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Abstract

We derive an identity for nonparametric maximum likelihood estimators
(NPMLE) and regularized MLEs in censored data models which expresses the stan-
dardized maximum likelihood estimator in terms of the standardized empirical pro-
cess. This identity provides an effective starting point in proving both consistency
and efficiency of NPMLE and regularized MLE. The identity and corresponding
method for proving efficiency is illustrated for the NPMLE in the univariate right-
censored data model, the regularized MLE in the current status data model and
for an implicit NPMLE based on a mixture of right-censored and current status
data. Furthermore, a general algorithm for estimation of the limiting variance of
the NPMLE is provided.

Keywords: censored data, nonparametric maximum likelihood estimator, asymptotically
efficient estimator, efficient influence curve

1 Introduction.

Let T be a random variable of interest with distribution function F . In many medical and
biological applications the information on T is imprecise in the sense that we only observe
X = Φ(T, C) for a known many to one mapping Φ and a censoring variable C . The
probability distribution of X is indexed by the distribution F of X and the conditional
distribution G of C , given X, and will be denoted with PF,G. We let F be unspecified,
but assume that the conditional distribution G(· | T ) of C , given T , satisfies coarsening at
random. Coarsening at random was originally formulated by Heitjan and Rubin (1991),
generalized by Jacobsen and Keiding (1994) and further generalized in Gill, van der Laan
and Robins (1997).

A general definition of coarsening at random (CAR) in terms of the conditional dis-
tribution of X, given T , is given in Gill, van der Laan, Robins (1997): for each t, t′

PX |T=t(dx) = PX |T=t′(dx) on {x : t ∈ C(x)} ∩ {x : t′ ∈ C(x)}, (1)

where C(x) represents the coarsening for T implied by x, i.e. C(x) consists of all t for
which X = x is a possible observation. It is also possible to define coarsening at random
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in terms of densities: for every t we have that for a dominating measure which satisfies
(1) itself

p(x | t) = h(x) for some function h.

In other words, for each t the density of x, given T = t, depends only on x = Φ(t, c).
Coarsening at random is an attractive assumption since it implies factorization of the
density p(x) (i.e. the likelihood of X = x) into F and G-parts so that the maximum
likelihood estimator of F does not depend on the chosen model for G.

Let X1, . . . , Xn be n i.i.d. copies of X. Let PFn,G be a nonparametric maximum
likelihood estimator (NPMLE) in the sense of Kiefer and Wolfowitz (1956) in the model
with G known, assuming it exists. Let µn be a measure which dominates PFn,G. Then

PFn,G = arg max
PF,G�µn

∫
log

(
dPF,G

dµn

)
dPn(x), (2)

where Pn ≡ 1
n

∑n
i=1 δXi denotes the empirical distribution function of the Xi’s and G

is fixed. Here δx denotes the probability measure with mass 1 at x. Let µ = Fκ ≡∫
κ(t)dF (t) ∈ IR be a parameter of interest. We will refer to µn = Fnκ =

∫
κ(t)dFn(t) as

the NPMLE of µ.
This paper deals with proving efficiency of µn. A concise summary of efficiency theory

is that an estimator µn of µ is efficient if it can be asymptotically approximated by a
sum of i.i.d. random variables, where the variance of these random variables equals the
semiparametric information bound. This random variable is a uniquely defined function
of X, depending on the true distribution of X, and it is called the efficient influence
function. In the next section we will provide the most relevant summary of efficiency
theory for the purposes of this paper.

Nonparametric maximum likelihood estimation has received much attention in the
recent literature. Beyond many analyses of NPMLE in particular semiparametric mod-
els, there have been published some papers on general understanding of the asymptotic
properties of the NPMLE. Gill and van der Vaart (1993) show that once one assumes
that the NPMLE is

√
n-consistent and asymptotically normally distributed, it is also

asymptotically efficient under weak regularity conditions. Van der Vaart (1992) provides
general conditions under which the NPMLE is efficient, assuming uniform consistency
of the NPMLE Fn. One of the key conditions is Fréchet-differentiability of an infinite
dimensional estimating equation.

In this paper we consider an identity which represents the difference µn − µ as the
empirical difference of the efficient influence function evaluated at (Fn, G). We will provide
conditions under which this identity is true and show how this identity provides an effective
starting point in proving both consistency and efficiency of the NPMLE µn. This identity
approach exploits the convexity and linearity in F of the model for X and as a consequence
does not require Fréchet-differentiability and does not require that consistency has been
proved by other means.

The purpose of this paper is to show the effectiveness of this identity approach for
proving consistency and efficiency of NPMLE (and regularized MLE) in a large class of
censored data models. In order to illustrate the identity approach for proving consistency
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and efficiency, we chose the univariate censoring model, the standard MLE in the current
status data model and a regularized MLE in the same model with a useful AIDS appli-
cation. Moreover, we analyze the implicit NPMLE for a mixture of current status and
right-censored data in order to show how the approach can be applied to complicated
models in which the NPMLE does not exist in closed form. The right-censored data
example and the last example represent data structures Φ(T, C) which allow a complete
observation of T . The current status data structure only contains censored information
on T .

In the first three examples the efficient influence function exists in closed form so that
the identities can be verified explicitly. The examples show that if the efficient influence
function exists in closed form, then one can directly verify the identity and it often has a
surprising character because of its direct link between µn − µ and Pn − PF,G.

The univariate censoring example shows that the identity for the NPMLE (which
is the Kaplan-Meier estimator) in combination with empirical process theory yields a
direct approach to consistency, efficiency, and bootstrap consistency. Though it is not the
purpose of this example, this efficiency proof of the Kaplan-Meier estimator is new. The
identity has been applied in Bitouzé (1995) to prove new exponential (non-asymptotic)
bounds for the density of the smoothed Kaplan-Meier estimator. For an application of
the identity to prove consistency and efficiency of NPMLE in a class of censored data
models allowing complete observations on T , we refer to van der Laan (1996, chapter 3).

The NPMLE in the current status data model is analyzed in Groeneboom (1991) and
Groeneboom and Wellner (1992). Here the identity does not exactly hold for the NPMLE
and hence this example should be incorporated in this paper (our second example). How-
ever, as shown in the example, in such models the approximation of the identity forms a
useful starting-point in an analysis. This is also shown by a paper of van der Geer (1994),
where she proves efficiency of the NPMLE in a large class of mixture models and where
her general proof uses the identity at Fn(αn) ≡ (1−αn)Fn + αnF for a sequence αn → 0.

