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Abstract

We consider estimation of the joint distribution of multivariate survival times
~T = (T1, . . . , Tk), which are subject to right censoring by a common censor-
ing variable C. Two estimators are proposed: an initial inverse-probability-of-
censoring weighted (IPCW) estimator, and a 1-step estimator. Both estimators
incorporate information on available time-independent and time-dependent prog-
nostic factor (covariate) data. The IPCW estimator is consistent and asymptot-
ically normal (CAN) under coarsening at random (CAR) and a correct specifi-
cation of a model for the hazard of censoring given the past covariate and failure
data. The 1-step estimator is a locally efficient doubly robust estimator. That
is, (i) it is CAN under the assumption of CAR and either (but not necessarily
both) correct specification of a model for the hazard of censoring given the past
or correct specification of a model for the conditional distribution of ~T given past
failure and covariate information, and (ii) it is efficient when both these models
are correctly specified. The proposed methodology does not require that the
time variables T1, . . . , Tk be ordered, although our methods cover this important
special case. In particular, our estimators can be used to estimate the gap time
distributions associated with an ordered series of events.

The proposed methodology improves over currently available approaches in a
number of ways. Specifically, when censoring and failure are dependent because
the hazard of censoring depends on both past failure and covariate history, our
one-step estimator is the only estimator with the double robustness property.
When censoring can be assumed to be independent of the failure and covari-
ate processe, our locally effcient one-step estimator, unlike the MLE of Van der
Laan (1996a,b) but like the Dabrowska , Prentice-Cai (1992a, b), and Bickel
(Dabrowska,1988) estimators, does not require smoothing and so will perform
well in moderate size samples even if k is large, say 7 or 8; further unlike all
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previous estimators, our estimator exploits the information available in past co-
variate as well as failure history and so will be efficient (nearly efficient) even
when the components of ~T are highly dependent, whenever the specified model
for the conditional distribution of ~T given past failure and covariate information
is correct (nearly correct). We examine the finite sample performance of our
estimators in a simulation study . Finally we apply our estimators to data on
time to wound exicision and time to wound infection in a population of burn
victims.

Some key words: Multivariate right censored data, asymptotically efficient, asymptoti-
cally linear estimator, Cox proportional hazards model, Influence curve .

1 Introduction.

This paper discusses locally efficient one-step estimation of multivariate survival func-
tions, S(~t) = P (~T > ~t), of a multivariate time variable, e.g., ~T = (T1, . . . , Tk). For
example, consider a study in which HIV-infected subjects have been randomized to sev-
eral treatment groups. One might wish to compare the multivariate treatment specific
survival functions of 1) time to treatment failure (as measured by viral load), 2) time
to AIDS diagnosis, and 3) time until death. Wei et al. (1989) considered estimation of
multivariate survival time distribution of tumor recurrence among patients with blad-
der cancer (see also Andrews and Herzberg, 1985). In this setting, a researcher may
also wish to estimate a functional of the joint distribution, such as the distribution of
the gap time, T2 − T1, between the first two recurrences (Wang and Wells, 1998, and
Lin et al., 1999).

As a final example, Klein and Moeschberger (1997) and Ichida et al. (1993), consider
estimation of the joint distribution of time to wound exicision and time to wound
infection in a population of burn victims. In Section 7 we use our methods to reanalyze
this data.

Let C be the right-censoring time common to all T1, . . . , Tk, for example, the time
from treatment to end of follow-up in a clinical trial or the time at which a subject
drops out of a study. The estimators we discuss allow, under certain assumptions, that
censoring can be informative. Each subject is observed until T̃ = min(T, C) where
T ≡ max(T1, . . . , Tk). Let L̄(T̃ ) = (L(s) : 0 ≤ s < T̃ ) represent a (possibly) time-
dependent covariate process observed until T̃ . Let T̃j ≡ min(Tj, C), j = 1, . . . , k. For
each subject the researcher observes the following data structure:

Y = (T̃1, . . . , T̃k, ∆1 = (T1 < C), . . . , ∆k = (Tk ≤ C), L̄(T̃ )).

