that the function z — ¢(x) depends on y and #(°) but it does not depend on the generic

parameter value § appearing in (77). Integrating both sides of (77) with respect to g(x)
(note that the left hand side of (77) does not depend on z), we get

log fy 5(y) = / llog v x10(4,2)] a(x)dz — / llog Fxiy—yo(®)] a()da
— B(9,0) - / [log Fxiy—yo(2)] a(z)de.

We now take the gradient on both sides with respect to 6 and evaluate the gradient at
0 = 00, This leads to

= VoE(0,00)
6=6(0)

- V@/ [log fx|y=ye(®)] q(z)dz

Vo log fya(y)

0=6(0) 9=0(0)

Thus, to complete the proof of (82), it is enough to show that the last term above equals
zero. This is true because

q(x)dx
6=0(0)

Vo / ll0g fx|y—y ()] a(z)dz

= /Ve [IngX|Y:y,9(x)]

0=0(0)

Vofxy=yo()

fX|Y:y,9=9(0> (x)

Vofxy—=yo(r)
9=6(0)

= fx |y =y 0=p0 (z)dz
fX|Y:y,e:9(0> (z) Y=,

dx
9=0(0)

=V [/ fX|Yy,9(x)dx:|

= Vo [1]

= /Vefxy=y,9($)

9=0(0)

=0.
9=0(0)

Note that at two places in the above chain of equalities, we interchanged the operations of
differentiation (with respect to ) and integration (with respect to x). O

As we shall see in the next class, the quantity E(6, 0(0)) also appears in the EM algorithm.
We shall often write it as

E(9,00) = Eyo) [log fy.xe(y, X) | Y =y].

The notation on the right hand side needs to be understood correctly. The parameter 6
appearing in log fy x|¢(y, X) will remain as ¢ (i.e., it will not be replaced by 6(©). Eg)
represents expectation over X with respect to the density fx|y_, g—g)-
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11.2.2 E(6,0) for state space models

For state space models,

log fy,x10(y, ) = 10g fx..... x0 Yo, Y0 (T0s - -+ BT Y05 - - - YT)
T T
= log fx,|o(z0) + Z log fx,|x,_1=w,_1,6(Tt) + Z 10g fy,|xi=a.,0(Yt)-

t=1 t=0
Observe that the right hand side above involves three kinds of quantities: the observed data
Yo, - - -, YT, the parameters 6 and the quantities xo, . .., zp. From here, to obtain E (6, 9(0)), we
leave g, . .., yr, 0 unchanged in the right hand side and take the expectation over x,...,zp
conditional on yg,...,yr. This conditional expectation depends on parameters and we shall

fix the parameters at 6(©) (as opposed to the 6 that is already appearing on the right hand
side). We can thus write

E0,09) = 1,(0,09) + 150,60 + I5(6,0) (78)
where
1,(0,0) = / [10g fxo10(20)] fxove=yo,... vreyr0© (T0)dzo
= E [log fxyjo(Xo) | Yo = 1o, - Yr = yr. 0],
and

T
I2<9,9(0)) = Z// [log th\Xz_1=l‘t—179<xt)] th,Xt,l|Y0:yo,..‘YT:yT,0(0)(wt?wt—1>dxtdxt—1
t=1

T
=> E [log FxiXe=Xe10(Xe) | Yo = o, .., Yr = yr, 9<°>] :
t=1

and

T
13(97 9(0)) = Z/ [log fYt|Xt:zt,9(yt)] th|Y0:y0,...,YT:yT,0(O) (xt)dxt
t=0

T

=> E [1og Frixi=xoowe) | Yo =wo,...,Yr = yT,e@} .
t=0

Note that I3(6, 0(0)) involves expectation with respect to the conditional distribution
Xt ‘ Yb :y07"'7YT = yT79(0)

and I;(6,0)) involves expectation with respect to the above conditional distribution for
t = 0. These conditional distributions are obtained from the smoothing algorithm. Further
I5(6,0©) involves expectation with respect to

Xt7Xt—1 ‘ Y'O =7Yo,--- 7YT = ?JTNQ(O)

which can also be obtained from the smoothing algorithm (we shall see the reasoning behind
this in the next class).

For the linear Gaussian state space models, I;(6,60)), (6,0, I3(8,0() can be com-
puted in closed form in terms of the output of the Kalman smoothing algorithm. It is also
possible to obtain closed form expressions for the gradient of E(6), 0(0)). This is a nice way
of computing the score function in linear Gaussian state space models using the Kalman
smoother output. We shall see the details in the next class.
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11.3 Recommended Reading for Today

1. Some references for an in-depth coverage of optimization algorithms are the books
Numerical Optimization by Nocedal and Wright, or the first chapter of Introductory
Lectures on Conver Optimization by Nesterov, or Iterative Methods for Optimization
by Kelley.

2. For a quick review of optimization algorithms with the goal of applying them to param-
eter estimation in state space models, see Section 7.3 of the Durbin-Koopman book,
Section 14.4 of the Chopin-Papaspiliopoulos book, and Appendix A of the Kitagawa
book.

3. Fisher’s identity can be found in Section 7.3.3 of the Durbin-Koopman book (although
they don’t call it the Fisher identity), and Exercise 12.5 of the Chopin-Papaspiliopoulos
book, and Equation (12.32) in the Sarkka book.

4. For the formula (87), see equations (12.29) and (12.30) of the Sarkka book.

12 Lecture Twelve

12.1 Pairwise Smoothing Distributions

In our study of smoothing algorithms, we have focussed on calculating the distribution of

Xs | Yo =vo0,...,Y: =y, 0 for fixed s < t. For the score vector calculation (as well in the
EM algorithm), we would need to calculate the conditional joint distribution of X5 and Xs41
given Yy = yo,..., Yz = ¥, 0. In the general case, this can be done via

fXS,XS_H|Y0:y0,...,Yt:yt,9(x87xs—f—l)
= sz|Xs+1:xs+1,Y0:y0,---7Yt:yt,9(xs)szH|Y0:yo,---,Yt:yt79($S)
We have seen in Lecture Nine that the first term in the right hand side above equals
FX X1 =001, Yomy0, Vim0 (Ts) = X, Xoi1=2041,Yompo,.., Yomys,0 (Ts)

. fXS\YO:yO,...,YS:yS,O(x8>sz+1|X5:x5,9($s+1)
S X Yomyor Vamye 0 (W X0 1| Xo=u,0(Ts 1) du

‘We thus have

IX0 X o1 Yo=yor.Yimys,0(Ts; Ts41)
_ [ sz|Y0:y0,...,Ys:ys,6(xs)sz+1|Xs:ms,0($S+1)
S X Yomyo,... Vomye 0 (W) FX i1 | Xomu,0(Tst1)du

:| sz+1|Y0=y07--~7Yt=yt79($5)'

The above formula expresses the joint smoothing density of X, X1 in terms of the smooth-
ing density of X511 as well filtering and transition densities.

For linear Gaussian state space models, explicit calculations can be done leading to the
formula:

Xs+1> <<ms+1t> < Qoy1t Qugrpel 1>)
Yo =yo,....Yi =y 0 ~ N : st} ). (79
< Xs | 0= Lo Mgt Fs+1c2s—|—1|t Qs|t ( )

Here, as before, my; and Q,; denote the mean and covariance of X, | Yo = yo,...,Ys,0
respectively. Also I'sy1 equals

Psp1 = Qs\sAls—l—lQ;il‘s' (80)
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Note that I's;1 appears in the Kalman smoother recursions. To prove (79), we only need to
verify that

Cov (Xo11, Xs [ Yo =90, .-, Ys =y, 0) = Qui1Tipy- (81)
This is true because (below data; stands for Yy = yo, ..., Y: = v)
Cov (Xsy1, X | datay, ) = E [(XsH - msﬂ‘t) (XS — ms‘t)/ \ datat,H]
) [(XS+1 — 1) E { (X —myp) | Xop1, datay, 9} | datay, 9} .
We have seen in Lecture Nine that
E (Xs | Xst1,datar) = my, + T (XS+1 — ms+1|8)
which gives
E{ (X, = myp)' | Xopr, datar, 0} = (mype + Torr (Xop1 = magajs) = map)’
= X, I,.; + non-random
where “non-random” refers to a quantity which is deterministic. Thus

Cov (Xy11, X, | datay,0) = E [(Xgp1 — mgy)) { X5y + non-random} | datay, 6]
=E {(XS“ — m$+1|t) {(X5+1 — m5+1|t),F’S+1 + non—random} | datay, 9]
= Cov (X,y1 | data, 0) T = Qi1jelsy -

This proves (81) which completes the proof of (79).

12.2 Fisher’s Identity (from last time)

In the last class, we looked at the Fisher identity for the score function. The setting is that
of a latent variable model that describes the joint density fy, x|g(y, ) of two variables Y, X
in terms of parameters 6. Y is the observed variable (y is the observed data) and X is the
hidden or latent variable. Fisher’s identity says that

(82)

Volog frio(y)] = VeE (0,07

0=6(0) 9=6(0)

where

E(9,00) = / [log fy,x10(y, )] fx|y—yg—o (@)dx (83)

12.3 The Score Function for the Local Level Model

Let us illustrate the Fisher identity for calculating the score function in the local level model:
Xo ~ N(po,To)
Xi=Xi 1+ 2  with U, &' N(0,0%)
Y, =X, +6  withe %' N(0,02)
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The parameter vector here is 6 := (0,0.). Let us calculate E(6,6)) to calculate the score
vector at 00 := (O'g)), Uéo)) The log-likelihood of Yy, ..., Yy, Xq, ..., X7 equals

1 T
log fy,x(0) :== —3 log (2nTo) — ﬁ(u’ﬂo — po)* — 5 log (2m0%) — Z Tt — Ty—1)
=1
T
T+1 1
_ log(2 _
S onrd) 52 Sl
Therefore
1 1
B(6,01) := —3 log (2nT) - o B {(Xo ~ 10)? | data, 9<0>}
T T
— 5 log (210%) — 5 E {Z — Xi-1)? | data, 0<0>} (84)
t=1
T+1 1 d
2 2 0
- log(2mo?) — QUEE {;(yt — X;)? | data, 6¢ )}
where “data” represents Yy = yo,...,Yr = yp (this is basically datap in the notation of

Section 12.1). As a result

~L + AE {Zle(xt ~ X,_1)? | data, 0<0>}

VoB(0,0%) = (85)
2 LE{ST (e — X0)? | data, )}
The Fisher identity therefore gives
_% TN (Jm)) {Zt 1 (Xt — X;-1)? | data, 9(0)}
Volog fyp()|  =| (86)
| 0=01) _% VT {Zt o( Xt)2 | data,Q(O)}

(v ‘°’)
The expectations appearing above can be calculated using the output of the Kalman smoother

as shown below. Let mS|T(0( ) and Q) ‘T( )} denote the output of the Kalman smoother
when the parameters are set to #(9). Then

“

E

(X, — X;_1)? | data, 9“”}

-+
Il

1

Il
E

E {(Xt ~ Xi_1)? | data, 9<0>}

-
Il
—

T
var {Xt - X | data,G(O)} + Z (mt|T mt—1|T(9(0))>2
t=1

I
E

#
Il
—_

T
|Qur(6®) + Qu_yr(6) — 2Cov (X, X1 | data, 60)] + > (mur(0©) — my s (6))”

1
B

#
Il
—

[Qt\T( )+ Qt—1|T(6( ) — 2Qt|T< } + ET: <mt\T mt—1|T(9(0)>>2

M’ﬂ

I
N

where, in the last equation, we used the formula (81) for s = ¢t — 1. The quantity T';(8(?)
equals (see (80)):
Qi—11-1(0)

)y —
Ft(e(o ) - Qt‘t—l(e(o))
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which can be calculated by the Kalman filter output.
Also

T
E {Z(yt — X;)? | data, 9(0)} =

t=0

E {(yt —X;)? | data,ﬁ(o)}

{Var (Xt | data, 0(0)> + <yt - mt|T(0(0))>2}

Il
1= 1= 11

{QtIT(H(O)) + (yt - mt|T(9(0))> 2} '

t

Il
o

Observe that (86) is a closed form expression for the score function (in terms of the Kalman
smoother output). Using the expression (86) for the score function, we can use standard
optimization methods (such as gradient ascent or BFGS) to obtain the maximum likelihood
estimator for 0 = (07, o¢).

12.4 The EM Algorithm

The EM algorithm is another method for maximizing the log-likelihood log fy¢(y) over ¢ in
latent variable models. It is also an iterative algorithm. The EM update

p(n) _y p(n+1)

consists of the following two steps:
1. E-Step: Calculate E(,0(™) (this is (83) with #() replaced by 8(").
2. M-Step: Take (1 to be the maximizer of E(6,0™) over 6.

Some intuition behind this algorithm will be provided in the next class.

12.5 EM for the local level model

are
6=6(0)
calculated in Section 12.3 (see (84) and (85)). Using these, we can immediately write down

the EM iterate in closed form. Indeed, 81 is obtained by maximizing E(8,6™) over 6.
Setting the gradient of F(#,6(™) (calculated in (85)) to zero, we can immediately deduce
that

For the local level model, the expression for E(6,6()) as well as VyE(6,0)

T
U?+1) — %E {Z(Xt - Xt—1)2 ’ data, 9(”)}

t=1

and

T
1
(n+1) — _ 2 (n)
o! THE{;:O(M X;)? | data, 6 }

This is a very easy update (there are no line searches for step size selection) and thus the
EM is very popular for state space models.
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12.6 Calculation of E(0,0")) for general state space models

For a general state space model,

log fy,x10(y, ) = 10g fx,.... x1 Yo,...vol0(T0s - - - BT, Y05 - - -, YT)
T T
=10g fxo/0(0) + >_108 fx,(x,_y—zr_1,0(Tt) + 3108 fix,—an0 ()
=1 =0

Observe that the right hand side above involves three kinds of quantities: the observed data
Yo, - - -, YT, the parameters 6 and the quantities xy, . . ., zp. From here, to obtain F (6, 9(0)), we
leave yq, ..., yr, 0 unchanged in the right hand side and take the expectation over x, ...,z
conditional on yg,...,yr. This conditional expectation depends on parameters and we shall
fix the parameters at 6©) (as opposed to the 6 that is already appearing on the right hand
side). We can thus write

E(0,0) = 1,(0,09) + I,(0,00) + I3(6,0) (87)
where
1,(0,0%) = / [10g fxo10(20)] fxo[vo=yo.... ey 0@ (T0)dzo
=K [logfxo\e(Xo) | Yo =yo0,...,Yr = yT,9(O)] ;
and

T
I(0, 9(0)) = Z// [log th\Xt_lzxt_l,o(wt)] th,Xt,l|Y0:y0,_..YT:yT,9<0) (w¢, xp—1)dapdas—q
t=1

T
= ZE |:10g th|Xt—1=Xt71,9(Xt) ‘ Yo=uvo,..., YT = yr, 9(0)] ’
t=1
and

T
13(0,00) = Z/ [10g fyvi|Xe=a0.0(¥0)] X0 Yomyo,... vieyr0© (Te)d2s
=0

T

= ZE [IOg fyixi=x,0W) | Yo=vo,..., Y7 = yT’Q(O)} '
t=0

Note that I3(6, 0(0)) involves expectation with respect to the conditional distribution

X | Yo=wo,...,Yr =yp, 00

and I (9,9(0)) involves expectation with respect to the above conditional distribution for
t = 0. These conditional distributions are obtained from the smoothing algorithm. Further
I5(6,0)) involves expectation with respect to

Xtthfl | )/0 = Yo, -- 7YT = yT70(O)
which can be obtained from the pairwise smoothing algorithm of Section 12.1.

For linear Gaussian state space models, I;(8,0©)), I5(6,0), I3(,0) can be computed
in closed form in terms of the output of the Kalman smoothing algorithm. The details of this
calculation are given in Theorem 12.4 of the Sirkks book. Often maximization of E(6,6(%)
can also be done in closed form for linear Gaussian state space models (see Theorem 12.5 of

the Sérkka book).
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12.7 Recommended Reading for Today
1. The pairwise smoothing distributions for the linear Gaussian state space model are
described in the proof of Theorem 8.2 of the Sarkka book.

2. The EM algorithm is described in Section 12.2.3 of the Sarkka book, Section 2.4.2 of
the Triantafyllopoulos book, and Section 14.1.3 of the Chopin-Papaspiliopoulos book.

3. The EM algorithm for the local level model is given in Example 14.1 of the Chopin-
Papaspiliopoulos book.

4. More details on the EM algorithm for linear Gaussian state space models are given in
Section 12.3.2 of the Sarkka book.

13 Lecture Thirteen

We shall cover the following two topics today:
1. The EM algorithm in the context of the more general MM class of algorithms

2. The Forward Filtering Backward Sampling algorithm for sampling from the full pos-
terior of all the states Xy, ..., X7 given the data Yy = yo,..., Y = yr and 6.

13.1 The MM Algorithm

The EM algorithm is much easier to understand in the context of a more general class of
algorithms called MM. Consider the general problem of maximizing a function F(#) over
0. In this setting, MM stands for Minorize-Maximize (if we are studying the problem of
minimizing F(0) as opposed to maximizing, MM would stand for Majorize-Minimize). The
MM algorithm for maximizing F(6) over 6 is iterative and the update from 6 to #("+1)
has the following two steps:

1. Construct a function G(6,0™) which minorizes F(6) for every 6 and agrees with F(6)
at @ = ™). In other words, G(6,0™) must satisfy:

G(0,0M) < F(0) for every 0, and  G(™,0™) = F(p™).

2. Take ("*1) to be the maximizer of G(#,6™) over 6.

The most important fact about the MM algorithm is that the objective function increases
(or stays the same) when going from (™ to #(*+1)

FOUDY > pe), (88)

This can be easily proved via:
F(g(n+1)) > G(@(nﬂ)’g(n)) > G(Q(n)’g(n)) - F(@(n))_

Note that the first inequality above follows from the fact that G(-,0(™) minorizes F(6), the
second inequality follows because #("*t1) maximizes G (- 0(”)) and the third inequality follows
because G(0,6) matches F(6) at § = (™),

The property (88) is very desirable for a maximization procedure and it is remarkable that
the MM algorithm satisfies it without any explicit line search scheme for choosing step sizes.
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Before seeing why the EM algorithm is a special case of the MM algorithm, let us first
look at two simple examples.

Example 13.1. Consider the problem of mazximizing the function F(0) = cosf. The MM
algorithm can be used for this in the following way. In order to go from 0™ to 0D | the
first step is to construct G(0, g(n ) for which we argue as follows. For every 6, we can write

1
F(0) = F(0™) + F'(0™)(0 — 0™) + S F"(2)(0 — 62
for some z that lies between 0 and 6. Thus

F(0) = cos ™) — (Sin g(n)) (0 —6m) — % (cos z) (6 — ™)?
1
> COoS e(n) - (sin e(n)) (0 — 0(”)) _ 7(0 _ 0(71))2
2
and thus we take

G(0,0) = cos 0™ — (sim6™) (9 — 6) %(9 _ g2,

It is easy to see that G(6,0() = F(0™). Thus G satisfies both the requirements of the
first step of the MM algorithm. Further as G(6, 9(")) s quadratic in 0, it is easy to maximize
it over 6 to obtain

o+ = g _gin 9.

It is an exercise to show that this iterative scheme converges to the true mazimizer 0 when
initialized anywhere in the open interval (—m, 7).

