Stat 260: Statistics in Genetics

T. P. Speed, A. Bureau

Week 7: Calculation of probabilities over pedigrees

1 History

The simplest human pedigree is the nuclear family, and probability calculations is this con-
text are just the same as in planned crosses. Thus our subject this week has its roots in the
early part of this century following the re-discovery of Mendel’s work.

An early tour de force was the estimation by Haldane and Smith (1947) of the recombina-
tion fraction between the X-linked loci for haemophilia and red-green color blindness. They
calculated likelihoods over 4 and 5-generations pedigrees by hand, indeed they even carried
out an approximate Bayesian analysis.

2 The problem

The ingredients needed in order to be able to talk about probabilities over pedigrees are :
a) A genealogy, b) A genetic model (population frequencies, transmission probabilities and
penetrances) and c) data. Inferences can be drawn concerning any of these three elements,
given suitable assumptions about the others.

2.1 Inference concerning the genealogy

Uncertainty may exist concerning the structure of the pedigree. People may forget or re-
member incorrectly the family relationships between remote ancestors. Also, it happens
sometimes that the presumed father of an individual is not his biological father. Genetic
data on pedigree members may reveal such inconsistencies. The most likely genealogy can
be inferred by comparing the likelihood of different hypothesized pedigree structures. The
probability computation then takes the form:



L(genealogy) o Pr[datalhypothesized genealogy, known model].

This topic is discussed in Chapter 3 of E. A. Thompson’s excellent book “Pedigree analysis
in Human Genetics” Johns Hopkins University Press (1986).

2.2 Inference concerning the genetic model

In this case, the genealogy is assumed known and interest is in some aspect of the genetic
model. An important part of this kind of inferences is called segregation analysis, and usually
concerns single locus issues such as penetrance. The other important part is linkage analysis,
necessarily concerning two or more loci. Most human genetic linkage analysis is done over
pedigrees. The classical reference on the subject is the book by J. Ott “Analysis of Human
Genetic Linkage, 2"¢ edition” Johns Hopkins University Press (1991). The likelihood under
different hypothesized values of these parameters can be computed as:

L(model) x Pr[datalknown genealogy, hypothesized model].

2.3 Inference concerning unobserved data

Finally, we may be interested in making inferences concerning individuals in the pedigree
(e.g. ancestors) or not in the pedigree (e.g. unborn children). The former arises when one
wishes to infer the likely phenotype or genotype of dead individuals, for example to determine
which ancestor is the most likely to have introduced a disease allele into the pedigree. The
latter arises in genetic counseling, where the probability that a child will be affected by a
disease segregating in his family is of interest. The likelihood has the form:

L(unobserved data) oc Pr[datalknown genealogy, known model, hypothesized data].

The book “The calculation of genetic risks” by Peter J. Bridge, Johns Hopkins University
Press (1994), is a good introduction to the field, and includes references to programs carrying
out the computations.

3 A simple example

Lets consider the simple pedigree of figure 1:

Cases a) 4 unaffected
b) 4 status unknown

The genetic model has two parts: a population genetic story for founder genotype probabil-
ities, and a model for affectedness.
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Figure 1: Example pedigree

Let’s consider a very simple case: the trait is caused by a single fully penetrant autosomal
dominant gene. The gene has only two alleles: a disease allele denoted A with population
frequency p = Pr[A] and a normal allele denoted a. We assume Hardy-Weinberg equilibrium
and random mating.

Denote by y;,2 = 1...5 the phenotype of each individual and by ¢;,z = 1...5 their genotype.
Under the case a), we want to calculate:

Prlyi,y2,y3,Ya,ys] = Z Prigi,....g5)Prlyi, ..., ys|lg1, ..., 95
g15--495
= Z Pr[gl]PT[92]PT[93|g1,QQ]PT[%]PT[QSWS,94]P7"[?J1|91] ‘e -Pr[y5|95]-
g15--495

Exercise 1 : List and interpret the conditional independence assumptions we made in going
to this expression.

The sum has 3° terms. However, many of the terms are 0, because the genotype configuration
they represent is incompatible with the data, i.e. at least one of the penetrance probabilities is
0. Attention can therefore be restricted to compatible genotype configurations. For example,
assuming that individual 4 is unaffected implies that its genotype is aa. The probability of
the pedigree data can then be calculated using a table like this:



Genotypes Population Trans. Penetrance

prob.  prob. probabilities

1 2 3 4 5 1 2 4 3 5 1 2 3 45
AA AA AA aa Aa p* p* (1-p* 1 1 1 1 1 1 1

Exercise 2 : Fill in the table for the other compatible genotype configurations and find an
expression for Pryi,yz2,ys, ya,ys] in term of p by multiplying and adding the terms in the
table.