The third example considers a regularized MLE Fn in the current status data model,
which is obtained by replacing the empirical distribution Pn in the loglikelihood by a
smoothed empirical distribution P̃n and then maximizing over F , where P̃n is an integrated
kernel density estimator pn. Here the conditions for the identity are trivially verified.
This example illustrates that the identity approach is effective in proving efficiency of
regularized MLE in general.

The extension of the presented approach for proving efficiency of the NPMLE to a
general semiparametric model is given in van der Laan (1994). Moreover, it is shown in
van der Laan (1995) that an extension of the identity holds in biased sampling models,
like the random truncation model.

1.1 The organization of the paper.

In the next section we will provide a concise summary of efficiency theory which is relevant
for understanding the derivation of the identity. In section 3 we prove a theorem stating
the conditions under which the identity is true. Here it is also shown that this identity
can be used to prove consistency and efficiency of the NPMLE Fnκ. Furthermore, we
provide an algorithm for computing the actual semiparametric information bound for the
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parameter Fκ which is useful in construction of confidence intervals. Section 4 is devoted
to the four examples.

2 Relevant efficiency theory.

Consider a given rich class of one-dimensional submodels with parameter ε through PF,G

at ε = 0. An estimator µn is regular at PF,G if
√

n(µn − µ) converges in distribution to a
limit distribution which is undisturbed by each one-dimensional ε = 1/

√
n-perturbation

of the data-generating distribution PF,G in this class of submodels at PF,G. The class of
regular estimators at PF,G excludes estimators which are particular well adapted to the
single element PF,G like the estimator µn = µ of µ. Therefore it can be viewed as a class
of “well behaved” (in a neighborhood at PF,G) estimators. Efficiency theory is concerned
with identifying a semiparametric information bound at PF,G for the limit variance of
estimators which are regular at PF,G. This information bound is uniquely determined by
the canonical gradient of the so called pathwise derivative of the parameter Fκ defined
on the Hilbert space generated by the scores of this given class of submodels. In this
section we will derive this canonical gradient at PF,G relative to a specified given class of
submodels and define efficiency of an estimator in terms of this canonical gradient.

Since the likelihood factors into an F and a G-part the canonical gradient does not
depend on the model for G (see Bickel, Klaassen, Ritov, Wellner, 1993, which will be
abbreviated with BKRW). Therefore we can proceed as if G is known and thus fixed. To
begin with we will need to define a rich class of submodels. Our class of submodels at
PF,G is induced by a class of submodels at F . Let µ1 be a dominating measure of F ,
i.e. F � µ1, and denote the corresponding density with f . If we write F1 �b F2 for
two measures F1, F2, then we mean that F1 is absolutely continuous w.r.t. F2 and that
dF1/dF2 is uniformly bounded. For each F1 �b F we define a line from F1 to F by the
densities fh(ε) = (1+εh)f , where h = (f1−f)/f ∈ L2

0(F ). By convexity of the parameter
space the lines form submodels with parameter ε ∈ [0, 1]. We endow L2

0(F ) with the usual
inner product norm ‖h‖2

F = 〈h, h〉F =
∫

h2dF . The set of scores corresponding with these
lines through F are given by:

S1(F ) ≡ {h ≡ dF1 − dF

dF
: F1 �b F, ‖h‖∞ < ∞} ⊂ L2

0(F ).

It is trivially verified that the underlying tangent space T1(F ) ≡ LinS1(F ), the L2(F )-
closure of the linear span of S1(F ), is given by L2

0(F ).
These lines yield one-dimensional submodels pfh(ε),G through pf,G. It is well known

that (see BKRW, section 6.4) that for every h ∈ S1(F )

d

dε
log

(
pfh(ε),G

)∣∣∣∣∣
ε=0

(x) = AF(h)(x), (3)

where

AF : L2
0(F ) → L2

0(PF,G) : AF (h) = EF (h(T ) | X). (4)
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AF is called the score operator of F . In other words, in censored data models the score
operators are just conditional (given X) expectation operators and are bounded linear
operators.

Let h ∈ S1(F ). The information lower bound for the variance of a regular estimator
of Fκ = Fh(0)κ along the one-dimensional submodel PFh(ε) with parameter ε is given by:


 d

dε
Fh(ε)κ

∣∣∣
ε=0

‖AF(h)‖PF,G




2

=


 ∫

κhdF )

‖AF (h)‖PF,G




2

. (5)

One obtains an information lower bound for the whole model by taking the supremum of
these one-dimensional lower bounds over h varying over the closure of the linear span of
S1(F ), which equals L2

0(F ) (see e.g. van der Vaart, 1988).
We will determine this supremum. Define

κF ≡ κ−
∫

κ(x)dF (x).

Let A>
F : L2

0(PF,G) → L2
0(F ) : A>

F (v) = EG(V (X) | T ) be the adjoint of AF . Suppose that
κF lies in the range of A>

F : L2
0(PF,G) → L2

0(F ). Then there exists a `(· | F, G, κ) such
that

A>
F `(· | F, G, κ) = κF . (6)

This implies that

〈κ, h〈κF , h〉F = 〈`(· | F, G, κ), AF (h)〉PF,G
. (7)

Thus (6) implies that

1

ε
(Fh(ε)κ− Fκ) = 〈κ, h〉F = 〈`(· | F, G, κ), AF (h)〉PF,G

,

which shows that (6) implies that V (PF,G) is pathwise differentiable with derivative given
by 〈`(· | F, G, κ), ·〉PF,G

. Any solution `(· | F, G, κ) of (6) is called a gradient of the pathwise

derivative. If (6) has a solution, then there exists a unique gradient ˜̀(· | F, G, κ) ∈ R(AF )
which is called the canonical gradient. Thus (7) can be replaced by:

〈κ, h〉F = 〈κF , h〉F = 〈˜̀(· | F, G, κ), AF (h)〉PF,G
. (8)

Now, substitute (8) in (5). Then, by the Cauchy-Schwarz inequality, it follows that the
information lower bound (5) is given by the variance (the L2(PF,G)-norm) of ˜̀(· | F, G, κ).