We do not require that time-variables T1, . . . , Tk are ordered though our general pro-
cedure covers this important special case.

There is an alternative representation of the observed data that motivates the ap-
plication of previously developed methods. Specifically, the data structure Y can be
represented in terms of the process X(·) = (I(T1 > ·), . . . , I(Tk > ·), L̄(·)) as

Y = (T̃ = C ∧ T, ∆(T̃ ) = I(T̃ = T ), X̄(T̃ )),
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Table 1: The data in the burn victim study (Ichida, et al., 1993).

V ariableName Symbol

time to excision or censoring T̃1

time to infection or censoring T̃2

Indicator excision is observed ∆1

Indicator infection is observed ∆2

Gender L1(0)
Race L2(0)

Percentage of body surface burned L3(0)
Categorical variable indicating location of burn L4(0)

Indicator head is burned L5(0)
Type of burn (chemical, scald, electrical or flame) L5(0)

where X̄(t) = (X(s) : 0 ≤ s < t).
That is the observed data Y can be represented as the the full-data process X =

X̄(T ) right censored by C . This data structure was extensively investigated by Robins
and Rotnitzky (1992). Thus, we apply their methodology to the problem of multivariate
right-censored data with a common censoring time C .

Let µ = EB be the parameter of interest, where B = b(X) is a function of X and

EB its expectation. If, for given ~t ∈ IRk, one takes B = I(~T > ~t), then µ = S(~t).
Likewise, if, for given t > 0, B = I(T2 − T1 > t), then µ = P (T2 − T1 > t) is
the first gap time distribution evaluated at t. This paper discusses the estimation
of µ based on n i.i.d. observations Y1, . . . , Yn. The focus of Robins and Rotnitzky
(1992) was on estimation of parameters related to the distribution of T , whereas we
consider estimation of parameters of the distribution of X. However, the general
results contained in their Theorem 4.3 allow us to apply Robins and Rotnitzky’s (1992)
methodology to the estimation of the mean of a functional b (X). Bang and Tsiatis
(2000) and Strawderman (2000) also exploited Robins and Rotnitzky’s Theorem 4.3
in an analogous fashion

The distribution of Y can be indexed by the distribution FX of the full data X
and the conditional survival function G(c | X) ≡ P (C ≥ c | X) of C , given X. As in
Robins and Rotnitzky (1992), we will assume that the conditional distribution G of C ,
given X, satisfies coarsening at random (CAR). Coarsening at random was originally
formulated by Heitjan and Rubin (1991) and generalized by Jacobsen and Keiding
(1995) and Gill, et al. (1997). For our particular data structure we have that the
censoring mechanism satisfies CAR if and only if for c < T :

λC(c | X) = m(c, X̄(c)) for some function m, (1)

where λC(· | X) is the hazard of C , given X. Note that this allows the hazard of
censoring at c to be a function of the observed part (up until time c) of (T1, T2, ...)
and of time-dependent covariates L̄(c). This implies that even in the absence of rel-
evant covariates, L(·), CAR permits the censoring at time c to depend statistically
on failure times observed before c. This differs from existing estimates of bivariate
survival (discussed below), which assume independent censoring. Gill et al. (1997)

3



and Robins, Rotnitzky,and Scharfstein (1999) prove that, in the abscence of further
assumptions, the truth of the CAR assumption (1) cannot be empirically tested from
obseved data Y1,...,Yn. Since (1) cannot be guaranteed to hold even approximately and
is not subject to empirical test, it might be useful to investigate the sensitivity of
one’s inferences concerning µ to violations of (1) through a formal sensitivity analy-
sis. Robins,Rotnitzky,and Scharfstein (1999) and Scharfstein and Robins (2000) have
developed relevant sensitivity analysis methodology.

