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Abstract

Consider k equal size treatment groups and let the outcome of interest be a survival
time. Suppose that a known monotone transformation of the survival times is logistically
distributed and that the treatment only affects the location parameter. We obtain exact
results for the problem of selecting a subset of treatments, based on the i-th ordered
survival times, which contains with specified probability P* the optimal treatment.

Since the distribution of the median of a small logistic i.i.d. sample is shown to
approximate very well the normal distribution our exact results for the median can also
be used for subset selection based on estimates of location parameters which are normally

or approximately normally distributed.
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1 Introduction and motivation.

Subset selection has been introduced by Gupta (1965). Many contributions to this field of

statistical interest have been given. Given are k (> 2) random variables X1, ..., Xj, which



may be sample means, sample quantiles or other estimates of location parameters, associated
with k populations 71, ..., 7k, respectively. We assume that the distributions of these random
variables differ only in their location parameter. If the distribution of the estimates of the
location parameters have different scale parameters, then it makes sense to standardize the
estimates with their scale parameter (if known) or some upper bound of their scale parameter.
We are interested in choosing the best population, that is the population with the largest
value of the location parameter. If there are more than one contenders for the highest rank,
we suppose that one of these is appropriately tagged. Subset selection has as its goal to
indicate a subset of the collection of k populations which includes the best population with a
given confidence and with the requirement that the size of the subset is as small as possible.

Gupta’s subset selection rule is defined by:

Select m; if and only if z; > max z; —d ,
1<5<k

where z; is the observed value of X; (i = 1,..., k). The selection constant d (> 0) has to be
chosen such that the probability is at least P* (k~! < P* < 1) that the subset contains the
best population. A correct selection C'S is defined as a selection of any subset which includes
the best population.

The selection constant and the probability of CS depend on the form of the underlying
distribution. The probability of C'S is equal to

where X 1) is the unknown random variable associated with ;) and where the ranked location
parameters 61, ..., 0 are denoted by ;) < ... < 6. Let Q be the space of all parameters

configurations for Oy < ... < 0. From Gupta (1965) we have

00
inf P(CS) = / F*Y(z + d)dF(x), (1)

—00
which is attained for the least favourable configuration (LFC): ;) = 6 = 0, and where
F(-) is the cumulative distribution function (cdf) of the populations under the LFC: since (1)
does not depend on # we will standardize F' to have location parameter zero. To be sure that

P(CS) > P* for all configurations of 61, ..., 0y the smallest value of the selection constant d

has to be chosen for which

/ F*Y (2 + d)dF(z) = P*. 2)



Instead of taking the infimum in (1) over the whole parameter space one could also
compute the infimum over (4), where £(0) consists of all possible configurations for which

0jx—1) and O} are at least 6 apart. In this case, we have

inf P(CS) - / F*Y(z + d — §)dF(x), (3)

which is attained for the least favourable configuration (LFC): 6] = 1) = 0) — J. To
be sure that P(C'S) > P* for all configurations in 2(d) the smallest value of the selection

constant d has to be chosen for which

/ F*VY(o+d - §)dF(z) = P*. (4)

—o0
It is of interest to note that if one chooses d by solving (4), then, even under the least
favourable configuration 6;; = ... = 6y, the probability that the subset contains the popu-
lation with a location parameter not more than ¢ apart from 6y is at least P*. Therefore,
in situations where one is satisfied with selection of a d-almost best population, one should
use the subset selection rule based on (4), even when it is not known that the best location
parameter is at least 0 apart from the other location parameters. The left-hand side of the
equation (2) also equals the minimal probability of correct selection if we only select max; X
and where the minimum is over all configurations for which 03 — 0z > d.

The left-hand side of the equation (2) have been analytically determined for the logistic
distribution by Van der Laan (1989, 1992) for Bechhofer’s indifference zone approach (1954)
and Gupta’s subset selection approach, respectively. Lorentzen and McDonald (1981) con-
sidered the subset selection problem based on sample medians from logistic populations: i.e.
now F' represents the distribution of the sample median of n logistically distributed obser-
vations. In the case that the sampling distribution is logistic, the median is indeed a better
candidate for X;, i = 1,..., k, than the sample mean since it has a smaller variance than the
sample mean, in contrary with the normal distribution where the mean is known to be an
efficient estimator of its median (which equals its mean).