Example 13.2. Given m real numbers yi,...,Ym, consider the problem of maximizing

= lvi— |
=1

over 0. Any solution of this problem can be termed a median of F. The usual algorithms
for computing the median involve sorting the data. MM provides another method for median
computation that does not require sorting the data. The key to the MM iterate 6 — g(+1)
is the construction of G(0, 0(”)). For this, consider the following inequality:

ly; — 0|

. N\2
I R B . (n)|<1M 1 _9(”)|
lyi — 0]

[y 5

< 37y —gm] Tl (89)

lyi — 6] =
where we used the elementary fact: ab < % + %. We thus take

2—9
G (0. =—f2|y —72\1—

It is easy to check that G(6,0™) minorizes F(0) (because of (89)) and that G(#™,0)) =
F(6™). Because G(6,60"™) is a quadratic function in 6, it is easy to write down its mazimizer
(over 6) in closed form:
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This algorithm clearly does not involve sorting the data. One problem with this algorithm
is that it does not work when 0" equals y; for some i (note then that wgn) equals 0). It is
difficult (probably impossible) to construct a quadratic G(6,0™) satisfying our requirements
when 0 equals y; for somei. A practical fiz is to change the weights w™ slightly by adding

a small € to the denominator as: fw(n) = %)
¢ lyi—0(™)|+e

It should be clear from the above examples that the most important step for the use of
the MM algorithm is the construction of the G(#,6) function. There are some general
ideas for this (see the book MM Optimization Algorithms by Kenneth Lange, or chapter
12 in the book Numerical Analysis for Statisticians by Kenneth Lange, or these slides:
https://www.stat.berkeley.edu/~aldous/Colloq/lange-talk.pdf).

13.2 The EM Algorithm as a special case of MM

The EM algorithm is a special case of MM corresponding to a special choice of G(6, 9(")) in
the latent variable model setting. We shall describe this below. Let us first recall the notion
of Kullback-Leibler divergence (also known as Relative Entropy).

13.2.1 The Kullback-Leibler Divergence

The Kullback-Leibler divergence D(p||q) between two densities p and ¢ is defined as

D(pllq) := /p(x) log ;)Egdx'

The most important property of D(pl|q) is that it is always nonnegative. This can be proved
as a consequence of the elementary inequality:

ulogu >u—1 for all u > 0.

Because of this inequality:

D(le) = [ plo)tog "

= /q(:n) (zég log Sg;) dz
Z/q(x) (223—1>dx:/q(x)dx—/p(x)dx:1—1:0

Another way of proving D(p||q) > 0 is via the use of the Jensen inequality.

It should also be noted that
D(pllg) =0 if and only if p=g¢q (90)
This can be argued using the fact that zlogax = x — 1 if and only if z = 1.

It is also very important to note that D(q||p) and D(p||q) are in general not equal.
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13.2.2 EM and MM

We are now ready to explain the connection between the EM and MM algorithms. Consider
the latent variable setting where the goal is to maximize the log-likelihood:

F(0) = log fys(y)

There is a latent variable X and the model is specified via the full density fy, xjo(y, ). It is
important to note that the conditional density of X given Y = y depends on the value of 6.
We shall denote this by fx|y—, ().

We shall show below that the EM update for 80" — ("+1) is exactly equal to the MM
update corresponding to

G(0,6") == F(8) = D (fxiy o0 | fxv=y0) (91)

Because the Kullback-Leibler divergence is always nonnegative, it is clear that G(0, g )) <
F(0) for every 6. Further, because of (90), G(8(™ 6(™) = F(#™)). Thus G satisfies the
conditions required for the first step of the MM algorithm. Note that we can write G
alternately as

Gw?g(n)) - F(@) —D <fX|y:y o(n) HfX|Y=y79)
/
= log fye(y) /fXIY yoem ( fXTyYnyn() (i)dx
xiy=yo(@)

dx
Ixy=y,00m (x)

— [ fxv ey (@)log fyio(wids = [ Fxgy g0 () o

:/fX|Yy,9(n)(.Z') Frio) fxpy=y, (x)dx

fX|Y yO(")( )

/fX|Y e fYX\e(% ) da

fX|Y y.0m (2)

_/fx|yy,9(n>(37) IngY,Xw(yax)dx—/fXWyﬂ(n)(x) long‘Y:yﬁ(”)(m)dx'

Recall that the first term on the right hand side above is precisely the function E(6, ™)
that appears in the Expectation Step of the EM algorithm. We have thus proved that

G(0,0™) = E(9, 0 / P20 (2) 108 Fxy—y gm0

The second term above does not depend on #. Therefore maximizing G(6,0™) over 6 is
equivalent to maximizing E(6,0™) over . This shows that the second steps of the MM
algorithm (with G defined in (91)) and the EM algorithm are identical, which completes
the proof of the claim that MM (with G in (91)) is exactly the EM algorithm. The EM
algorithm is therefore a special case of MM.

13.3 Full Smoothing Distribution

In our discussion of smoothing, we have so far discussion the computation of the marginal
distributions:

Xt|Y0:y07"'7YT:yT70
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for each t =0,...,T, as well as the pairwise distributions:
Xtht-i-l ’ }/b - y07"'7YT :yT79'

It turns out ideas used for the above calculations can also be used to obtain the full condi-
tional joint density:

XO)"'aXT‘}/OzyOa"'aYT:yT,g (92)

for all the states given the observations (and ). To see this, first write (below “data” refers
tOYO:yOa'”vYT:yT)
0

on,...,XT|data,6(x0> ceey xT) = fXT\data,G(xT) H th|Xt+1:CCt+17---,XT:xT,data,9(xt)‘
t=T-1

The Markov property of { X;} and the conditional independence of Y; given Xy, ..., Xy imply

th|Xt+1:zt+1,...,XT:wT,data,H (xt) = th\XH_lsz_l,Y():yo,...,Yt:yt,H (:Ut) (93)

This means that X; = x5 for s > t+ 1 and Yy = ys for s > t can be dropped from the
conditioning. As a result

0
fXO,...,XT\dataﬁ(l'Ov M ,I'T) = fXﬂdata,@(xT) H th‘Xt+1:ait+1,Yozyo,...,m:ytﬂ(xt)‘
t=T-1

By the Bayes rule (note that fx, . |x,—z, Yo=yo,...Yi=ye,0(Tt+1) = X\ 1|X,=2,,0(Tt41)), We ob-
tain

th\Y():yg,...,Yt:yt,@(xt)th+1 \Xt:xtﬁ(xt-i-l)
S Fxivomyo,..Yimye,0 (W) X1 X =0 (Teg1)du

0
FXopo Xrldata,0 (0, - 27) = fxppaaao(@r) []
t=T-1

This is a formula for the full smoothing joint density in terms of the filtering densities.

For linear Gaussian state space models, the conditional density (93) can be computed in
closed form (as we saw in Lecture Nine) as:
Xt | Xev1 =241, Yo = Yo, -, Ye = Y1, 0

(94)
~ N (mye +Tig1 (Tee1 — mugae)  Que — D1 Qupr)e i)

where [’y 1 = Qt|tA; it Q;_:” ;- This gives a closed form expression for the full smoothing joint
density.

13.4 Forward Filtering Backward SAMPLING

Suppose we want to generate independent samples
x{P o xP

fori=1,..., N from the conditional distribution (92). This can be done using the formulae
from the previous section. For linear Gaussian state space models, we use (94) to obtain the
following sampling algorithm. Repeat the following steps for each i = 1,..., N:
1. Generate X:(Fi) from the filtering distribution at time 7' i.e., we generate X:(Fi) from the
N(mpr, Qrr) distribution.
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2. Sequentially for t =T —1,...,0, generate Xt(i from the distribution:

N (mﬂt + 1 <Xt(i)1 - mt+1|t) s Qi — Ft—l—th-ﬁ-l\tr‘;-i-l) .

Note that this algorithm requires the quantities mqr, Qri7, Myje, Qpjes My 1)e> Qeg1fes L1
which are all obtained from the Kalman Filter. Thus, one would need to implement the
Kalman Filter before running the sampling algorithm. Note however that this sampling
algorithm does not use any output of the usual Kalman Smoother algorithm.

For a general state space model, sampling can be done by discretization (we shall see other
approaches later). The first step is to setup a dense grid 2(9), g € G covering the range of
X; and perform filtering. This will lead to discrete distributions:

Pt|t($(g))79 €G (95)
which approximate the densities fx,|y,—y,..vi=y,,0 for each ¢ = 0,1,...,T. Then the sam-
pling algorithm to generate Xéi), . ,Xg) fori=1,...,N from the conditional distribution

(92) is as follows. Repeat the following steps for each i = 1,..., N:

1. Generate Xj@ from pT|T(x(g)), g € G (this is the discrete filtering approximation at
time 7).
2. Sequentially for t =T —1,...,0, repeat the following steps:
a) Calculate wy := pt|t(:c(9))fxt+l|Xt:x<g)79(Xt(i)1) for g € G.

b) Normalize wy, g € G calculated above so they sum to one.

c¢) Generate Xt(i) from the discrete distribution which gives probability w, to the
grid point z9) for g € G.

Note again that this algorithm only uses the filtering approximations (95). It is not necessary
to calculate smoothing approximations to run this sampling algorithm.

These sampling algorithms for sampling observations from the full conditional distribution
of the states given the data (and the parameters ) are known as FFBS (Forward Filtering
Backward SAMPLING). They should be contrasted with the previous FFBS (Forward Filter-
ing Backward SMOOTHING) algorithms which computed the smoothing densities (exactly
or approximately).

13.5 Recommended Reading for Today

1. References for the MM algorithm are the book MM Optimization Algorithms by Ken-
neth Lange, or chapter 12 in the book Numerical Analysis for Statisticians by Kenneth
Lange, or these slides: https://www.stat.berkeley.edu/~aldous/Colloq/lange-talk.
pdf.

2. For the FFBSampling algorithm, see Section 5.7.2 of the Triantafyllopoulos book or
Section 4.4.1 of the Petris-Petrone-Campagnoli book,
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14 Lecture Fourteen

We shall discuss full Bayesian estimation of state space models today. Full Bayesian estima-
tion means that we put a prior on the unknown parameters 6 (as opposed to obtaining point
estimates for # and ignoring the uncertainty in their estimation). Let us start by considering
the local level model.

14.1 Local Level Model

‘We have as usual
Xo~N(0,C) X4=Xe1+2Z; Vi=Xi+e

with Z; i1d N(0,0’%) and € i1d N(0,02). 0z and o, are unknown parameters and C is a
large constant. Previously we obtained maximum likelihood estimates for oz and o, and then
went on to obtain smoothing estimates of Xy, ..., X7 ignoring the uncertainty in estimation
of o7 and o.. Now we shall place priors on oz and o.. Natural priors on scale parameters
reflecting ignorance are:

log o7,log o "~ Unif(—C, O).

The full joint density of 6, X, ..., X7, Yo,..., Yy (here 8 = (04, 0¢)) is proportional to

I{e ¢ < < e¢ T 1 — s 1)2 T 1 _ 2
{e 07,0¢ € }¢($070,C)H78Xp _(xt 2-%'; 1) erXp _(th th)
070 10z oy i O oF
T _ 2 T N 2
= {e™® < 0z,00 < e“}p(w0;0,C)o," " exp (@ 5 zi-1) o T2 exp _Zt:()(y—tht)
2O-Z 20'6
As a result
fG,XO,...,XT|Y0:y0,...,YT:yT (CR 7 7JET)
c c T—1 ZT—1($t - $t71)2 T-2 ZTfo(yt - $t)2
X I{e_ < UZ’ 0-6 < € }¢($07 07 C)O-E h eXp - = 9 0-6_ - eXp _ti—Z .
207, 207
Often the main interest is in the conditional distribution of Xy, ..., X7 given Yy = yg,...,Yr =

yr and we can obtain this by integrating over the o, and o.. This integration can be done
in closed form if we assume that C' is large (so that the indicator above can be dropped).
We then get

I X0 X [Yo=yo,....Yr—yr (T0s - - -, TT)

[e'e} T _ 2 00 T B 9
x ¢(‘TO;0’C) / UET_l exp _Zt:1(xt 3 wt_l) doy / U;T72 exp —M do.
0 20y 0 20

T T T/2 ¢
X ¢(CC0; 0, C) Z(xt - xt—1)2] !Z(yt - ﬂUt)Q

where we used

and ignored the I'(m/2) terms in proportionality.
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The posterior density:

on,...,XT|Yo:y0,...,YT:yT (330, sy l'T)
T ~T/2 ¢ o —(T+1)/2 (96)
o ¢(x0; 0, C) Z(xt - 33151)2] [Z(yt - fft)2]
t=1 t=0
can, in principle, be used for all inference on the hidden variables Xj,..., Xy given the
observed data. The problem is that it does not correspond to any state space model so it is
not clear how to derive from it the marginal posterior densities X; | Yp = vo,...,Yr = yr in

an efficient way. In particular, the Kalman smoother cannot be implemented as this posterior
does not correspond to a state space model. As a result, instead of integrating out 6 from the
joint posterior of 8, X, ..., X7, the common approach is to obtain samples 6 X(()i), . ,Xj@
fori=1,..., N from the joint posterior 6, X, ..., X7. Then Xéz), . ,X:(FZ) fore=1,....N
can be used for posterior inference on the hidden states given the observed data. Also the
samples 1) ... 0N) can be used for posterior inference on the parameters 6 given the
observed data.

)

For generating the posterior samples G(i),X[()i ,...,Xq(f) fort=1,...,N, it is convenient
to use the Gibbs sampler algorithm.

14.2 Gibbs Sampler

Suppose we want to approximate a joint distribution f p over two random variables A and
B. The Gibbs sampler algorithm is applicable in situations where the conditional densities
JaB=b and fp|4—, are easy to simulate from for each value of a and b. The algorithm is as
follows:

1. Start with a = a(®)

2. Foreacht=1,2,..., N,
a) Generate b(®) ~ fBja=ati-1)-
b) Generate a(® ~ faip=p

When N is large, this method generates samples (o), b)) for i = 1,..., N having the
property that

N

z/g(a, b) fa,B(a,b)dadb

for many functions g.

14.3 Gibbs Sampler for the Local Level Model

The Gibbs sampler for generating samples H(i),Xéi), e ,Xr}i) fori=1,..., N from the full
posterior distribution

OaXOa"'vXT | }/E):y07"-aYT:yT
works as follows:

1. Start with ) = (O'(ZO), aéo)) for some initial values O'g)) and o).
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2. Foreachi=1,...,N ,

a) Generate X(()i)7 e ,Xj(f ) from the conditional joint distribution of Xy, ..., X7 given
0 =600 and Yy = v, ..., Yr = yr. Because we are conditioning on 6 = 0 here,
these samples are obtained by the FFBSampling algorithm discussed in the last
class.

b) Generate 69 from the conditional distribution of 6 given Xy = Xéi),Xl =
X X = X and Yo = yo,...,Yr = yr. The details for doing this are
given below.

For the second step above, we need to be able to simuate from the conditional distribution:
6|XO:x07"'7XT:xT7}/E):yﬁv"'7YT:yTa
and this can be done as follows:

f9|X0=:E0,~--,XT=xT7Y0=y0,--~7YT=yT (6)

X f97X07---,XT\Y0:y07---,YT:yT (0, xo, ..., or)

T - 2 T o 2
xI{e C <o0z,0 < ec}gb(xo;O,C)aETfl exp ( 2i=1(Te — Ti-1) ) o T2 exp (Zto(yt %) >

2 2
207, 207

2 2
207, 202

T o 2 T . 2
x I{e ™ <oz <eYo, " Lexp (Zt_l(xt Ti-1) > I{e ¢ <o, <e“Yo T 2exp (Zt—o(?/t i) )

as calculated previously. Thus, conditional on Xy = xg, ..., X7 = x9, Yo = yo,-.., YT = Y7,
the two parameters oz and o, are independent with

(@ - >>

—C Cy  —T-1
fUZ|X0=x0,...,XTZ(JCT,Yozyo,.A.,YszT (UZ) X I{@ < oz <e }UZ exp < 20_2
Z

and

ol — xt)Q) '

202

—-C Cy —T-2
fae|X0:x07...,XT:xT7Y0:y0,...,YT=yT (06) X I{e <oge<e }Ue €xp (
€

By changing the indicators to I{oz > 0} and I{o. > 0} (which is justified when C' is large),
and using the standard change of variable formula, we obtain

T Zthl(xt — wt—1)2>

022]Xg:xo,...,XT:xO,Y():yO,...,YT:yTNGamma(2 5

and

T+1 L (g — x)?
06_2|Xo:$0,---,XT=$073/()=y0,---,YT=yTNGamma( ;_ 7Zt_0(y2t xt))-

Thus the second step in the iteration for the Gibbs sampler, we simply generate Gamma

random variables Gg) and Gg) from the above pair of distributions (with x; = Xt(i)) and

then transform them as O'(Zi) =1/4/ Gg) and O'éi) =1/ Gg). Thus implementing the Gibbs
sampler for the local level model is quite simple.

65



14.4 Gibbs sampler for general Linear Gaussian state space models

The Gibbs sampler algorithm for general Linear Gaussian state space models is basically the
same as the one we saw in the last section:

1. Start with 6(9),

2. Foreachi=1,...,N ,

a) Generate Xéi), e ,X¥ ) from the conditional joint distribution of Xy, ..., X7 given
0 =09 and Yy = yo, ..., Yy = yp. Because we are conditioning on 6 = () here,
these samples are obtained by the FFBSampling algorithm discussed in the last
class.

b) Generate 0@ from the conditional distribution of 6 given X, = Xéi),Xl =
Xfl),...,XT = X:sf) and Yy = yo,...,Yr = yr. Unlike the case of the local
level model, this step may not always be carried out in closed form. It depends
on the specific dependence of the matrices defining the linear Gaussian model on
the parameters 6.

14.5 Recommended Reading for Today

1. A general introduction to the Gibbs sampler is in Section 5.7.1 of the Triantafyllopoulos
book and in Section 1.6.1 of the Petris-Petrone-Campagnoli book.

2. The Gibbs sampler for the local level model is given in Section 4.4.3 of the Petris-
Petrone-Campagnoli book and Section 5.7.3 of the Triantafyllopoulos book.

15 Lecture Fifteen

In the last class, we started discussing Full Bayes estimation of state space models. Full
Bayesian estimation means that we put a prior on the unknown parameters 6 (as opposed
to obtaining point estimates for § and ignoring the uncertainty in their estimation).

In some applications of state space models such as tracking, 6 represents nuisance param-
eters with the main focus centered on the state variables. In such applications, full Bayesian
estimation ensures that uncertainty in estimation of 8 is accounted for in our uncertainty
quantification of the state variables. In certain other applications of state space models, the
main focus is on # (and the state variables can be considered nuisance parameters). This is
for example the case for ARMA models (which can be written in state space form). Here
uncertainty quantification for # is important which is achieved by Full Bayes analysis.

We shall discuss several approaches for Full Bayesian Analysis today. The main starting
point is the choice of prior on . We shall generally use noninformative (diffuse) priors such
as Unif(—C, C) or N(0,C) (with large C') for the components of 6 or certain transformations
of the components of 6 (such as log oz and log o, for 6 = (0, 0¢) in the local level model).
When the likelihood is peaked around the MLE (which would generally be the case when the
number of observations T is large), it actually does not matter much as to what the prior is.
Some heuristic justification for this will be provided today.

