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Abstract

We analyze the spectral distribution of the adjacency matrix and the graph Laplacian for
a wide variety of random trees. Using soft arguments which seem to be applicable in a wide
variety of settings, we show that the empirical spectral distribution for a number of random
tree models, converges to a constant (model dependent) distribution. We also analyze the
kernel of the spectrum and prove asymptotic convergence to limit constants for the kernel of
the spectrum. We then go on to analyze the joint distribution of the maximal eigenvalues
of the adjacency matrix in the linear preferential attachment model (with parameter a). We
first show that the for any fixed k, the maximal k& degrees rescaled properly converge in
distribution. Using results of Frieze [20] and Chung et al [14], this implies that the k largest
eigenvalues rescaled by n'/?7« converge in distribution, where 7, is the Malthusian rate of
growth parameter for the associated continuous time branching process.
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1 Introduction

The theory of random matrices is one of the corner stones of modern probability, finding appli-
cations in such diverse fields as random partitions, high dimensional statistical analysis, nuclear
physics, signal processing and wireless communication, quantum percolation and Free probability,
and in the modern day world, in the operation of search engines such as Google. There seem
to be mysterious connections between random matrix theory and various probabilistic constructs
arising in classical statistical mechanics and integrable systems. The challenging mathemati-
cal problems that have arisen in this area have attracted many of the smartest physicists and
mathematicians, thus giving rise to one of the most active areas of current mathematical research.

The starting point of many studies carried out in this field is a random (conjugate, in the complex
case) symmetric N x N matrix Ay, either real or complex. The randomness in the matrix
arises in some context dependent fashion, for e.g. one of the most popular models is the GUE
model, where we assume that the entries are independent and identically distributed gaussian
distributed random variables. Of interest are spectral statistics, such as spectral distribution,
namely the empirical distribution of the spectra or the behavior of the maximal eigenvalues or
the eigenvectors.

Of particular relevance in our context are the adjacency matrices of various models of random
graphs. In the modern theory of graphs, matrices arise in many different guises, for e.g. as
mentioned above, the adjacency matrix A(G) of the graph or the Laplacian matrix (which is
precisely defined below). In the recent past, with the availability of large-scale data on many
real-world networks, there has been an explosion in the number of network models used to model
real-world data. Other than the classical Erdos-Renyii random graph model, models such as
the preferential attachment model have garnered significant amount of interest in the computer
science and mathematical physics community. One way to explore the graph theoretic properties
of any one of these network models is through their adjacency matrices. For example it is
known (see e.g. [16]) that the Laplacian carries an enormous amount of information about the
properties of the graph, ranging from the diffusive behavior of random walks on the graph, to the
flow carrying properties of the graphs in question.

Our Work: In this study, we largely specialize to various models of random trees, although we
make significant headway in the spectral analysis of one of the most popular modern models of
network growth, the preferential attachment model. Random tree models arise in many varied
contexts, ranging from the analysis of computer algorithms, to phylogenetics or the tree of life.
Many of the various preferential attachment schemes are also largely random models of growing
trees, see e.g. [8] for a survey of some of the more popular schemes. In the context of random
matrix theory, this suggests the following question

What is the general math theory that could allow us to analyze various spectral statis-
tics of interest applicable to a wide variety of models?

In this study we develop such general theory and find some of the sharpest known results for
the asymptotics of the maximal eigenvalues for some of these models. What is surprising is that
in the analysis of the spectral distribution, the method of moments, one of the most popular
work horses of random matrix theory fails, however we are still able to show convergence of
the spectral distribution to a limiting non random distribution. At a mathematical level, many
surprising connections appear between the theory of continued fractions and the analysis of the
spectral distribution. Finally we are able to analyze the kernel of the spectrum (namely the



number of zero eigenvalues, of crucial importance in areas such as quantum percolation see e.g.
[6]) via its close relation to the graph theoretical constructs such as maximal matchings on trees.
We also get lower bounds for the limit constants for the kernel of the spectrum, using an analysis
of the performance of the Karp-Sipser algorithm on such trees. All in all, the study seems to
be give rise to an extremely interesting blend of rigorous probability theory, including branching
process theory and recursive distributional equations, algorithmic computer science, graph theory
and classical mathematical constructs such as continued fractions.

Related work:

Random matrices seem to have arisen in many different, disparate areas of physics. For a classical
references see [23]. As mentioned above our motivations are different from Dyson and Wigner’s
GUE theory. For a statistical physics view of how the study of such spectra gives information on
the properties of disordered conductors, see [19] and the references therein. For a more recent
work on the efficacy of the spectra of the adjacency matrix to differentiate between different
graph topologies, especially in the phylogenetics setting, see e.g. [22]). There has been quite an
extensive work on kernels of the spectra in the tree context, for e.g. see [6], [7] and the references
therein.

The rigorous work most closely relevant to our setting are the series of contributions made by
Fan Chung, L. Lu, Van Vu and co-workers see [15], [14] as well as by Frieze et al [20]. Quite
closely related to our results for the empirical spectral distribution function are the recent works
by Bordenave see [10]. They also carry out a much more detailed discussion of the issues involved
in finding explicit properties of the limiting spectral measures. In the Euclidean context also see
[11].

At a deterministic level, as mentioned above, there is a very large body of work exploring In-
teresting connections between the spectrum of the adjacency matrix and the actual topological
properties of the trees or graphs in question. See [16] for an account of how the spectral profile
determines an enormous amount of useful information about the graph.

1.1 Organization of the paper

In Section 2 we shall define the various graph theoretic definitions we shall use as well as the
random tree models we shall pay particular attention to as well as the convergence of probability
measures on tree space. Section 3 contains the results for various models. Section 4 contains the
proofs of all the main results. We finally conclude in Section 5 we conclude with a wide ranging
discussion on further problems and comments on how these results tie up with known results.

2 Notation and tree models

We shall use the following graph theoretical notions.

Matchings: A matching on a graph is a collection of edges which do not share any common
node. If edges have weights then the weight of a matching is the sum of the weights of the edges
in the matching. By default unless other specified, each edge has weight 1.



Stieltjes Transform: For any distribution function F' on R, define the Stieltjes transform as

s(z) = /]R ! dF(z) (z € C,imag(z) > 0)

x—z
Graph Laplacian:

Given a graph with adjacency matrix A, define the graph laplacian £(G) is defined as
L(G)=1—-D"'2AG)D™/?

where D denotes the diagonal matrix with the diagonal entries being the degrees of the vertex,
and [ denoting the identity matrix.

2.1 Random tree models

There are an enormous number of random tree models, occurring both in the algorithmic com-
munity as well as in modeling real world networks community, see [2] and [8] for a description of
some of the more popular models. Although our methods are quite general, to exhibit the typical
method of computations we shall specialize to the following models (although we shall explicitly
mention which results carry over more generally).

1. Random Recursive tree: This is the simplest model of constructing a rooted tree sequen-
tially via the addition of a new node at each stage. Start with a single node (the root) at time
1 and (labeling nodes sequentially), after having constructed a tree 7, on [n] := {1,2,...,n},
the tree on n + 1 nodes is constructed via the addition of an edge from node n + 1 to a node
chosen uniformly among the nodes 1,2,...,n. See [26] for a survey of some of the properties of
the random recursive tree.

2. Linear Preferential Attachment model: This is another model of sequential construction.
As before we start with a single node (the root) at time 1. We shall think of the edges as directed
away from the root (so that for all nodes other than the root, the degree d, equals D(v) + 1,
where D(v) is the out-degree of the node v). After having constructed the tree on n vertices let
D(v,n) be the out degree of node v € [n] at time n. We construct a tree on n + 1 nodes via the
addition of an edge between the new node n + 1 and node in [n] with probability proportional to
D(v,n) + 1+ a where a is a parameter of the process. There is an enormous amount of recent
literature on this model. See [9], [18], [8] for relevant references.

3. Uniform Random unordered labeled tree: This is the uniform distribution on all rooted
unordered trees on n labeled nodes, with one of the nodes selected as the root uniformly at
random.

4. Random Binary tree on n vertices: There are various models of random binary trees.
The one we shall consider is the following model of a randomly growing binary tree: At time 1
start with a root which has two leaves. Then at every stage a leaf is selected uniformly at random
and “expanded” as two leaves.

2.2 Preferential attachment networks

Along with the random tree models, one of the most studied random network models, especially
as a model for various real world networks has been the Preferential Attachment model (see e.g.