In the next section we consider subset selection, and thus the principal equation (2),
based on the i-th order statistic of equal size i.i.d. samples of logistic populations which only
differ in their location parameter. This problem is of particular practical relevance in survival
analysis. Suppose that one has k equal size treatment groups and that the survival time is the

outcome of interest. Assume that one has succeeded in selecting a monotone transformation



of the survival times (e.g. log) which is such that the transformed survival times have logistic
distributions which only differ in their location parameter: the log-logistic model is a widely
used model in survival analysis (see Collett, 1994). One can also estimate the monotone
transformation by fitting the semiparametric proportional odds model (see Murphy, Rossini,
van der Vaart, 1998, and Shen, 1998). If the life of a person is at risk it is important to have
methods available which do not need all the data so that certain treatments can be excluded
at an early stage. At the moment that one has observed the i-th failure in each group one can
construct a subset which contains with probability (at least) P* the best treatment, using
our exact results for correct selection.

In van der Laan et al. (1998) it is shown numerically the distribution of the median of
a sample of size 9 from a standard logistic distribution approximates the standard normal
cumulative distribution within a distance 0.001 and that for most practical purposes the
approximation of the standard normal distribution is in general already rather good for a
sample of size 5. This approximation result shows that our subset selection result in section
2 can be used to carry out subset selection based on approximately normally distributed
random variables X;, j = 1,...,k (e.g. sample means or maximum likelihood estimators of

location parameters) whose distributions only differ in their location parameter.

2 Subset selection based on order statistics from logistic pop-

ulations.

The cumulative distribution of the [-th order statistic X(;) of a sample of n i.i.d. random

variables with cdf the standard logistic G(x) = 1/(1 + exp(—=x)) is given by:

1 n—l n .
Fnl®) = T ety 2 (g) “p(e) )

and the survival function is given by:

-1
Sin(z) = ( . > <n> exp(—(n —j)x). (6)

1+ exp(—x))" =\

For | < n/2 one can use Fj ,(z) = 1— .5 ,(z) so that F},, does only involve a summation over

[ terms. Thus the density of X(;) for the standard logistic distribution is given by:

1 exp(—(n+1—1)x)

B(l,n+1—1) (1+exp(—xz))n+l’ (7)

fl,n(x) =




where B(p,q) =T'(p)I'(¢)/T'(p + q) is the complete Beta function.
For Gupta’s subset selection rule given in section 1 the minimal probability of correct

selection for F' = Fj,, (see (5)) is given by

o0

Al = [ B @+ d) (o) de, (8)

—00

where d > 0 is the selection constant.
The theorem below provides us with an explicit formula for A;, (k) in terms of binomial
and multinomial coefficients. For notational convenience, we will denote the multinomial

coefficients with Ck 1 in_i

k-1 ,
it =1 . , with 0 < dg, ... ipy <k —1and Y'2fi; =k — 1. (9)
0% .. In—]
We also define s = s(ig, ..., in—1) = ?:_é Jij, o = exp(—d) and

a 9! 1
Cyla) = ( > log(a Z -(1—-— for integer ¢ > 1.

a—1 rlz

We have the following theorem.

Theorem 2.1 We have

1

— v n—l+s _ )
3 crl l]‘[ (?) 3 (“ “8>(—1)1A((1§—2)n—s+z+i,n+ 1,q)
=0

et o i=0 v
Z]-:O 1j=k—1,i0,+ 3,120

A (k) = exp(—ld)n(l 1) (10)

where (k—2)n—s+1>1andn+1>2. Here A(k—2n—s+1+i,n+1,a) is given by
the following exact formulas for A(p,q,a) = [° dz/{(a+ x)9(1 + )P} for positive integers
p,q withp>1,q>2: We have

At = T Ay v, 2 (1)

A(1,2,0) = 2 _(zt(f)l;i(a)- (12)
For g > 2:

A(2,q,0) = %ﬁ(“) (13)



If p > 3 and q > 2, then we have

gla+1)..(g+i=1)
—1)(p 2)...(p—1-1)

p—2Q(q+1)...(q+p_3) o
p—1)(p—2)...2 A2, q+p—2,0). (14)

Here the summation equals zero if p = 3.