We remark here that if κF lies in the range of the information operator IF ≡ A>
FAF ,

then

˜̀(· | F, G, κ) = AF

(
A>

F AF

)−
(κF ), (9)

where we denote I−F (κ) for any element which is mapped to κ.
An estimator µn of µ is asymptotically linear with influence function IC(· | F, κ) ∈

L2
0(PF,G) if

√
n(µn − µ) =

1√
n

n∑
i=1

IC(Xi | F, G, κ) + oP (1/
√

n).
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Efficiency theory teaches us that the set of gradients, i.e. the solutions of (6), represents
the set of potential influence functions of regular asymptotically linear estimators; in other
words, any regular and asymptotically linear estimator has an influence function which is
in this set of gradients. In addition, it teaches us that a regular estimator is asymptotically
efficient at PF,G if and only if it is asymptotically linear with influence function equal to
the canonical gradient ˜̀(· | F, G, κ):

√
n(µn − µ) =

1√
n

n∑
i=1

˜̀(Xi | F, G, κ) + oP (1/
√

n). (10)

As a consequence, the canonical gradient ˜̀(· | F, G, κ) is also called the efficient influence
function.

3 The identity approach for proving efficiency of the

nonparametric maximum likelihood estimator.

In this section we prove a theorem which provides conditions under which an identity,
expressing µn − µ in terms of Pn − PF,G, holds. The proof of this theorem is based on
two lemmas. The first lemma states an identity in terms of the canonical gradient which
follows from the fact that the pathwise derivative along lines of a linear parameter in a
convex model has no remainder.

Lemma 3.1 Let Fn be an estimator of F . Define for α ∈ [0, 1], Fn(α) = (1−α)Fn +αF .
For a given F , ˜̀(· | F, G, κ) denotes the efficient influence function for Fκ at PF,G.
Suppose that

• Fκ is pathwise differentiable at every F ∈ {Fn(α) : α ∈ [0, 1]}.
• F �b Fn or ˜̀(· | Fn(α), G, κ) → ˜̀(· | Fn, G, κ) for α → 0 w.r.t. the L1(PF,G)-norm.

Then

Fnκ− Fκ = −
∫

˜̀(x | Fn, G, κ)dPF,G(x). (11)

Proof. The left-hand side in (7) equals 1/ε (Fh1(ε)κ− Fκ). If h1 = (f1 − f)/f , then by
the linearity of Ψ this equals F1κ − Fκ. Suppose that F → PF,G is linear. Then

AF (h1) =
dPF1 − dPF,G

dPF,G
.

Hence, then the right-hand side of (7) equals
∫ ˜̀(· | F, G, κ)(x)dPF1(x), which, by inter-

changing the roles of F and F1, yields the following identity: for all F �b F1

F1κ− Fκ = −
∫

˜̀(x | F1, G, κ)(x)dPF,G(x). (12)

We want to apply this result to F1 = Fn. Usually Fn does not dominate F so that
this identity cannot be directly applied (i.e. the condition F �b Fn fails). However,
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because the identity holds for Fn(α) ≡ (1− α)Fn + αF �b F , α ∈ (0, 1], we have that if
˜̀(· | Fn(α), G, κ) → ˜̀(· | Fn, G, κ) for α → 0 w.r.t. the L1(PF,G)-norm (or L2), then this
identity holds also at F1 = Fn. This proves the lemma. 2

It is important to note that ˜̀(· | F1, G, κ) is not necessarily the same as ˜̀(· | F, G, κ)
with F replaced by F1 since the efficient influence function at F1 might be a different
functional of F1 than the efficient influence function at F is of F . For example, in the
current status data example it appears that the efficient influence function is a different
functional of discrete measures (such as the NPMLE Fn) than it is of continuous measures
(such as the population d.f. F ) and as a consequence the continuity condition fails at the
NPMLE Fn. If Fn is a regularized MLE of a smooth F , then one will have that F �b Fn so
that identity (11) holds without any need to verify the continuity condition. The identity
(11) can be explicitly verified for the regularized MLE in the current status data model;
see our third example. If ˜̀(· | Fn(α), G, κ) is the same functional in Fn(α) as ˜̀(· | Fn, G, κ)
is in Fn, then the continuity condition of lemma 3.1 can be easily verified, and the desired
identity (11) follows. This follows from the fact that Fn(α)− Fn = α(F − Fn) and hence
Fn(α) → Fn for α → 0 with respect to all norms. In van der Laan (1996, chapter 3) the
continuity condition has been verified for almost all data structures Φ(T, C) which allow
complete observations on T .

The following lemma provides a sufficient condition for the NPMLE Fn to solve the
efficient score equation (13). This condition holds in all examples we encountered.

Lemma 3.2 Let Fn be an estimator of F satisfying (2) for a dominating measure µn of
PFn,G. Assume that κFn lies in the range of the information operator IFn : L2

0(Fn) →
L2

0(Fn), h(x) ≡ I−Fn
(κFn)(x) is a well defined function for F -almost all x with finite supre-

mum norm. Then

0 =
∫

˜̀(x | Fn, G, κ)(x)dPn(x). (13)

Proof. If κFn lies in the range of the information operator , then

˜̀(· | Fn, G, κ) = AFnI−Fn
(κFn)

and thus ˜̀(· | Fn, G, κ) lies in the range of AFn. Assume now that formula (9) holds (can
be extended to hold) pointwise so that for all x, ˜̀(x | Fn, G, κ) = AFn(h)(x), where h(x) =
I−Fn

(κFn)(x) has finite supremum-norm. Then ˜̀(x | Fn, G, κ) is actually a score correspond-
ing to the one-dimensional submodel PFn,h(ε),G, where dFn,h(ε)(t) = (1 + εh(t))dFn(t):

˜̀(Xi | Fn, G, κ) = AFn(h)(Xi) =
d

dε
log

(
dPFn,h(ε),G

dµn

)
(Xi)

∣∣∣∣∣
ε=0

, i = 1, . . . , n,

where µn can be any dominating measure of PFn,G. Since the supremum norm of h is
finite we have that Fn,h(ε) is a submodel for ε ∈ (−δ, δ) for some δ > 0. Moreover, since
Fn maximizes the likelihood (2) it follows that the derivative of

ε →
∫

log

(
dPFn,h(ε)

dµn

)
(x)dPn(x)
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at ε = 0 equals zero. Thus

0 =
d

dε

∫
log

(
dPFn,h(ε)

dµn

)
(x)dPn(x)

∣∣∣∣∣
ε=0

=
∫

˜̀(x | Fn, G, κ)dPn(x). (14)

Because the integral is a finite sum, the exchange of integration and differentiation always
holds. 2

Combining the identity (11) with the efficient score equation (13) yields the following
important identity (15) which expresses µn−µ directly in terms of the empirical difference
(Pn−PF,G)˜̀(· | Fn, G, κ), where we used the notation Pf ≡ ∫

f(x)dP (x) for a real valued
function f of X.