[1]). We shall consider only the simplest model although there are quite general extensions of the
above model (see [17] where a general class of such models were introduced by Cooper and Frieze
to to model the evolution of the web-graph). The model involves an integer valued parameter
m>1

(A) Start with a single node with m self loops.

(B) After creating the network with n nodes, a new node is “born”, with m edges. It attaches
each of these edges sequentially, with probability proportional to the present degree of the node
in the network, the degrees of all the nodes are updated and the process is repeated till all the m
edges have been added to the network and repeat the process. This gives the network on n + 1
nodes.

We should mention a brief caveat that, once the first edge of the n + 1 node is added to the
network, then it is assumed to be part of the network so that subsequently the other edges could
chose this node to add their edges. However, as the size of the network grows large this shall
happen with vanishingly small property. The advantage of defining the model as above is because
of the following connection between the m = 1 model, namely model 2 defined above and the
m > 1 model.

Lemma 1 Fizn > 1 and the parameter m > 1. Construct a random tree according to model (2)
above on n - m nodes. Now merge nodes 1,2,...,m and calling this node 1, nodes m+1,...,2m
calling this node 2 and so on thus getting a network on n nodes. Then this random network has
the same distribution as the model specified above, with parameter m.

Proof: Obvious

2.3 Convergence on Tree space

We arrive at our first non-trivial definition, regarding the structure theory of infinite trees and
a notion of convergence of large finite trees to infinite trees in some sense. See [2], [3] for the
foundations of this theory as well as a wide variety of examples. We shall look at locally finite
infinite trees with one end or sin trees (for single infinite path trees). This concept has been
studied quite extensively in modern probability theory, see [2] for a vast array of examples.

Let T be the countable space of all finite rooted trees with the discrete topology. Consider the
product space T = {(to,t1,t2,...) : t; € T} with the obvious induced topology. Note that
any t = (fto,t2,...) € T can be thought of as a tree with one end or a single infinite path
via the identification of the roots of ¢; with + € Z™, and considering Z™ as the single infinite
path. For t € T, let us define the projection map onto the first k coordinates as fi, namely
fx(0,t) = (to, ta,...tg—1), where the 0 in the parenthesis is used to emphasize the neighborhood
“upto fixed distance k on the infinite path from the root”.

For a finite rooted tree (with root p) we can define similar constructs. Fix a node v at distance
h from the root and let (v = vp,v1,...,v, = p) denote the path from the node to the root. For
k < h we write fx(v,t) = (to,t1,...,tx) where ty is the subtree rooted at vy consisting of all
nodes whose path from the root passes through vy. Similarly, let ¢; denote the subtree rooted at
v; consisting of all nodes for which the path from the root passes through v; but not v;_;. For
all the models in this paper, the distance from the root to a typical vertex tends to infinity so it



does not really matter how we define fi(v,t) for k& > h, but for mathematical completeness define

Jr(v,t) = (to, t1, ... th,0,...,0).

We are interested in a particularly strong notion of convergence of finite random trees to such
sin trees, which is surprisingly satisfied in a wide array of probability models on finite trees.

Definition 2 Let 7,, = (V,,, E,) be a sequence of random trees on n vertices with vertex labels
V., and edge set E,. Say that T, converges in probability fringe sense to a sin random tree
T ~ p if for any fived k > 1 and any t = (to,t2, ..., tx) € TF, we have

LN A, T) = 8} B, (0, T) = (fo, i)

'UEVn

3 Results

Here we collect the basic results of our study.

3.1 Empirical Spectral distribution

We shall first prove the following general theorem and then shall describe what happens in the
particular cases that we consider.

Theorem 3 Let 7, denote a sequence of trees on n wvertices. Suppose these trees converge in
probability fringe sense to an infinite sin tree 7 ~ p. Let F,, denote the empirical spectral
distribution of either the adjacency matriz or the Graph Laplacian. Then there exists a probability
distribution F' on R such that

F,EF
Here convergence denotes convergence in the Levy-Prohrov metric on the space of measures on
the real line.

Complementary to the above result, see [10] who uses similar such techniques to show convergence
of the empirical distribution for some models of random networks.

Corollary 4 Let 7, be any one of the four models of random trees described in Section 2.1 or
the preferential attachment model of random networks. Then the empirical spectral distribution
converges in probability to a (model dependent) probability distribution on R.

Remark: One of the unique properties of the proof of this theorem is that we are able to prove
it without resorting to the usual work horse of random matrix theory, namely the method of
moments. Typically, one method of showing results such as the above is to show that for all k&,

1 1o P

—Tr(AF) = = A’?:/ a*dF,(r) — a

n ( ) n ; i - 71( ) k

where the constants (aj)r>1 uniquely determine a distribution. However in the case of the
preferential attachment model, it is not hard to show that empirical spectral moments diverge
except the second moment which converges to one.



Lemma 5 Let A, be the adjacency matriz of preferential attachment tree T, then

lI[*ZTT(A;‘;) — 00.
n

Proof. Let d, (k) be the degree of the k-th vertex in 7,. We have, > ,_, d,(k) = 2(n — 1) and
dp(n) = 1. At (n + 1)-th step, (n + 1)-th vertex is attached to the k-th vertex with probability
dn(k)/2(n —1).

Claim 1. If C,, = Y7_, dn(k)?, then (n — 1)7'E(C),) diverges to infinity.

Proof.Note that
E(Cn+1) = E(Cn) = Edny1(n +1)* + E[(1 + da(Z))* ~ du(Z)?),
where 7 is the (random) vertex amongst the nodes {1,2,...,n} to which the vertex (n + 1) is

attached.

Hence, we have the following recursive relation,

E(Cpy1) — E(Cp) =1+E i@dn(k) +1)(dn(k)/2(n — 1)) = 2 + (n — 1)"'EC,.
k=1

Thus we get,
E(Cpi1) —E(Cp) > 2 Vn = liminf(n — 1)7'E(C,) > 2.

Again,
liminf(E(Cp41) — E(C,)) > 4 = liminf(n — 1) 7'E(C,,) > 4.
Proceeding similarly, we get that

liminf(n — 1)"'E(Cy,) > 2k for every k > 1.

Claim 2: E(Tr(A2,,)) —E(Tr(A})) > Edn(Z) = (2(n — 1)) 'EC,.

Proof. Note that

Tr(Apg) = Tr(Ay) = Ap (4 Lin+ 1) = A7 (7,7) 2 AX(Z,T) = du(T).

From claim 1 and 2, we can easily conclude that n='E(Tr(A%)) — oc.

Instead we take recourse to the Stieltjes transform approach. In passing we should remark that
although typically this approach often requires hard analysis, most of our methods require very
soft arguments.

3.2 Kernel of the spectrum

Theorem 6 Let (7,,),>1 be the sequence of either the random recursive trees or the preferen-
tial attachment trees and let A, (7,) be the corresponding adjacency matriz. Let 6,(7,) be the
multiplicity of the zero eigenvalue for the adjacency matriz. Then
6TL(,Z;L) P
R
n
for some (model dependent) constant C(T).

C(T)



3.3 Maximal Eigenvalues

Here we prove refined distributional asymptotics for the maximal eigenvalues of the adjacency
matrix for the preferential attachment model. Recall that our model depended on a parameter
a. Define

Yo =0a+2 (1)

Theorem 7 (a) Fiz any k > 1. Let T, be the linear preferential attachment tree on n vertices.
Let \y > Ao > --- A\ be the k largest eigenvalues of the adjacency matriz of T and let Ay >
Ay > Ay be the k largest degree. Then we have N\j = (1 + o(1))v/A; for all 1 < i < k as
n — oo.

(b) There exist (non-degenerate) random variables X1 > Xo > +-- Xj, > 0 such that
( Ay Ay Ay

nl/'ya, nl/’Ya?. ' .7n1/’7a

)L(X1,X27-~,Xk)

In particular, this implies via the results from [20], [14] that for the mazimal eigenvalues we have

A Ao Ak d
<n1/z%’n1/z%v-~m> = (VXL VX V) (2)

Remark: Note that part(a) of the above theorem for the BA model (where a = 0) was proved
by Frieze et al [20]. Here we give a separate proof (using continuous time branching process ideas
but using similar conceptual techniques) and extend the proof to the general setup, and further
find the exact scaling of the maximal eigenvalues.