Here are some of the ways of doing Full Bayesian Analysis of state space models. We are
assuming, from now on, that we have fixed a prior fy(6) for the unknown parameters 6.
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15.1 Approach One: Gibbs Sampling

We looked at Gibbs sampling in the last class. It proceeds according to the following algo-
rithm.

1. Start with initial values 6(9).

2. Foreachi=1,...,N ,

a) Generate Xél), e ,X}Z ) from the conditional joint distribution of Xy, ..., X7 given
0 =600~ and Yy = o, ..., Yr = yr. Because we are conditioning on a fixed value
of 0 here, these samples can be obtained by the FFBSampling algorithm discussed
previously.

b) Generate ) from the conditional distribution of 6 given X, = (gi),Xl =
X X=X and Yo = yo, ..., Yo = yr.

The last step of the Gibbs sampling algorithm (which involves generating 0 from the condi-
tional distribution of f given Xo = X\, X1 = X\, ..., Xy = XW and Yy = yo,..., Yr = yr)
cannot always be carried out in closed form for state space models. In the last class, we saw
how this can be done in closed form for the local level model.

The empirical probability measure of the samples (H(i),Xéi), e ,Xq(j)) fori =1,...,N
generated by the Gibbs sampler can be used to approximate the full posterior distribution
of (0, Xo,...,Xr) given the data Yy = yo,...,Yr = yr:

1 N

N Zé(ew,xé”,...,xéf)) ~ J0.X0..... Xz [Yo=yo.... Yr=u;-
1=1

One implication of this is

-----

N
1 . i
/g(0a$0a---,l’T)f0,Xo ..... Xr[Yo=yo,....Yr=y, (0, T0, . ., x1)dOdxq . . . dTT ~ N E g(g(l)aXé)’---
i1

for arbitrary functions g. For example, the posterior mean of 8 given Yy = yo,...,Yr = yr

is approximated by
L f: Po)
N .
i=0

One thing to note that the samples generated by the Gibbs sampler do not correspond to
independent draws from the (0, Xy, ..., Xr) given the data Yy = yo,...,Yr = yr. Instead,
they represent draws from a Markov Chain whose stationary distribution is the full posterior
distribution of (0, Xy, ..., Xr) given the data Yy = yo, ..., Y7 = yr. Thus the Gibbs Sampler
is an example of a Markov Chain Monte Carlo (MCMC) algorithm.

15.2 Approach Two: Direct Sampling
Direct sampling generates independent draws (H(i),X(()i), . ,X:Sf)) fori=1,..., N via the
following algorithm. For each i =1,..., N,

1. Generate () according to the conditional distribution of 6 given Yy = o, ..., Yy = yr.

2. Generate X(()i), e ,X}i) from the conditional joint distribution of Xy,..., X7 given
0 =60" and Yy = vyo,...,Yr = yr. Again, because we are conditioning on a fixed value
of 0 here, these samples can be obtained by the FFBSampling algorithm.
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Notice the very close similarity between the Direct Sampling and the Gibbs Sampling al-
gorithms. The issue with the Direct Sampling algorithm is that the first step is generally
difficult and cannot be done in closed form using standard distributions. This is because, in
most state space models, the conditional density of 6 given Yy = g, ..., YT = yr is a some-
what complicated function given implicitly via the Kalman filter. For some simple models
however (such as AutoRegressive Models as we shall discuss in the next class), this method
can be carried out.

Note again that, unlike the Gibbs sampler, direct sampling generates independent draws
from the full posterior.

15.3 Approach Three: Posterior Normal Approximation

This can be seen as a modification of the Direct Sampling algorithm where the first step is
replaced by sampling from a normal approximation: For each i =1,..., N,

1. Generate 09 according to a normal approximation to the conditional distribution
of 6 given Yy = yo,..., YT = y7.

2. Generate Xéi), . ,Xr}i) from the conditional joint distribution of Xj,..., X7 given
9 =609 and Yy = yo,..., Yy = yp. This step is the same as in the Direct Sampling
algorithm.

Here is one way of obtaining the normal approximation for use in the first step of the above
algorithm. Note first that

forvo=yo,...yr=yr (0) < fyo,...vrio(Wo, - - -, yr) fo(0)

In the right hand side above, the term fy; . y;jo(¥o, - --,yr) is simply the likelihood (which is
given by the Kalman filter for linear Gaussian state space models) and the second term fy(6)
is the prior. Note that the likelihood fy; . y;6(%0,--.,y7) is maximized at the maximum
likelihood estimate . Now generally in state space models, the likelihood is quite peaked
around # which means that the likelihood is very close to 0 outside of a small region around 6.
On the other hand, the prior fy(#) is quite flat which means that it can be well-approximated
by a constant (such as f3(0)) in the region where the likelihood is significantly different from
zero. This leads to the approximation:

Forvomyo... Vomyr 0) & fyo  volo@Wos - y7) fo(0) X fyo vio(Wo, .-, y7)

where & means “proportional to approximately”. In the second relation above, we dropped
fo() as it is a constant. Thus when the prior is flat in the region where the likelihood
is significantly different from zero, the posterior of 8 given the data is proportional to the
likelihood and does not depend on the exact form of the prior. Writing in terms of the
log-likelihood:

g(a) = IOg ng,...,YTW(yOa R yT)v

we get

fe\yozyo,...,YszT(e) x exp (£(0)) .

We now do a second order Taylor expansion of £(#) around the MLE 6 to get

f9|Y0:y0,...,YT=yT (0) o exp (£(0))
~ exp (E(é) + <W(é), 6 é> + % (0 - é)Tﬂe(é) (9 - 9)) .
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Note the following about the three terms appearing on the right hand side above. The
first term exp(ﬁ(é)) is just a constant and will be ignored in proportionality. The second
term equals zero because V/(f) = 0 as 0 is a maximizer of £(A) (this is, strictly speaking,
an assumption because this may not be true if f is not an interior point in the domain of
(6)). The Hessian H/(6) is negative semi-definite (i.e., —H/() is positive semi-definite) as
0 maximizes £(0) (this also may not always be true but this is generally true). We therefore
get

Fol¥omyoyye (8) & exD <—; (0~ é)T (~med)) (0~ 9)> .

The right hand side above is the multivariate normal density (without the normalizing con-
stant). We thus have

o R A\ —1
9|Yb:y077YT:yTNN<03(H€(9)> >

where ~ means “approximately distributed as”. This posterior normal approximation is
quite popular. Note that for state space models, the log-likelihood is calculated via the
Kalman filter and the Hessian of the log-likelihood can be calculated numerically.

Therefore the sampling algorithm using posterior normal approximation is the following.
Foreachi=1,..., N,

1. Generate 8 according to the multivariate normal distribution with mean 6 and covari-
N .
ance matrix (—H E(G)) . Here 6 denotes the MLE and ¢(6) denotes the log-likelihood
(which is obtained by filtering).

2. Generate X, (i), . ,Xg) from the conditional joint distribution of Xj,..., X7 given
6:9(1) andYO :yg,...,YT:yT.

Note that the prior does not appear in the above algorithm at all which can be considered
an attractive feature. The posterior normal approximation does not work in the following
two situations:

1. The prior fp(6) varies considerably in the region of the likelihood. This is generally
not an issue as we usually work with flat priors.

2. When 6 is far from 6, the second order Taylor expansion of £(8) around 6 will not give
a good approximation of ¢(f). Now if £(9) is already negligible for such values of 6,
this poor approximation will not be a issue. If not, then the normal approximation
will not be accurate for the posterior.

15.4 Approach Four: Importance Sampling

Importance sampling can be used when direct sampling is infeasible and posterior normal
approximation is not accurate. The basic problem is as follows. We are interested in ap-
proximating a distribution P with density p. We cannot sample from P directly but we have
the ability to obtain independent samples Xi,...,X,, from a distribution @ (with density
q). As explained below, importance sampling provides an approximation for P in terms of
X1,...,Xp. In the state space model context, P will be fyy,—y,. .. vy—y, (0) and Q will be
an approximation (such as the posterior normal approximation).
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Importance sampling provides two approximations for P. The first approximation is
p(X
Z {x )

By d¢x,}, we mean a point mass at X;. Basically P, is a discrete measure giving the weight
7112 g; to the point X;. Note that P; is not necessarily a probability measure because the
weights qg X.% do not necessarily add to 1. It is a approximation to P in the sense that

[ striri p X) = [ gla)ip()

for most functions g. This is basically a consequence of the Strong Law of Large Numbers
which implies (under a minimal first moment assumption on g) that

Tll; ];E;iig(Xi) — /Q)g;g(m)q(m)daz = /g(a:)dP(:c) almost surely as n — oo. (97)

There are two annoying issues with Pr:
1. As already mentioned, it is not a probability measure.

2. To use Py, we need to know the density p(z) fully. In many situations (including in
our setting of state space models), we would only know p(z) upto multiplication by a
normalizing constant. This would preclude use of P;.

To fix these two issues, importance sampling proposes the following estimator (often known
as self-normalized importance sampling):

n lpg§i;

D . L n q(X;

Py = E widgx,) where w; := N 1o(%)
i=1 7=1n q(X,)

It is clear that P is a probability measure. Also to use ]52, it is enough to know p(z) (and
also ¢(x)) up to an unknown multiplicative constant. To see why P, is a good approximation
of P, observe that for a function g:

i—1 n Zi:l q(X;)

As we have seen in (97), the numerator above converges to [ g(z)dP(z) almost surely as
n — oo. By another application of the law of large numbers, it can be seen that the
denominator converges to 1:

1« p(X;) p(x) _ B L
ng 2(X;) — /q(:U)Q(fB)dm = /p(w)dac =1 1 " Iy .

LY 9(X) B

Thus
/g(x)dpg(x) — /g(m)p(m)dw almost surely as n — oo.

We can do a more precise comparison of the performance of the two estimators:

n

By = /g(x)dpl(w) = izg(Xi)];E?;
=1 !
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and

for estimating
pi= [ gla)aP

by calculation of variances. Note that these estimators are based on data Xi,..., X, that
are independent with common distribution (). We can also compare these estimators against

the simple estimator
1 n
=-) g(x
n -
=1

based on independent observations Xi,..., X, having distribution P. FEy will not be a
feasible estimator if we cannot sample from P but we can still use it as a comparison bench-
mark for the feasible estimators E; and Es. Here are basic observations about these three
estimators:

1. Estimator Fy: Ej is clearly an unbiased estimator of p. Its variance is given by

var(Eo) = vaxp (9(X1)) = / (9(2) — )? pl)dz. (98)

The subscript P in varp refers to X; ~ P. Note also that the mean of g(X;) under
X1~ Pis [g(z)p(z)dz =

2. Estimator Fj: F; is also an unbiased estimator of u. Its variance is given by

var(Eq) = %varQ (g(Xl)Zg((i;) = 1/ <g(x)p(w) - #>2CI(CU)dx = 1/ l9(@)p(@) — ,uq(a:)}Qd .

q(x) q(x)

Note that it is possible that var(E7) is much smaller than var(Ep). This will be the
case, for example, when

n n

L 9@p(x)  g(x)p(x)
a(@) ~ 7 [ g(z)p(x)dz

In the extreme case when ¢(x) is exactly equal to the right hand side, F; is a perfect
estimator of u having zero variance. This also suggests that in situations where g is
non-zero only in a tiny part of the support of P, the importance sampling estimator E7
will work much better than the direct sampling estimator Ey when ¢(z) is concentrated
on the specific tiny part of the support of P.

Xi)
(Xi)
and denominator + ) DY q( X ) of By are very close (by the law of large numbers) to p
and 1 respectively So we can approximate FE5 by a simple first order Taylor expansion
as follows. Let f(A, B) := A . For fixed points Ag, By, we have

A of

== FAB) ~ f(A9. Bo) + (A= Aog) 5%

3. Estimator E: Thisis not an unbiased estimator. But the numerator £ > | g(X )

0
+ (B - Bo)alj;
A=Ap,B=By A=Ap,B=By

_ Ao A—Ag  A(B-By)
- By By B2

Using this with

1 — X; 1 X;
A= nZg(XZ)EEXZ; B:Zp( ) A():M B()Zl,
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we get

1 n
By p+(A—p)—p(B—1)=p+A-Bu=p+_3 (9(X;) = p)
i=1

This implies that Fs is approximately unbiased because

P(Xl)]
(X1)
p(x)

—M+/(g() >()<>

—ut [ (oto) = wpta)ds = ot ( [ atolaris =) =

Further the variance of Fo is approximately

var(E) = Lvarg (6000 - 258) = 1 [ (g(a

E(E2) ~ i+ Eq [@(Xl) )

|
~—
[\
=
[
—~
8
~—
U

n

This variance is more similar to (98) but it can still be smaller than (98). The best
possible variance reduction occurs when

“(z) = —19&) = Hlp()
[lg(@) = plp(z)dz

2
var(Es) ~</]g — plp(x >

which is definitely smaller than Var(Eo To see why ¢* minimizes var(FEs), just note,
by Cauchy-Schwarz inequality ([ |a(z)b(z)|dz < \/ [ a?(x da:\/ J v?(x)dx) that

[ 19t2) = lptays - / 9l “'p ) Ja@)d

P(x) _ _ o eP@)
# / (g(x)—wq(@dﬁ / q<x>dw—\/ [t = .

15.5 Recommended Reading for Today

when

1. For the importance sampling approach to full Bayesian analysis, see Chapter 13 of the
Durbin-Koopman book.

2. A standard MCMC method such as Metropolis-Hastings can also be used in step 1
of the Direct Sampling approach. This method is described in Section 12.2.2 of the
Sarkka book or in Section 6.8.1 of the Triantafyllopoulos book.

3. For a general overview of importance sampling, see Chapter 8 of the Chopin-Papaspiliopoulos
book or this book chapter: https://artowen.su.domains/mc/Ch-var-is.pdf.

16 Lecture Sixteen

Our next topic is Sequential Monte Carlo methods for general state space models. Here the
conditional densities fx,|x, =z, ,6(-) and fy;|x,=z,,6(-) (as well as the initial density fx,)
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can be arbitrary. We shall first look at the problem of filtering. Recall that filtering can be
used for writing down the likelihood (which is necessary for inference of #). Filtering will
also be necessary for solving the smoothing problem which we shall study later.

Recall that filtering refers to the problem of determining the conditional distributions:
X | Yo=vwo,...,Yr =y, 0 fort=0,1,2,...,T.

Our approach will be recursive and we shall determine the above distributions sequentially for
t=0,1,2,.... In Lecture Six, we have seen closed form formulae for obtaining the filtering
density at time t using the filtering density at time ¢ — 1. This involved two steps which we
termed one-step ahead prediction update and filtering update. The one-step ahead prediction
update is the following formula for the density of X; given Yy = yo,...,Yi—1 = 4-1,0 in
terms of the density of X;_1 given Yo =vyo,...,Y:—1 = 411, 0:

th|Y0=yo,--~,Yz—1:yt—1,9($t) :/th|Xt—1=xt—1,9(xt)th_1|Y0=y07---7Yt—1=yt—1,9(xt—l)dmt—l' (99)

The filtering update is the following formula for the density of X; given Yy = yg,...,Y; =y, 0
in terms of the density of X; given Yy = yo,...,Yi—1 = y+—1:

fYt\Xt:zt H(yt)th\YOZyo Yio1=yt-1 9($t)
IxiYo=yo,...Ye=ye 0(Tt) = : e (100)
oo Vi, ffYt|Xt:“:0(yt)th‘YO:?JO,n-,Y;t—lzyt—l,e(u)du

Formula (100) can be seen as an application of the Bayes rule with the following choices of
“prior” and “likelihood”:

prior : th\Y0=y07~-~,Yt—1=yt—1,97 and likelihood : fYt\XtZIt,@ = fYt|Xt=xt,Y0=y0,~-~,Yt—1=yt—1,9
(101)
The “posterior” corresponding to the above prior and likelihood is the density of X; given
Yo =vo,...,Y: =y, 0 and is obtained by the Bayes rule leading to the formula (100).

For general state space models, the integral involved in (99) cannot be evaluated in closed
form. This would make (100) intractable as well (because (100) needs fx,|y,—yo,...v;—1=y:_1,0
as input). One approach for dealing with intractibility is to use Monte Carlo which leads to
Sequential Monte Carlo methods for state space models. In Monte Carlo methods, the focus is
not on evaluating an unknown density f in closed form, and instead, the focus is on obtaining
iid samples XM .. XM from f. Once these samples are obtained, the distribution
corresponding to the density f is approximated by the discrete uniform distribution on
X o x@.

Unif{X®M ... xM1, (102)

In order to evaluate the expectation of a function g with respect to the density f, the Monte
Carlo approach will give

[ st@)s(@yiz ~ }V;god“).

16.1 Notation for Discrete Distributions

We shall use the following notation in the sequel. A discrete distribution that takes the
values 2, ..., () with probabilities p™), ..., p®) will be denoted by

p(l)(s{z(l)} + +P(N)5{$<N)} = Zp(i)d{a:(i)}'
i=1
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For example, the distribution taking the three values 5,2, —6 with probabilities 0.3,0.5,0.2
respectively will be written as

0.35{5} + 0.55{2} + 0'26{76}-

Note that the uniform distribution (102) is written as
1
> 30
i=1

in this notation.

16.2 Monte Carlo versions of (99) and (100)
In terms of Monte Carlo, the basic question underlying filtering is the following:

Question 16.1. Suppose we are given i.i.d samples Xt(i)l,...,Xt(iVl) from the distribution

X1 | Yo=y90,..-,Yi—1 = yr—1,0 (this is the filtering distribution at time t — 1). How then
do we generate i.i.d samples Xt(l), e ,Xt(N) from the distribution X; | Yo = yo,...,Y: =y, 0
(this is the filtering distribution at time t)?

We shall solve this question by using Monte Carlo versions of (99) and (100). We start
with i.i.d samples X(i)l, e ,Xt(ivl) from the filtering density fx, ||vy=yo,....Yi_1=y,_,,0 ab time
t — 1. For the one-step ahead prediction update, we need to obtain samples from the density
of X; given Yy =vyo,...,Y:—1 = y¢—1,0. This is easily done via:

o (2) , F
Xt ~ Xt|Xt—1:X,§Z_)1 for i = 1,...,N.
This makes sense because the right hand side of (99) is simply the marginal density of X;
under the model:

X | Xemr =@~ fxxq=a 0 and  Xoo1 ~ fx, Vomyo, Yio1=pe1,0-

Thus )N(t(l), e ,Xt(N) are i.i.d samples from the one-step ahead prediction distrbution X |

Yo=vo,...,Y:1 =1y:_1,0. One can then approximate the one-step ahead prediction distri-
bution by
&) W) N~ L
L[ o S
(Xi | Yo =40, Yie1 = yo_1,0) ~ Un1f{Xt X } - Zl I (103)
1=

Let us now come to (100). As noted earlier, this equation arises from the Bayes rule
with prior and likelihood given in (101). We do not have access to the prior density
IXi|Yo=yo,...Ys-1=y:_1,0 @ we have not evaulated (99) in closed form. We do, however, have
the Monte Carlo approximation (103) for the one-step ahead prediction distribution so it is
natural to approximate (100) by applying Bayes rule with

n

1

prior : Z N(S{Xt(i)}, and likelihood : fy, x,—, 0-
i=1

The unnormalized posterior corresponding to the prior and likelihood above is given by the

weights:

(i) ._ ,
wt T Yththt(Z),O(yt)'
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The properly normalized posterior is then given by
(4)

() (i) wi
W76, where W,/ := .