To identify the mean µ of a functional B = b (X) from the observed data Y requires
that, for each subject, there is a positive probability of observing B. More precisely, we
can refine the definition of our data (relative to the parameter of interest) by noting
that the relevant information on a parameter of interest can be observed for a subject,
even if the subject is censored before all the failure times are observed. For instance,
if estimating P (~T > ~t) then all the relevant information has been observed by max(~t).
Because the information on each subject is non-decreasing with time (i.e., X̄(t) is a
function of X̄(u) for t < u), it follows that there is an earliest time V = v(X) such

that B = b(X) is a function of X̄(V ). Using the example above, if B = I(~T > ~t),
then V = T ∧ t∗, where t∗ = max(t1, . . . , tk). Now let ∆ ≡ I(B is observed) be the
indicator of B being observed (formally, ∆ = 1 if B can be calculated from Y ). It
follows that ∆ = 1 if and only if C > V . Define ΠG(X) = P (∆ = 1 | X), i.e.,
ΠG(X) is the conditional survivor function G(c | X) evaluated at c = V . Thus to
insure identification of µ = EB, we assume that, with probability one, the censoring
mechanism satisfies

ΠG(X) = G(V | X) > δ FX-a.e. for some δ > 0. (2)

Under CAR, G(V | X) is a function of the observed data Y for subjects with ∆ = 1.
Due to the curse of dimensionality, it is impossible to construct reasonable estima-

tors that are asymptotically efficient at all laws allowed by the nonparametric CAR
model that only imposes the CAR assumptions (1) and (2). In particular, the nonpara-
metric maximum likelihood estimator of µ will often be inconsistent or even undefined
at moderate sample sizes (Robins and Ritov, 1997). Furthermore, Gill, van der Laan
and Robins (1997) show that in this model, all regular asymptotically linear estima-
tors of any parameter µ of the full data distribution FX are asymptotically equivalent
and efficient. It follows that in the non-parametric CAR model, there exists neither
efficient nor inefficient estimators of µ that will perform well at all laws allowed by
the model. Thus, the only way to obtain practical estimators is to impose additional
dimension-reducing modelling assumptions on either G or FX . For example, as further
reviewed below, all the inefficient estimators of a bivariate survival function based on
bivariate right-censored data assume independent censoring, which is a more stringent
restriction on G (c|X) than CAR (since, in contrast to CAR, the hazard of censoring
at t is not allowed to depend on past failure times.) Our approach will be to posit lower
dimensional working models for G and for the function Q(u) ≡ E(B | X̄(u), T ≥ u)
of the full-data distribution FX. Our IPCW estimators will be CAN if the model for
G is correct. Our closed-form locally efficient one-step estimator will be a consistent
asymptotically normal (CAN) estimator of µ provided at least one of these working
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models is correct. This property has been referred to as double protection (Robins, et
al., 2000).

The censoring mechanism is modeled by estimating the function m(c, X̄(c)) in (1).
Though the results in this paper hold for any choice of parametric or semiparametric
model for λC(· | X), we chose to emphasize the Cox regression model,

λC(c | X) = λ0(c) exp
(
α>W (c)

)
, (3)

where λ0(c) is an unspecified baseline hazard function, α is an unknown k-dimensional
vector of coefficients and W (c) is a known k-dimensional time-dependent vector func-
tion of X̄(c) = (X(s) : 0 ≤ s < c). Specifically, W (c) is a vector of covariates (or
functions of covariates) constructed from the relevant history of the subject observed
up to time c. For instance, in the study of recurrent tumors, W (c) might include the
size of the last tumor, the time elapsed, since the removal of the last tumor. Note
if censoring is independent of X, i.e., λ(c | X) = λ0(c), then model (3) is correctly
specified with α = 0. Estimation of model (3) can be conducted with standard Cox
model software. Discussion of modeling and estimation of Q(u) = E(B | X̄(u), T̃ ≥ u)
will be deferred to section 4.