Corollary 8 For the Barabasi Albert tree, we have

At A Ak d
<n1/47n1/4)"'7n1/4> - (\/Xla \/X27‘°'7 \/Xk)

4 Proofs

We now delve into the proofs of the results. Before we start proving the main results, we first
describe the continuous time branching process embedding that we use for some of our models
and the corresponding limiting sin trees as defined in Section 2.1.

4.1 General theory

We first give a theorem regarding the probabilistic construction of the random tree models in
question.

Proposition 9 (a) Consider the Yule process F(t) which is a continuous time branching process

where each individual lives forever and reproduces at unit rate. Define the stopping time T, =
inf{t > 0:|F(t)| =n} Then
d
F(Tn) =17,



where T,, is the random recursive tree on n vertices.

(b) Consider a continuous time branching process where now the offspring distribution of each
individual has a Markov point process Ng(-) for his offspring distribution and where the point
process is described by the rate equation

P (Ny(t + dt) — No(t) = 1|No(t) = k) = (k + 1+ a)dt + o(dt)
Let T,, = inf{t > 0 : | F(t)| = n} Then
F(T) £ T,
where T, is the Linear preferential attachment model on n vertices.

(¢) Let PGWW be a (discrete time) branching process where each individual has Poisson number
of children with mean 1. Note that [PGWM| < 0o a.s. Then

7, L pawO |{|PGWY)| = n}
where T, is the rooted uniform random unordered tree on n labeled vertices.

(d) Consider the random binary splitting process F(t) where we start with one individual at time
zero and each individual lives for an exponential(1) amount of time and splits into two children.

Let T,, = inf{t > 0: |F(t)| = n} Then
d
F(T,) =T,

where T, is the random binary tree on n vertices.

Proof:  The proofs are obvious, Parts (a), (b) and (d) follow from the comparison of the
rates of the production of the offspring and the corresponding growth dynamics of the associated
tree 7,. Part (c) follows from directly computing the probability of a rooted tree under the

measure PGW®) [{[PGWW)| = n} and verifying using Cayley’s theorem for the number of rooted,

unlabeled vertices on n vertices that this corresponds to the uniform measure.
[

Remark: Part(c) is not the most useful construction in some cases (e.g. when checking the
concentration of the maximal matching on the tree) so we give the following alternate construc-
tion, taken from [13]. Define the set [n] := {1,2,...,n}. Let Y, Y1,..., be a sequence which is iid
uniform distributed on the set [n]. Given (Y, Y], ...), define the directed graph 7 (Yp, Y1,...,) as

T(Yo, Vi) = {(Yj-1,Y)) : Y & {¥o,.... Yjo1,j = 1))

Think of 7(Yp,Y1...,) as a tree labeled by {Yp, Y1,...} with root Yp

Proposition 10 The tree T (Yo, Y1,...) has the same distribution as the rooted uniform unordered
tree on n labelled vertices.

Proof: See [13].



4.2 Empirical Spectral distribution

Here we shall give a proof of Theorem 3. The essential idea will be to show convergence in
probability of the sequence of the (random) Stieltjes transforms s, (z) of the empirical distribution
functions, to a limiting (non random) function s(z). We first start with a few results on tightness
and convergence of the Stieltjes transform.

Let the set
D={zeC:Z(z) >0}

Fix some a > 1. We shall be interested in the set
D,={2€C:I(z) > a}

Proposition 11 Fiz o > 1. Let F,, be a sequence of random probability measures on R which
are a.s. tight. Then 3 a distribution function F' such that

d(F,, F) 250

for any distance metric d which metrizes weak convergence of probability measures on R, if and
only if there exists a function s(-) such that, for any subsequence F,, , there exists a further
subsequence Iy and a null set N* such that for all w ¢ N*

sny (2) — s(z)  forall z € Dq (3)
Proof: Standard results on weak convergence and uniqueness of Stieltjes transform (see Theorem

12.8 of Bai [5]) imply that F),, converges in probability to F' if and only if Equation (3) holds,
with D, replaced by D, namely

Sni (2) — s(z)  forallze D (4)

Thus we only need to show that equation (3) implies (4). This is obvious since Equation (3)
implies that all sub-sequential limits agree with s(z) on D,. By Theorem 10.18 of [25], this
implies that all subsequential limits agree on the whole of D, thus proving the uniqueness of
subsequential limits.

u
The following Lemma essentially states that showing pointwise convergence for the Stieltjes trans-

form is enough.

Lemma 12 Fix o > 1. Let F, be a sequence of random probability measures which are almost
surely tight. Suppose there exists a function s(z) such that for each fixed z € Dy,

sn(2) = s(2)

asn — 0o. Then 3 a distribution function F such F, = F in probability as n — oo.

Proof: First note that Vz € D,, |sn(2)| < 1/a. Fix a countable dense subset D* C D,, (e.g.
the set of all points in D, which have rational coordinates). By the usual subsequence argument,

10



given any subsequence F;, we can find a further subsequence such F"Z such that there exists a
null set N* such that for all w ¢ N*,

sny (2) — s(z)  forall z € Dq

Now using Vitaly’s theorem for the convergence of holomorphic functions (paraphrased from [5],
Lemma 2.13) implies that F), satisfy the conditions of Proposition 11, and this completes the
proof.

Theorem 13 (Vitali’s theorem) Let s, s9,... be analytic in Dy, a connected open set of C,
satisfying |sn(2)| < M for every n and z in D, and let s,(z) converges as n — oo for each z in a
subset of D* having a limit point in D. Then there exists a function s, analytic in D, for which
sn(2) — s(2).

We quickly prove the following trivial lemma regarding the tightness of all the distribution func-
tions we analyze.

Lemma 14 Consider a sequence of random trees T, on n vertices, and let F,, denote the empirical
spectral distribution of either the adjacency matriz or the Graph Laplacian. Then the sequence
F, are a.s. a tight sequence

Proof: For the graph Laplacian, since all the eigenvalues are in the interval [—1, 1], the proof is
obvious. For the adjacency matrix, note that

/ 2*dF,(z Z A= —Tr (4% =
R
This completes the proof.

Recall the definition of random sin-trees from Section 2.3. Associated with the sin tree we shall
define a function s(z). The remaining part of the proof essentially tries to show that the Stieltjes
transform for the finite trees, s, (2z) converge to the corresponding functions for the infinite tree.

We first start by collecting some basic properties of s, (z) for finite trees. For a finite rooted tree
t with root v and adjacency matrix A(t), write

1 n
== ;Rw(t, z)

Here Ry, (t,2) = (A(t) — zI),,

Let c1,¢2,..., ¢y be the children of the root v. For any ¢; let t; be the subtree consisting of all
descendants of ¢;. Write

F(U?t) = Z(A( ) - ZI)cl,cl

1

11



Now recall from Section 2.3, given a rooted tree 7 with root p, and a vertex v € 7 at distance h
from the root and path (vg = v, v1,...,v, = p), we had decomposed this tree as

T: (to(vo),tl(vg),...,th(’Uo)) (5)

where t; was rooted at v;. Call this the decomposition of 7 about the node vg. For ¢ > 1, write
the tree t*(vp), rooted at v; as

t~(vg) =T \ (to(vo),...,ti_1(v0))

Proposition 15 Fix a rooted tree T. (a) Fix any z € D,. For all nodes v, we have

I(Rw(T,2)) >0, |Rw(7T,z)| <1/«

(b) Fiz any node v. Consider the decomposition of the tree T about the node v as given by
Equation (5). Then we have the identity

1

Bl T32) = F e 0) = Rora G1(0).2)

(6)

Proof: To prove part(a) note that by spectral decomposition, we can write

- . 1 R S
(A—zI) 1:Udlag(>\l_Z>U :Z)\'_Zuiuit

7 1 {2
for an orthonormal matrix U = (uq, ug,...,uy), where \; are the eigenvalues of A. This implies
that " .
1 (\j — 2)|uy;|?
RulT,2) = 3 sl = 3 == (7)
j=1 )\] -z j=1 |A‘7 - Z|

Since the A; are real, the first inequality implies
1< , 1
[Row(T, 2)| < o Z o |” = .
7j=1
since U is orthonormal. Since Z(z) > 0, the second equality in Equation (7) implies that

Z(Ryw(T,z)) > 0.

Part(b) follows from the general formula for computing the inverse of a matrix via partitioning
it. In the linear algebra literature it is often called the Schur’s theorem or Schur’s formula.