Theorem 3.1 Let Fn be an estimator of F satisfying (2) for a dominating measure µn

of PFn,G. Assume that κFn lies in the range of the information operator IFn : L2
0(Fn) →

L2
0(Fn), h(x) ≡ I−Fn

(κFn)(x) is a well defined function for F -almost all x with finite supre-
mum norm.

Suppose that

• Fκ is pathwise differentiable at every F ∈ {Fn(α) : α ∈ [0, 1]} with canonical
gradient ˜̀(· | F, G, κ), where Fn(α) ≡ (1− α)Fn + αF .

• F �b Fn or ˜̀(· | Fn(α), G, κ) → ˜̀(· | Fn, G, κ) for α → 0 w.r.t. the L1(PF,G)-norm,

Then

Fnκ− Fκ =
∫

˜̀(x | Fn, G, κ)(x)d(Pn − PF,G)(x). (15)

The identity (15) provides an effective starting point to prove efficiency of the NPMLE
µn (compare (15) with (10)). The following theorem presents the identity approach for
proving efficiency of µn based on the identity (15). It is a direct corollary of the equiconti-
nuity of an empirical process indexed by a Donsker class (see e.g. van der Vaart, Wellner,
1996, page 89). For the definition of a Donsker class we refer to van der Vaart, Wellner
(1996, page 80); roughly speaking, a P -Donsker class is a class F of real valued functions
of X ∼ P for which the Central Limit Theorem holds for

∫
f(x)(dPn − dP )(x) uniformly

in f ∈ F .

Theorem 3.2 Let G be a given class of real valued functions of T . Suppose that the
conditions of the preceding theorem hold for every κ ∈ G so that:

Fnκ− Fκ =
∫

˜̀(· | Fn, G, κ)d(Pn − PF,G) for every κ ∈ G.

Assume that the probability that for all κ ∈ G, ˜̀(· | Fn, G, κ) falls in a PF,G-Donsker class
converges to 1 when the sample size n converges to infinity. Then

sup
κ∈G

| Fnκ− Fκ |= OP (1/
√

n). (16)

If also ‖ ˜̀(· | Fn, G, κ)− ˜̀(· | F, G, κ)‖PF,G
converges to zero with probability tending to 1,

then Fnκ is an asymptotically efficient estimator of Fκ.
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Remark about proving the Donsker class condition of theorem 3.2. Proving
the Donsker class condition usually requires the most work, but it is also the work which
cannot be avoided (see also van der Vaart, 1992). In van der Vaart, Wellner (1996) several
Donsker classes of interest have been identified. In particular, we have that the class of
univariate real valued functions with a uniform bound on the variation is a Donsker class
and this can be generalized to multivariate functions if we replace the variation norm
by a uniform sectional variation norm (Gill, van der Laan, Wellner, 1995, van der Laan,
1996, chapter 1). In our examples we prove the Donsker class conditions by bounding
the variation of the terms appearing in ˜̀(· | Fn, G, κ). In our fourth example these terms
are implicitly defined in terms of the inverse of the information operator. In this case
our approach is to prove that I−1

Fn
(κFn) is of bounded variation uniformly in Fn so that

formula (9) can be used to show that ˜̀(· | Fn, G, κ) is Donsker.

3.1 An algorithm for construction of asymptotic confidence in-

tervals based on the nonparametric maximum likelihood es-

timator.

Suppose that the information operator IF : L2
0(F ) → L2

0(F ) is invertible and onto. Then
Fκ is pathwise differentiable with efficient influence function AF I−1

F (κF ) ∈ L2
0(PF,G). If

the conditions of theorem 3.2 are satisfied, then the standardized NPMLE
√

n(Fnκ−Fκ)
is asymptotically normally distributed with mean zero and variance equal to the variance
of the efficient influence function. Suppose that we can compute ˜̀(Xi | Fn, G, κ) at every
observation Xi, i = 1, . . . , n. The variance of the efficient influence function can then be
estimated with

σ̂2 =
1

n

n∑
i=1

˜̀(Xi | Fn, Gn, κ)2,

with Gn being an estimator of G. Computation of ˜̀(· | Fn, G, κ) requires the computation
of the inverse of the information operator. Therefore it is important to have an algorithm
for inverting this information operator and a condition which guarantees that the inverse
is a bounded linear operator so that one can actually trust the value σ̂2.

Lemma 3.3 Let IF = A>
F AF : (L2

0(F ), 〈·, ·〉F ) → (L2
0(F ), 〈·, ·〉F) be the information oper-

ator. Assume that for all h ∈ L2
0(F ) with ‖h‖F > 0 we have ‖AF(h)‖PF,G

> 0. Then IF

is 1–1.
Assume that there exists a δ > 0 so that for all h ∈ L2

0(F ) we have ‖AF (h)‖PF,G
≥

δ‖h‖F for some δ > 0. Then IF is onto and has bounded inverse with operator norm
smaller than or equal to 1/δ2 and its inverse is given by

I−1
F =

∞∑
i=0

(I − IF )i.

Proof. Let ‖h‖F = 1, then we have by the Cauchy-Schwarz inequality:

‖A>
FAF (h)‖F = ‖A>

FAF (h)‖F‖h‖F
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≥ 〈A>
FAF (h), h〉F

= 〈AF (h), AF (h)〉PF,G
.

If ‖AF (h)‖PF,G
> 0 for all ‖h‖F = 1, then IF is 1–1 and hence invertible. Moreover, if we

have ‖AF (h)‖PF,G
> δ‖h‖F , then the inverse is bounded. By using Cauchy sequences and

the completeness of a Hilbert space it is easily checked that ‖AF (h)‖PF,G
> δ‖h‖F implies

that the range of AF is closed. This implies that IF is onto (BKRW, 1993). It remains
to prove ”explicit” form of the inverse.

We have that IF = I− (I−IF). If ‖AF (h)‖PF,G
> δ, then we have that ‖IF (h)‖F > δ2.

Because IF is self-adjoint we have that

sup
‖h‖

F
=1

‖IF (h)‖F = sup
‖h‖

F
=1

| 〈h, IF (h)〉F |= sup
‖h‖

F
=1

〈AF (h), AF(h)〉PF,G
≤ 1.

So the self-adjoint operator I − IF is also positive and hence its norm is given by:

sup
‖h‖

F
=1

〈h, (I − IF )(h)〉F .