We now review previous proposals for estimation of censored multivariate survival
functions under the assumption of independent censoring. Because the nonparametric
maximum likelihood and self-consistency principle (Efron, 1967, Turnbull, 1976) do
not lead to a consistent estimator for continuous right censored multivariate survival
data, most proposed estimators are explicit representations of the multivariate survival
function in terms of distribution functions of the observed data (see Tsai, Leurgans
and Crowley, 1986, Dabrowska ,1988 and 1989, Burke 1988, the Volterra estimator
of P.J. Bickel in Dabrowska, 1988 and Prentice and Cai, 1992a and 1992b). These
explicit estimators are generally inefficient, but their influence curves can be explicitly
calculated and so asymptotic confidence intervals are relatively easy to compute (see
Gill, et al., 1995, Gill, 1992). Van der Laan (1996a) showed that a modified NPMLE
of the bivariate survival function (without covariates), which requires discretization of
the data, is asymptotically efficient. The above methods allow but do not require that
all failure times are censored by a common variable C . Gill et al. (1997), Wang and
Wells (1998) and Lin, et al. (1999) assume both that the failure times are ordered,
i.e., T1 < . . . < Tk with probability one, and, as in the present paper, all all right
censored by the same censoring variable C . In section 3 we demonstrate that the
Lin et al. (1999) estimator is an inverse of probability of censoring weighted (IPCW)
estimator as proposed by Robins and Rotnitzky (1992) and defined for general CAR-
censored data models in Gill, et al. (1997). Not only are the above explicit estimators
inefficient, but, even when CAR holds they will be inconsistent when censoring and
failure are dependent (i.e., α 6= 0 in (3)), because the hazard of censoring depends on
past failure or prognostic factor history.

1.1 Organization of paper

In section 2, we consider the special case in which T1 < . . . < Tk with probability one,
no covariates are available and there is independent censoring by a common censoring
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variable C . We prove that the NPMLE is inconsistent and that repairing it will involve
multivariate smoothing so that the practical performance of NPMLE will be reasonable
only at large sample sizes and relatively small dimensions for ~T . The discussion of
the NPMLE motivates the need for an alternative estimator. In section 3 we study
an “Inverse probability of censoring weighted” (IPCW) estimator. In section 4 we
introduce a locally efficient one-step estimator, provide a methodology for estimation of
the conditional expectation Q(u) = E(B | X̄(u), T̃ ≥ u) and derive an easy to compute
confidence interval. Results of a simulation study and data analysis are provided in
section 5 and 6. Proofs of our main results are deferred to the Appendix.

2 Inconsistency of the nonparametric maximum

likelihood estimator

Consider the special case in which C and T are independent, no covariates are available
and T1 < . . . < Tk with probability one as considered by Gill et al (1997), Lin et al.
(1999) and Wang and Wells (1998). In the case of ordered time-variables it is useful
to rewrite the data structure:

Y = (T̃1 = T1 ∧ C, . . . , T̃k = Tk ∧ C, ξ ≡
k∑

j=1

I(C > Tj).

It is straightforward to show that the likelihood of one observation Y is given by:

L(F | T̃1, . . . , T̃k, ξ) = S1(T̃1)
I(ξ=0)dF1(T̃1)

I(ξ>0)

×S2|1(T̃2 | T̃1)
I(ξ=1)dF2|1(T̃2 | T̃1)

I(ξ>1)

. . .× Sk|1,...,k−1(T̃k | T̃1, . . . , T̃k−1)
I(ξ=k−1)dFk|1,...,k−1(T̃k | T̃1, . . . , T̃k−1)

I(ξ=k)

where Sj|1,...,j−1 and Fj|1,...,j−1 denote the conditional survival and distribution functions
of Tj, given T1, . . . , Tj−1, j = 1, . . . , k. Thus, the likelihood for n i.i.d. observations is
factorized in separate likelihoods for F1, F2|1(· | T̃1), . . ., Fk|1,...,k−1(· | T̃1, . . . , T̃k−1).

The likelihood for Fj|1,...,j−1(· | T̃1, . . . , T̃j−1) is identical to the likelihood for univariate
right-censored data on Tj restricted to the subsample for which (T1, . . . , Tj−1) is ob-

served and (T1, . . . , Tj−1) = (T̃1, . . . , T̃j−1). If the distribution of ~T were discrete and

P (ξ = k | ~T ) > 0 FX -a.e., then the subsample would consist of several observations
and the nonparametric maximum likelihood estimator of Fj|1,...,j−1(· | (T̃1, . . . , T̃j−1))

would be the Kaplan-Meier estimator based on this subsample. However, if ~T is con-
tinuous, then each of these subsamples has only one observation so that the NPMLE of
Fj|1,...,j−1(· | T̃1, . . . , T̃j−1) is the Kaplan-Meier estimator based on a single observation.
Since the Kaplan-Meier based on a single observation fails to converge in probabil-
ity, the unmodified NPMLE is an inconsistent estimator of a continuous multivariate
distribution F .

