Statistics 260: Statistical Genetics Lecturer: Terry Speed
Week 9, Lecture 1 Scribe: Michael Brudno

Sequence Alignment

One of the basic problems which abiologist is faced when given two genomic or protein sequencesis
to determine whether the two sequences are related. In this lecture we will talk about methods of
sequence alignment, methods for visualizing the alignments and how to determine whether two
sequence show similarity by chance or because of common ancestry.

I. Method for Alignment Visualization: Dot Plots

A dot plot isthe earliest, smplest, and most compl ete method for comparing two sequences (Gibbs &
Mclntyre, 1970). It allows for easy identification of the regions of similarity, internal repeats and
rearrangement events. It is further possible to filter the dot plotsin order to minimize noise while
preserving the strong signals.

A dot plot is created by writing one of the sequences along the vertical axis of a matrix, and the other
along the horizontal axis. In all of the entries of the matrix where the letter along both axesisthe
same adot is plotted, asin Figure 1.
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Figure 1. A dot plot of two sequences.

A long sequence of dots on adiagonal represents regions of similarity between the two sequences. By
plotting a sequence against itself it is possible to find internal repeats, asin the plot of 2-a
haptoglobin® on the next page (plot 1): the two long diagonal runs off the main diagonal represent an
internal repeat.

It isfurther possible to filter a dot plot in order to reduce noise by introducing window sizes (w) and
stringencies (s). When these parameters are used for every entry in the matrix, adot is plotted if there
are at least s matchesin the w closest entries on the same diagonal. By varying sand w it is possible to
greatly reduce noise from single matches or mismatches, while honing in on either short or long
conserved motifs. In the example on the next page (plot 2) most of the noise has been eliminated by
setting w=30 and s=9.

The most commonly used (and arguably best) tool for creating dot plots is dotter
(http://www.cgr.ki.se/cgr/groups/sonnhammer/Dotter.html). It allows the user to dynamically change
stringencies and window sizes and takes advantage of grey-scale to plot longer alignments.
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Plot 1: 2-a haptoglobin? against itself. Plot 2: Human 3 globin v. human myoglobin. w=30, s=9

I1. Global Alignment

An alignment of two sequences a and b is an arrangement of a and b by position where both can be
padded with gap symbols, and the length of both counting the gap symbolsis the same:
Given a: AGCACACA and b: ACACACTA we can have, among others, the alignments

AGCACAC- A or AG- CACACA
A- CACACTA ACACACT- A

By reading the alignment from |eft to right we have alist of edit operations required to transform a
into b:

Left: Match (A A Right: Match (A A

Delete(G -)
Match (C, ©
Match (A A
Match (C, O
Match (A A)
Match (C, O
I nsert(-,A
Match (A A)

Repl ace( G, C
Insert (-,A)
Match  (C, O
Match (A A
Match  (C, O
Repl ace(A, T)
Delete (C, -)
Match (A A



The optimal global alignment is one which minimizes the total cost of transforming a into b, where
each operation has a specific cost. We will first talk about the costs for matches and mismatches
(scoring matrices), and then discuss the costs for insertions and del etions (gap penalties).

I1.1 Scoring Matrices

Scoring matrices are used to determine the penalties for mismatches and payoffs for matches for the
alignment. Given an alphabet 2, the element M;; of the scoring matrix M will have the match payoff (if
i = j) or the mismatch penalty (0.w.) The choice of the scoring matrix will have a major effect on the
alignment produced. The matrix can be built based on one of many principles:

» Physical/Chemical similarities:
- Comparing two sequences according to the properties of their residues may highlight regions
of structural similarity

e |dentity matrices
-by stressing only identities and not penalizing divergence are better able to locate the
remaining common features

* Mutation Matrices
-matrix entries represent the likelihood of the particular letter changing into another over
time. The most common matrices of this type are PAM and BLOSUM. The matrix that
performs best is the one that most closely resembles the evolutionary distance between the
two sequences being aligned.

I1.2 Statistical M otivation

There is a statistical motivation for alignment scores. Given a gap-free alignment, we have two
potential hypotheses: Homologous and Random.