[
In keeping with the previous notation, let
Dy={2z€C:ZI(2) >0}

Fix z = u+1iv € D, as before so that v > «. This shall remain fixed through the remaining part
of the argument. Also fix a sequence xg, x1,... € Dy. The following Lemma is obvious.

12



Lemma 16 Consider the maps gn(z,-) : Do — C defined as

1

gn(z,y) = [ —

Then g, maps Dy into Dy and further is a contraction map with contraction factor 1/(a)?, namely
Vy,y" € Dy,
1
9n(2,9) = 9(z,9) < —ly = |
In particular the sequence of maps fr, = googi10--- gn has a unique fized point such that ¥V y € Dg

Jim fo(z,0) = lim fo(z,y) = f(2)

Now we come to the description of the limiting stieltjes transform for the various tree models.
Recall the definition of F(v,t) for a tree t rooted at v.

Fix a measure p on the product tree space T and let 7 = (tg,t1,...) ~ pu where recall that
we had identified the root of t; with the integer i. Fix z € D, and define the (random) maps
gn(z,-) : Dy — C

I S _
o (60.2)=y forn=0

In(2,y) = (8)

1
S Fg oy ornzl

Lemma 17 Consider the (random) maps fn(z,-) : Do — C defined as fr, = goo g1 0--- 0 gn.
Then

(A) gn maps Dy into Dy and are contractive with contraction factor 1/c, and thus f, have a
unique fized point such that for any y € Dy

lim f,(z,y) = lim fn,(2,0) =r(z) a.s.
(B) Further for any z € Dy, |r(2)] < 1/a a.s..

Proof: (A) follows by using Lemma 16 where we let 9 = Roo(to, z) and z,, = F(n,t,), since
using Proposition 15(a), we have that z, € Dy for all n and hence the (random) function g,
satisfy the properties of Lemma 16 a.s.

To prove (B), note that repeated applications of the Proposition 15(b) implies that
frn (2, Rag1ny1(t,2)) = Roo(t”“, 0)

where
t" = (tg,t1,. .., toy1)

By part (a) of Proposition 15, | fy (2, Rnt1n+1(t,2)) | < é for all n. Further, since

|Rn+1,n+1 (t7 Z)| <

Q|+

we have that
lim fy, (2, Rnyint+1(t, 2)) =r(2)

n—oo

This finishes the proof.
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Definition 18 Given an infinite random sin tree 7 ~ pu on T, let the expected Stieltjes trans-
form of the infinite sin tree be defined as

s(z) = E(r(2))

where 1(z) is the random function constructed in Lemma 17. Note that this expectation exists
since |r(z)] <1/«

Proposition 19 Fiz some o > 1. Let T, be a sequence of random trees on n vertices, such that
T, converge in probability fringe sense to an infinite random sin tree T with expected Stieltjes
transform as defined in Definition 18. Let s,(z) be the (random) Stieltjes transform of T,,. Fiz

z € D,. Then for each fized z

Sn(2) £, s(z)

as n — oQ.

Note that this Proposition, along with the tightness lemma, Lemma 14 and the pointwise con-
vergence lemma, Lemma 12 complete the proof of Theorem 3. Thus to complete the proof of
Theorem 3, we just need to prove the above Proposition

Proof of Proposition 19:

We shall show that

Var(sp(2)) — 0 (10)

To prove Equation (9) note that

E(sn(2)) = E (711 > RW(Tn,z)> = E(Rv, v, (Tn, 2))

veT,

Here V,, is a node selected uniformly at random among all nodes. As in Section 2.3 let us
decompose the finite tree 7, about the path from V,, to the root, namely 7,, = (to,t1,...,tp)
where t; are trees rooted at v; where (vg = Vj,,v1,...,v, = p) is the path from the node V,, to
the root.

Fix z € D, and define the sequence of random functions g]in)(z, ) : Do — Dy as

1 _
_Z_R'U(i,vo (t(),Z)—y for k - 0
M, T TRy orlsksh
9 (2, y) 0 for k> h

By convention, write vy = () and t; = () for k > h and R,, ., (tx,2) = 0. Then note that we can
write, for any k,

Ry, v, (Tns2) = 957 0 91"+ 947 (2 Rugo (1, 2)) (11)
Define the function f,gn)(z, ) = g((]n) o gin) . -g,(gn)(z, -). Since all the functions g,(gn) satisfy the

conditions of Lemma 17, they are contractions. Since |Ry, ., (tx, 2)| < 1/c, we have

n n n ].
Ry v (T 2) = i1 (2, 0)] = ) (2 Ry (61, 2)) = 71 (2,00 < (12)

14



Note that by probability fringe convergence of 7, to the limiting random tree 7 ~ p, for any
fixed k > 0, we have

E (fi-1(2,0)) = E(fi-1(2,0)[ — 0 (13)
as n — oo, where fr_1(z,-) are the sequence of functions defined as compositions of g; functions
defined for the infinite tree as in Lemma 17.

Further by Lemma 17, we have
E(fr(2,0)) — s(2) (14)
as k — oo.
Combining Equations (12), (13) and (14) we get that
E(sn(2)) = E(Ry,, v, (Tn, 2)) — s(2)

as n — oo. This completes the proof for the Expectation.

To show that the variance tends to zero, note that it is enough to show that
E[Rv, v, (Tn, 2) - Ru, v, (Tn, 2)] — [s(2))?

Using limiting properties of the tree at a distance k from U, and V,,, note that the following
Lemma, telling us that neighborhoods of randomly selected nodes are essentially identically and
asymptotically distributed as finite neighborhoods in the infinite sin tree, at least for large enough
n, is more than enough to prove the variance result.

Lemma 20 Recall the definition of fr(7,,v) from Section 2.3, giving us information upto dis-
tance k from the node v on the path to the root. Fix any k > 1 and 2 sets of trees s =
(s0,81,---,8k) and t = (to,t1,...,tx). Then

P(fi(Zn, Vi) = ¢, fi(Tn, Un) = 8) — P(fi(7,0) =t) - P(fr(7,0) = s)

as n — oo

Proof: Note that the conditional probability
1 1
P (fel(T Vi) = b, fu(To, Un) = 8| To) = (n S A0 T) = t}) - (n S A0 T) = s})

v v

Take expectations and use the definition of convergence in probability fringe sense to get the
result.

This completes the proof of Theorem 3.

4.3 Size of maximum matching and kernel of the spectrum

Here we shall give two proofs of Theorem 6, each of which use fundamentally different techniques.
While the first method uses a detailed analysis of the Karp-Sipser algorithm for trees, the second
method uses a probabilistic reformulation of the cavity method developed in [3].

We first start with a simple lemma which draws a connection between Maximum matchings and
the mass of the Spectral measure at 0.
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Lemma 21 Fiz a tree T on n vertices and let A be the adjacency matriz of T. Let §(T) denote
the number of zero eigenvalues of the adjacency matriz of 7. Then

5(T) =n — 2M(T)

where M(T) is the number of edges in a mazimum matching on T .

Proof: Consider the characteristic polynomial P(z) = |(z-I — A)|. Let My (7) denote the set of
k-matchings on the tree 7. Then note that by [12], Equation(5), we can write the characteristic

polynomial as
M(T)

P(z)= ) (~1)"M(T)]"2

k=0
This completes the proof. m

The above Lemma demonstrates the importance of the understanding the number of edges in
the Maximum matching on the tree. Both proofs essentially show that the expectation of the
maximal matchings converge as n — oco. The following lemma shows that for the probabilistic
tree models that we deal with, that is enough.

Lemma 22 Suppose (7,,) is the sequence of one of the random trees defined in Section 2.1. Then
2

A
P(|M,, — E(M,)| > A) < 2exp(—ﬁ)
Thus % =E (%) +o(1). In particular, if E (%) — ¢g for some constant cg, then we have

MnP

— — ¢

Proof: We shall prove the concentration result for the random recursive tree. The proof for
the other models is similar. In particular the proof for the uniform random unordered tree on n
labelled vertices uses the construction given in Proposition 10.