This discrete distribution approximates the filtering distribution at time ¢:
1)
X | Yo=yo,....Vi=y,0~ Z;Wt 5{5@(”}'
1=

In order to generate i.i.d samples from the filtering distribution at time ¢, we can simply
generate samples from the above discrete distribution:

1 N - 7
XV x S wf )5{&@}.
=1

This algorithm for solving the filtering problem in general state space models using Monte
Carlo is called Bootstrap Particle Filter. We stae the algorithm formally in the next section.

16.3 The Bootstrap Particle Filter

For each ¢t > 0, this algorithm outputs samples Xt(l), .. ,Xt(N) such that

Unif{Xt(l),...,Xt(N)} ~ Xi | Yo = yo,..., Y =y, 6.
The algorithm proceeds sequentially. At time t—1, one has access to the samples X (i)l, el Xt(ivl)
and using these, one generates the samples Xt(l), . ,Xt(N) by following the three steps given
below.
1. Generation: For each i =1,..., N, generate independent samples:
(1) ,
X7~ Xe| X1 =x

To execute this step, we need to be able to simulate from the state transition density
th | Xt—1=x¢—1"

2. Weights: For each i = 1,..., N, compute

wgz) = Yt\Xt:X,f”(yt)' (104)

Normalize these weights so they sum to one:

(4)

(4) Wy :
W,/ = fori=1,...,N.
wt(l) +---—|—wt(N)

To execute this step, we need to be able to evalute the conditional density fy;x,—z, (yt)
at least up to a constant that does not depend on x;.

3. Resampling: Generate

N
(1) (N) iid ' _
Xyl Xy o Z WZ&{Xle)}
i=1
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This algorithm is initialized by taking

S s ii.d
XSV X

and then following the steps 2 (weights) and 3 (resampling) above to generate Xél), e ,X(()N).
One can then repeat the recursion for t = 1,2, 3,.... This is similar to the way we initialized

the Kalman filter.

This algorithm is called the Bootstrap Particle Filter because: (a) Monte-Carlo samples
are called particles in the physics literature, (b) The resampling step is reminiscent of the
bootstrap procedure in statistics.

The Bootstrap Particle Filter is very simple and easy to implement. It can also be under-
stood from the point of view of Importance Sampling. Before describing this connection to
importance sampling, let us briefly recall importance sampling.

16.4 Importance Sampling Recalled

Consider a probability measure P with density p. Suppose we do not know the formula for p
exactly but we only know it up to some unknown multiplicative constant factor ¢. In other
words, we know the explicit formula for the function z +— ¢p(x) but we do not know ¢ and
hence we do not know p(x) explicitly.

Importance sampling attempts to approximate P using i.i.d samples XM, ..., X drawn
from another probability measure ) having density ¢. The idea is to form weights

. X (4)
(z)::&,) fori=1,...,N
q(X@)

and the corresponding normalized weights:

W .— wt

T w® 1 @ fori=1,...,N.

Then the importance sampling approximation for P is

N
P~ Z W(l)é{j((i)}
=1

Observe that for every function g, this gives the following approximation for [ gdP:

al ; ~ N (2) X(z)
/gszZW(l)g(X(z)): Zz:l% Q(A )
i=1 Zi:l wli
In Lecture 15, we used the terminology “self-normalized” importance sampling for the above
estimator of [ gdP.

Note that w®, ..., w®) depend on the constant ¢ but the normalized weights wo, o wd)
don’t. This means that the approximation Zfi 1 147400) (X)) does not depend on c.

It will be helpful to note the following two things before moving on:

1. Estimating c: Importance sampling provides the following estimate for the unknown
constant c:

| X
C = — (Z) 1
&= ;:1 w'. (105)
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To see why this estimator makes sense, just note that

ol @) L smg (X)) 1 [ epln)
Ec:N;E@()):N;E(m :N;/ ) q(x)dxz/cp(x)deC

2. Samples from P: Importance sampling can be used to obtain approximately i.i.d
samples from P. Indeed as the importance sampling approximation for P equals
Zf\i 1 147408 (X}, one can obtain (approximate) samples from P by sampling from

the discrete distribution Zf\i L Wg (X}

N
=1

This method of sample generation is referred to as Importance Resampling because
XM XM are sampled from XM ... XN) (with weights WO ... W) which
are themselves sampled from Q.

16.5 Bootstrap Particle Filter as Importance Resampling

The Bootstrap Particle Filter algorithm can be understood from the lens of importance
resampling. This generalized view is helpful for the creation of other particle filtering algo-
rithms. There are two (very similar) ways of seeing the connection between the Bootstrap
Particle Filter and Importance Resampling.

16.5.1 First Way of Seeing the Connection

As explained in Section 16.2, the samples f(t(l), . ,Xt(N) generated in the first step of the
Bootstrap particle filter recursion (from time ¢t — 1 to t) can be seen as samples from the
one-step ahead prediction distribution X; | Yo = yo,..., Y1 = y1—1,0:

5 (1) 5 (N) iid

Xt yee. 7Xt ~ th\Y0=y0,~~-,Y271=yt—179‘
If we now apply importance sampling to use these samples to approximate the the filtering
distribution at time t: X; | Yo = vo,. .., Y: = yt, 0, we need to use, for some positive constant
¢, the weights

i)
cthIYo:yov--sz:ytﬂ(Xt )

- (106)
th|Y0:yO7~~~7}/t—1:yt—179(Xt )

(1)
Ixy 1 Yo=vgs Y1 =vy_1.6(X¢ )fYtIXt:)?t(i)ﬂ(yt)
C C ~ (i
FYiYo=vo. . Yi_1=us 1 (Yt) th:Xt(”,e(yt)

th\Y():yo,...,Yt_1=yt_1,O(Xt(i)) fYt|Y0:y0,-~7th1:yt71 (yt)

It is now clear that the Bootstrap Particle Filter uses the above weights for

€= sz|Y0=y07--~7Yzf1=yzf1 (yt)

so that the weights simplify to fYtlxt:Xt(i) 0

Particle Filter can be seen as a version of Importance Resampling.

(y¢). Therefore each recursion of the Bootstrap
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16.5.2 Second Way of Seeing the Connection

In the first step of the Bootstrap Particle Recursion to go from t—1 to ¢, we generate samples
Xt(l) Y ,Xt(N) independently according to

@ .
A PAPANSTU)

This means that jointly (Xt(i)l, Xt(i)),z' =1,..., N are i.i.d samples from the joint density:

th71|Y0=y07~--,Yt—1=yt71,9(xt—l)th\Xt71=$t7179(xt)

which is just the density of X;_1, X | Yo = vo,...,Yi—1 = yt—1,0. We can now employ
importance sampling to convert these samples into an approximation of the distribution

Xt—laXt ’ }/0 = Yo, - - '7Yt—1 - yt—hY;f - yt79‘
We would need to use weights (for some constant ¢ > 0)

Cth—LXt|Yo=yo,~~»,Yt=yt79 (1'15—17 )

(107)
thfl|Y0:y07~~~,yt—1:yt—l79($t_1)th‘thlzl't—lve(xt)

with z;_1 = Xt(i)l and z; = Xt(i). The above expression can be simplified using Bayes rule as

CFX0 1 X Yo=yo,....Ye=ye 0 (Tt—1, Tt)

th,1|Y0:y07...,Yt,1:yt71,9('%t*l)th‘thl:wtfl,9($t)

cfxt,l,xtwo:yo ,,,,, Yy q=yy_1.0(@t—1.36) fyy | X, =ay_ 1. Xy=ay,0(Ut)

fYt\YO:yO ,,,,, Yt_lzyt_l,Q(yt)

thfl|Y0:y0,~--,y}—1:yt—l79(xt_l)th‘thlzmtflﬁ(xt)

c thfl7Xt|Y0:y07---7yt—1:yt—179(1}717xt)

- Iy xi=a,0(Vt)
fYt|Y0=y07-~7Yz—1=yz—1,9(yt) th—l|Y0=y0,~~~,Yt—1=yt—1,9(xt—l)th|Xt—1=wt—1,9(xt) HXe=ae,

~+
~—

c thfl [Yo=vo,....Ys—1=y¢—1,0 (xt_l)fXdXt—l:fEtfl»e (‘T

= fyvix,= e(yt)
Fyl¥omyorYi1=ye 1.0 X0 Yomyor¥i 1o 10T F X0 150 11 0(wr) VK=

C

= Iy Xo=ay.0(Yt)-
FYulYomyor¥e 1y 10(ye) V=R

As a result, we can view the weights in the bootstrap particle filter as the weights given by
(107) with ¢ = fy,jyo=yo....Ye 1=y 1.0 (Yt)-

16.6 Likelihood Approximation from the Bootstrap Particle Filter

In the previous section, we have seen that the recursion (to go from time ¢ — 1 to time ¢)
in the Bootstrap Particle Filter can be seen as importance sampling with weights (107) (or
equivalently (106)) with ¢ = fy,|vy—y,,...v;_1=y,_1,0(4t). The observation (105) can therefore
be used to deduce that:

N

1 .
N ngl) ~ fYt\Y0=y07~~-,Yt—1=yt—179(yt)
=1

for each t =1,...,T (here wlgi) is as defined in (109)). One can also similarly argue that

I 0 1y
N;wo - N;fYO|X0Xéi) (v0) = fvo(yo)-
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The likelihood fy; . y;6(%0;--.,yr) can thus be approximated as

T T N
1 i
Foevrlo@os 5 ur) = Frop®0) [T Fvavomyowvir=uer0(we) = [ (N 3w )> -

t=1 =0 i=1
In this way, the bootstrap particle filter algorithm directly allows likelihood computation.
16.7 Recommended Reading for Today

1. For the Bootstrap Particle Filter Algorithm, I recommend Section 15.2 of the Kitagawa
book (Kitagawa refers to the algorithm as simply The Monte Carlo Filter).

2. For more details about importance sampling and resampling, I recommend Chapters
8 and 9 of the Chopin-Papaspiliopoulos book.

17 Lecture Seventeen

17.1 Recap: Bootstrap Particle Filter

In the last class, we studied the Bootstrap Particle Filter Algorithm for solving the filtering
problem via Monte Carlo in general sequential state space models.

For each ¢t > 0, this algorithm outputs samples Xt(l), ey Xt(N) such that
Unif{Xt(l), . ,Xt(N)} ~ X | Yo =yo,..., Y =y, 6. (108)
The algorithm proceeds sequentially. At time t—1, one has access to the samples Xt(i)l, e Xt(ivl)

satisfying (108) for ¢t — 1 and using these, one generates the samples Xt(l), . ,Xt(N) by fol-
lowing the three steps given below.

1. Generation: For each i =1,..., N, generate independent samples:

x® o
¢ X| X=X,

To execute this step, we need to be able to simulate from the state transition density
th\Xz—1=:Et—1 :
2. Weights: For each ¢t = 1,..., N, compute
wgl) = Yt‘Xt:X_éi)(yt). (109)
Normalize these weights so they sum to one:
(4)

Wy

fori=1,...,N.

w —
' w,f(l)—i--“—i-w,gN)

To execute this step, we need to be able to evaluate the conditional density fy, x,—z, (yt)-

3. Resampling: Generate

N
(1) (N) iid ' _
Xyl Xy o Z WZ&{Xle)}
i=1
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This algorithm is initialized by taking

(1) (N) ii. d
X5 ,...,XO fxol0
and then following the steps 2 (weights) and 3 (resampling) above to generate X(gl), e ,X(()N).
One can then repeat the recursion for ¢ = 1,2,3,.... This is similar to the Kalman Filter
initialization.
The algorithm also allows computation of the likelihood fy; .. y,j6(vo,---,yr) as

T T N
1 i
o, vrlo(Wos -5 y1) = frolo(%o) Hfmyozyo,...,yt,lzyt,l,9(%) ~ H (N Zwt( )> .

t=1 t=0

17.2 Unique Values and Particle Degeneracy

It is clear from the description of the algorithm that the samples Xt(l), e ,Xt(N)

the Bootstrap Particle Filter are actually sampled from the discrete distribution:

- (1)

output by

An immediate implication of this is that X, . ) : ,Xt(N) will not all be distinct and there will

be repeats among them. A useful diagnostic here is the number of unique values N; among
Xt(l), . ,Xt(N). If Ny is particularly small for some ¢, the Monte Carlo approximation (108)
will not be accurate. If Ny is small for some time indices ¢, then one says that the particle
filter algorithm suffers from the problem of Particle Degeneracy.

The Bootstrap particle filter can suffer from particle degeneracy. To understand when this
problem is particularly serious, observe first that, in the generation step, )E't(l), . ,X't(N)

be seen as i.i.d samples from the one-step ahead prediction density:

can

th\Y():yo,--wthl:ytfl79'

(4 _

The weights w, fY X=X o (ye) satisfy

X (@
w(i) thIYo =y0,...,Yi—1=Yyt—1,Yi= yt,( t )
t <@
thlYo=yo,m,1@—1=yt 1,0 o(X:")

The two densities in play here are the proposal density given by fx,|vy=yo,....v;_1=y,_1,0 and
the target density given by fx,|vy—yo,...vi=y,0- Lhe algorithm will not work well if these
two densities are far from each other. Specifically, particle degeneracy occurs if the target
density fx,|vo=yo,....Yi=y:,0(Tt) is quite small when x; belongs to the high-density regions of
the proposal density th|y0:y07”_7yt_1:yt_1,9(xt). Note that the only difference between the
proposal and target densities is the additional conditioning on Y; = g in the target density.
Thus the proposal and target densities will be different if Y; provides significantly more and
different information about X; beyond that already provided by Yp,...,Y;—1. This tends
to happen, for example, if the observation model relating Y; to X; has small errors. For
example, in the local level model V; = Xy + ¢, if ¢ is small (e.g., when o, is small), then
Y; is quite informative for X; and, in such situations, the bootstrap particle filter algorithm
suffers from particle degeneracy.
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This also tends to happen for ¢ = 0 when the proposal density is fy ¢ and the target
density is fx,yy=yo,0- Lhe proposal density is usually quite diffuse and the target density is
relatively informative leading to small weights for most of the samples (and, consequently,
small Np).

In such situations where Y; is quite informative about X;, a natural fix is to change the
proposal distribution by including information on Y;. This is the idea underlying the Guided
Particle Filter Algorithm.

17.3 The Guided Particle Filter Algorithm

The guided particle filter algorithm uses more general proposal distributions. For each time
point ¢ > 0, each value z in the space of the hidden variables {X;}, and each value y in the
space of the observation variables {Y;}, let

ur q(ul|z,y,0)

be an arbitrary density. The general algorithm described below works for any such set of
densities q;(- | x,y,0). The only requirement is that it should be possible simulate from
this density. This general algorithm is known as the guided particle filter algorithm and
an alternative name for the same algorithm is the Sequential Importance Resampling (SIR)
algorithm. In order to apply this algorithm in an actual problem, it is necessary to specify
q(- | z,y,0). For this, two choices are commonly used:

Loqi(u|2,9,0) = fx,x,_1=z,0(uw). The following algorithm for this choice of ¢; reduces to
the Bootstrap Particle Filter algorithm. Therefore the SIR algorithm is a generalization
of the Bootstrap Particle Filter. Note that this choice of (- |, z,y,6) does not depend
on y (it only depends on x).

2. qi(u, | 2,9,0) == fx,|x,_1=2,v,=y,0(w). This is commonly used as an alternative to the
Bootstrap particle filter when the latter suffers from particle degeneracy. The use of this
density in the SIR algorithm requires one to be able to simulate from the conditional
density of Xy given Xy 1 =x,Y; = 9,0.

The following is the SIR algorithm. As the Bootstrap particle filter algorithm, the goal is to
output, for each ¢ > 0, samples Xt(l), . ,Xt(N) such that

Unif{Xt(l), . ,Xt(N)} ~ X, | Yo=10.....Y: =y, 0. (110)
The algorithm proceeds sequentially. At time t—1, one has access to the samples Xt(i)l, el Xt(ivl)

satisfying (114) for ¢t — 1 and using these, one generates the samples Xt(l), e ,Xt(N) by fol-

lowing the three steps given below.
1. Generation: For each i =1,..., N, generate independent samples:
X gl o= X0y =y 6)
To execute this step, we obviously need to be able to simulate from ¢(- | z = Xt(i)l, Y=
Yt)-

2. Weights: For each ¢t = 1,..., N, compute

Lo(x@ .
th‘Xt—lzxt(i)lﬂ(Xt )f}/tlxt:j(t@)ﬁ(yt)

0 _
qt(Xt(Z) |z = Xt(i)lﬂy =y, 0)

Wy

(111)
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Normalize these weights so they sum to one:

, (4)
w = Y fori=1,...,N.
' wgl) —i—-"—i-w,gN)

To execute this step, we need to be able to evaluate fx,|x, ,—s,_, (zt) and fy, x,—z, (yt)-

3. Resampling: Generate

N
(1) (N) iid ' _
X xR ZWlé{Xt(z)}
=1

This algorithm is initialized by taking

iid

1 N
X(g )""7X(g ) fX0|Y0=y0

and then repeating the three steps described above for t =1,2,....

The justification for the weights (115) is as follows. Note first that (Xt(i)l,Xt(i)) for i =
1,..., N are i.i.d samples from the joint density:

(Te—1,70) =[x\ 1 [YomyorVior=ye1,0(Te—1)@t (1 | Te—1, Y1, 0).

The target should have, as its second marginal, the filtering density at time ¢. This suggests
the target density:
(Te—1,2) = X, 1, Xe[Yo=yo,.... Yi—ye,0(Tt—1, Tt)-

The importance weights will then be given by

cth717Xt|Y0:y07"'7)/t:yt79($t_17xt) (112)
FXial¥omyor¥ior=ye-1,0(@1=1) e (w1 | 1,11, 6)

with ;-1 = Xt(i)l and z; = Xt(i). The above expression can be simplified using Bayes rule as

cth—l7Xt|Y0:y0:-~~:Yt=yt:9(xt_l7 xt)
Ixi i Yo=yor Yior=ye—1.0(@t—1)qe(@e | Te—1, 91, 0)

Cfxt,l,xt\y():yo ,,,,, Yy_q=yp_1.6(@t—1.30) fyy | X, =ay_ 1. Xy=ay.0(Ut)
fYt\YO:yO ,,,,, Yt_lzyt_l,Q(yt)

IXo 1 YomyorYio1=ye_1,0(@t—1) @t (Tt | Tt—1,1,0)

_ c thfl,Xt|Y0:y07~-~aYt71:yt7170(3%71’xt) ¥ (41

= Yi|Xe=x4,0(Yt
fYt|Y0=y07~-~7Yt—1=yz—1,G(yt) fo,—l|Y0=y0,m,Yt—1=yt—179(‘%—1)Qt(xt ‘ xt—l’yt’9> =

B c th—l|Y0:f907~~~:Yt71:yt7179('rt_l)th|Xt—1:$t71»9(xt)

- 9 vat‘Xt::l‘t,@(yt)
fYt|Y0:y07---7Yt71:yt7179(%) thfl|Y0:y07---,th1:ytf179(%*1)%(% | 11,91, 0)

B c Ixuxa=ae 1,000 fyi Xo=0,0(Ut)
Fyi¥o=yo,.Yio1=ye—1,0(Yt) qe(t | 2-1,91,0)

As a result, we can view the weights in the SIR algorithm as the weights given by (112) with
¢ = Ivi|Yo=yo,....Yi_1=y:_1,0(y¢). This justifies the choice of weights in the SIR algorithm. Note
also that because ¢ = fyt|y0:y07m7yt_1:yt_l’9(yt), the average of the unnormalized weights
provides an approximation of fyt|y0:y07__7yt71:yt7179(yt):

N

1 .