If we are aligning DNA sequences, we will assume independent sites and the Jukes-Cantor model for
the homology hypothesis and independent sites and equal frequencies for all base pairs for the random
hypothesis. We can calculate the log-likelihood as follows:

Sample Alignment:
AGCTGA. . .
AACCGG. . .
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where d = #disagreements, a = #agreements, and p = Z(l_ ey,
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3 p %—p
Because p<4, Iog%§<0, log 1/4§>0,

score=ax g +d x (—), where o isthe match score and - is the mismatch penalty.

Notethat if at =0,0 =log4, while — £ =log8at , which is massively negative. We have abig

P
3/4

=1+3¢,andso 0 =log(1+ 3¢) = 3¢. Thus

3
difference between the two scores. Conversely, if atislarge p= Z 1-9), =1-¢,and

1-p

=log(l- &) = —¢€, while 1- p——(1+3£) 14

the scores are about 3:1.
Thisis easily generalized to any other Markov Substitution matrix:

Gap free alignment:

ajdy. . . Am

b.bs. .. by

P(data|H) = U Ty paibl (2t) P(data|R) = | Thy
UP(data]H) D

0
| 2) /
9 (datalR) 5~ Z OQDp ab (207, 0

The elements of the log-odds score matrix are usually positive on the diagonal and negative off the
diagonal, but not always.

Therelative size of the match and mismatch penaltiesincrease as at decreases. In the PAM(at)
matrix PAM (120) is more stringent than PAM(250), while PAM(360) is even less stringent. PAM(0),
the identity matrix, is the most stringent.

There are many other scoring matrices based on other principles, but in general the matrix that works
best is the one that best reflects the evolutionary distance between the two sequences. To some extent
this creates a chicken and egg problem, since we want to align the sequencesin order to detect
whether the two are related, and if so how long ago they split.

The two most commonly used scoring matricies are PAM and BLOSUM. The following chart has the
BLOSUM(62) substitution matrix below the diagonal and BLOSUM (62)-PAM(160) above the
diagonal. Astherelatively small valuesin the top half indicate, the differences between the two
matrices are not large.
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1.3 Gap penalties

Gap Penalties are generally composed of two parts. the gap opening penalty and the gap extension
penalty.

The gap opening penalty reduces the alignment score so that any gap must create a better alignment
downstream than would be present without the gap. The gap opening penalty is usually of the order of
one to three times the size of the values in the scoring matrix.

The gap extension penalty is usually much smaller, because biologically once an insertion is created,
its size can vary. At the same time we need some gap-extension penalty in order to limit the size of the
gap to practical lengths. One model commonly used is the affine gap penalty, where agap length kis
penalized o+ek, where o is the gap opening penalty and e is the gap extension penalty. A smaller gap
extension penalty may allow an alignment to resolve situations where complete loops may be missing
between the two structures.

Aswith the scoring matrix, the choice of the gap opening and gap extension penalties will have a
large role in determining the alignment produced. The following are two allignments run with
different gap-start penalties:



to: LGBl _PEA pep check: 2970 from 1 to: 147

Seq: LGB1_PEA

Gap Wei ght: 3. 000 Average Match: 0.540

Lengt h Wi ght: 0. 100 Average M smatch: -0.396
Quality: 63.1 Lengt h: 153
Rati o: 0. 429 Gaps: 4

Percent Simlarity: 46. 809 Percent Identity: 21.986

LGBl _PEA. pep x HBHU. pep May 24, 1999 15:06 .

1 GFTDKCEALVNSSSEFKQNLPGYSILFYTIVLEKAPAAKGLFSFLKD. 47

SRR | . | 1] e
1 M/HLTPEEKSAVTALWG. KVNVDEVGGEAL GRLLVWYPWIQRFFESFGDL 49

48 . . TAGVEDSPKLQAHAEQVFGLVRDSAAQLRTKGEVVLGNATLGAI HVQK 95

S DR A BN N R BN N R N
50 STPDAVMGNPKVKAHGKKVLGAFSDGLAHL. . . DNLKGTFATLSELHCDK 96

96 . GVTNPHFVVVKEAL LQTI KKASGNNVBEEL NTAVEVAYDGLATAI KKAM 144
Y TR I B FHNE
97 LHVDPENFRLLG\VLVCVLAHHFGKEFTPPVQAAYQKVVAGVANALAHKY 146

145 KTA 147
147 H. 147
Gap Wi ght: 20. 000 Aver age Match: 0. 540
Lengt h Wi ght: 0. 100 Aver age M smat ch: -0. 396
Quality: 48. 3 Lengt h: 151
Rati o: 0. 329 Gaps: 0
Percent Simlarity: 34. 965 Percent ldentity: 15. 385

HBHU. pep x LGB1_PEA. pep May 24, 1999 18:43 .