Now note that the random recursive tree 7, can be thought of as a function of n — 2 independent
random variables Us, Uy, ..., U, where U; is uniformly distributed on the set 1,2,...,(i —1). In
particular we have that M, = f(Uy,Us,...,U,). Now note that for any fixed 1 < i < n, we have

|f(U1aU2a .- '7Ui717Ui7Ui+17 .. 7Un) - f(U17' . 'UiflUilaUl?Fl, .. 7Un)| S 2

Thus by the Azuma-hoeffding inequality (see e.g. [27]) we have

)\2
P(|M,, — E(M,)| > \) < 2exp(—ﬁ)

This completes the proof.
[
Proof 1:

Our analysis on the size of maximum matchings of a tree relies heavily on an algorithm due to
Karp and Sipser [|, which is a simple randomized algorithm for finding an approximate maximum
matching in a general sparse graph.

The algorithm can be described as follows:

16



Input G = (V, E).
M « 0. While E(G) # 0, do

Step I. If G has a vertex of degree 1, choose one ( say x) randomly ( or according to some
deterministic order). Let e = {x,y} be the unique edge in G incident on x.

Step II: If there is no vertex of degree 1, choose e = {z,y} € E randomly.
G — G\{z,y}, M — MU {e}.
Output: M
We will now make very easy but immensely helpful observations about this algorithm when the
input graph is a tree.
1. If the input G is a tree, we will never go into step II.

2. For tree Karp-Sipser algorithm is exact, that is, it will always produce one of the maximum
matchings as an output. The proof of this fact can be done inductively once we note that
any edge incident to a leaf of a tree can be extended to a maximum matching on the tree.

In what follows, given a graph G = (V, E) and V; C V, G\ V; denotes the subgraph of G which
is the restriction of G' onto the vertex set V' \ V.

Given a forest (union of trees) F, let L(F') = the set of all leaves of F' and CL(F) = the set of
all vertices of F' which is connected to at least one leaf.

Given a tree T' (may be infinite), we can partition the vertex set of T into {C}, : k > 1} recursively
in the following manner:

C1 = L(T), Cy = CL(T), Ty = T\ C1 U Cs.
for k> 1, Cop—1 = L(Tk—1), Cor = CL(Tj—1), Ti, = T—1 \ Cor—1 U Co.

From the facts noted about the Karp-Sipser algorithm for tree, the next lemma follows immedi-
ately.

Lemma 23 The cardinality of the maximum matching of a tree T is given by

M, = 3 [Ca (D). (15)
k=1

Proposition 24 Suppose 7T, be a sequence of random rooted trees on n vertices which converge
in probability fringe sense to a random sin tree T with law p. Let M, be the size of mazximum
matching on 7,. Then

EM,, >
— = kzluvu(o e Cor(T)).

17



Proof. For v € T, let Ny(v) is the neighborhood of v in T which is within (graph) distance k
from v. We now claim that v € Ci(T') can determined by only looking at N (v). The proof is
obvious once we realize that we can alternatively define the sets C} as follows

Ci(T) ={v € T : v is at exactly distance k — 1 away from L(T)}.

Note that if V is a vertex chosen uniformly at random from 7, then n~'E|Cy(7,)| = P(V €
Cx(7y)). Hence,

n~t Y EICw(T) = P(V € Byt Con(Th)

<1 —P(3 a leaf of ¢ within distance 2m from V)
<1—P(f1(7,,V) contains a leaf within distance 2m from V')

"Z°1—P,(f1(T,0) contains a leaf within distance 2m from 0) = o(m),

where in the last step we have use the fact that fx(7,,V) <, fx(T,0) on T* for all k > 1 which is
an easy consequence of convergence in fringe sense and Scheffe’s theorem. Along the similar line,

it can be shown that -

> Pu(0 € Co(T)) = o(m).

k=m+1

On the other hand, note that since for any vertex v € 7,,, Noy, (v) C for (75, v), by continuous
mapping theorem, we have for each k < m,

L(V € Co(Tp) 5 1(0 € Coi(T)).
The rest of the proof is now immediate.

Remark 25 Under the assumption of proposition 24, n 'EI, also converges where I, is the
size of a maximum independent set of T,,. By Konig’s theorem [], for a general bipartite graph,
the size of a mazximum matching is equal to the cardinality of a minimum vertex cover. On the
other hand, complementation of a minimum vertex cover in any graph always yields a mazximum
independent set. Thus, we have, in our case, I, =n — M,.

To get upper bounds on the asymptotic proportion of edges in the maximal matching we shall
often use the following Lemma. Before describing the Lemma we shall need some notation. Fix
any integer d and let A(d) C 7 denote the set of vertices with degree greater than or equal to
d. Let Z(d) € N(d) denote the subset of such vertices all of whose neighbors also have degree
greater than or equal to d. Then we have the following Lemma

Lemma 26 Fiz and d > 2. The mazimal matching M (T) satisfies the upper bound

M(T)<n—|I<2d)’— > (dw) - 2)

B veEN(d)
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Proof: =
Proof 2:

We now give the second proof for the convergence of the normalized maximal matching. First
note that the maximum matching on a tree need not be unique, namely there could be more than
one subset of edges which could be maximum matchings on the tree. At a mathematical level,
to avoid such complications we shall continuize the above combinatorial problem to deal with
unique maximal weight matchings. Fix 0 < ¢ < 1 Given a tree, for each edge e attach a random
weight & (independent over edges) which are uniformly distributed in the interval [1 — e, 1 + €].
Recall the definition of matchings as defined in Section 2. The weight of any matching S C 7 is
defined as w(S) = > cgwe. Let the random variable M, (g) be the maximum weight matching.

We first start with a Lemma which shows why analyzing the asymptotics of M, () gives us
asymptotic information about the asymptotics of M,,.

Lemma 27 Consider a sequence of finite random trees T, on n vertices. Assume that for all

e > 0, we have
E (]\4,;(5)) — c(e)

for some limit constants c(e) as n — oo. Then there exists a constant cy such that

M,
E <> — C0
n

as n — 0.

Proof: Note that by the definition of M,, and M,(g), it is easy to verify that

£ (2) 554

Fix any sequence &, — 0. Since for all e, the sequence of limit constants 0 < ¢(g) < %, we have
by the Bolzano-Weirstrass theorem, that there exists a subsequence €,, — 0 and a constant cg
such that c(ey,, ) — ¢o. Now by Equation (16) we have

M,
E () — C0
n

as n — oo and this completes the prove. m.

Proof of Theorem 6: In lieu of Lemma 21 we see that it is enough to prove that the maximal
matching M,,(7,) satisfies the asymptotics:

Mn(Tn) P, Co(T)

Again using the concentration Lemma 22, it is enough to prove that the expectations converge.
Finally by Lemma 27 it is enough to prove the following Proposition.

Proposition 28 Fiz any 0 < € < 1 and consider the Maximal weight matching M, (¢) as defined
above. Then there exist constants c(e) such that

E (M"(S)) " ().

n
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Proof: We shall prove the result for the random recursive tree. Essentially the same method
applies for all the other random tree models. It is just more convenient to deal with a concrete
case, for notational purposes. Thus through out the proof below, the random tree models we
are dealing with are the random recursive trees. The proof is an elucidation of the Objective
method as developed by Aldous and Steele [4]. The basic point is that for the tree models that
we consider, the local neighborhood of a randomly chosen node asymptotically looks like the local
neighborhood of a corresponding infinite tree, and this allows us to perform computations on the
infinite tree.

The proof follows along conceptually similar directions as the proof for matchings on the uniform
random tree given in [4]. To begin the proof, we first need some notation. We shall think of the
tree as directed, with each edge directed from a node to it’s parent. For any node v other than
the root let ¥ denote the edge from node v to its parent.