A(p, q, @)

+(=1)

For the special case | = n this expression simplifies because the first summation is now only

over the indice 19 = k — 1.

Corollary 2.1 We have for integer n

An,n(k) — 1+ (n(k 1)4+n— 2)><

n—1

_ -1
Z ( 1)+n_2> o + (=1)"{n(k — 1) +n — 13" Cpe-1)sn-1(1/0)

- n—1¢—1

In general, the expression (10) for A;, (k) becomes more involved when [ becomes smaller
since the first summation in (10) is over n — [ — 1 indices. Therefore, if | < n/2 it is useful to
obtain the result for the [-th order statistic from the result for the n — [-th order statistic as

follows.

Lemma 2.1 We have

=1/ } |
Apn(k) =7 (=1 Apprin (G + 1), (15)

=0\ 7

where d on the right-hand side is replaced by —d.

Appendix: Proof of theorem 2.1.

Substitution of the representation (5) for Fj,, into ( 8) provides us with:

oo (nZl/n exp(—i(xz + d)) e n—1\exp(—(n+1—-10)x)
At = [ {Z (z) (exp(—z —d) + 1)n} ”(z - 1) 1+ exp(—ayr (10

=0
We define a;(z) = (@)% i = 0,...,n — L Then we Cakn_ll“ep-
resent the term between accolades as .77 'a;(z). We have (ZZ o ai(z )) =



k—1 io in_i . . . . .
.. 2057 =k Ci i, _00(2)" . an—y(x)'"~t.  Substituting this expression into

n—1 1 co =l L exp(—(n+1—1)z)
An(k) = n(l B 1) ZCZO ..... i /_Oo 1:[ aj] (z) (1 + exp(—z))n Tl dx.
Z] Oz] k—1 j=0
Hence, it remains to determine M (io, . . ., in—1) = 75 IT}2g Laj(x) %dw. We have
i _ i i xp(— d .
that [];Z oaj( )i = H’ll (’})” (1+eiprz( (i(f;))zl)(k 7, where s = s(io, ..., in—1) = >} OJZJ
we have that A; (k) = n(77}) Zzn L Cz]z,--l-,zn l H?:_é (?)”Ml with M (ig, ..., 0n—1) =
X d X 1-Dx . .
[ (Heiprz( (j,-(_f;))zl)(k 5 fﬁ;ﬁ?ﬂ»gﬁdm Now, do the substitutions exp(—z) = 2, az = x,
respectively, and write (1 + z/a)"™! = (a + 2)"t1 /o™t to obtain Mi(ig,...,ip-1) =

1 roo mn—l-‘,—s
o fO (a—l—ac)"""l(l-}—ac)"(k—l)

dzx. Sincen—Il+s<n—1+sands<(n—10)(k—1) < (n—1)(k—1)
it follows that n — [ 4+ s < n(k — 2) which shows that the integral M; is convergent.

By writing 2"~ = ((x41) — 1)~ it follows that M; = of Y1717 (”_f+5)(—1)iA((k —
2)n—s+1+i,n+1,a), where (k —2)n—s+1>n>1and A(p,q,a) = [§° MW?
p > 1,q > 2. This proves the expression (10) in terms of the integrals A(p,q, ), p > 1, ¢ > 2.
It remains to prove the closed form solution of A(p, ¢, a), p > 1, ¢ > 2. Theorem 1 in van der
Laan (1992) proves expression (13) for A(2, g, ) for positive integer ¢ > 2. Now, let p > 3.
Then by integration by parts we have: [(z+1)7P(z + «) 9dz = m -5 [(z+ 1)7PH (2 +
«)~97dz. By repeating this one proves expression (14) for A(p,q,a), for positive integers
p,q, ¢ > 2. It remains to solve A(1,q, «) for ¢ > 2. Expression (11) for A(1,q,«) for ¢ > 3
follows by integration by parts and expression (12) for A(1,2, «) is trivial. This completes

the proof.
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