1 MVHLTPEEKSAVTALWGKVNVDEVGGEAL GRLLWYPWIQRFFESFGDLS 50
1 GFTDI(QEALVNSSSEFKQ\ILPlGYSI LFYTI vLEkAbAAKa_lFSFlLK 46
51 TPDAVNMGNPKVKAHGKKVL GAFSDGLAHLDNLKGTFATLSEL HCDKLHVD 100
47 DTAGl/EDSLLLQlAll—lAEQ[/FlGLVRIDSA,lOQl_RTKGEWLGNATI_GAI HVOKG 96
101 PENFRLLGNVLVCVL AHHFGKEFTPPVQAAYQKVVAGVANALAHKYH. . . 147

| | |
97 VTNPHFVVVKEALLCWIKKASGNNMSEELNTAMEVAYDGLATAIKKANKTA 147

The gap-start penalty was 3 in the first alignment and 20 in the second one. As aresult the second
alignment has no gaps but alower similarity score.

I1.4 Edit distance
We can now turn the edit protocol into a measure of distance between the sequences by assigning a

“cost” two every edit operations. One of the simplest of these is the unit cost model, also called
Levenshtein distance:



S(u,u)=0; S(u,v)=1 for u#v; S(u,-)=S(-,v)=1.

In general, however, it is necessary to use a more sophisticated cost model which would take into
account the biochemical similarities between the elements being compared.

The cost of an alignment of two sequences a and b is the sum of the costs of all the edit operation
which lead from ato b.

The optimal alignment of a and b isan alignment with minimal cost among all possible alignments.

Using the unit cost model, in our previous example we obtain the following costs:

AGCACAC A or AG- CACACA
A- CACACTA ACACACT- A
cost: 2 cost: 4

11 Dynamic Programming

Dynamic programming is a method for obtaining an optimal alignment. It is an extension of the
dotplot method, but instead of dots the comparison matrix entries are assigned values that reflect the
scores in the scoring matrix. The optimum alignment is obtained by finding the highest scoring path
from the top left-hand corner to the bottom right-hand corner. When the alignment steps away from
the diagonal (right or down) thisimplies an insertion or deletion event, the impact of which can be
assessed by applying the gap penalty.

Given two sequencesa=( as, ay, . . . an) andb=(bq, b, . .. by) , wedenoteby d;; the edit
distance between theinitial segmentsa=(ay, a,,. . . &) andb=(by, b, . . . bj) , and define do=0.
Now assuming that insertions incur apenalty of +1, we have the following formulafor d;;

dij= min(di.yj.1+ s(ai, b)), dij..+ 1, di.q;+1)

The following matrix shows the implementation of this algorithm (under the unit cost model) on our
test sequences (arrows indicate the least-cost path):

b~
Alc]A]c|A|Cc]|T]|A

o 1]2[3[4]5]6]7]s8
alAl1to[1]2]3[4]|5]6]7
vlel2]1d 1234567
cl3[2l1]2]2]3[4]|5]6
Ala|3]2T1]2[2]3]4]s5s
cls5]4|3][21,]2[2]3]4
Al6|5]4]3]2[1,]2]3][3
cl7]6|5]4][3]2]12,]3
Al8l7]6]5]4][3]2]2]2

The formula above can be generalized to any gap model by setting



0 di +s@by)
d; =minQd,, +gap(i,h) 0<h<i
Hi,, + 0ap(j,h) O<h< |
This, however, requires O(n®) calculation, unlike O(n?) for the constant gap penalty. It is aso possible

to calculate the optimal alignment for the affine gap model in O(n?) time by storing three values for
each entry in the matrix:

Let M;; be the best score up to (i,j) given that a; isalignedto b ;
Let Nj; be the best score up to (i,j) given that a; is aligned to a gap (an insertion with respect to b);
Let O; be the best score up to (i,j) given that b; is aligned to a gap (an insertion with respect to a);

Given agap opening penalty o and gap extension penalty e, we can define

Mj= mn(M.q;.1+ s(a, b)), N.ij.o+ s(ai, b)), Q.ij.0+ s(ai, b))
N;= rn_n(M—l,j + 0, N.ij; + e)
sz mn(M,j.1+ o, Q,j-l+ e)

We can then backtrace through the matrix in the usual manner, setting our back pointer to (i,j) if M;;
was the smallest of the three, to (i-1,j) if N; was, and to (i,j-1) if O; was the smallest.