The obvious modification of this NPMLE is to estimate Fj|1,...,j−1(· | T̃1, . . . , T̃j−1)
with the Kaplan-Meier estimator based on the subsample for which (T1, . . . , Tj−1) is
observed and (T1, . . . , Tj−1) is “close” to (T̃1, . . . , T̃j−1), j = 1, . . . , k. This might still
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be a reasonable estimator for k = 2, being asymptotically equivalent with the modified
NPMLE of van der Laan (1996a) which also uses smoothing. As k gets larger, however,
one will need to smooth over large k-dimensional volumes to ensure that the subsample
used by the Kaplan-Meier estimator consists of a reasonable number of observations.
Smoothing over large volumes in order to reduce the finite sample variance results in
a severely biased estimator. In other words, the finite sample performance of such
a smoothed NPMLE will only be reasonable for huge sample sizes. Finally, because
of the even greater sample partitioning required, the smoothed NPMLE for the data
structure that also includes a covariate process L(t) suffers even more dramatically
from the curse of dimensionality. Thus, there is a need for estimators that are efficient
at user-supplied lower dimensional working models but remain CAN under the sole
assumption of independent censoring. Below we discuss how to construct such locally
efficient estimators.

3 Inverse probability of censoring weighted estima-

tors

In this section, we discuss a general IPCW estimator of µ = EB for CAR models sub-
ject to right-censoring first proposed by Robins and Rotnitsky (1992). This estimator
will function as an initial estimator for our locally efficient one-step estimator discussed
below. The motivation for the estimator comes from the fact that, under (2)

E

{
∆B

G(V | X)

}
= E(B) = µ, (4)

where again ∆ = I(B is observed) and V is the earliest time at which B is observed.
Note that this identity follows directly from

E(∆ | X) = G(V | X).

The identity (4) suggests the following ad hoc estimator

µ0
n =

1

n

n∑
i=1

∆iBi

Gn(Vi | Xi)
, (5)

where Gn is an estimator of G assuming the given model (3). By the coarsening
at random assumption (1), G(V | X) = exp(− ∫ V

0 λC(u | X)du) is only a function
of Y = (T̃ = C ∧ T, ∆ = I(T ≤ C), X̄(T̃ )) so that our estimator µ0

n indeed only
depends on Y1, . . . , Yn. If one assumes the Cox regression model (3) then one can
use standard software to obtain the maximum (partial) likelihood estimator of the
regression coefficients α and of the baseline hazard.

If we take B = I(~T > ~t), then µ = S(~t) and

µ0
n ≡ S0

n(~t) =
1

n

n∑
i=1

I(~Ti > ~t)∆i

Gn(Ti ∧ t | Xi)
.
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If T1 and T2 are ordered (T1 < T2 with probability one) and take B = I(T2 − T1 > t),
then ∆ = I(C > T1 + t) and V = T1 + t. Furthermore, µ = P (T2 − T1 > t). Thus
µ0

n = 1/n
∑

i I(T2i− T1i > t)∆i/Gn(T1i + t | Xi).
If one is willing to assume that C is completely independent of X (i.e. α = 0 in

(3)), then one can consistently estimate G with the Kaplan-Meier estimator, GKM
n , for

censoring based on the n observations of (T̃ = C ∧ T, I(C < T )), where T now plays
the role of the censoring variable for C . The estimator µ0

n of µ = P (T2 − T1 > t) with
GKM

n substituted for Gn is precisely the estimator of µ = P (T2 − T1 > t) proposed
by Lin et al. (1999). Our general asymptotics theorem in the Appendix proves that,
under specified regularity conditions, µ0

n with Gn estimated according to a submodel
of CAR is asymptotically linear with influence curve