E E U}E’L) ~ fYt|Y0=y0,~~~,thl=yt71,9(yt) for each t = 1, . ,T.
i=1

The product of these averages for t = 1,...,T (additionally multiplied by fy,(yo)) gives an
approximation for the likelihood.
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17.4 Weights when ¢ (u | z,v,0) == fx,|x, 1=z, vi=y,0(1)

As already remarked, the two most common choices of ¢; in the SIR algorithm are q;(u |
7,9,0) = fx,|x,_1=«(u) (Which corresponds to the bootstrap filter) and g (u | =,y,0) =
Ixi X 1=a,vi=y(u). The weights for the latter choice can be simplified (using Bayes rule in
the denominator) as:

Ixx=o 0@ i xi=e0We) XX =a01,0(@0) yi)xi=a0,0(t)

q(xe | xe—1,9:,0) th|Xt,1:zt,1,n:yt,6(fEt)

th|Xt—1=xt_1,G(xt)fYt\thcct,G(yt)
fxt|xt_1:zt_1,e(xt)fyt\xt:zt,xt_lzzt_l,e(yt)
Iyilxs_1=e;_1,0(Yt)

. th\Xt,1:$t71,Q(xt)fYﬂXt:a:tﬂ(yt)

Fxpix,q=ap1,0@)yiixp=ar0 (W) fYtht_l:zt_l’g (yt)'

Iy xy_1=a4_1,0(Yt)

In other words, the weight corresponding to (Xt(i)l,f(t(i)) for SIR with ¢(u | z,y,0) =
Ixi|Xi-1=a,v,=y(u) is given by
(i) _

W=y a=x©, 0 W0)-

It is interesting to contrast this weight with the weight fYt\Xt—X“) e(yt) used in the bootstrap
=X,
particle filter.

17.5 Example: Local Level Model

As already remarked, the bootstrap particle filter is widely applicable because, in order to
use it, one only needs to be able to simulate from the state transition density fx, x, ,—z,_,
and be able to compute the density fy, Xy=a,(yt). On the other hand, in order to apply the
Guided Particle Filter algorithm with

Qt(u | z,Y, 0) = th|Xt_1:x,Yt:y,9(u) (113)

one should be able to simulate from fx,|x, ,—s v,y and evaluate fy,|x, =z, (y:). While
this may not always possible, here is a simple setting where the method can be easily applied.
This is the case of the local level model:

Xo ~ N(0,C) X=X 1+ 7% Vi =X+

where Xg, Z1,Zs,...,€0,€1,... are independent with Z; i N(0,0%) and ¢ i1 N(0,02).
For this model, we have

Xi | Xy =a4-1,0 ~ N(z4-1,0%) and Y| Xy =2, X¢o1 = 24-1,0 ~ N (4, 07)
from which it readily follows that

o2 o2 1
Xt’Xt—lzxt—lyi/t:ytvgNN 1 i 1 7 1 1
o2 o2 o + o2

Thus the Guided Particle Filter Algorithm with (113) is feasible in this case and the gener-
ation step simulates observations as:

X, 4ou
= (i) o2, a2 1
X'~ N 11 L
o2 o2 o3 o2
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We also have
Y| Xim1 = 24-1,0 ~ N(z4_1,0% + 07)
so that the weights are computed as
wi = oy X[y, 0% + 0?)

where ¢(y; i, 0%) denotes the normal density with mean p and variance o2 evaluated at y.
Initialization is done by generating observations from the distribution:

yo/(TE2 1
Xo | Yy = ~ N .
0 | Yo = 30,0 (1/c+1/gg’1/c+1/ag>

It can easily be seen (in simulations) that when o2 is small, the bootstrap particle filter

suffers from particle degeneracy. The performance of the guided particle filter with (113) is
much better.

17.6 Recommended Reading for Today

1. Good references for the SIR or Guided Particle Filter algorithms are:
a) Section 5.1 of the Petris-Petrone-Campagnoli book

C

)

b) Section 7.4 of the Sarkka book
) Section 6.7.3 of the Triantafyllopoulos book
)

d) Sections 10.3.1 and 10.3.2 of the Chopin-Papaspiliopoulos (they derive these al-
gorithms from a slightly more general viewpoint involving Feynman-Kac models
which are described in Chapter 5 of their book)

18 Lecture Eighteen

18.1 Sequential Importance Resampling

In the last class, we looked at the Sequential Importance Resampling (SIR) algorithm (we
also used the term “Guided Particle Filter”) which generates, for each t > 0, samples

Xt(l), e ,Xt(N) such that

Unif{Xt(l),...,Xt(N)} ~ X; | Yo =yo,...,Ys =y, 6. (114)

The algorithm proceeds sequentially. At time t—1, one has access to the samples Xt(i)l, el Xt(ivl)
(N)

satisfying (114) for ¢t — 1 and using these, one generates the samples Xt(l), ..., X by fol-
lowing the three steps given below.
1. Generation: For each i =1,..., N, generate independent samples:
X~ gl e =Xy =y 0)
To execute this step, we obviously need to be able to simulate from ¢(- | z = Xt(i)l, Y=
Yt)-
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2. Weights: For each i =1,..., N, compute

v (0)
() _ th‘Xt—1:X£i>179(Xt )fn|Xt:X§i)79(yt)

w — - (115)
@(XD |2 =XD y=y.0)

Normalize these weights so they sum to one:

()
(4) Wy ~
W,/ = fori=1,...,N.

To execute this step, we need to be able to evaluate fx,|x, ,—a,_, (¥¢) and fy, x,—a, (41)-

3. Resampling: Generate

N
1 N) i.id
Xt(),...,Xt( )ik ZWi(;{Xt(i)}
=1

This algorithm is initialized by taking

(1) (N) iid
Xo ey Xg 7 onIYo=yo

and then repeating the three steps described above for t =1,2,....
The density q(- | z¢—1, y:) appearing above is often referred to as a proposal density. The

SIR algorithm works for pretty much any proposal density (the only requirement is the
ability to simulate from it). The two most common choices of the proposal density are:

1. Bootstrap Particle Filter: q(z; | z¢—1,%) = fx,|x;_1=z,_, (¥:). Note that this choice

of ¢ does not depend on y;. The weights corresponding to this proposal are fy;|x,—z, (yt)

ie., wgl) — fYt\Xt=Xt(i> (yt)

2. “Optimal” Guided Particle Filter: q(z; | z¢—1,u) = fx,|x,_1=2,_1,vi=y, (¥t). This
algorithm is only feasible if it is possible to simulate from the conditional density
of X; given X;_1 = x4-1 and Y; = y;. The reason why this choice of ¢ for the
Guided Particle Filter algorithm is called “optimal” can be found, for example, in
Theorem 10.1 of the Chopin-Papaspiliopoulos book. We shall not make any use of this
optimality criterion. The weights corresponding to this proposal are fy,|x, =z, (¥t)
ie., wgi) = fY _ o+ (yr). Note that these weights do not depend on the particles

X 1=X,"
X't(l) generated in this iterate of the algorithm.

The second algorithm above (optimal guided particle filter) usually suffers from less particle
degeneracy compared to the Bootstrap particle filter because the function

T = fY}|Xt—1=z(yt)

is less concentrated compared to the function
T = [y, x,=2(Yt)-
18.2 Example: Local Level Model with non-Gaussian evolution errors

Consider the local level model:
X, =X 1+ 2  with Z, "X (1 = @)N(0,02) + aN(0,02)
Y, =X, +¢  with ¢ ~' N(0,02).
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This model can be used to model trend functions that are piecewise constant. The parameter
« and the variance o3 will both be small in such applications.

The Kalman filter is obviously not applicable here as the evolution error is non-Gaussian.
The bootstrap filter algorithm is quite easy to implement: in the generation step, the chal-
lenge is to simulate

iy~ (1 — Q)N (z¢_1,08) + aN(zi_1,02)

for z;_1 = Xt(z_)l. This is a mixture of Gaussian distributions. One can simulate from this
mixture by first simulating a Bernoulli random variable B with success probability «. If
a = 1, then one would simulate ; from N(z;_1,02) and if o = 1, then one would simulate
#¢ from N (x4-1,03). The weights are given by

wi = fyyxi=z, (W) = O(ye; &, 07) (116)

where ¢(x; p, 02) stands for the normal density with mean p and variance o2. Note that
if y; is far from Z; and o, is relatively small, then there will be particle degeneracy. Also
note that, when the parameters o and o3 are small, most ((1 — «) fraction) of the generated
observations T; will be close to z;_1.

Now let us consider applying the optimal guided particle filter for this model. Particle
generation will have to be done from the conditional density fx,|x,_,=z_,v,=y,- By Bayes
rule:

Ixu X 1i=ae1 Y=y (Tt) O Fx, )X, =201 (Tt) vy X =0, X o1 =0 (Ut)
= th|Xt_1=xt_1(xt)fmxt:xt(yt)
= {(1 — ) d(wy; m4—1,08) + ad(w; 11—1,0) } (ys; w1, 07)
= (1 —a)d(a; xt_l,og)qﬁ(yt; $t703) + ag(@e; w1, Ug)¢(yt§ Tt, 062)-

We now use the following elementary identity (which can be proved by direct calculation):
For every 0,2, u € (—o0,00) and 7,0 > 0, we have

z)o® 4+ p/T? 1
¢(0; 1, 77) (230, 0%) = ¢ (9; o 1 1/72 1/o? 172 ¢(w; 1, 7% + 0%). (117)
We get
) yt/0'62+$t_1/0'(2) 1

IxX =21 Yemy (T) X (1 — @)@ (xt, > G(ys; Te—1, 07 + 0f)

1/o2+1/03 '1/o2+1/03

2 2
. yt/O'E +.’Et_1/0'a 1 . ) ,
oo <$t’ 1/02+1/02 "1/02+1/02 d(ye; 1,07 + 05).

The integral of the right hand side above with respect to x; is
(1 — @)b(ys; xe-1,07 + 07) + ap(ye; o1, 07 + 7).
As a result

th|Xt—1=$t—1,Yt=yt (xt)

_ (1 - 0)o(yrizir.0? +}) o (ool 1)

T (1= )y wi-1,02 +03) + ad(ysiwi-1,02 +02) ' 1/o2+1/of 1[0+ 1/

N ag(ys; vi—1,07 + 03) p <x R r R e 1 )
(1 — ) p(ys; 211,02 + 08) + ad(yp; 241,02 + 02) Y102+ 1/02 1/o2+1]/02)"
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This is just a mixture of two normal distributions so one can simulate observations from it
by first generating a Bernoulli random variable B with success probability:

ad(ys; v—1, 0% + 02)
(1 - a)¢(yt; Tt—1, 052 + 03) + aCb(yt;fCt—l, 062 + 03)

If B =1, one simulates from

N(yt/O'g—f—xt_l/O'Z 1 >

1/02+1/c2 "1/02+1/02

and if B = 0, one simulates from

N ((9/0¢ + w1/ 1
1/o2+1/62 "1/o2+1/c2)"

Finally note that

Fyixei=ee () = (1 — @) (ys; Te—1,07 + 05) + ad(ys; 4-1,07 + 05)

which is useful for weight calculation. Note that, as a function of x;_1, the right hand side
above is more diffuse compared to the weight function in the Bootstrap filter (116). This
implies that, in this example, the optimal guided particle filter suffers from less particle
degeneracy compared to the Bootstrap particle filter.

It should be noted that it is not always possible to implement the optimal guided particle
filter in closed form (as in the above example). For example, consider the local level model
again where the N(0,02) distribution in the evolution error is replaced by the standard
Cauchy distribution:

X, =X, +2,  with Z, %' (1 — a)N(0,02) + aC(0,1)
Y, =X, +¢  with ¢~ N(0,02)
where C(0,1) denotes the standard Cauchy distribution with density proportional to (1 +

2?)~L. In this case, IX0|Xi1=21-1,Vi=y, 18 given by

th|Xt—1=xt—1,Yt=yt (xt) X th\Xz—1=CL‘t_1(xt)fYtIXt=xt (yt)
= {(1 —a)p(x; 4, 08) + ary(z4; $t—1)} o(yr; T4, 07)
= (1 — a)p(z; mi—, 00)d(ye; v, 02) + oy(@e; 4—1) P (ye; T4, 07)

where (x4; 24-1) is the density of a Cauchy random variable centered at x;—; (and scale
parameter equal to 1):

Using the fact (117), we obtain

th|Xt—1=xt—1,Yt=yt (xt)

.yt/az—l—mt_l/ag 1
oc (1 —a)o | @13 2 2 0 7/,2 2
1/024+1/0;5 "1/02+1/0§

> Ay -1, 062 + 03) + ay(@y we-1)O(ye; 2, 062)-

Letting

V(i i, 0?) = / (@ W)(y; 2, 0%)da,
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we can write

th\Xt—1=wt—17Yt=yt (xt)
2 2
Yt/0c + w1-1/0 1
OC(l_a)¢<xt; /62 /20> D) D)
1/o24+1/05 "1/02+1/0§

V(@ 2—1)(ye; 24, 02) )
V (ys; 2o ‘
e |: V(yt;fﬁt_l’gg) (yhxt 1,0'6)

)it

The integral of the right hand side above with respect to z; equals
(1— )y z1,02 + 08) + aV(ys 24-1,07)

so that

Ixx0 = Yimy (%)

_ (1 — a)p(ys; v4—1,02 + 0(2)) é < ] y/o? + $t—1/0(2) 1 >
(1 —a)o(ys; wp—1,02 + 0(2)) + oV (y; -1, 02) b 1/02 + 1/08 "1/02 + 1/03
N aV (yi; w4-1,02) [v(xt;xtl)é(yt;xt,af)]
(1 — a)p(ys; x4—1,02 + ) + aV (y; 241, 02) V(ys; 241, 02)

The density function y ~ V(y;p,0?) is known as the Voigt profile (see https://en.
wikipedia.org/wiki/Voigt_profile) and efficient algorithms exist for its computation.
In order to simulate Z; from the above conditional density, the main challenge is to simulate
from the conditional density:

Y(@e; 24—1)P(ye; e, 02)
V(yt7 Tt—1, U?) .

Ty > (118)
It is not clear if this can be done in closed form. One can use some numerical techniques
for this. For example, a straightforward approach is to use discretization: one can discretize
the domain and approximate the continuous distribution with density given by (118) by a
discrete distribution supported on the discrete set of values. One can then simulate from the
discrete distribution.

Note that the filter algorithms can be used for obtaining the likelihood (which is the
joint density of Yp, ..., Y7 given the parameters) which can be used for maximum likelihood
estimation of the parameters.

18.3 Recommended Reading for Today

1. Good references for the SIR or Guided Particle Filter algorithms are:

a) Section 5.1 of the Petris-Petrone-Campagnoli book

o

Section 7.4 of the Sarkka book

Section 6.7.3 of the Triantafyllopoulos book

¢}

)
)
)
d) Sections 10.3.1 and 10.3.2 of the Chopin-Papaspiliopoulos (they derive these al-
gorithms from a slightly more general viewpoint involving Feynman-Kac models
which are described in Chapter 5 of their book)

2. The local level model with non-Gaussian errors for estimating piecewise constant trend
functions is discussed in Section 15.2.6 of the Kitagawa book, and in Section 8.4 of the
Kitagawa-Gersch book.
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19 Lecture Nineteen

The goal today is to study Monte Carlo methodology for smoothing in general state space
models. We shall focus on two smoothing algorithms:

1. Complete Smoothing: This method is simple and is just an extension of the particle
filter algorithm. However it generally suffers from particle degeneracy.

2. FFBS: This is based on general smoothing ideas that we previously saw in the context
of linear Gaussian models. The method works well but is computationally intensive.

19.1 Complete Smoothing

This algorithm is an extension of particle filtering (and can also be termed complete filtering).
It generates, for each ¢ > 0, samples

(i) 50 (i) :
(Xg0> X Xp), 1 << N

such that the discrete uniform distribution over these samples approximates the smoothing
distribution at time ¢:

N

1

N E 5{(X(i) X(i) X(i))} ~ (X07"'7Xt) | Yb:yOw")n :ytae (119)
i=1

ot 1|ttt
foreacht =0,...,T.

The algorithm proceeds sequentially over time t = 0,1,...,T. At time t — 1, one has
access to samples (X(Z) x .,X(Z) ),1 < i < N satisfying (119) for time ¢ — 1

oft—1>“*1jt—17 t—1t—1
and using these, one generates the samples (Xé‘lz, X ﬁz, o, X t(ft)), 1 < i < N by following the
three steps given below.

1. Generation: Foreach ¢ =1,..., N, let
(1) _ 5 (@) (1) _ 5 (@)
X0|t = Xo\t—l’ e Xt\t = Xt—1|t—1
and

Xy ~ala =X,y =u.0).

2. Weights: For each i =1,..., N, compute

(1)
0 fxtle:Xfi)w_l,e(Xt t )fmxt:)?fff,e(yt)
wy” = (120)

@Ky o= X0y =u.0)

Normalize these weights so they sum to one:

, (i)
W — o fori=1,...,N.
! wt(l)—i--”—i-wt(N)

3. Resampling: Generate

(1) (9 i i
(Xopes Xjgo s Xy )1 < (XG0 KDY
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The following are useful things to know about this algorithm:

1. The weights in (120) can be deduced from importance sampling. To see this, note that

the generation of (Xé‘lg, X t(‘lt)) is from (approximately) the density:
ft—l|t—1(x07 s e-1)q(Te | 21, Y1, 0).

where we are using the notation:

fslt($07 cry xs) = fXQ,...,XS|Y0:y0,...,Y't=yt,9(x07 e 7:1:8)'

On the other hand, the target density equals

Tee(oy -+ ) = fxo,.. X, Yo=yo,....Yieye,0(T05 - - -, Tt)
e (@o, - me1) fyy Xy =200 (V)
B fYt\Yozyo,...,Yt_lzyt_l,Q(yt)
Cfeap1(@os - T1) Fx Xy =ae1,0(T) Fri X =a 0 (Y1)

fW\Y():yo,---,Yt—1=yt—179(yt)

where we used Bayes rule in the second step. The importance weights are therefore
given by

ft|t(x07 ey )
ft—l\t—1($07 o Te1)q(me | o1, Y1, 0)
Ixuxe =008 Iy Xi=a0.0(Ut) 1
B q(zt | 2t-1,9t,0) IYiYo=yo,.. Vi 1=ye—1,0(Ut)

Note that second term above (inverse of fy,|y,—y,, .. vi_1=y,_1,0(¥t)) is a constant as it
does not depend on x;—; or x;. We can thus view the importance weight as simply

th|Xt,1:xt,1,G(xt)fYHXt=xt,€(yt)

Q(l‘t | Jthl,ytag)
) .

This is exactly the importance weight w, ’ in (120) with z;—1 = Xt(i)”tfl

and x; = )E't(‘zt)

2. This algorithm needs to be initialized with samples from Xy | Yy = o, 6:

(1) (N)
X0|0, .. vXo\o .
After the first iteration, it outputs samples:
(1) (N)
X0|1, .. ,XO‘1
1) (N)
Xlll""’Xl\l .
Note that Xéll), ... ,Xéf\lf) is a resample drawn from the initial sample Xé‘lg, ... ,Xéfg).