I11.1 Local Alignment

Local Alignment is very similar to the preceding, except the goal is different. Instead of trying to find
the similarity between the two sequences, we are trying to find the best fit for one of the sequences
inside another. Thisis useful for database searching, where we can think of the database as one long
sequence. The Smith-Waterman algorithm for local alignment has

dij= min(di.j.. + s(ai, b)), dij..+ 1, di.yj+1, 0)

The only differenceisthe 0 asthelast term in the m n. Because of the 0 the valuesin the matrix can
never become negative, hence we will see areas of similarity even if there are long mismatches or
gapsin between them.

IV Chance or Common Ancestry?

Given an optimal alignment, it is necessary to determine whether the alignment occurred by chance or
because of common ancestry. In order to estimate the likelihood of some alignment occurring by
chance we can randomize (shuffle) one of the two input sequences and look at the distribution of
scores representing chance similarity rather than homology. The score from our original sequences
can be referred to this distribution and assigned a Z-score, or a p-value.

This approach has been criticized because shuffled versions of one of the two sequences may have
plausible amino acid composition, but are not similar to real sequences. It is possible to partially
address these concerns by either a) restricting the randomization to blocks; or b) creating the
distribution of random scores from real amino acid sequences known not to be homologous to our
query sequence.



V Moreon Dynamic Programming

Algorithms we now call Dynamic Programming (DP) date back to Bellman in the 1950s. They were
rediscovered in the context of coding independently by Levenstein and Viterbi, and similar algorithms
arose in the theory of HMMs (Baum et al) 1966-1972. DP was first used for sequence alignment by
Needleman and Wunsch in 1970, and since then many DP algorithms have appeared in computational
biology.

DP algorithms usually include a) a recurrence relation; b) tabular computation; and c) a traceback,
though the third part is sometimes skipped. A natural formulation of DP a gorithms involves directed
graphs. What follows is based on the notes of Phil Green that were on the web.

A directed graph isdefined as afinite set of vertices and edges, G = (V,E), with V={vy,v,,...v,} and
E a set of ordered pairs from V.

A path of length I-1 is a sequence of vertices P=viy, Vis,...Vy With (Vi , Vike1) O E Ok, or equivalently,
as the corresponding sequence of edges.

A cycleis a path that starts and ends at the same vertex. We will be concerned with Directed Acyclic
Graphs (DAGS), which are graphs which do not have cycles.

A graph may be weighted by a real function W, defined on the edges and/or vertices. The weight of
the path P is defined to be

W(P) = ;W(e) + ;W(v)

Given a DAG, G=(V,E), and two vertices u and t within a graph, we can find a minimum weight path
between the two vertices in time O(|V|+|E|). Proof of this contains the essence of many DP algorithms
in computational biology.

The major idea underlying the proof is that the minimum weight path to a vertex v is easy to calculate
once the weight of the minimum path to Ov’ s.t. (v’,v) O E isknown.

Proof For each vertex v define M(v) to be the minimum weight over all pathsending inv. Let P(v) be
apath achieving this maximum, and L(v) be the vertex preceeding v in P, i.e. ((L(v), v) O P, or L(v)=v
if |P| =0. These can be written recursively as:

M () = ST (V) + W)+ W) if v u
oW o.w.

farg., min M(V)+W(V,v) +W(v) if vZU
Ly = B0 LM V) $ WO ) + W)

oV O.W.
P(v) = E(P(L(V)),V) if vzu
v o.W.

Using these formulae we can calculate M(v;) for any j in time O([V[+[E[). L(v) and P(v) come for free
from calculating M(v). Most of the dynamic programming algorithms in computational biology
(Smith-Waterman, Viterbi, etc.) are variations on this theme.