For any tree T' let M (T') denote the maximal partial matching and define B(T') by the formulation
M(T) — B(T) is the maximal partial matching when we stipulate the additional restriction that
the root does not belong to the matching. For any edge e = (u,v) consider the two rooted trees
(rooted at u and v respectively) formed by deleting edge e. Let 7,5"1 and 7,>*8 be the small
subtree and the big subtree. Then note the following relations

(a) The maximal partial matching which does not contain edge e = (u,v) is given by
M(T™* (e)) + M (T8 (e))
(b) The maximal partial matching that is constrained to contain edge e is given by

Se + (M(T;78(e)) — B(T,*8(e)) + M(Z;"*(e)) — B(T;™(e)))

Comparing we see that edge e is in the partial matching if and only if
&(e) > B(T,78(e)) + B(T;™ (e))
Thus we can write the Maximal weight matching in the more useful form:

Mo(T) = ) &1{é > B(TP%(e)) + B(T™ (e))}

eE’Tn

Thus the expectation of M,, can be written as
E(M,) = (n — 1E (&1{& > B(T;*¢(e)) + B(Z;"" (e))})

where e is one of the n—1 edges chosen uniformly at random. Now choosing an edge and choosing
a node at random are not the same, however in the case of the tree, it is easy to show via a simple
coupling argument

|E ((el{ée > B(Z;*8(e)) + B(T;"(e))}) — E (§rv,wy HEv,w) > BT (v, w)) + B(Z"*((v,u))})| <

S|

where v is a node chosen uniformly at random and u is it’s mother. Thus it is enough to show
that
E (&v,uy HE(v,u) > B(Z*8((v,u))) + B(Z;"H((v,u)))}) — C (17)

Note that &y ) is independent of the random variables (B(’Z}?ig((v,u))),B(’Z;fmall((v, u))))
For simplicity of notation, we write E (f(vyu)]l{ﬁ(\,’u) > B(T,8((v,u))) + B(T;21((v, u)))}) as

E (1{¢ > B(T,”*#(v)) + B(T;™" (v))})
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Where v is a node selected uniformly at random from 7.

To prove our result it is thus enough to prove the following

Proposition 29 There exist random variables (Y, Z) such that
(BT'5(0)), BT (v))) =5 (Y, 2)

as n — oQ.

Proof: The proof of this proposition is slightly involved, however the conceptual idea is simple.
We shall prove not only the distributional convergence as above, but shall also give an explicit
description of the limit random variables. xxx give brief outline of the proof. Before we
can proceed further we give an alternate description of the random recursive tree, which allows
us to use continuous time branching process theory to glean detailed local asymptotics.

Lemma 30 Consider the continuous time branching process F(t), where the population starts
with one individual at time 0 who lives forever and produces at rate 1, and each of whose children
also produce at rate 1 and live forever. For the above Markov process define

T, = inf{t : |F(t) = n|}

Then we have the identity

4

[ F(T)| =T

where T, 1s the random recursive tree.

Proof: Obvious.
m

The above process is called the Yule process and to fix notation, we shall call F(¢), a Yule tree
observed upto time t.

Now we shall define matchings on such trees and associated random variables called bonuses.

Definition 31 Given a Yule tree F(t), where we attach to each edge, and independent random
variable uniformly distributed on [1 —e,14¢€|, let M(t) be the random variable denoting the max-
imum weight matching on F(t). Further define the random variable B(t) > 0 by the formulation
M(t) — B(t) is the mazimal weight matching under the additional constraint that we do not use
the root.

We give a simple distributional identity for the random variables B(t)

Lemma 32 Let Uy, Us,... be independent uniformly distributed on the interval [0,t]. Let &1, 8o, . ..
be uniform on [I —e,1+ ¢]. Conditional on U; let B'(t — U;) be conditionally independent with
distribution B(t — U;). Let N(t) be a Poisson random variable with mean t. Then

B(t) 2 max 0, max(t){fi — B'(t—U;)}

1<i<N
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Proof: We just condition on the times of birth of the children of the root upto time ¢ and use
the definitions of the maximal weight matchings and the bonus random variables.

[
We shall need the following property of the above random variables later.
Lemma 33 There exists a constant 0 < ¢ < 1 such that for any t and £ independent of B(t) we

have
P(B(t) > &) >c

Proof: Note that for any ¢, there exists ¢ such that the probability at time ¢ the root has a
child v which is leaf, is greater than ¢. Then by the characterization given in Lemma 32, since
conditional on the above event, we have B,(t — U,) = 0, thus

P(B(1) > €) > P&, > ) = 5

We shall now describe the limiting random variables (Y, Z) that arise in Proposition 29. Let
Xo, X1,..., be independent exp(1) random variables, and let S; = 26 X; be the partial sum
sequence. It will be convenient for us to index the other variables with negative indices, although
this gives rise to slightly clunky notation.

Conditional on the above sequence, let B; for i = —1,—2,... be conditionally independent with
B; 4 B(S_;). Let &, for i = {—1,—2,...} be independent U[1l —¢,1 + ¢]. Let the stopping time

T =sup{i < —1:B; >¢&} (18)

Note that by Lemma 33, T' < oo a.s.

For i = —1,-2,..., =T define the sequence (B?),nggl recursively as
Br =T
o _
5= { max(§; — B2, Bj)  otherwise (19)

By Equation (17), the following Proposition completes the proof.

Proposition 34 We have the following explicit distributional convergence
(BT (v), B(TY*8(v))) = (Bo, BX)

as n — oo where By is the bonus random variable defined as before and B> is given via the
construction given by Equation (19).

Proof: As stated before, the crucial idea will be to define a limiting infinite, locally finite,
rooted tree, whose neighborhood about the root gives us information about the neighborhood of
a randomly chosen vertex in 7,, for large n. The crucial connection in defining this infinite tree
comes from the continuous time embedding given by Lemma 30.
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Definition 35 Let T°° be the following infinite locally fine rooted random tree

(a) There is a single infinite path denoted as ZT = {0,1,2,...}. The tree is thought to be rooted
at the origin 0.

(b) Let Xo, X1,... be independent exponentially distributed with mean 1 and let (S;)i>o0 be their
partial sum sequence. Let Fo(-), Fi(),... be independent Yule processes. We shall observe each
for a finite amount of time as described in the next step.

(¢) Finally to finish the construction of the tree, think of the finite trees Fo(Sy) rooted at node 0,
F1(S1) rooted at node 1 and so. This gives an infinite tree rooted at the origin

The point of defining the above infinite tree is the following theorem, which is essentially a special
case of the stable age distribution theory for continuous time branching processes developed by
Jagers and Nerman ([21], [24]).

(xxx again note clunky notation of -i)

Theorem 36 Fix any k and set of finite rooted trees tg, t1,ts,...tx. For the random tree T, and
a node Vy, chosen u.a.r from T, let (vg = Vy,v_1,...,v_) be the path from the V,, to the root of
T, truncated at distance k from V,,. Let fo(V,,) be the set of all nodes for which the path from the
root passes through V,, and for i > 1 let f_;(V,,) be the set of nodes for which the path from the
root passes through v; but not viy1. Think of f—;(V,) as a tree rooted at v;. Then we have

Jim P (fo(Va) =to,..., for(Va) = t) =P (Fo(S0) = to, - Fr(Sk) = ta)

We shall now complete the proof by proving Proposition 34. To simplify notation we shall denote
foi(Va) = T,7% and let F_; = F(S;). Recall that B(Z,5"*11(v)) = B(7Z?) denotes the bonus
random variable for the tree First note that Theorem 36 immediately implies that for the bonus
random variable B(7,?) we have

B(T?) - B(Fy) = By

n

as n — Q0.

Also note that if we write T, = sup{—i : B(7,%) > §(—i—i—1)} (where recall that §_; _;_i)

n
denotes the edge weight corresponding to the edge (v_;,v_;—1)) then the local convergence of the

neighborhood gives us the following;:

Lemma 37 Consider the stopping time T, defined above. Then we have
T, -4 T
as n — oo, where T is the stopping defined in Equation (18).
We now turn to the more involved analysis of B(7,,*8(V;,)). We however need some additional

notation. In the context of the above decomposition of the local neighborhood about a node in
terms of rooted trees on the path of the root to the node, we let the tree rooted at v_; defined as

T, =T\ (T, T T

n
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In this notation, note that we are interested in the random variable B(Z,,*¢(V;,)) = B (ﬂ_l’big).
By the definitions of the bonuses we have the identity, for T,, < j < —1.

B(T,") j=Tn
)= max (fj,j—l — B(T;] '), B(’]}f)) otherwise

Now compare with Equation (19) and use Lemma 37 to get the result.

4.4 Maximal Eigen values

Here we shall prove Theorem 7. Before proving the Theorem, we shall first prove some general
properties of the branching process construction, namely Proposition 9(b), via which we embed
the Preferential attachment model in a continuous time branching process. Part (a) of the
following theorem (in a more general context) can be found in [8], so we shall not give the
proof here. It essentially follows from the general theory of continuous time branching processes
developed by Jagers and Nerman, specialized to our setup.

Theorem 38 (a) Consider the continuous time branching process F(t), with offspring distribu-
tion N(-) as in Proposition 9(b). Then there exists a random variable W > 0, such that

IFM)] as.

s
eat

ast — o0o.