IC ′
0(Y | G, µ) ≡ IC0 −Π(IC0 | TG), (6)

and asymptotic variance VAR(IC0) − VAR(Π(IC0 | TG)), where IC0 is the influence
curve of µ0

n when Gn = G is known and Π(· | TG) is the projection operator onto
the tangent space generated by G under the assumed submodel of CAR. Since the
tangent space TG for model (3) with α regarded as unknown contains the space TG for
the ”independent censoring” submodel of (3) that sets α to zero, it follows that the
asymptotic variance of the Lin et al estimator is never less and almost always greater
than that of our IPCW estimator µ0

n. If the assumption of independent censoring is
false, Lin’s estimator is inconsistent whereas (5) will be consistent under CAR if (3) is
correct.

The estimated variance of (5) can be calculated two ways: by bootstrapping or by
consistently estimating the projection, Π(IC0 | TG) and thus the influence curve of the
IPCW estimator. If G has been estimated using the Cox regression (3), van der Laan
and Robins (2001) show that the projection is

Π(IC0 | TG) = E(IC0S
>
α )E(SαS>

α )−1Sα (7)

−
∫

E {B exp(αW (u))∆/G(T | X)}
E {I(C > u) exp(αW (u))} dM(u),

where,

IC0(Y | G, µ) ≡ B∆

G(V | X)
− µ, (8)

Sα is the efficient score of the Cox regression coefficients, α,

Sα =
∫ {

W (u)− E {W (u)I(C > u) exp(αW (u))}
E {I(C > u) exp(αW (u))} )

}
dM(u),

and

dM(u) ≡ I(C ∈ du, ∆ = 0)− ΛC(du | X)I(T̃ > u) (9)

is the martingale dA(u) − E(dA(u) | F(u)) of the counting process A(u) = I(C ≤
u, ∆ = 0) w.r.t. to the history F(u) = (X̄(u), Ā(u)). The influence curve (6) can be
estimated by plugging in estimates of the censoring distribution, EB and the required
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expectations. Because with Cox regression, the estimated censoring distribution only
has mass at the observed censoring times, the integrals in (7) reduce to simple sums.
The estimated variance of

√
n(µ0

n − µ) is then

1

n

∑
i

IC ′
0(Yi | Gn, µ0

n)2.

4 The locally efficient one-step estimator.

In this section, we construct a locally efficient one-step estimator of µ by adding to the
estimator µ0

n (5) an estimate of the empirical mean of the estimated efficient influence
function in the semiparametric model characterized by the restrictions (1), (2) and (3).
Our first task is to provide a representation of the efficient influence function at a given
data generating distribution (FX , G), which will then be estimated by substitution of
estimators of the unknown components of FX and G. This representation has two
pieces. The first is given by the influence function of µ0

n when using the known G,
which is given by (8).

The second piece is the projection in L2
0(PFX ,G) of IC0 onto the nuisance tangent

space of G only assuming CAR (i.e. (1)). We will denote this function of Y by IC∗
nu.

Robins and Rotnitzky (1992) show that IC∗
nu is given by:

IC∗
nu(Y | FX, G) = IC∗

nu(Y | Q, G) = −
∫

Q(u)
dM(u)

G(u | X)
, (10)

where Q(u) = E(B | X̄(u), T̃ ≥ u) is the conditional expectation of B, given X̄(u) =
(X(s) : 0 ≤ s < u) and T̃ ≥ u. Note that IC∗

nu(· | FX, G) only depends on FX through

Q(u). Thus if B = I(~T > ~t), then

IC∗
nu(Y | Q, G) = −

∫
S(~t | X̄(u), T̃ ≥ u)

dM(u)

G(u | X)
. (11)

In addition, for u > t∗ ≡ max(t1, . . . , tk), Q(u) = S(~t | X̄(u), T̃ > u) is a known
function of X̄(u) and equal to either one or zero.