Because 〈h, IF,G(h)〉 = 〈AF (h), AF (h)〉 ≥ δ2 it follows that this norm is smaller than
1 − δ2. Consequently, the inverse of IF is given by the Neumann series of I − IF which
converges for all h ∈ L2

0(F ).2

As a consequence of this invertibility result for the information operator we can determine
h = I−1

F (κ) with the following iterative algorithm:

hk+1 = κ− (I − IF )(hk). (17)

Notice that ‖AF (h)‖PF,G
> δ‖h‖F is also a necessary condition for bounded invertibility

because if this does not hold then there exist submodels PFh(ε),G with arbitrarily small
information for estimating ε.

4 Examples

Example 4.1 (Univariate Censoring Model). Let T1, . . . , Tn be n i.i.d. copies of
a real valued T with distribution function F , where F is completely unknown. Let
C1, . . . , Cn be n i.i.d. copies of a real valued C with distribution function G, where
G is completely unknown. We will assume that T and C are independent. We observe

Xi = (Zi, Di) = Φ(Ti, Ci) ≡ (Ti ∧ Ci, I(Ti ≤ Ci)) ∼ PF,G ≡ (F ×G)Φ−1.

The independence between T and C implies that the censoring mechanism satisfies coars-
ening at random. We are interested in estimating the survival function Ψ(F ) = S(t) ≡
1− F (t). It is well known that the nonparametric maximum likelihood estimator is the
Kaplan-Meier estimator. This estimator has been extensively analyzed. For an overview
of work done in this field we refer to Andersen, Borgan, Gill and Keiding (1993).

10



In this model ˜̀(X | F, G, t) can be explicitly written down so that we can explicitly
verify identity (15), which we will do now. Define

Nn(t) ≡ 1

n

n∑
i=1

I(Zi ≤ t, Di = 1)

Yn(t) ≡ 1

n

n∑
i=1

I(Zi ≥ t)

Λ(t) ≡
∫ t

0

dF (s)

1− F (s−)
.

Let H = 1−G, N = EF,GNn and Y = EF,GYn. It is well known (e.g. Wellner, 1982, Gill,
1993) that if H(t) > 0, then the efficient influence function for estimating S(t) is given
by:

˜̀(X | F, G, t)(z, d) = −S(t)
∫ t

0

I(z ∈ dv, d = 1) − I(z ≥ v)dΛ(v)

S(v)H(v−)
.

Consequently, the efficient score-equation for the NPMLE Sn is given by:

Pn
˜̀(· | Fn, G, t) = Sn(t)

∫ t

0

dNn(v)− YndΛn(v)

Sn(v)H(v−)
.

This is zero if and only if dΛn(v) = dNn(v)/Yn(v) which implies that Sn(t) =
(0,t]

(1 −
dNn/Yn), where

(0,t]
is a product integral and stands for a limit of approximating finite

products over partitions of (0, t] as the partitions become finer. So the efficient-score
equation is uniquely solved by the Kaplan-Meier estimator. This verifies the efficient
score-equation (13).

It remains to verify the identity (11), i.e. Sn(t)− S(t) = −PF,G
˜̀(· | Fn, G, t), which is

here given by:

Sn(t)− S(t) = Sn(t)
∫ t

0

dN(v)− Y dΛn(v)

Sn(v)H(v−)
. (18)

We know that dN = Y dΛ, Y = S−H−. So dN − Y dΛn = S−H−(dΛ − dΛn), where H−
cancels with the denominator. Therefore (18) is equivalent to:

Sn(t)− S(t) =
∫ t

0
S(v−)d(Λn − Λ)(v)

Sn(t)

Sn(v)

=
∫ t

0
(0,v)

(1− dΛ(v)) (Λn − Λ) (dv)
(v,t]

(1− dΛn(v)) ,

where we used Sn(t)/Sn(v) =
(v,t]

(1− dNn/Yn). This is the well known Duhamel equa-

tion for the univariate product integral (Gill and Johansen, 1990). This proves the identity
(15) for the NPMLE in the univariate censoring model:

Sn(t)− S(t) = (Pn − PF,G)˜̀(· | Fn, G, t). (19)
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To finish the efficiency proof it remains to verify the P -Donsker class and P -consistency
condition of theorem 3.2.

Notice that ˜̀(X | Fn, G, t) is a sum of two monotone functions and both parts are
bounded by c/H(t) for a constant c. The class of bounded monotone functions is a
uniform-Donsker class (see van der Vaart and Wellner, 1996). Thus theorem 3.2 applied
to the parameter H(t)S(t) provides us with the following whole line result:

sup
t∈[0,∞]

H(t) |Sn(t)− S(t)| = OP (1/
√

n).

It follows trivially that supt∈[0,∞] ‖H
(
˜̀(· | Fn, G, t)− ˜̀(· | F, G, t)

)
‖PF,G

→ 0 in probabil-

ity. This provides us with supremum norm (on the whole line) efficiency of HSn as an
estimator of HS under no assumptions at all. In particular, this implies efficiency of Sn

on any rectangle [0, τ ] with H(τ ) > 0. Some deeper whole-line and bootstrap results
based on the identity (19) can be found in Gill (1993).

Now, we will give an example of a missing data model with no complete observations.
Here the identity (1) holds at Fn(α) for any α, but not at the discrete Fn itself.

Example 4.2 (Current Status Data). Let T1, . . . , Tn be n i.i.d. copies of a real valued
T with distribution function F , where F is completely unknown. Let C1, . . . , Cn be n i.i.d.
copies of a real valued C with distribution function G which is completely unknown. T
and C are independent. We observe

X = (C, ∆) ≡ (C, I(T ≤ C)) ∼ PF,G,

where

dPF,G

dG
(c, ∆) = (1− F (c))1−∆F (c)∆.

We are concerned with estimating µ = FR =
∫

R(t)dF (t). So if we set R(t) = tk, then
we are estimating the k’th moment of F .

The NPMLE for F has been analyzed in Groeneboom (1991) and in Groeneboom and
Wellner (1992). Alternative shorter proofs for asymptotic normality are given by van der
Geer (1994), which uses the identity (11) for the sequence Fn(α), and Huang and Wellner
(1994).