After the second iteration, the algorithm outputs samples:

() (V)
X0 Xopy
(1) (V)
Xi, o Xy
(1) (V)
Xy, Xy
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Here X(()|12) yeee ,Xég) is a resample of Xé‘ll) yee ,Xéﬁf) which was already a resample
from Xéllg, e ,Xé‘]g). Also X{B, e ’Xl(\]\zl) is a resample from Xﬁl), e ,X{g). One
then proceeds iteratively ending in the final step where the algorithm ouputs:
(1) (N)
XO|T’ e ’X0|T
(1 (N)
X1|T’ : ’X1|T
............... (121)
(1) (N)
XT|T,. .,XT‘T

The columns of the above output (121) in the final iteration of the algorithm are
samples from the smoothing distribution of interest: (Xo,...,X7)| Yo =vo0,...,Yr =

yr, 0.

3. This algorithm is very similar to the Sequential Importance Resampling (SIR) algo-
rithm from the last couple of lectures for filtering. Indeed, if we keep track of only the
filtering samples i.e., the samples

(1) (N)
Xt‘t ,...tht
for t =0,1,...,T, and ignore the set of time indices s | t for s < t, we get back the

SIR algorithm.

4. Particle Degeneracy: This algorithm suffers from serious particle degeneracy. Specif-

ically, the number of unique values Ny among X ) XN can be much smaller

HT? " T
than NV and this is especially true for small values of . This is because the samples
X t(é), e, X t(|i\7) are created in the t*" iteration and the subsequent samples
(1) (N) _
Xt|s,...,Xt|s s=t+1,...,T
are all obtained by resampling from X t(li)’ o X t(|]t\7) with various choices of weights.
This means that X t(|lT), o, X t(g) are obtained after resampling T'—t times from X t(‘lt), e, X t(|]t\7)'

Every resampling leads to a decrease in the effective sample size, and thus if 7' — ¢ is
large (which will be the case for small ¢), the number of unique samples will be much
smaller than N.

Computational Complexity: The complexity of this algorithm is O(NT). This is
because in each iteration of the algorithm, O(N) computations are done (note that
weights need to be calculated for each of the generated samples). The final complexity
is therefore O(NT') as there are T iterations.

19.2 FFBS

This algorithm is similar to the FFBS (Forward Filtering Backward Sampling) algorithms
that we studied previously for linear Gaussian state space models (we also previously looked
at a numerical version of FFBS for general state space models).

The goal of FFBS is to generate M samples:

x®. x® . x

S X2 X)) fori=1,...,M

91



form the conditional distribution
(Xo,...,XT) | Y[) = yo,...,YT :yT,Q.
Note that we are using the notation M for the number of smoothing samples.

The first step in FFBS is to run a particle filtering algorithm. This will result in samples:

(1) (N)
AR 9 (122)
for each t =0,...,T. The discrete uniform distribution over the samples (122) approximates

the filtering distribution X; | Yo = vo,...,Y: = y,0 for each ¢ = 0,1,...,T. Note that,
because of the resampling steps that are used in particle filtering algorithms, there need

not be any connection between Xt( )1| ,_q and X t(| t) for fixed i (in the notation of our filtering

algorithms, X" ® and ?Et(i) would be related but there won’t be any connection between

t—1[t—1
QEt(Z) and Xt(| t) because of resampling). I am using the notation X’ (instead of the usual X)
for the filtering particles to distinguish them from the smoothing samples which will be
subsequently generated by FFBS.

Observe that we have N filtering samples for each time ¢. This N can be distinct from
the desired number M of smoothing samples.

The step of running a particle filter algorithm represents the “FF” part of FFBS. We
shall now describe the “BS” (Backward Sampling) part of the algorithm. Here, for each
i1=1,..., M, we shall generate samples

(i) (i) (i)
XT|T’XT LR "XO\T

in backward order for ¢t = T',...,0. The first sample X:(F|)T
filtering approximation for ¢ = T (this is because the filtering and smoothing marginal
distributions for ¢ = T coincide):

is just drawn from the discrete

;\)I“NUnlf{ 7(“|%“’ - TIT} NZ<5{ ‘T}

The recursive process for obtaining the subsequent samples XC(F) TUCRRRE XO(% is described
next. To go from X t( +)1|T to X tﬂ%, we would need to generate from the conditional density

(below 441 = Xt(Jr)l‘T)

th|Xt+1:55t+17Y0:y07-~~7YT:yT79(‘rt) = th|Xt+1:It+17YO:yO7--~7}/t:yt79(xt)
o th|Y0=y07--~7Yt=yt79(xt)fxt-u|Xt=:vt,9(xt+1)

th+1 [Yo=vo,...,Yt=yt,0 (Tt+1)

A natural idea of generating X t(‘%

generate from a proposal density q(x; | x141,data, @) and then use the weight:

is to therefore use importance sampling where we first

th\XH-l =Z¢+41,Y0=Y0,....YT= yT,H(q;t)

weight(x
ght(z:) = q(x¢ | 441,data, 0)
_ th\YO:yo,...,Yt:yt,@(xt)th+1\Xt:xt,G(xt+1) 1
q(w¢ | w441, data, 0) IXii1|Yo=yo,,Vimye,0(Tt41)

th\Yozyo,.“,y;zyt,o(mt)thH \Xt:mt,e(xtﬁ-l)
q(z¢ | x441,data, 0)

(123)
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The proportionality sign above is in terms of z; (factors not depending on x; can be taken
as part of the proportionality).

Any proposal density g(x; | x¢4+1,data, ) can be used for this purpose. However, it is
especially convenient to take it as the filtering density at time ¢:

q(xt | e41,data, 0) = fx, 1 vo=yo.,....Yimy:.0(Tt) (124)
for the following two reasons:

1. We already have access to samples Xt(ﬁ), el Xt(év) from the filtering density at time ¢

because of implementing a filtering algorithm in the first step of FFBS.

2. With the choice (124), the weights in (123) become quite simple:

weight () o th+1 |Xt:act,9(xt+1)'

With the choice (124), the method for generating X t(|17)’ from X t(jr)1|T becomes:
(4) =
1
Xt|T ~ z; Wja{?@(ﬂ)} (125)
]:
where o o
R N _ G
W] N Wi+ ... WN and wi= th+1|Xt=Xt(‘Jt),9(Xt+l|T)'

(125) just means that Xt(f%

on the filtering samples Xt(ﬁ), cee Xt(‘iv) with weights wy, ..., wy.

is just sampled from the discrete distribution that is concentrated

The overall FFBS algorithm is therefore:

1. Filtering: Run a particle filter algorithm to generate samples Xt(ﬁ), ce Xt(‘iv) which
approximate the filtering distribution X; | Yo = vyo,...,Y: = v, 60 at each time ¢ =

0,1,...,T.

2. Repeat the following for ¢ =1,..., M

a) Initialization for Backward Recursion: Draw one sample Xéf')T from the
discrete uniform distribution on Xﬁgp, ... ,XF}?Q.

b) Backward Recursion: Repeat the following t =7 —1,...,0:

i ) o ‘ (i) . i
i. Calculate weights w; = th+1\Xt:Xt(ft),0(Xt+1\T) for each j = 1,...,N. Nor
malize these weights to obtain W1,..., W which sum to one.

. (i)
ii. Generate X AT

bilities W1,..., Whn.

from the discrete distribution on X (1) X (N)

He e X with proba-

19.3 Recommended Reading for Today

1. The complete smoothing algorithm is described in Section 15.3 of the Kitagawa book,
Section 11.1 of the Sarkk&d book, and Section 12.1.2 of the Chopin-Papaspiliopoulos
book.
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2. The FFBS algorithm is described in Section 12.3.2 of the Chopin-Papaspiliopoulos
book, and in Section 11.2 of the Sarkka book (Sarkka calls it the Backward-Simulation
Particle Smoother algorithm).

20 Lecture Twenty

20.1 Recap: Complete Smoothing

In the last class, we studied two algorithms for smoothing in general state space models.
These algorithms produce samples

(Xé@r,...,X%)T),lgigM

which approximate the smoothing distribution (Xo,...,Xr) | Yo = vo,...,Yr = yr,0. The
first of these algorithms was the complete smoothing algorithm (also known as the SIR-
PS: Sequential Importance Resampling Particle Smoother). This algorithm works in the
following way:

1. Draw M samples X(l)7 e ,XSM) from the conditional distribution of X | Yo = yo, 6.

2. Repeat the following for each t =1,...,T"

a) Draw M new samples Xt(l) yenn ,Xt(M) from the importance distribution:
x O mdeegdent o = XD Y, =y,0)  fori=1,..., M.

b) Calculate weights

(i)
(1) _ fY%|Xt=Xt(i) (yt)fxt\Xz-FXéi)l (X7)

W™ = i i
g x| X7y

fori=1,...,M.

Renormalize these weights to obtain Wt(i),i =1,..., M which sum to one.

¢) Append the samples to the state histories:

(1) (M)

d) Resample from state trajectories X/, ..., X;.,, ~ with probabilities I/Vt(l)7 cee Wt(M).

The above description of the complete smoothing algorithm is slightly different from that
given in the previous class but algorithm is exactly the same. Its computational complexity
is O(MT).

20.2 Complete Smoothing with partial trajectory resampling

The main problem with the complete smoothing algorithm is particle degeneracy. Specifi-
cally, for the samples (X(()Z), .. ,X:(Fl)), 1 <1 < M obtained in the final iteration, the number

of unique values among Xt(l), . ,Xt(M) will be quite small (compared to M) especially for
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small values of ¢. This is because a fixed number of particles (M) are repeatedly being re-
sampled. One, somewhat adhoc, fix to this problem is to resample, instead of the full state

trajectories X(():lt), . ,Xéi\:[), just the trajectories
(1) (M)
X XLy

for some fixed L. Of course, here we are assuming that ¢ > L (if ¢ < L, the resamping is done
as before from the full trajectories). This method fixes the particle degeneracy issue and the

marginal samples Xt(l), e ,Xt(M) will have distribution which is nearly the same as X; | Yy =
Yo, - -+, Yp = yp, 0 (if L is not too small). However, the final trajectories Xé:l%, . ,Xé%) can
no longer be treated as samples from Xy,..., X7 | Yo = vo,...,Yr = yr, 0.

Another way of thinking about this partial trajectory resampling fix is the following. The
main problem with the complete smoothing algorithm is that it gives poor approximation,
due to particle degeneracy, to the smoothing distributions of Xy (given Yy = yo,...,Yr =
yr,0) when s is small. More generally, the samples will provide a poor approximation to the
joint distribution:

Xsl,XSQ,...,XSk|}/E):y0,...,YT:yT,(9 (126)

when s; < --- < s and s is small. One heuristic way to obtain better approximation of
this joint density is as follows. First reason that

Xslasta"stk ’}/():yOa"'vyT:yTag

(127)
%X.Sl)XSQ""?XSk | }/0 :y()a""}/sk—l-L = ysk+L,9

for some fixed L that is much smaller than T — s;. The idea is that the observation values
Y, = y; for t larger than s; + L probably do not have much influence on the distribution
of Xy ,...,X,,. Under the approximation (127), the full smoothing distribution (126) can
therefore be obtained by the right hand side of (127) which is well-approximated by the
complete smoothing algorithm at iteration sy + L. In other words, we don’t need to run
the complete smoothing algorithm till iteration 7" to approximate (126). The amount of
resampling at iteration s + L will be much smaller than until time 7" and this will lead to
much less particle degeneracy. It is tricky however to choose an appropriate value of L (one
usually just takes an arbitrary value such as L = 30).

20.3 Recap: FFBS

The FFBS algorithm is:

1. Filtering: Run a particle filter algorithm to generate samples Xtﬁi), ceey Xt(‘iv) which
approximate the filtering distribution X; | Yy = vo,...,Y: = y;, 0 at each time ¢ =
0,1,...,T.

2. Repeat the following for i =1,..., M

a) Initialization for Backward Recursion: Draw one sample X%)T from the
discrete uniform distribution on X%)T, . ,X;jl\;).

b) Backward Recursion: Repeat the following t =T —1,...,0:

PO

i. Calculate weights w; = til‘T)

thH\Xt:Xt(ﬂ)ﬁ( for each j = 1,..., N. Nor-

malize these weights to obtain W1, ..., W which sum to one.
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.. (i)
ii. Generate X AT

bilities W1, ..., Whn.

from the discrete distribution on X (1) X (N)

He oo Xy with proba-

The level of particle degeneracy of this algorithm can be checked by looking at the number
of unique values among X t(lT), ey X t(]\;) for each t = 0,...,T. Generally, particle degeneracy
is not a problem for FFBS. The issue however is speed. Notice the double loop present in
the algorithm (an outer loop over i = 1,..., M and then an inner loop over t =T —1,...,0).
In the inner loop, there is a calculation of N weights. The total computational complexity
is therefore O(M NT). The FFBS algorithm will therefore be much slower compared to the
complete smoothing algorithms. However, as there is not much particle degeneracy, one can
afford to choose M to be much smaller than N (e.g., M can be of the order of a few hundreds
while N is in the order of tens of thousands).

20.4 Recommended Reading for Today

1. The complete smoothing algorithm and the partial trajectory resampling variant are
described in Section 15.3 of the Kitagawa book (see also Section 12.1 of the Chopin-
Papaspiliopoulos book).

2. The FFBS algorithm is described in Section 12.3.2 of the Chopin-Papaspiliopoulos
book, and in Section 11.2 of the Sarkka book (Sarkké calls it the Backward-Simulation
Particle Smoother algorithm). A technique for making FFBS faster is described in
Section 12.3.3 of the Chopin-Papaspiliopoulos book.

21 Lecture Twenty One

21.1 Model Selection

We shall next look at the topic of model selection. This important problem appears in almost
every data analysis. In our context of state space models, consider, for example, the problem
of deciding between a local level model or a local linear model. This is the problem of Model
Selection. There are Frequentist and Bayesian approaches to Model Selection. One popular
frequentist approach is the AIC (Akaike Information Criterion) and one popular Bayesian
approach is the BIC (Bayesian Information Criterion). We shall study these procedures.

21.2 Akaike Information Criterion (AIC)

The AIC for a model M is defined as:
AIC(M) := —2 x (Maximized log-likelihood for M) 4 2 x (number of parameters in M) .

This can be calculated for any model for which we can maximize likelihood. Let us look at
the logic behind this criterion in the case of i.i.d models. State Space Models are not of this
i.i.d kind but the analysis can be extended to them. Consider a dataset yi,...,y,. By an
i.i.d model M, we mean a model which postulates that y1,...,y, are realizations of random
variables Y71, ...,Y, which satisfy
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for some family of densities pg with a p-dimensional parameter 6. The log-likelihood for this

model is:
n
> logpe(ys)-
i=1

The maximizer of this log-likelihood is the MLE (Maximum Likelihood Estimator) 0,,. The
AIC for this model is thus:

AIC(M) = =2 "logp, (vi) + 2p (128)
=1

The AIC for a different model M which says that Y1, ..., Y, are i.i.d ¢, with a ¢-dimensional
parameter « is

AIC(M) = =2 logga, (vi) +2g (129)
i=1
The logic behind the AIC formulae (128) and (129) is explained below.

21.2.1 The simple case of no parameters

Consider first the case where we consider models with no parameters. Specifically, M is
the model Y7,...,Y, i p and M is the model Yi,...,Y, i q. In this case, the AIC is

simply the negative log-likelihood (multiplied by 2). In other words, we prefer the model
with the higher loglikelihood. This makes sense and one of the explanations for looking at

the loglikelihood is the following. Suppose that the true data generating process is given by:
Yi,..., Y, (130)

It then makes sense to pick p or ¢ depending on how close they are to f*. This obviously
depends on the specific way in which “closeness” is measured. One common choice is the
Kullback-Leiber divergence:

Dl i= [ r1os” = [ fr10n s~ [ 11080,

D) = [ £ log /f log /" = [ 1 1oga,

Note that the first term [ f*log f* is the same for both D(f*||p) and D(f*||q). Thus com-
paring D(f*||p) and D(f*||q) is equivalent to comparing ff logp and [ f*logq. However
f* is unknown so we cannot directly compare [ f*logp and [ f*logg. But a simple unbiased

estimate of [ f*logp is simply:
1 n
=2 logp(Y)
=1

because the true data generating mechanism is (130). Similarly

1 n
D _loga(Y:)
=1

is unbiased for [ f*logq. We thus compare

1 & 1 &
SN logp(Y;) and =S logg(Y;
n; ogp(Y;) an n; og q(Y;)

and pick the model with the higher value. This is clearly the same as comparing likelihoods.

and similarly
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21.2.2 Models with parameters

Now suppose that the two models are given by

Model M : V,..., Y, "~ pg

and ) B
Model M : Vi, ...,Y, *q..

The true data generating process is still (130). One can again consider the accuracy of
estimating f* under the Kullback-Leibler divergence. Model M would provide the estimate
P, and Model M would provide the estimate g4, for f*. Here 6, is the MLE of 6 under

Model M and &, is the MLE of o under Model M. The Kullback-Leibler divergences are
D g, = [ 1108 s = [ 1oz,
and
D laa,) = [ 108"~ [ £ 1ogas,
Thus comparing the Kullback-Leibler divergences is equivalent to comparing
/f* logp; and /f* log qa,, -

As we do not know f*, we would need to estimate the above integrals from the data y1,...,yn
generating according to (130). Natural estimators are given by

1 « 1 «
~ > logp (Yi) and ) Tlogaa,(Y7).
i=1 i=1
However, unlike in the case where there are no parameters, these are no longer unbiased esti-
mators of [ f*log py, and [ f*log ga, respectively. Indeed, we would expect = >, log ps (Vi)

to be larger than [ f*log P, and this will be especially true if py is a complicated model
which overfits the data. In order to correct the bias, we need to understand the quantity:

. 1 ¢
/f logpg, — — > _logpy, (¥:), (131)
=1

and the analogous quantity for the second model. In order to estimate the above quantity,
we need to know something about the behaviour of the maximum likelihood estimator 6,,.

21.2.3 Digression: MLE asymptotic distribution

Given data y1, ..., ¥y, and a candidate model which stipulates Y7,...,Y, i Py, consider the
behaviour of the MLE:
n
6, := argmax (Z logpe(yi)> :
i=1

The asymptotic behaviour of the MLE is usually studied under two assumptions: well-
specified model and misspecified model.

MLE Asymptotics when model is correctly specified: By “model is correctly speci-
fied”, we assume that the observed data are realizations of random variables Y7, ..., Y, which
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are independent and identically distributed according to py~ for some 6*. In other words, the
true data generating distribution belongs to the candidate model class {pg}. In this case,
the MLE 60,, is an accurate estimator of 8*. More precisely, it can be shown that

NG (én - 9*) 5N (o, (1(9*))—1) (132)

)

where I(0*) is the Fisher information matrix:

1(6’*) = Eg* { (V@ logpg(Y)

) <V9 log pg(Y')

0=0+
. <V9p9(Y) 90;2* ((YV)ope(Y) 9:9*>T ) / (Vepo(y) 99*]?0*gyv)9p0(y) 9=9*>Tdy,

Here Ey« denotes Expectation taken under the assumption Y ~ pgp«. I(6*) is a p X p matrix
where p is the dimension of §*. According to the above definition, the (i,5)!" entry of I(6*)

is given by
0 891 9:9* 89j 9:9*

A sketch of the proof of (132) can be found in the next subsection in the more general setting
of model misspecification.