4 Peeling

Define :

as(gs) = Prlyi,yz.930 = D Prlyi,v2. 91,92, 93]

91,92

= > Prig|Priyi|g1]Prg2] Prly2|g2) Prigsler, g2]

91,92

In practice, the sum is performed only over terms for which Pr[ys|gs] # 0. Similarly,

Oé5(g5) = Pr[y17y27y37y4795] = Z Pr[y17y27y37y4793794795]

93,94

Y au(gs) Priyslgs (Z Pr[y4|g41pr[g41pr[gs|gs,941)

93 94
This line of calculation is completed by writing:

Pr[y17y27y37y47y5] = Za5(g5)PT[y5|g5]

95

Exercise 3 : Derive the expression for Prlyi,yz2, s, ya, ys] using this method.

Exercise 4 : Do the same thing for case b). Compare the answers for a) and b).

In reality, the pedigrees that are studied in genetic analysis are much more complex than
our simple example. The second page of the hand-out gives a collection of pedigrees that
have been utilized in a genetic study.

With large pedigrees, the order of conditioning the probabilities of an individual’s data on
the other pedigree members has a great impact on the simplifications of the computation
that can be achieved. Basically, we want to find an order that limits the dependence of the
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Figure 2: Pedigree PS)



probability for one individual to its closest relatives, wherever this is possible.

Consider for example pedigree PS5 taken from the handout and reproduced at figure 2. Let
()71, -, jx) represent the probability of the data on individual ¢ given the phenotypes and
genotypes on the individuals j1,- - -, jx. If we condition in the following order, then the terms
for a given individual depend only on its parents.

(1)(2]1)(3]1,2)(4]1,2,3)(5]1,2,3,4)(6]1,2,3,4,5) ...
= (1)(2)(3[1,2)(4]1,2)(5[1,2)(6) . ...

4.1 Markov fields on pedigrees

In order to represent pedigrees as graphs on which Markov fields are defined, it suffices to
have directed edges going from parents to their offspring. Loops in the underlying undirected
graph (e.g. cousin marriages) are possible, but there will be no directed cycles of the form
i —j — -+ — k—i(why?). (These structures are known as directed acyclic graphs, DAGs
in some circles.) With this graphical representation, the collection of ordered genotypes {g;}
forms a causal network, also known as a recursive model, a Bayes network or an influence
diagram. A recent reference, which in turn gives other references, is J. Pearl, Biometrika,
Vol. 82, Dec. 1995, P. 702-710. See also articles in the Journal of Artificial Intelligence. For
a discussion of issues in this context, closely related to ours, see S. Lauritzen & D. Spiegel-
halter JRSS B Vol. 50 (1988) P. 157-224 and the article by D. Spiegelhalter in “Influence
diagrams, belief nets and decision analysis” eds R.M. Oliver and J.Q. Smith, Wiley, 1990.

If we number the individuals in a pedigree so that parents get smaller numbers than their
offspring, then the joint distribution of ordered genotypes Pr(gi,gs,- -, g.] factorizes:

PT[leQQv"'in] = HPT[gi|gi—1,gi—27"',gl]

=1

= HPT[QHQM(Z'),QF(Z')]

=1

where M(i) and F(i) are the mother and father of individual labeled ¢. (Adopt the obvious
convention for founders: individuals without parents in the pedigree.)

The simplest inbreeding (excluding brother-sister mating!) is a first-cousin marriage like the
one on figure 3. The directed graph representation corresponding to this pedigree is shown
in figure 4.

Note the cycle in the undirected graph. Within the context of these graphs, what is peeling?
It bears the same relation to the underlying causal random variables (ordered genotypes)
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Figure 3: A first-cousin marriage pedigree

Figure 4: Directed graph for a first cousin marriage



as the forward-backward algorithm of HMMs do to the underlying (hidden) Markov chain.
Associated with each person (vertex) in our pedigree (graph), we have phenotypic data
(random variables) y; say, for person ¢ with genotype g;. When there are no (undirected)
cycles in the pedigree, there is a well-defined notion of people “above” and “below” any
individual. Those connected to the individual via its parents (including sibs, their children,
their spouses, spouse ancestors and descendents) are “above” while the rest, those connected
to the individual via his children (including their spouses, ancestors and descendents) are
below. Drawing the graph, it will be clear that people “above” an individual are in one
component (containing his parents if any) and people below in the other (containing his
children if any) when the graph is disconnected by removing that individual. It is clear that
if the graph contains (undirected) cycles, removing an individual in a loop will not disconnect
the graph.

4.2 General relationships involving as and (s in pedigrees without
loops

In pedigrees without loops, the as and s can be defined in general for individual ¢ as :

ai(gi) = Pr[y>i79i]
52'(92') = Prly<lgi]

where g; is the individual’s genotype, > means “above” the individual in the pedigree and
< means “below” him.