The score operator for F is given by:

AF : L2
0(F ) → L2

0(PF,G) : AF (h)(Y ) = EF (h(T ) | X),

where X = (C, ∆). Its adjoint is given by A>
F (v)(T ) = EG(v(X) | T ). So the information

operator IF : L2
0(F ) → L2

0(F ) is given by:

IF (h)(t) =
∫ ∞

t

∫ c
0 h(t)dF (t)

F (c)
dG(c) +

∫ t

0

∫∞
c h(t)dF (t)

1− F (c)
dG(c). (20)

Firstly, we will find the canonical gradient of the pathwise derivative of µ at F and the
NPMLE Fn. Consider the equation IF (h) = R−µ in h ∈ L2(F ). Taking derivatives with
respect to G on both sides and using

∫∞
t hdF = − ∫ t

0 hdF yields the equation∫ t

0
hdF = −dR(t)

dG(t)
F (t)(1− F (t)), (21)
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assuming that R � G. Define r(x) ≡ dR/dG(x). If r � F , then (21) has a unique
solution h and the efficient influence function is given by:

˜̀(X | F, r) = AF (h)(c, ∆) = −r(c)(1− F (c))∆ + r(c)F (c)(1−∆). (22)

Let now F = Fn be an NPMLE of F . There is no uniquely defined NPMLE in this
problem, but following the convention in Groeneboom and Wellner (1992) we can choose
a discrete NPMLE Fn. Denote its support with {x1, x2, . . . , xk}. Solving (21) in L2(Fn)
means that we only need equality at the support points xi, i = 1, . . . , k. So we need:

∫ ∞

xi

∫ c
0 h(t)dFn(t)

Fn(c)
dG(c) +

∫ xi

0

∫∞
c h(t)dFn(t)

1− Fn(c)
dG(c) = R(xi)− µ(F, R).

Use the fact that
∫∞
c h(t)dFn(t) = − ∫ c

0 h(t)dFn(t). Now, it follows that

R(xi+1)− R(xi) = −
∫
(xi,xi+1]

(∫ c
0 h(t)dFn(t)

Fn(c)
+

∫ c
0 h(t)dFn(t)

1− Fn(c)

)
dG(c).

However,
∫ c
0 hdFn and Fn(c) are equal to

∫ xi
0 hdFn and Fn(xi), respectively, for c ∈

(xi, xi+1). Thus

∫ xi

0
hdFn = −R(xi+1)− R(xi)

G(xi+1)−G(xi)
Fn(xi)(1− Fn(xi)), i = 1, . . . , k

which has a solution h ∈ L2
0(Fn). The efficient influence function is given by AFn(h).

Define the step function rn(x) ≡ (R(xi+1)−R(xi)) / (G(xi+1)−G(xi)) if x ∈
(xi, xi+1]. We have shown that the efficient influence function at Fn , i.e. AFn(h), is
given by:

˜̀(X | Fn, r) = −rn(c)(1− Fn(c))∆ + rn(c)Fn(c)(1−∆).

Recall that ˜̀(X | Fn, r) is defined as the efficient influence function at PFn,G for the
parameter µ =

∫
RdF , which happens here to involve rn which is a function of Fn, R

and G. So the dependence of ˜̀(X | Fn, r) on Fn is not only through (1 − Fn) and Fn,
but it also enters in rn while this is not the case for the efficient influence function at a
continuous F . So here we have an example where the continuity condition in lemma 3.1
for the efficient influence function for sequences Fn(α) fails. In fact, we have

PF,G
˜̀(· | Fn, r) =

∫
rn(F − Fn)dG =

∫
r(F − Fn)dG +

∫
(rn − r)(F − Fn)dG

= µ− µn +
∫

(rn − r)(F − Fn)dG. (23)

So indeed the exact identity (11) does not hold, due to the fact that ˜̀(X | Fn, r) involves
rn instead of r itself.

The conditions of lemma 3.2 follow directly from our representation of the efficient
influence function ˜̀(X | Fn, r) as AFn(h). We will write down the efficient score equation
and determine what it teaches us about the NPMLE Fn. If Pn is the empirical distribution
of the data (Ci, ∆i) and Gn(·) = Pn(·, 0)+Pn(·, 1) is the empirical distribution of the Ci’s,
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then the histogram versions of Pn(·, 1) and Gn on the support points xi of Fn are defined
by the jumps:

Nn(∆xi) = Pn((xi, xi+1], 1) =
1

n
#{j : cj ∈ (xi, xi+1], ∆j = 1}

Yn(∆xi) = Gn((xi, xi+1]) =
1

n
#{j : cj ∈ (xi, xi+1], ∆j = 0}.

The efficient score equation is given by

0 = Pn
˜̀(· | Fn, r) =

∫
−rn(1− Fn)dNn +

∫
rnFndYn.

This is solved by:

Fn(xi) =
Nn(∆xi)

(Nn + Yn)(∆xi)
=

Pn((xi, xi+1], 1)

Gn((xi, xi+1])
, i = 1, . . . , k. (24)

So Fn is determined up to its support points, where we have some knowledge about the
support because we know that the support has to be chosen such that Fn is monotone.
The support points are chosen such that the likelihood is maximized and that information
is not contained in the score equations. However, we note that Fn is just a fraction of
two histogram density estimators and that suggests that we could replace these by kernel
density estimators. We will do this in the next example.

Combining the efficient score equation with the identity (23) yields

µn − µ =
∫

˜̀(x | Fn, r)d(Pn − PF,G)(x) +
∫

(rn − r)(Fn − F )dG.

An efficiency proof would now involve an additional big step, namely we first need to
show that

∫
(rn− r)(Fn−F )dG = oP (1/

√
n). This involves knowledge about the support

points of Fn (to control rn − r) and it requires a rate result for Fn. A nice and elegant
efficiency proof is given in Huang and Wellner (1994).

Suppose that the MLE Fn is smooth so that Fn � F . Then the identity (11) holds
and it is thus not necessary to verify the continuity condition of lemma 3.1. This is the
case if Fn is a regularized MLE which is obtained by maximizing

∫
log(pF,G)dP̃n, where

P̃n is a smoothed empirical distribution function. A regularized MLE Fn will solve the
smoothed efficient score equation P̃n

˜̀(· | Fn, G, κ) = 0 which leads to the identity:

Fnκ− Fκ = (P̃n − PF,G)˜̀(· | Fn, G, κ).

The regularized MLE in the current status data model has a strong application in the
following model:

Example 4.3 (doubly-censored current status data in an aids model). In HIV-
partner studies one encounters the following kind of problem as modeled in Jewell, Malani
and Vittinghoff (1994). Consider a partnership. Let I be the chronological time of HIV-
infection of the initially infected partner (the index case) and let J denote the infec-
tion time of the partner who is infected second. We are concerned with nonparametric-
estimation of the distribution G of T = J − I , the time between infection dates of the
two partners.
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In this AIDS-model we observe two times A and B of which we know that A < I < B.
Given A, B we assume that I follows a uniform distribution on (A, B). Moreover, we still
observe ∆ ≡ I(J ≤ B), where ∆ = 1 if both partners are infected at time B and ∆ = 0
if only one partner is infected at time B. Let X = (A, B, ∆) represent the data on the
partners.