It is important to note that the Fisher Information Matrix has two alternative formulae
in this correctly specified case. The first is that

1(9*) = COVQ* (V@ logpg(Y)

09*> (134)

where Covg« denotes covariance taken under the assumption Y ~ pg«. To see this, note first
that Cov(Z) = E(ZZ") — (EZ)(EZ)T. Thus to see why this alternative formula of I(6*) is
true, we only need to show that
)=
0=0*

Eg» (Ve log pe(Y')

This is true because

Vope(Y')
Ry o=
9;9*) Po+ (Y)

Vopo(y)
:/Wpe*(y)dy

— / Vopo(y) H*dy =V < / pe(y)dy>

Note that we have interchanged the two operations of integation with respect to y and differ-
entiation with respect to 6. Some regularity conditions are necessary for such an interchange
which we are ignoring in this treatment. This mean zero property validates the alternative
formula (134).

Eg- (Va log pe(Y)

0=0* 0=06*
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The second alternative formula of Fisher Information is:

9:0*} 135)

where Hy denotes Hessian. The (4, )" entry of I(#*) according to this formula is
9?1 Y
— Egr { ogpy(Y) } (136)
0=06*

06,00,
To verify the validity of this alternative formula, we need to prove that (133) and(136) are
equal. For this, observe first that

I(0%) = —Eg- {He log po(Y')

*logpe(y) 310%2?9
96,00, 69
_ 0 1 3p9
B 601 (y) 8'93
_ 1 32}?9(.@)_ 1 [3}76(.@)] [ape(y)]
po(y) 00:;00;  (po(y))* | 00; 00;
_ 1 pe(y) _ [9logpe(y)] [2logpo(y)
pg(y) 89289] (%Z 80]‘ ’
As a result
9% logpy(Y)
—Rge { 00T
89189] 0—=0*
1 8%py(y) {3(10gp9(y)) d(log py(Y)) }
— * d + E *
/ P (y) 00:00; |,_p.1" (y)dy +Eo 90 g 00, |p_pe

The first term in the right hand side above equals zero because

1 9py(y)
_ . d
/ po-(9) 90,00, |,_p."" (y)dy
9?pa(y) . P _
- 96,00, |,_. " =~ 96,00, < / pe(y)dy) oo 00,00, ) g "

and this proves that (133) and (136) are equal.
Here is some popular terminology that is used to describe these results:

1. The quantity 6 — Vylog py(y) is called the score function corresponding to the model

{po}.

2. The Fisher Information Matrix is defined as the second moment of the score function
evaluated at the true parameter value.

3. When the model is correctly specified, The Fisher Information Matrix equals the co-
variance matrix of the score function evaluated at the true parameter value.

4. When the model is correctly specified, the Fisher Information Matrix equals the neg-
ative of the Hessian of the log-likelihood evaluated at the true parameter value.

MLE Asymptotics when model is misspecified: Here we assume that the data

Y1,...,Yn are generated according to the model Y7,...,Y, i1 f* where f* does not neces-

sarily belong to the class pg. In other words, f* may not equal py for any parameter value
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0. This means that there is no “true” parameter value §* anymore. So what exactly is the
MLE 0,, estimating? It turns out that the MLE 6, is really estimating the parameter value
0* for which py+ is closest to f* in Kullback-Leibler divergence:

0" = arg;ninD(f*Hpe)
Because D(f*|lpg) = [ f*log f* — [ f*logps, we can also define 0* as

o = argma / F*(y) log pe(y)dy.

In other words, 6* can also be thought of as the maximizer of the average loglikelihood
(averaged with respect to the true data generating density).

In this misspecified case, it again turns out that /n <én — 0*) converges to a zero mean

multivariate normal distribution with some covariance matrix. However the covariance ma-
trix now is not simply the inverse of the Fisher Information Matrix. To understand this,
first let us consider the following simple example.

Example 21.1 (Normal Mean Model). Suppose Yi,...,Y, S f* for some density f*.

Consider the model N(0,1) i.e

plo) = (2m) esp (-0,

Let us consider the misspecified setting where f* is not equal to N(0,1) for any 6. What is
0* in this case? The loglikelihood averaged with respect to f* is

[ srwosmidy= [ £ {250~ Liogtom b ay

= 2/(2/ 0)*f*(y )dy—%log(%)-

It is clear that the minimizer of [ f*logpg over all € R equals the mean corresponding to
the density f*. We thus take
= / yf*(y)dy

On the other hand, given data Yi,...,Y,, the MLE of 0 is easily seen to be

. _ Y+ 4+ Y
b, =y, — 1
n
By the Central Limit Theorem (assuming that the variance corresponding to f* is finite), we

have

Jn (é . 9*) =i (Y, —0%) B N(0,V¥) (137)

where V* is the variance corresponding to f*. What is the Fisher Information Matrix in this
case? The loglikelihood and the score function equal respectively

(y — 0)

1
9 - 5 10g(277'),

log pa(y) = —
and

d
| — 4y — 0.
7 ogpe(y) =y — 0
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The second moment of the score function evaluated at 0 = 0* is therefore:
1(0") =Ep (Y — 05)? = V™.

Thus the asymptotic variance of the MLE does not equal the inverse of I(0*) (in this case,
it equals exactly the Fisher Information).

Let us now state the result for the asymptotic distribution of the MLE 6, in the misspeci-
fied case. We need some definitions. First the Fisher Information Matrix as before is defined
as the second moment of the score function:

T
0=0* >

I(0%) .= Ey- { <V9 logpe(Y)

) <V9 log pg(Y')

T
9:9*)

0=06*

9:0*> (V(apa(y)
P2 (Y)

<Vap9(Y)

=E;-

<V9P9(y)

) / 90*}))3*§;9P9(y) 9_9*>T

[ (y)dy.

The crucial difference from the correctly specified case is that the Expectation is taken to
be with respect to the true density f* (and not pg«). As in the well-specified case, I(6*) also
equals the covariance matrix of the score function evaluated at 8*. This is because
=0.
0=0~*

9:9*> —/Va log py(y)
(138)

The last equality above is because the gradient of [logpg(y)f*(y)dy equals zero at 6§ = 0*
as 0* maximizes the average loglikelihood (with respect to f*) over 6 (this is the definition

of 6*). Therefore
) . (139)
0=0*

In the well-specified setting, we have seen that the Fisher Information Matrix also equals the
negative of the Expected Hessian of the loglikelihood evaluated at 8 = 6* (see the formula
(135)). This is no longer in the case of misspecification. Specifically here I(6*) is not
necessarily the same as J(0*) where

E - (Vg log pe(Y)

1wy =0 ( [omu) s )

I(0") = Covy= <V9 logpe(Y)

J(0%) = —Ej. {He log py(Y)

00*} . (140)

That 1(60*) and J(0*) can be distinct is seen in the simple normal example.

Example 21.2 (Normal Mean Model continued). Consider the same setting of Example
(21.1). Here the Hessian of the loglikelihood is easily seen to be J‘%logpg(y) = —1 so that
J(0*) = 1. On the other hand, we saw in Example (21.1) that 1(0*) = V* where V* is the
variance corresponding to f*. Thus, unless V* = 1, the two quantities I(6*) and J(0*) will
be different. Note that if we insist on correct specification, f* = N(0*,1), then the variance
corresponding to f* will be 1 so that 1(0*) and J(0*) will be the same.
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Here is the correct asymptotic distribution result for the MLE in the misspecified setting:
Jn (én - 9*) LN (0,707 1(07)J(6%) 7). (141)

The formula J(6*)~11(6*)J(6*)~! for the covariance is sometimes called the “Sandwich For-
mula” (seee.g., http://www.econ.uiuc.edu/~roger/courses/476/lectures/L10.pdf). In

the case of correct specification, we have J(6*) = I(0*) as we saw in the previous section so
that (141) is identical to (132).

It is easy to see that (141) gives the correct answer in the simple normal mean example.

Example 21.3 (Normal Mean Model Continued). Here 1(6*) = V* and J(0*) =1 so that
(141) gives

NG (én - 9*) LN (0,707 71 1(07)J(6%) 1) = N(0, V)
which coincides with (137).

Here is a sketch of the proof of (141).

Proof of (141). By definition, the MLE 0,, maximizes the loglikelihood function:

n
= log ps(V;
=1

Thus the gradient of the loglikelihood evaluated at the MLE 0,, will be zero:
Vol(0)|,_s, = VE(bn) =
Now intuitively, ,, should be close to #*. So we do a Taylor expansion of V/(6,,) around 6*:
0= VU(0,) ~ V(0" + HEO") (én - 9*)

which immediately gives R
0, — 0° ~ — (H(0")) "1 [VL(6%)].

We rewrite the above as

Now

TVEG* *fzvalogpe Yi)

0=0*

By (138), each random variable Vglogpg(Y;) (note Y; A f*) has mean zero. Thus by the
Central Limit Theorem (and (139)),
>> =N (0,1(6%)).
0=0*

—w 0*) = Vo log pe(Y;
Vn Z

Further, by the law of large numbers (and (140)),

5N <o, Cov - <v9 log po(Y)
9 0*

n

_%Hﬁ(a*) = %Z (—H9 log pg(Y3) ) E) —E - {Hg logpe(Y) } =J(0).
1 =0 =6
Thus
~ N 1 % “ir 1 % L #\—1 * ) —1
\/ﬁ(Gn —9 ) ~ (-nm(e )) N )] L N (0,706 1(6%)J(6%)7)
which proves (141). O
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21.3 Back to AIC

Let us now get back to the setting of Section 21.2.2. Our goal is to understand the quantity
(131). This is a random variable (as it is a function of Y7,...,Y,, which are independently
distributed according to f*). We shall concentrate on finding the expectation of (131):

Q :—E{/f*logpén — ;Zlogpén(Yi)}
i=1

We write

Q=0Q1+Q2+Q3

where

—E{/f* logpg, — /f* logpe*}, Q2 :—E{/f* log pg- — izlogpe*(Yi)}
=1

Q3 —E{ Zlogpg* ——Zlogpe }

It is clear that QY2 = 0 so we only need to focus on @1 and Q3. For @1, Taylor expansion
around 6* gives

_E{/f*logpén—/f*logpg*}
~ 1 /4 T ~
zE{<V9/f*logp9 ,en—9*>+(9n—0*) Hg/f*logpg (en—e*)}
0=0* 2 6=0~*

The gradient in the first term above equals zero (because of (138)). The Hessian equals

and

= —J(")

Hy / f*log pg

- / F* Hylog po

0=0* 0=06*

because of the definition (140) of J(6*). Thus

0, ~ —%E { (én - 9*)T J(0%) (én . 9)}
- —%E [trace {J(Q*) (én — 9*) (én — 9*>T}]
_ —%trace E {J(H*) (60 —0%) (b0 —9*)T}
1 A T
= —trace {J(G*)E (en - 9 9 - e* }
Because of (141), we take
E (6, 67) (6 9*)T _ %J(G*)‘U(@*)J(G*)_l
to get

Q1 % —g-trace {J(6)7(6%) " 1(6%)T(6°) 1} = — trace {1(6)7(6%) '}
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For @3, we use Taylor expansion around the MLE 6,, to get

1 & 1 &
Qs =E {n Z; log po- (¥;) — ~ Z; Ingén(Yi)}
1= 1=

zE{<VgiZlogp9(Yi) . (én—e*)}.
i=1 =0,

The gradient in the first term above equals zero because 0, maximizes log-likelihood. The
Hessian for large n can be approximated by —J(6*) (this is because 6, will be close to 6*).

Thus
O3 ~ —%E { (én - 9*)T J(6%) (én - 9)}

which (just as in the computation of @)1) leads to

R . 1 /4 AT 1 &
RUEL >+2 (.- 0") Hory 3108 oY)

1 * *\—
Q3 ~ —%trace {1(6)J(6%) 1}.
We have thus proved
Q ~ —2itrace {1(6%)J(0*)7'} — ;trace {1(6%)J(0*) '} = —ltrace {1(6%)J(0*)""}
n n n

This suggests the estimator:
1 " 1 * *\—1
— E logpy (Vi) — —trace {I(6%)J(6")""} (142)
n ™ n
i=1
for

/f* logpén. (143)

(142) is not really an estimator because the second term depends on 6*. However if we
assume that the model is well-specified, then I(0*) = J(6*) so that the second term equals
p (note p is the dimension of 6*). We then get

LS  logpy, (1) - 2
TR
ni:1 gpgn i n

as the estimate for (143). The quantity (142) is simply the AIC multiplied by the constant

1

—35,-- This motivates the use of AIC for model selection.

21.4 Recommended Reading for Today

1. A description of the AIC can be found in Chapter 4 (especially Section 4.5) of the
Kitagawa book.

2. Various applications of the AIC for model selection in state space models can be found
throughout the Kitagawa-Gersch and the Kitagawa books.

3. More details on the AIC and other related model selection criteria can be found in the
book Information Criteria and Statistical Modeling by Konishi and Kitagawa (acces-
sible through the Berkeley library website).
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22 Lecture Twenty Two

22.1 Recap: AIC

In the last class, we looked at frequentist model selection using the Akaike Information
Criterion (AIC) which is defined as:

AIC(M) := —2 x (Maximized log-likelihood for M) + 2 x (number of parameters in M) .
(144)
This criterion arises in the process of estimation of the out-of-sample accuracy of the model.

More precisely, suppose that the data is yi,...,y, and the model is Y7,...,Y, i pg with
parameter 6. The in-sample accuracy of this model is

1 n
~> logpg, (i) (145)
=1

where 6, is the MLE. Its out-of-sample accuracy is defined as

/ [ (y)logp; (y)dy (146)

where f* denotes the true data generating density. As we discussed last class, asymptotics
(under a bunch of assumptions) justify

! nl (yi) — 2 (147)
JR— O ~ . —_
”;:1 g, (vi) =~

as an estimator of (146) where p is the dimension of the parameter . The AIC is just the
above quantity multiplied by the constant factor —2n.

It can be noted that the out-of-sample accuracy can also be estimated more directly
(without using any asymptotics) if additional independent data g, . . ., Jm i f* is available.
In this case, we can use

1 m
=N 1ogp; (3 14
m; ogp; (1) (148)

as an estimate of (146). If additional data is not available, one can split the existing dataset
Y1,-..,Yn into two parts, and use one part to calculate 0,, and the other part as y; for
the calculation of (148). To summarize, AIC and related test-data out-of-sample accuracy
evaluations have the following issues:

1. AIC is popular but it uses many difficult to verify assumptions for obtaining the simple
estimate (147) for (146).

2. Heldout/Test-set methodology is more popular but requires additional data. In the
absence of additional data, one needs to construct training and test datasets whose
choices can be adhoc. If the test dataset is too small, the estimate (148) will be noisy.
On the other hand, if the tranining dataset set is too small, the MLE calculated from
the training dataset will be quite different from the MLE calculated on the full dataset
and which create bias in the estimation of (146).

We shall next study Bayesian Model Selection.
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22.2 Bayesian Model Selection

Bayesian model selection works for comparing Bayesian models. By a Bayesian model, I
mean a model in which both the likelihood as well as the prior are specified. For example,

given data vy1, ..., Yyn, consider the two models:
Vi,..., Y, AUN(0,1)  with 0 € [-5,5], (149)
and B
Yi,... .Y, X' N(0,1)  with 0 ~ unif[—5, 5]. (150)

Model (149) is not a Bayesian model because the prior is not specified. The constraint
0 € [—5,5] does not precisely say how 6 is distributed on [—5,5]. On the other hand, the
model (150) is a Bayesian model.

An important advantage of Bayesian models is that they allow calculation of the proba-
bility of the observed data under the model. For example, the Bayesian model (150) would
calculate the probability of the observed data y1,...,y, as

I 1
—n/2 - ;2
10 _5(27'(') exp ( 5 g (yi — 0) ) de.

=1

On the other hand, the non-Bayesian model (149) would not allow computation of the
probability of the observed dataset. Indeed, under the model (149), one can write the
probability of the observed data as

n

(2m) "2 exp (—; S - e)?)

i=1
for some 6 € [—5,5]. But this not give a precise answer to the probability of the observed

data as it involves the unknown value 6 about which we only know that § € [-5, 5].

Note the slight abuse of terminology here. By probability of the observed data under a
model, I actually mean the joint density:

v Yo (WL Yn)

when the underlying random variables are continuous. In the case where the random variables
are discrete, probability of the observed data will mean

P{Yl = y17"'7Yn = yn}

In the continuous case, one really should think of an observation 1.29 as not being exactly
equal to the number 1.29 but rather as [1.29 — §,1.29 + ¢] for some very small number o
which represents recording precision. The observed dataset yi,...,y, is then really [y; —
8, y1+0],...,[yn — d,yn + d]. In such a case, the probability of the observed dataset will be
represented by

P{Yl € [yl - 57 U1 + 5]7 e 7Yn € [yn - 57 Yn + 5]} ~ le,...,Yn(yL cee ’yn)(Q(S)n

Thus, up to multiplication by the constant factor (26)™ (which will be the same across
different models), the probability of the observed dataset is proportional to the joint density.
This justifies the abuse of notation referring to the joint density as the probability of the
observed dataset.
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Consider now a generic dataset y (y could be a vector or matrix or something even more
general). We have two Bayesian models for y:

My :Y |0 ~pg  with 6~ fp(") (151)
and
My:Y |ar~qe  with a~ fof) (152)

Bayesian Model Selection compares M7 and My by simply calculating the probabiliity of the
observed data y under both M; and Ms. Specifically, we compare

fyian (y) Z/pa(y)fe(9)d9 and  fy |, (y) Z/qa(y)fa(a)da-

Preference will be given to the model for which the probability of observed data is higher.
The following are alternative terms for fy|y, (v):

1. Marginal or Integrated Likelihood: fy |y, (y) is simply the integration of the
likelihood py(y) with respect to the prior density fy(6).

2. Evidence: fyy, (y) is often referred to as the Evidence of the model M; under the
observed data y.

Thus Bayesian Model Selection compares the Integrated Likelihoods or Evidences of models.
The following simple example is a good illustration of the basic idea behind Bayesian Model
Selection.

Example 22.1 (MacKay). This example is from Chapter 28 of David MacKay’s book titled
Information Theory, Inference, and Learning Algorithms. We have the dataset —1,3,7,11.
Consider the following two Bayesian models for this dataset:

1. Model 1 (linear): Y1 = a and Y41 = Y, + B for n > 1. This model has the two
parameters « and 3. We assume that o and 3 are integer-valued that they are indepen-
dently uniformly distributed over the set {—50,—49,...,49,50} which has cardinality
101.

2. Model 2 (cubic): Y1 = a and Ypy1 = bY,? + cY,?2 +d. This model has the four
parameters a,b,c,d. We assume that these four parameters are independent with a
having the uniform on {—50,—49,...,49,50} and b, c,d each having the distribution of
x/y where x ~ Unif{—50,—49,...,49,50} and y ~ Unif{1,...,50} are independent.

Which of these two models would you use for the data? Bayesian model selection is readily
applicable here as both the models are Bayesian. We only need to calculate the probability of
the observed data for the two models. For the linear model (M1):

P{Y; =-1,Y,=3,Y3 =7,Y; = 11 | M1}
=Y P(Vi=-1Y=3Y3="7Y,=11|a=ipB=jM}P{a=i8=;|M}
i,J

—P{Yi=-1,Y=3Y;=7Y,=11|a=—1,8=4MI}P{a=—1,8=4| M1}

= (D)P{a= -1 | MI1}P{B =4 | M1} = (1(1)1)2 =9.8x107°.