From results in the Appendix of Robins and Rotnitzky (1992) (see also Hubbard,
et al., 1999) it follows that the efficient influence curve IC∗ at (FX, G) for estimation
of µ is given by:

IC∗(Y | Q, G, µ) = IC0(Y | G, µ) − IC∗
nu(Y | Q, G). (12)

A one-step estimator is obtained through estimating IC∗ by

IC∗(Y | Qn, Gn, µ0
n) = IC0(Y | Gn, µ0

n) − IC∗
nu(Y | Qn, Gn), (13)

where µ0
n is the IPCW-estimator defined in (5), Gn is the Cox estimator of G based on

(3) and Qn is the estimator of Q described in the next section.
The locally efficient one-step estimator is:

µ1
n = µ0

n +
1

n

n∑
i=1

IC∗(Yi | Qn, Gn, µ0
n). (14)
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For example, setting B = I(~T > ~t) in (14) yields the one-step estimator S1
n(~t) of S(~t).

Note that
∑

i IC0(Yi | Gn, µ0
n) = 0 and therefore

µ1
n =

1

n

n∑
i=1

Bi∆i

Gn(Vi | Xi)
− IC∗

nu(Yi | Qn, Gn).

We chose the representation (14) in order to reflect that µ1
n is just the classical one-step

estimator as defined in Bickel, et al. (1993, page 395); that is, by its definition, µ1
n

is the first step in the Newton-Raphson algorithm for solving the optimal estimating
equation (corresponding with the efficient influence curve)

0 =
1

n

n∑
i=1

IC∗(Yi | Qn, Gn, µ) (15)

for µ, with nuisance parameters Q and G, and where we chose µ0
n as the initial estima-

tor. This follows from the fact that the derivative of the estimating equation (15) with
respect to µ equals −1. In fact, in our special case the estimating equation is linear in
µ so that µ1

n is also the exact solution of (15).

Double protection property. We will view IC∗(Y | Q, G, µ) as an estimating
function in µ with nuisance parameters G and Q = Q(FX). This estimating function
satisfies the following unbiasedness property:

EFX ,GIC∗(Y | Q1, G1, µ) = 0 if G1 = G or Q1 = Q(FX). (16)

This double protection property can be proved directly but it holds in general in CAR-
censored data models (Robins, et al., 1999) and it is the basis of the “doubly robust”
asymptotic properties of our one-step estimator. That is, IC∗ (Y |Q1, G1, µ) has mean
zero if either (but not nececcassarily both) Q1 or G1 are equal to the truth.

Efficiency considerations. To understand the potential increase in efficiency pro-
vided by µ1

n, consider the extreme case in which the observed past is a perfect predictor
of B in the sense that Q(u) = E(B | X̄(u), T > u) = B. Then µ1

n using the true Q
reduces to the empirical distribution of the complete data: µ1

n = 1/n
∑

i Bi and thus
has succeeded in recovering all information lost due to censoring. A heurisitc explana-
tion of how µ1

n manages to recover this information is as follows. Consider two subjects
censored at time c, c < V , so that B is not observed. Suppose based on evidence
obtained from the uncensored subjects concerning the unknown prediction function
Q (u), subject 1 has an observed past medical history that predicts a small value of B
while subject 2’s past predicts a large value of B. An efficient estimator such as µ1

n will
use the estimated Q (u) to predict each subject’s B and thus will use the two subjects
quite differently.

Based on the simulations in section 5 and the simulations in Hubbard, et al. (1999)
µ1

n can significantly improve on the IPCW-estimator that ignores the covariates and
just uses the Kaplan-Meier estimate for G.
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4.1 Construction of confidence intervals.

We first consider the case in which we are willing to assume that the model (3) for the
censoring mechanism is correct. In theorem 7.1, we show µ1

n of (14) is asymptotically
linear with an influence curve IC∗(Y | Q1, G, µ) − Π(IC∗(· | Q1, G, µ) | TG), where
IC∗(Y | Q1, G, µ) is the limit as n →∞ of ÎC(Y ) = IC∗(Y | Qn, Gn, µ0

n) and Π(· | TG)
denotes the projection onto the tangent space of G under the assumed Cox-proportional
hazards model. Thus the variance of this influence curve is smaller than or equal to
the variance of IC∗

1(Y ) ≡ IC∗(Y | Q1, G, µ), Therefore a conservative estimate of the
asymptotic variance of µ1

n is given by

σ̂2 =
1

n

n∑
i=1

{ÎC(Yi)}2.