(b) Consider the offspring point process Ny (t). Then e=t- (Ny(t) + 14 a) is an L? martingale (in
continuous time). In particular there ezists a random variable W, > 0 such that

Na(t) E) Wa
et

ast — 00.

Proof of (b): Note that the rate equations imply that
E (dNy(t)| F(t)) = (No(t) + 1+ a)dt

where F(t) is the filtration generated by N,(-). Thus writing Y, = e~ (N, (t) + 1 + a), this
implies that
E (dYa(t)] F(t)) =0

The following is an obvious Corollary.

Corollary 39 Consider the continuous time branching process F(t), with offspring distribution
N(-) as in Proposition 9(b). Let T,, = inf{t > 0 : |F'F(t)| = n}. Then there ezists a random
variable 0 < Z < oo such that

1
T, — —logn *% Z
a
as n — oo
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The following Lemma which describes the exact finite time distribution and also gives upper for
the Yule process is well known.

Lemma 40 (a) Suppose the parameter a = 0 so that No(-) is the offspring distribution process.
Then for any fized time, we have No(t) ~ Geom(e™t). In particular for any fived t > to we have

P(No(t — to) > Ket) < e K¢

(b) Fora >0, let A= |a]+ 1. Then

t

P(N,(t —to) > Ke') < Ae™a¢®

Proof: Part(a) is a well known property of the Yule process. To prove part (b), note that from
the rate of growth of N,(+), we can couple N, with A independent Yule processes such that

Now apply part(a) and the union bound.
]

Remark: We shall first prove Theorem 7 (b) regarding the asymptotics of the maximal degrees
and then show the relation between the maximal degree and the maximum eigenvalues. The
reason for this is as follows: the analysis of the maximal degrees allows us to conclude that the
maximal degrees essentially occur within a “finite distance” from the root and that as we move
further away from the root, the size of the degrees drops very quickly. Similar ideas will be used
to understand the maximal eigenvalues.

Proof of Theorem 7(b):

Important Remark: For the next few paragraphs of the proof we shall assume that a = 0.
The identical proof works for ¢ > 0, but notation wise it is more convenient for us to think of
a = 0. Note that for a =0, v, = 2.

Fix k£ > 1 and recall that A>Ag- > Ay denote the & maximal degree nodes. The essential idea
will be to show that the maximal degrees all occur in a finite neighborhood about the root and
that the degree of nodes in a finite neighborhood about the root, properly normalized converge in
distribution. To start the argument fix € > 0, which shall remain fixed through out the argument.
Note that Corollary 39 implies that we can choose B, such that

1
lim sup P <|Tn ~3 logn| > BE> <eg/2 (21)

Fix this B.. In the construction of our Linear preferential attachment tree 7, we shall also attach
with each node it’s time of birth in the above construction. Fix S > 0 and write the event A, g
for the event

There exists a node in 7, which was born after time S after the root, and which has
degree greater than the root in 7.
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Then we have the following Lemma

Lemma 41 Given any € > 0, there exists a constant S. < oo such that

limsupP(A,s.) <e

n—oo

Proof: By Equation (21), note that it is enough to prove that we can find S < oo such that

limsupP(A4;, 5.) < ¢&/2

n—oo

where A] ¢ is the event

For some time ¢ in the interval [% logn — B., % log n+ Be], in F(t) there exists a node,
born after time S that has degree greater than the root.

Again, since the degrees of nodes (namely number of children of the nodes) are monotonically
increasing functions of time t, it is enough to show that

limsup P(A} 5.) < e/2

n—oo

where A” ¢ is the event

There exists a node born S units after the root such that degree of the node at time
(3logn + B.) is greater than the degree of the root at time (3 logn — B.).

For simplicity, let t" = %logn — B and t} = %logn + B.. Also for any fixed S, let

Z(S,th) = Jhax deg(v,t)
Here T), is the time of birth of node v and the deg(v,t"}) is the degree of the node at time #7},
namely the number of children node v has at time ¢’,. Let X (p,t) denote the degree of the root at

time ¢. Then note that the event A} ¢ = {Z(5,#) > X(p,#")}. Note that for any fixed constant
K

P([A7,5]°)

Y

P(X(p,t") > K, Z(S, 1) < K)
P(X(p,t") > K)+P(Z(S,t}) < K) -1

v

Thus it is enough to show that we can choose a sequence K, and and then constants S; such
that

lminf P(X (p,t") > K,) > 1 —¢/4 (22)
liminf P(Z(S.,t7) < Kp) > 1 — /4 (23)

To prove the first inequality, note that since the offspring distribution is a Yule process, X (p, t"™) ~
Geom(y/n/eP), we can find a constant K. such that, defining K, = K.\/n, the first inequality
is satisfied.

Now fix this sequence K,. We need to show that we can choose a constant S, large enough such
that for this sequence of K, the second inequality is satisfied. In this setup, a simple union
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bound does not work due to the exponential rate of growth of the whole branching process and
we need to employing a bracketing technique.

For any fixed integer m, let Z([m,m + 1],¢7) be the maximum degree at time ¢,z of all nodes
born in the time interval [m,m + 1]. Without loss of generality, assuming that S and 7 are
integers, we have

Z(8,t}) = <8 Z([m,m +1],17)

Now note that by the union bound
P(Z(fm,m+1],t7}) > K,) <E(|JF(m + 1)[)P(N(t} - S) > K,,) (24)

where |F(m+1)| is the total number of nodes born by time m+1 and N (¢} —.5) has a Geometric
distribution Geom(e'*~°) Recall that F(t) grows at rate e* and n particular (see [21]), there
exists a constant C such that for all ¢, E(F(¢)) < Ce*. Applying the large deviation Lemma for
geometric distribution (Lemma 40(a)), we get

tn—1

P(Z(S,t0) > Kp) < Y CePmemC'e™
S

where C' = K./eP=. Choosing S large enough, the second inequality now follows and the proof
is completed.

Let us summarize in a Lemma what we have proved. We call all nodes born within time S after
the initiating ancestor, the S-neighborhood of the root, denoted by B(p, S). Let A%™ denote the
maximum degree in 7, among all nodes born within time S of the root. As before let A} denote
the maximum degree in 7,

Lemma 42 Given any €, we can find Sc < oo such that

liminf P(AS" = A?) > 1 —¢

n—0oo

A slightly more refined analysis shows that the above Lemma can be generalized for the k max-
imal degrees. We first need some convention. In the branching process construction, for any
neighborhood B(p, S) of the root, let Af’" > Ag’" > > Af’" be the k largest degrees

in the 7, of the nodes of B(p,S), with the convention that Af’n = 0 for i« > |B(p,9)| if
|B(p,S)| < k. Let Af’n = (A7 ,Af’n); let the vector of k largest maximal degrees be
denoted as A} = (A1,...,Ay). Then we have the following generalizations of the above Lemma

Lemma 43 Given any ¢ > 0, we can find a constant Se < oo such that

liminf P(AY" = Al) > 1 —¢

n—oo

A tightness Lemma: Now we come to the following routine tightness lemma which allows us
to prove the existence of limits of random variables.

Lemma 44 Let X,, = (X7,..., XF) be a sequence of R¥ valued random variables. Suppose for
each fized € > 0, there exists a sequence of RF valued random variables Yn(a) such that

liminfP(X, =Y,®) >1—¢

n—oo
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Further assume that the collection of random variables (Yn(a))n21,6>0 are tight. Finally assume
that for each fized € > 0, there exists Y such that

yn(e) 4,y
Then there exists a R¥ valued random variable X o such that
d
X, — X

as n — oQ.

Proof: Fix any subsequential limit of Y, which exists and is finite since the sequence (Y}, c)n>1,>0
is tight. This limiting random variable Y; will remain fixed for the rest of the argument. Then
any subsequential limit of X, has to coincide with Y and this completes the proof.

We shall once again revert to statements regarding the model for general a. Recall the Malthusian
rate of growth parameter ,. Applying Lemma 44 with X, = AZ/nl/% and Y7 = AZ’SE /n/e to
complete the proof that the maximal degrees properly normalized, converge to some distribution,
it is thus enough to prove the following

Proposition 45 Fiz any S > 0 and consider the marked tree By(p, S) where we mark each node
v € B(p, S) with the real valued random variable deg(v, T,,) /n'/ " attached to it. Then

Bu(p,S) - B(p, S)

as n — oo. Here the convergence denotes convergence in the space of marked finite rooted trees.