For the cubic model:
P{Y1 =-1,Y2=3,Y5=7,Y, =11 | M2}

=Y PVi=-1,Y=3Y3="7Y,=11ab,c,d M2}P{a=a,b=bc=cd=d|M2}
a,b,c,d
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It turns out that the cubic model explains the given data perfectly if and only if its four
parameters a, b, c,d are chosen as a = —1,b= —1/11,¢ =9/11,d = 23/11. As a result

P{Y; = —1,Yy =3,Y3 =7,y = 11 | M2}
=P{a=—-1,b=—1/11,c=9/11,d = 23/11 | M2}
= P{a=—1}P{b = —1/11}P{c = 9/11}P{d = 23/11}

1 11 11 11
=(— (4 —= =) (4-—= =)(2 — =) =25x10"12
101 101 50 101 50 101 50

Clearly the probability of the observed data is much smaller for the cubic model compared to
the simpler linear model. Bayesian model selection here will prefer the linear model and this
would align with common sense. Note here both the models explain the data equally well.
The cubic model gets downgraded however because the prior in the cubic model gives a much
smaller probability to the correct parameter values compared to the linear model. We shall
come back to this point later.

Bayesian model selection can also be understood from the perspective of hierarchical mod-
eling. Specifically consider the following hierarchical model which converts the two models
M; and M (defined as in (151) and (152) respectively) into a single Bayesian model.

7 takes the values 1 and 2 with probabilities p and 1 — p
Y|Z=1,0~py and 0 |Z=1~ fy (153)
Y| |ZT=20~q, and «a|Z=2~f,

The random variable Z represents one of the two models M; and Ms. More precisely Z =1
represents My and Z = 2 represents Ms. p and 1 — p represent the prior probabilities of My
and Ms. Under this single Bayesian model, we can calculate the posterior distribution of 7
given the data Y =y as:

fY|M1 (yP{Z =1}

P{I=1|Y =y}=

and
fyan (y)P{Z = 2}

B fyi, WP{Z = 1} + fya, (v)P{Z = 2}
These are the posterior probabilities of the two models given the data Y = y. Model M;
will be preferred compared to Model My if and only if

P{T=2|Y =y}

P{Z=1|Y=y}>P{Z=2|Y =y}.
As the denominators of the above probabilities are the same, this is equivalent to

Ty WP{Z =1} > fy g, (y)P{Z = 2}.

Now if P{Z = 1} = P{Z = 2} i.e., if the two models are a priori equally likely, then
the above comparison is equivalent to comparing fy s, (y) and fy|ar,(y). Thus Bayesian
model selection in terms of evidences is equivalent to looking at posterior probabilities of the
two models in a hierarchical model where the prior probabilities are the same. When the
prior model probabilities are not the same, we need to multiply the evidences by the prior
probabilities before evaluating the models.
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22.3 Two Alternative Expressions for the Evidence

The evidence fy |y, (y) satisfies the following two alternative expressions which bear some
similarities to the AIC formula (144). Both these formulae are consequences of the following
expression for posterior density of the parameter 6 in the model M;:

ior(6
posterior(6) = prior(6)pe(y) for every 6.

fyinn ()

Here prior(0) = fg(0) and posterior(#) is the density of 6 conditional on Y = y in the model
M. As a result, we have

_ prior(0)pe(y)

fY|M1 (v) = posterior(6) for every 6. (154)

Taking 6 to be the MLE 6 in the model M7, we obtain

A~

prior(6)ps(y)
Frinn (y) = ———2%=.
posterior(6)
This immediately gives the formula:
posterior 0
—2log fy|ur, (y) = —2logp(y) + 2log 7()
prior(6)
log pé(y) is simply the maximized log-likelihood for the model M;. Thus
. o - posterior(d)
— 2log (Evidence(M;)) = —2 x (Maximized log-likelihood for M) + 2log | ———————=
prior(6)
(155)

Note the similarity of (155) with (144). The first term above measures the fit of the best
model in M; to the observed data, while the second term measures model complexity. The
model complexity term is more complicated compared to (144). The posterior evaluated at
the MLE will generally be larger than the prior evaluated at the MLE which means that the
model complexity term in (155) will be positive.

Example 22.2 (Example 22.1 continued). Here both the models M, (linear) and My (cubic)
perfectly explain the observed data. Therefore the mazimized log-likelihood value is the same
for both My and M. Also both the models have exactly one parameter setting which explains
the data perfectly, and every other setting gives zero probability to the observed data. This
means that posterior(é) equals 1 for both the models. The only difference in the models will
be in the prior evaluated at the best parameter setting. This term is much higher for the
linear model compared to the cubic model. The reason is that the prior for the cubic model is
supported on a much larger set (compared to the prior for the linear model) and consequently
the prior mass assigned to each individual element of the large set is much smaller.

For the second alternative formula, take logarithms on both sides of (154) to get

posterior(6) ]

f 0.
prior(6) or every

log fyar, (y) = logpy(y) — log {
Integrating both sides of the above equation with respect to posterior(), we get (note left
hand side does not depend on 0):

posterior(6)

log fy |, () = /posterlor(e) log pe(y)dl — /posterlor(ﬁ) log[ prior(9)

= Egposterior 10g Pa(y) — D (posterior||prior)

J s
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where D(-||-) denotes Kullback-Leibler divergence. In other words
— 2log (Bvidence(My)) = Egepoterior [~2 108 po(y)] + 2D (posteriorJprior)  (156)

This is similar to (156) except that maximized log-likelihood is replaced by the expected log-
likelihood where the expectation is taken with respect to the posterior, and the complexity
term is replaced by the Kullback-Leibler divergence between the posterior and the prior.
Generally, for complex models, the posterior will be quite different from the prior leading to
greater penalization (for a concrete example, consider the setting of Example 22.1).

22.4 The BIC

The BIC (Bayesian Information Criterion) is obtained as an approximation for (155) when
the posterior is replaced by its normal approximation. As we have seen previously, in some
cases, the posterior distribution is well approximated by a normal distribution Np(é, ¥/n)
where 0 is the MLE, n denotes sample size and ¥ is a p X p covariance matrix (generally 3
is related to the Hessian of the log-likelihood evaluated at é) In such cases,

posterior(8) = (2r) /2 (det(S/n)) "2 exp (—g(e — gy Yo - é))

which implies that )
posterior(6) = (zw)—Pﬂ (det(E/n))_1/2,

As a result
ior(d ~p/2 —1/2
log poster101:(9) o (2m) (det(%]/n))
prior(6) prior(#)
—p/24,p/2 —1/2
g 2R (det(2))
prior(0)

1 A
= g(log n) — g(log(%r)) ~3 log detX — log prior(0)

_ 12(10 w1 L(log(2m)) + 5 log detE + log prior(6)
908 L(logn) '

Now if the sum of the terms Z(log(2)), % logdet® and log prior(6) is small compared to

Blogn:

L(log(2m)) + 3 log detE + log prior(6)
L(logn)

<1, (157)

then we can approximate the term in the parantheses by just 1 leading to

log pOStGrlOIA'(H) - E(logn).
prior(f) 2

The formula (156) then simplifies to
—2log (Evidence(M;)) ~ —2 x (Maximized log-likelihood for M) + plogn. (158)

The right hand side above is called the BIC (Bayesian Information Criterion). It is similar
to the AIC with a more stringent penality for model complexity. As a result, BIC leads to
smaller models compared to the AIC. Also note that because of (157), the formula (158)
does not depend on the prior m making this convenient to use in practice.
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22.5 Recommended Reading for Today

1. For a very good treatment of Bayesian Model Comparison, see Chapter 28 of the book
Information Theory, Inference and Learning Algorithms by David MacKay, or Chapter
20 of the book Probability Theory: the logic of science by E. T. Jaynes.

2. The formulae (155) and (156) can be found in the 2010 paper titled Bayesian system
identification based on probability logic by James L. Beck.

23 Lecture Twenty Three

23.1 Recap: Frequentist and Bayesian Model Selection

We studied frequentist and Bayesian methods for model selection in the last couple of classes.
Frequentist methods aim to estimate the generalization accuracy of each model with the best

parameter choices. For example, in the case of a model Y7,...,Y, i1 Py, frequentist methods
aim to estimate generalization accuracy defined as:

/ f*(y)logp; (v)dy (159)

where f* denotes the true data generating density (it is assumed here that data are actu-
ally generated independently from the density f*), and 6,, denotes the MLE of 6. Several
estimators exist for the generalization error. The AIC is constructed based on the following
estimate of the generalization error:

1 — p
=D logp, () — . (160)
=1
In fact, the AIC for the model is simply the above generalization accuracy estimate multiplied

by constant factor —2n.

In practice, people often estimate the generalization accuracy (159) by splitting the ob-
served dataset into two parts called training data and test data respectively, and then using
the estimator:

1 m
“Nlogp (3 161
m]; ogp; (i) (161)

where 71, . . ., ¥ denotes the test data and 0y,—m is the MLE of 6 computed from the training
data. While this methodology is popular, there don’t exist principled ways of doing the test-
training split.

Bayesian Model Selection compares models in terms of the total probability each model
assigns to the observed data. In the above context where the data is y1, . . ., ¥, and the model

isYy,...,Y, i1d pg, the model is evaluated via

i v, Wi, yn) = / (Hpe(%)) fo(0)do
=1

where fy denotes the prior distribution of §. This marginal probability fy, .y, (v1,...,yn)
is often referred to as the Evidence of the model. In the last class, we looked at the following
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alternative formula for the evidence:

prior(6)
(162)

terior (9
— 2log (Evidence(M)) = —2 x (Maximized log-likelihood for M) + 2log [poserlol:()]

We remarked that this formula bears some resemblance to the formula for the AIC.

The Evidence also has some connection to estimates of generalization accuracy such as
(161). This is because we can decompose the Evidence as

Evidence(M) = fy,,..v, (Y1, -+ Yn) (163)
=y (yl)sz\Y1=y1 (y2)fY3\Y1=y1,Y2=y2 (y3) - - fYn‘leyl,n-:Ynfl:ynfl(yn)'

Thus the Evidence is simply the product of all the predictive probabilities for each of the
data points, using the model “trained” on the previous data points. Note that

A R A (e /pe(yz')fem:yl,...,n1=yi1(9)d9-

When 1 is not too small, the posterior density f9|Y1:y17._.,y;71:yi71(0) should be peaked near
the MLE based on the data Y7, ..., Y;_1 so this can be viewed as measuring the generalization
accuracy of the MLE similar to (161).

The main issue that people have with Bayesian Model Selection is the reliance on the
priors. The next section contains a simple example where the dependence on the prior can
be seen explicitly.

23.2 Example: Normal Mean

We use Bayesian Model Selection to evaluate the following two models for the observed data
Y1y -5 Ynt N
Model 1: V3,...Y, "% N(0,1),

and
Model 2: V1,...,Y, ' N(0,1)  with 6 ~ unif(—C, O).

The prior in Model 2 depends on the quantity C. We assume that C' is large. The Evidence

for My is
Evidence(My) < 1 >n ( 1o 2)
vidence(M1) = [ — | exp|—= g yi |-
V2 23
The Evidence for Ms is

Evidence(Ms) = % /_z <\/127T>nexp (—; En:(yz- — 0)2> do

=1

= % <\/127r>nexp (-; Zn:(yz - y)2> /CC exp <—g(§ - 9)2> do.

i=1
Because C'is large, the limits —C' and C' can be replaced by —oo and oo respectively without
nontrivially changing the value of the integral above. Thus

Evidence(M3) ~ % (\/12?>nexp <_; Z:L:(yZ — g)2> /OO exp (—g(g — 0)2> do

= % (\/12—%>neXp (-; ;(yi - y)2> 2%
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The ratio of the two Evidences is thus:

Evidence(M;) n 1 o 1,
— = =2C/ — i —Y) — = :
Evidence(Ma) or P ( Z(y 9) — bi

which can be simplified to

Evidence(M;) 20\/7(9)( <ngj2> where 7 .— YL 4+ 4 yn

Evidence(Ma) o P\ g v= n
Note that if 7 is exactly equal to zero or is close to zero, then the factors C' and /n appearing
in the formula above make the ratio of evidences quite large. Thus, when ¥ is close to zero,
the simpler model M; will be preferred. On the other hand, if  is far from zero, the factor of
n appearing in the exponent of exp(—ny?/2) will make the evidence small. This, of course,
is in line with intuition. If gy is neither very close to zero nor very far from zero, then the
value of C will be crucial for determining whether the ratio of evidences is larger or smaller

than 1. This example shows how Bayes model selection based on evidences depends on the
priors chosen in the individual models.

The ratio of the Evidence of model M; to the Evidence of model Ms is often referred to
as the Bayes Factor especially in the statistics literature (see, for example, https://en.
wikipedia.org/wiki/Bayes_factor).

23.3 Application: Linear Regression

Let us now calculate the Evidence for a linear regression model under a natural choice of
prior. These evidences can be used for comparing various linear regression models (such as
those obtained by different choices of covariates) for the same dataset.

The observed dataset is y1,...,y,. For each response value y;, we also associate a p x 1
covariate vector x;. The response values yi,...,y, are usually placed in a n x 1 vector
denoted by Y. The covariate vectors are placed as rows of the n X p matrix X. We shall
consider the matrix X to be deterministic. The linear model is given by

Y ~ N,o(XB,0%I,)

for two parameters 154 and o2. The parameter vector is § = (3, ). The Maximum Likelihood
Estimate of 0 is 0 := (8, ) where

. /1 . Y — Xf
B = argmin|Y — XB|I> = (X’X)7'X'Y and 6:=/—||Y — Xp|2 = I = XB1
8 n \/ﬁ

To make this into a Bayesian model, we need a prior on . Let us consider a generic prior
fo(0) for now which will be specified shortly. The Evidence is then given by

Iy — x5

Evidence = /(27r)_"/20_” exp (— 5,2
o

) fo(0)do
The likelihood function

202
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will have a single peak at 6 and usually the likelihood is concentrated around 6. The prior
fo(0), on the other hand, will be quite diffuse. As a result, we can approximate the Evidence
as

_ 2
Evidence = /(27r)_”/20_” exp (—W) fo(0)do
o

The integral above can be evaluated explicitly as

[ [en ey (VXY g,
= /(277)_n/20_”exp( I - XﬁHQ) { ( IX5 — XBHQ) }
= /(271.)—71/20.—71 exp ( Y — XﬁHQ) { exp ( (B - 6) X’ X —5) ) }

_ 2
— (\/%)—(n—p)’X/X|—1/2/ U—(n—p) exp (HY Xﬁ” )d

0 202

Using the change of variable o = t~1/2, the above integral can be checked to equal:

0 2112 n—p—1
/ O.—(n—p) exp [ — HY — )2(5“ do = 2(n—p—3)/2 F( % ) )
o 2% v = Xpr

We have thus proved

A (r=p=1
Evidence ~ fe(e)(\/Qﬂ')_(n_p)’X/X‘_1/22(n_p—3)/2 ( 2 )
1Y — XpB|n—>r-t
N (n—p—l)
= fo(0)273 2n=(n"P)/2 X' X |71/ 2 .
1Y — X[t

We shall now specify the prior fy(6). We take 5 and o to be independent with
B~ N(@O,7(X'X)™") and logo ~ Unif(—C, Q).

This prior depends on the two hyperparameters 7 and ¢. The normality assumption for § is
standard and facilitates computation. Note that we have taken the covariance to be propor-
tional to (X’'X)~! as opposed to the identity matrix. This is because usually the different
components of 4 correspond to widely different covariates (e.g., X7 might be age, X5 might
be current weight in pounds, X3 might be weight a year ago in kilograms etc.). In such cases,
we should not treat the different components in the same footing and 8 ~ N (0, 72(X’X)~!)
is a more sensible assumption than 8 ~ N(0,721,). The prior 3 ~ N(0,72(X'X)!) is
usually referred to as the Zellner prior. The uniform prior for log o is quite standard. Thus

/3t _C C
fo(0) = (2m) P27 7P| X' X |2 exp <—BXXﬂ> " <o<e }

272 2Co
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Our formula for the Evidence then becomes

BX'XA r(>2=)  I{e %<6 <ef}
272 |y — XBanpfl 206 '

Evidence ~ 2~ PF3)/272=1/227P oy (—

Plugging in the value of 6 = n~1/2||Y — X ]|, we get

FX'XB\ al(ZE=L) 1{eC <0<eC}
212 Y — XB|nr 20

Evidence(r) & 27 PH3)/25=7/227P oxp (—

This quantity depends on the two prior hyperparameters 7 and C'. The dependence on C is
not very problematic because the indicator term I{e~¢ < & < e} will always be positive as
C' is large, and the other factor (1/(2C')) will be common across the various linear regression
models provided we choose the same value of C' in every model. The dependence on 7 is
more sensitive however. This means that the probability assigned to the data by the Bayesian
linear regression model depends sensitively on the parameter 7. For some values of 7, the
probability of the observed data will be high and for some other values of 7, the probability
of the observed data will be low. Furthermore, the values of 7 where the probability of the
observed data will be high (or low) will depend on the specific regression model (i.e., they
will be different from one regression model to another, and this will have a bearing on the
model selection problem).

To deal with this, the sensible way (from a Bayes perspective) is to take a prior on 7 and
then integrate the evidence formula above with respect to that prior. For a prior f(7) on
T, the integrated evidence (with respect to f;) equals

(p+3)/2,—n/2 V(5= Ly I{e @ <6 < e} ﬁ’XXB
Pt IV XA 50 / T Pexp 972 fr(T)dT

Evidence = 2™

We take the prior

He ™ <7 < 1}
2017’

log T ~ Unif(-C1,C)) = f-(1) =

This leads to

© XX 1 / - [BEIE
P - P _ d
/0 T Pexp ( 52 fr(r)dr 20, | e T exp 52 T
Y A |1 X513
_ p—1 _
5, /0 T exp ( 572 dr

9(p—2)/2 I‘(g)
200 | xp|p

Q

‘We thus have
2 D221 T (8) 1{e € <6 < e}
272 Iy — XB|nP | XB|p 400

Evidence ~

This formula depends on C' and C;. The indicator will usually equal 1. The rest of the
formula is proportional to C'C;. If these constants are chosen to be equal across the different
linear regression models, then all the evidences will be affected by C' and C} in the same way.
In that case, we can write (ignoring terms that do not depend on the particular regression
model):

regt) re

Evidence - £
1Y = XB|»* | XB|P
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23.4 Recommended Reading for Today

1. For more comments on the relation between the Bayesian Evidence (163) and gen-
eralization accuracy estimates via cross validation, see David MacKay’s Bayes FAQ
webpage http://www.inference.org.uk/mackay/Bayes_FAQ.html#gcv. In particu-
lar, see MacKay’s response to the question on the relation between Bayes and GCV.

2. The simple normal mean example in Section 23.2 is taken from Section 5.3 of the 1990
paper titled From Laplace to Supernova SN 1987A: Bayesian Inference in Astrophysics
by Tom Loredo.

3. Model selection via calculations similar to Section 23.3 can be found in Chapter 5 of
the book Bayesian spectrum analysis and parameter estimation by Larry Bretthorst.
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