If we define C = B − A, then by using that T is independent of I , given A, B, and T
is independent of A, B we obtain:

P (∆ = 1 | A, B) = P (∆ = 1 | C) = F (C) ≡
∫ C

0

C − t

C
dG(t) = G(C)− 1

C

∫ C

0
tdG(t).(25)

Therefore we can reduce the data X to (C, ∆) without loss of information for estimation
of G. Let h be the unknown density of C = B−A on [0, τ ]. Then the density of the data
(C = B − A, ∆) is

p(c, ∆) = FG(c)h(c)∆ ((1− FG(c))h(c))1−∆

and hence this is just a submodel of the current status data model as described in the
second example (FG is playing the role of F and h is playing the role of the censoring
density g). Here one has to notice that FG is a distribution function.

In van der Laan, Bickel, Jewell (1997) it is shown that (in spite of the fact that the
ranges of the score operators for the two models are different) the tangent space in the
AIDS-model, where FG is restricted, equals the tangent space of the current status data
model assuming nothing about F . This implies that the NPMLE Fn for the nonparametric
current status data model provides us with efficient estimators of smooth functionals of
FG. In other words, the particular knowledge that F can be written as FG for some G,
does not help in estimating smooth functionals of F . Therefore it is appropriate to first
consider estimation of FG as if we are in the nonparametric current status data model
and then recover information about G from this estimate. In order to convert an estimate
of FG to an estimate of G we can use the relation:

G(c) = FG(c) + cfG(c), (26)

where fG is the derivative of FG. Here it should be noted that FG is differentiable for all
G (so also if G is discrete).

As shown in the second example, given its support x1, . . . , xn, the NPMLE Fn of FG

in the nonparametric current status data model is given by

Fn(x) =
Pn((xi, xi+1], 1)

Pn((xi, xi+1])
, if x ∈ (xi, xi+1], (27)

where Pn is the empirical distribution of PF,G. So Fn is just a fraction of histogram
estimates, one based on the Ci’s with ∆i = 1 and one based on all the Ci’s. By the
relation (26) we need a smoothed version of Fn so that the derivative fn of Fn estimates f
consistently. Therefore we replace the histogram estimates in numerator and denominator
in (27) by kernel density estimators pn(·, 1) of pF (·, 1) = F (·)h(·) and hn(·) = pn(·, 1) +
pn(·, 0) of h, respectively, both with appropriate bandwidth so that the derivatives of
these kernel density estimators are consistent. Then we obtain

F̃n(c) ≡ pn(c, 1)

hn(c)
. (28)
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In van der Laan, Bickel, Jewell (1997) it is shown that (28) is the regularized MLE
corresponding with the density estimator pn. The estimator (28) provides us via (26)
with an estimator of G itself.

Let µ =
∫

RdG be the parameter of interest for some function R. If R1(x) = R(x) −
xr(x) ∈ L2(FG) and limx→∞ R(x)/x = 0. Then we have:

µ ≡
∫

RdG =
∫

R(t)

t
tdG(t)

=
∫ ∞

0

(∫ ∞

t

R(x)− xr(x)

x2
dx

)
tdG(t)

=
∫

R1(x)
(

1

x2

∫ x

0
tdG(t)

)
dx

=
∫

R1(x)dFG(x). (29)

At the second line we applied Fubini’s theorem using limx→∞R(x)/x = 0 so that∫∞
t R1(x)/x2dx = R(t)/t. Thus an estimator of

∫
R1dF yields an estimator of

∫
RdG.

The efficient influence function ˜̀(X | F̃n, h, R1) at (F̃n, h) is given by (22).
The identity (11) tells us now that

F̃nR1 − FR1 = −PF,G
˜̀(· | F̃n, h, R1). (30)

This identity can be trivially explicitly verified by substitution of (28).
Using hn(c) = pn(c, 1) + pn(c, 0) and (28) it also follows that the smoothed efficient

score equation holds:

P̃n
˜̀(· | F̃n, h, R1) = 0 for all differentiable R1 on [0, τ ].

This provides us with the identity:

F̃nR − FR =
(
P̃n − PF,G

)
˜̀(· | F̃n, h, R1). (31)

The efficiency proof for µ(F̃n) can now be straightforwardly completed by using empirical
process theory and choosing a bandwidth such that P̃n − Pn = oP (1/

√
n). This and a

complete analysis of the estimation problem is carried out in van der Laan, Bickel and
Jewell (1997).

Finally, we provide an example in which the NPMLE is implicit.

Example 4.4 (A mixture of right-censored and current status data). It is quite
common in studies that, by lack of resources, one selects a subsample whose subjects are
followed up while the others are only monitored at time of entrance in the study. In such
studies one might have subjects for which one has current status data and the subjects
of the selected sample are followed up till the survival time of interest is observed or till
the end of the experiment. Let T ∼ F be the survival time of interest. Let C be the
monitoring time or right-censoring time which is always observed and let ξ ∈ {0, 1} be
the indicator for the selected sample. We assume that (C, ξ) is independent of T and we
denote the subdistributions of (C, 0) and (C, 1) with G0 and G1, respectively. We observe

16



(C, ξ), and if ξ = 1 (i.e. the subjects belong to the selected sample), we observe (T ∧C, ∆)
and if ξ = 0, we observe ∆. The distribution of the data X is given by:

P (C ∈ dc, ξ = 1, T ∈ dt, ∆ = 1) = G1(dc)F (dt)

P (C ∈ dc, ξ = 1, ∆ = 0) = G1(dc)S(c)

P (C ∈ dc, ξ = 0, ∆ = 0) = G0(dc)S(c)

P (C ∈ dc, ξ = 0, ∆ = 1) = G0(dc)F (c).

Without any loss of information for F we can pool together the 2 types of observations
corresponding with ∆ = 0. We define a new δ to indicate the remaining three types of
observations: let δ = 1 if ξ = 1, ∆ = 1, let δ = 2 if ∆ = 0 and let δ = 3 if ξ = 0, ∆ = 1.
Let G(c) = G0(c) + G1(c). Then the distribution of the data is given by:

I(δ = 1)F (dt)G1(dc) + I(δ = 2)S(c)G(dc) + I(δ = 3)F (c)G0(dc).