In particular

s
A

ko _d, ySs
n1/7a

as n — 0o, for some R* valued random variable YS.

Proof: Recall that we are going to think of B, (p,S) as a marked tree, where the topology of
the tree consists of all those nodes in 7,, which were born before time S in the continuous time
embedding, and where we mark the edges from mother to daughter by the time after birth of the
mother, that the daughter is born and each node is marked with N, (v) = deg(v,n)/n'/Y. Thus
we can write

Bu(p, S) = (F(S), (Nu(v))ver(s))

where F(S) is the continuous time branching process observed till time S. Thus it is enough to
prove the following;:

Lemma 46 Conditional on F(S), there exists a distribution u(F(S),-) on RIFG| such that the
vector

(Nn(0))oer(s) —= p(F(S),-)

Proof: Conditional on |F(S)|, we shall first analyze T,,, namely the amount of time needed by

the continuous time branching process to grow to size n. Recall that unconditionally F(T},) 4 Th-
The interesting fact about this model is that the total rate of growth of this at any time does
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not depend on the actual structure of the tree, rather depends only on the number of nodes k in
the tree. To see why, suppose at any time ¢, there are k nodes and suppose the root has degree
d,(t) = di(t) and let d;(t) denote the degree of vertex ¢ > 2. Then note that by the rates of
reproduction, we have that the rate of reproduction of the next individual into the population is

k
di(t)+1+a+ Y (di(t) +a)=2k—1+ka
2

Thus conditional on F(S), the following Lemma in particular says that there exists a random
variable ShF (S)| which depends only on |F(S)| such that

1 a.s.
T, — —logn — Wy (25)

a

as n — oo. Note that here W, = S + S* | where S% is the limiting random variable arising in
the Lemma below.

Lemma 47 Fiz a > 0 and an integer k > 1. Let (Y;)i>1 be iid, Y; ~ exp(l). Consider the
sequence

n
Y, 1
S, = J —
" jz_:k<2j—1+ja 2j—1—|—ja>

Then there exists a random variable S¥ such that

S, 22 8% and E(S*)? < oo

Proof: Just observe that S¥ is an L2 bounded martingale.
(]

Now note that for any vertex v € F(5), writing P,(t) for the offspring (namely degree of node v
at time t), note that deg(v,n) = P,(7,). By the asymptotics for the offspring distribution given

by Theorem 38(b), we have

deg(v,n) a.s.
o

Combining with Equation (25) on the asymptotics for the stop times T,,, we get

deg(v,n) s
nl/’Ya

for each v € F(S) and this completes the proof of the Proposition.
u

We summarize the following fact about the random trees F(t,) for some non random sequence
t, which follows from the above analysis. It shall be needed in the analysis of the maximal
eigenvalues below.

Lemma 48 Fiz a sequence of constants t, — oo and consider F(ty), where F(-) denotes the the
continuous time branching processes. Fix any two (integer) times 0 < tg < t; <t,. Let H denote
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the forest consisting of all edges such that both nodes that make the edge were born in the time
interval [to,t1]. Let A1(H) denote the mazimal degree of this graph. Then for any sequence K,

t1
P(Al(H) > Kn) < ZceQme—KnBetzfm
to

for some universal constants C' and B (depending on the parameter a but independent of n).

Proof: This is exactly what Equation (24) states.
"
Proof of Theorem 7(a):

Now we shall now derive asymptotics for the maximal eigenvalues. The proof follows along
the same conceptual lines as [20]. However the technical tools are completely different in the
sense that we shall use our continuous time embedding to get a completely different proof which
generalizes very easily to the a > 0 setup.

The following Lemma collects the various linear algebra facts we need.
Lemma 49 If G is a d star (namely a tree on d+ 1 vertices consisting of a single node connected

to d leaves). Then M\ (G) = vd. If G consists of k disjoint stars with the i’th star having d;
leaves with dy > do > -+ > dy,, then \(G) = V/d;.

Proof: The eigenvalues of a the adjacency matrix can be directly computed and this completes
the proof.

Now the proof of Theorem 7(a) proceeds as follows: we shall construct subgraphs F,, of 7,,, which
will be star forests such that

(A) Mi(Fo) = (1+0(1))/Ai(T)
(B) M(TT,, \ F,,) = o(1) - nl/2va

Note that Rayleigh’s theorem states that for any graph 7

T
. x' Arx
Ai(T) =min max ——z—
L z€eLgx#0 XX

where L ranges over all (n — i + 1) dimensional subspaces of R™. Thus for any partition F,
H =T\G of T, we have

min max = max max

xT Arx xT Apx L0 xT Apgx
L xcLx#0 xXTx xCLx20 xTx 7#0 xTx

Thus proving (A) and (B) is enough to prove the result. This the reasoning that allowed Fireze
et al to conclude Theorem 7(a) for the case of the BA model. We shall now set about proving
(A) and (B) for the more general linear preferential attachment model.

Consider the continuous time embedding of 7,, in F(-). Recall that we had F(7T,,) = 7, where
T, = inf{t : |F(t)| = n}. Also recall that we had refined asymptotics that said that T, ~ 7% log n.
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Call ¢, = % logn. For ease of exposition we shall analyze the tree F(t,) and shall find subsets
F,, C F(t,) of edges such that

(A) Ai(Fn) = (1+ o(1))/Ai(F(tn))
(B) M(F(tn) \ Frn) = o(1) - v/ Ai(F(tn))

This will then complete the proof. Using Equation (21) and an analysis similar to the analysis
of the maximal degree, this can be extended to the tree F(T},) 4 7T,. Define the times tg, t1,to as

2
to=0,t1 = gtn to =1t, —loglogn t3=1t,

For ¢ > 1, let S; denote the set of nodes born between times [t;_1,;].

Define F), to be the star forest consisting of all edges where one end point is born before time t;
and the other end point is born after time 2. It is then easy to verify that with high probability

1

Ad(FD) = M(F(t) ~ oo

Op(Ai(F(tn)))

Since A;(F(t,)) = Q(efr), this implies that
Ai(Fn) = (1 = o(1))Ai(F(tn))
Since F}, is a star forest, we have by Lemma 49 that
Ai(Fn) = VAi(Fn) = (1+0(1)Ai(F(tn))

Let H,, = F(t,) \ F, and let H;; = H,(S5;S;) be the set H, restricted to (5;,S;) where the set
(Si,S;) consists of those edges where one node is part of S; and the other is part of S;. Then it
is easy to verify using Lemma 48 that

A (Hij) < Ar(Hij) = o Ag|F(tn)])

This completes the proof.

5 Conclusion

Here we conclude with a wide ranging discussion and some open problems.

(a) Although we have not proved it explicitly here, using almost identical techniques to what we
used to prove the convergence of the spectral distribution of the Adjacency matrix, we have the
following result:

Theorem 50 Suppose E, denotes the spectral distribution of the adjacency matriz of a family of
random trees satisfying assumptions in Definition 2. Then there exists a probability distribution
F on R such that

F,EF
Here convergence denotes convergence in the Levy-Prohrov metric on the space of measures on
the real line.
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(b) Although we have proved convergence of the distribution function as well as the maximum
eigenvalues, we have not been able to derive any explicit properties of the limiting distributions.
This seems to be another question worth pursuing. See [10] where there is a more complete
discussion of the problems involved in solving the limiting recursive distributional equations. For
some of the more classical models such as the uniform random tree on labelled vertices, there are
close connections between the limiting Stieltjes transform and the classical theory of products of
random matrices.

(c) Analysis of the kernel for general random graphs: Similar to Lemma 21, for more
general graphs we have the following lemma. Note that a cycle cover of a graph (where we assume
each edge is made of two directed edges) is the covering of the graph with disjoint directed cycles,
where by disjoint we mean that the cycles do not share nodes. The weight of a directed cycle
cover is the number of nodes present in the cycle cover.

Lemma 51 Think of each edge of a graph as being composed of two directed edges. Then for a
general graph the number of zero eigenvalues is the same as the number of nodes which do not
belong to the maximal directed cycle cover of the graph.

The following, which is probably already implicitly solved by Karp and Sipser seems like an
important problem:

Conjecture 52 For the Erdos-Renyii random graph G,(n,A/n), the maximal cover satisfies the

following:
n n

as n — oo. Further we have for the number of zero eigen values of G,

For \ < e we have

as n — oQ.
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