When there are no inbreeding loops in a pedigree, the entire pedigree can be broken down

in parent-child triplets. If M, F and C denote Mother, Father and Child, then:

ac(ge) = Prlysc,9c] = Yaran Prlysc, 90, 9F, gum)
Yapan PrlUsEYsMs 97, 90, 9o Yms YF) (1)
Yoran OF(gF)ant(gar) Priyalga ) Priyr|gr] Prige|ga, g7

where Prlyr|gr| and Prlyar|ga] are penetrance probabilities and Prlgc|ga, gr| is a trans-
mission probability.
4.3 Peeling on pedigrees with inbreeding loops

We return to the inbreeding loop created by a first-cousins marriage (figure 3). The strategy
remains the same as before: find an order of conditioning such that the dependence is limited
to a minimal set of pedigree members. With the pedigree of figure 3, one good order is:

(D(21)(3[1,2)(4]1,2,3)(5[1,2,3,4)(6]1,2,3,4,5)
(7]1,2,3,4,5,6)(8]1,2,3,4,5,6,7)(9|1,2,3,4,5,6,7,8)

8



= (D(2)B[1,2)(4]1,2,3)(5)(6)(7[3,4,5)(8[4, 6, 7)(9]7, 8)

Note that probability computations would actually be performed in reverse order from 9 to 1.

For the individuals in the inbreeding loop, the dependence can no longer be restricted to
their parents only. Also, it is not possible to split the pedigree in the people “above” and
“below” a given individual, but it is possible to define a cutset that splits the pedigree in
two conditionally independent sets of individuals. With a single inbreeding loop, the cutset
is formed by two individuals in the loop. For example, {3,4}, {3,8} and {3,7} are cutsets for
the pedigree of figure 3.

Generalized as and s can be defined by conditioning on the genotypes of the individuals in
the cutset {i,j}.

aij(giagj) = Pr[y>{¢,j},gz’,gj]
Bii (i, 9;) = Prly<(iji|gi, g5]

Peeling can then be performed as before, with the extra work of summing over all joint
genotypes (gi,g;) of the individuals in the cutset.

5 Multilocus genotypes

The peeling approach shows its limitations with multilocus genotypes. If gr, gas refer to
many polymorphic markers, the number of terms in the sum (1) becomes prohibitively large.

With multilocus genotypes, it is convenient to use ordered genotypes (with respect to parental
origin of alleles). Write ¢ = h™|h?, where A™ h? are maternal & paternal haplotypes.
The transmission from parents to child can be written A%;|hY, x A% |h% — Al |hi. The
transmission probabilities involve recombination fractions between the loci in the haplotype.

Suppose we have 3 loci and let the genotypes of these loci be x, y, z. The genotype of
individual ¢ is given by:

R m P
g = xim ‘Tip
m P

Yim || Yip

zmo | 2P

im || Zip

The probabilities of multilocus genotypes in the founders

m P
.f,ip
Pr| oy |y
r yim yzp

z

X

im

P

im



have to be estimated. It is already difficult to get estimates of the population frequencies for
marker alleles at multiple loci. It becomes nearly impossible to estimate gametic or mating
type association, so peoples make Hardy-Weinberg and linkage equilibrium assumptions and

the population frequencies of multilocus genotypes are “always” given by multiplying rough
estimates of allele frequencies.

Next we need the penetrance and transmission probabilities :

m P m V4 m P m
Lim || Tip o || X | TF | TF TrM || Ty
R m P m P m P m P
Pr| dilyl (v, | Pr|ve |ve |y |vr > Yar | Ym
m P m P m P m P
Zim || Zip “c || *c | *F || *F M || M

where d; represent the observed data on individual .

Penetrances become tractable if most of d; is codominant marker data at the given loci. For
example, let d = (dyisease, dz, dy, d,) where d, = marker phenotype at locus x.

z ;L'?p z ;r:‘?p z ;r:‘?p

Pr| di|y vi | = Pr|dei|yl |y | Pr| dy:|yl || v
" zfp 2" zfp 2" zfp

x :cfp x ;L'fp

Pr dz,i y;n:n yfp Pr ddisease,i y?:n yfp

The transmission probabilities are big products of p; or 1 — p;,l = 1,---, L — 1 where L is
the number of loci.

With these probabilities, we form as and (s as we did before with g¢; referring this time
to a multilocus ordered genotype. The problem is that the number of possible g; grows
exponentially with the number of loci and, as before, with the number of distinct genotypes.
This has the effect of limiting the number of loci for which computation is feasible to a
maximum of 4 or 5. Next week, we will see how we can improve on that.
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