We are concerned with estimation of F (t).
Each observation implies a region for T . A NPMLE of F should put mass on at least

one point in each T -region. Let {x1, . . . , xk} be the set obtained as follows: start with all
uncensored Ti, now for each T -region corresponding with a censored observation which
does not contain an uncensored observation add one chosen point in this region. Let Fn

be the MLE over all F with support given by {x1, . . . , xk}. This NPMLE of F can be
determined with the EM-algorithm by iterating the self-consistency equation

Fn(t) =
1

n

n∑
i=1

PFn(T ≤ t | Yi)

with an initial estimator with support {x1, . . . , xk} (see van der Laan, 1996, chapter 3,
for existence). In this example we will show how one can prove uniform consistency and
efficiency of Fn with the identity approach under the following assumptions. Firstly, let
F have compact support [0, τ ], S(τ−) > 0, and Ḡ1 > δ > 0 on the support of F ; this
can be arranged by artificially right-censoring all uncensored observations larger than τ
at τ , where Ḡ1(τ ) > 0. Secondly, we will assume that G0 = 0 on [0, δ) for some δ > 0 and
F (δ) > 0.

The score operator AF : L2
0(F ) → L2

0(PF,G) is given by:

AF (h) = h(T )I(∆ = 1) +

∫∞
C hdF

S(C)
I(δ = 2) +

∫ C
0 hdF

F (C)
I(δ = 3).

It is straightforward to determine the adjoint A>
F : L2

0(PF,G) → L2
0(F ) of AF which is

given by:

A>
F (V )(T ) =

∫ ∞

T
V (c, T, 1)G1(dc) +

∫ T

0
V (c, 2)G(dc) +

∫ ∞

T
V (c, 3)G0(dc).

So the information operator IF = A>
FAF is given by:

IF (h)(T ) = h(T )Ḡ1(T ) +
∫ T

0

∫∞
c hdF

S(c)
G(dc) +

∫ ∞

T

∫ c
0 hdF

F (c)
G0(dc).

17



Since Ḡ1 > δ > 0 on the support of F we have ‖AF (h)‖2
PF,G

≥ δ‖h‖F . By lemma (3.3)

this implies that IF : L2
0(F ) → L2

0(F ) is one-to-one, onto, with bounded inverse. Consider
the equation

IFn(h)(T ) = κ(T )− Fnκ.

We know that this equation has a unique L2(Fn)-solution. For proving that the efficient
score equation holds we need that this equation has a pointwise well defined solution h
such that IFn(h) = κ − Fnκ pointwise and that h is uniformly bounded. We can show
this as follows.

The equation IFn(h)(t) = κn(t) ≡ κ(t)− Fnκ is equivalent to the following equation:

h(t) =
1

Ḡ1(t)

(
κn(t) +

∫ t

0

∫∞
c hdFn

S(c)
G(dc) +

∫ ∞

t

∫ c
0 hdFn

Fn(c)
G0(dc)

)
. (32)

For the moment denote the right-hand side by CFn(h, κn)(t): i.e. we consider the equation
h(t) = CFn(h, κn)(t). We know that there exists an h′ ∈ L2(Fn), which is unique in L2(Fn),
with ‖IFn(h′)−κn‖Fn

= 0: i.e. ‖h′−CFn(h′, κn)‖Fn
= 0. Notice that if ‖h−g‖Fn

= 0, then
for each t, CFn(h−g, κn)(t) = 0. So even if h′ is only uniquely determined in L2(Fn), then
CFn(h′, κn)(t) is uniquely determined for each t. Now, we can define h(t) ≡ CFn(h′, κ)(t).
Then ‖h − h′‖Fn

= ‖CFn(h′, κn)− h′‖Fn
= 0. So in this way we have found a solution h

(a version of h′) of (32) which holds for each t instead of only in the L2(Fn) sense.
Now, we want to show that h has a finite supremum norm. We have by Ḡ1 > δ > 0

and the Cauchy-Schwarz-inequality that

| h(t) |≤ 1

δ


| κn(t) | +‖h‖F

∫ t

0

G(dc)√
Sn(c)

+ ‖h‖F

∫ ∞

t

G0(dc)√
Fn(c)


 .

By the fact that Fn solves the self-consistency equation, we have that Fn(A) is larger than
the fraction of uncensored observations in A. This empirical fraction converges uniformly
to
∫
A Ḡ1(t)dF (t) ≥ δF (A), by our assumption that Ḡ1 > δ > 0. By our assumptions this

proves that Fn(c) and Sn(c) are uniformly bounded away from zero on the support of G0

and G, respectively. This proves that ‖h‖∞ ≤ M‖κn‖∞ for some M < ∞. Similarly, we
prove that ‖h‖v ≤ M‖κn‖v, where ‖ · ‖v denotes the variation norm.

We are now ready to apply the identity approach for proving consistency and efficiency.
Firstly, we have that ˜̀(X | Fn, G, t) = AFn(hn) with hn = I−1

Fn
(κn), where we showed

that hn has finite supremum-norm. Consequently, ˜̀(X | Fn, G, t) is the score of a one
dimensional submodel PFn,ε , with dFn,ε = (1 + εhn)dFn, and thus

Pn
˜̀(· | Fn, G, t) = 0.

Above we showed that the information operator IF has a bounded inverse w.r.t. the
supremum-norm, where the norm of I−1

F does not depend on F , as long as F satisfies our
assumptions. Therefore the continuity condition in lemma 3.1 can now be straightfor-
wardly verified. This proves that

Fn(t)− F (t) = (Pn − PF,G)˜̀(· | Fn, G, t).
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Since the score operator (of any censored data model) maps monotone functions to mono-
tone functions and every function of bounded variation is the difference of two monotone
functions, it follows that ‖AF (h)I(δ = i)‖v ≤ M‖h‖v for some M < ∞. Consequently,
˜̀(X | Fn, G, t) falls with probability tending to 1 in the class of functions with variation
smaller than M , for some fixed M < ∞. The class of functions with a uniform bound on
the variation is a Donsker class. This proves that

sup
t∈[0,τ )

| Fn(t)− F (t) |= OP (1/
√

n).

Using this uniform-consistency result and the supremum-norm invertibility of the infor-
mation operator it is easily shown that

‖˜̀(· | Fn, G, t)− ˜̀(· | F, G, t)‖PF,G
→ 0 in probability.

This proves that Fn(t) is asymptotically efficient.
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