This can be used to construct a conservative 95% confidence interval for µ,

µ1
n ± 1.96

σ̂√
n

. (17)

This confidence interval has asymptotic level 95% if Qn(u) is consistent for Q(u) (i.e.
Q1(u) = Q(u)) since Π(IC∗(· | Q, G, µ) | TG) = 0. In addition, one gets the confidence
interval for ”free” after computing µ1

n. By calculating the projection onto TG, as in
section 3, Robins (1996) and van der Laan and Robins (2000), provide non-conservative
asymptotic interval estimators. However, these interval estimators are unlikely to be
worth the effort since, unless the model for Q(u) is very poorly specified, the con-
servative interval will have actual coverage rate that is only slightly greater than the
nominal (see the simulation study of Hubbard, et al., 1999).

Theorem 7.1 and its proof demonstrate that µ1
n remains asymptotically linear if

either the censoring mechanism G or the model for Q(u) is estimated consistently.
However, when the model for G is misspecified and that for Q(u) is correct, the inter-
val estimator (17) is no longer guaranteed to be conservative. Therefore, to avoid the
technical difficulty of calculating the asymptotic variance of µ1

n, we recommend esti-
mating the asymptotic variance with the nonparametric bootstrap (Gill, 1989). In this
case, the bootstrap works (i.e., the estimators are regular and asymptotically normal)
if either the censoring distribution or Q(u) is consistently estimated.

4.2 Guaranteed improvement of one-step relative to the
IPCW estimator.

If the model for Q(u) is badly misspecified, then the one-step estimator can be less
efficient than the initial estimator µ0

n, even asymptotically. For the interested reader,
we provide here a one-step estimator which asymptotically always improves on the
initial IPCW-estimator µ0

n (Robins, 1992, Robins and Rotnitzky, 1993, Hubbard, et
al., 1999). In this case, one must assume that the model for G is correct and thus the
estimator will no longer benefit from the double protection property.

Under regularity conditions µ0
n is consistent and asymptotically linear with influence

curve IC ′
0 = IC0−Π(IC0 | TG) (6), where TG is the tangent space of the Cox regression
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model (3) assumed for G and the closed-form representation of the projection ICnu ≡
Π(IC0 | TG) onto TG is given by (7). Let ICCAR(Y ) ≡ Π(IC ′

0(Y ) | TCAR) be the
projection of IC ′

0 = IC0(Y ) − ICnu onto the tangent space of G when only assuming
CAR. Since ICnu ∈ TCAR and Π(IC0 | TCAR) = IC∗

nu provided above, this projection
is given by:

ICCAR(Y ) = IC∗
nu(Y )− ICnu(Y ).

Let ˆIC
′
0(Y | µ) and ˆICCAR be estimates of IC ′

0 and ICCAR, where we assume that
ˆIC

′
0 consistently estimates IC ′

0 while ˆICCAR is allowed to be inconsistent. Define cn =

Pn
ˆIC

′
0

ˆICCAR/Pn
ˆIC

2

CAR, where, given a function f(Y ) Pnf ≡ 1/n
∑

i f(Yi) denotes the
empirical mean of f(Y ). Note that cn

ˆICCAR estimates consistently the projection of
ˆIC

′
0 onto the one-dimensional space 〈 ˆICCAR〉 spanned by ˆICCAR. Now, define the

one-step estimator:

µ1
n = µ0

n +
1

n

n∑
i=1

ˆIC
′
0(Yi | µ0

n)− cn
ˆICCAR(Yi). (18)

Application of our general asymptotics theorem shows, under specified regularity
conditions, that this estimator will be asymptotically linear with influence curve
IC ′

0 − Π(IC ′
0 | 〈ICCAR,1〉), where ICCAR,1 represents the asymptotic limit of ˆICCAR.

Thus the variance of this influence curve is smaller than the variance of IC ′
0, which

demonstrates that µ1
n is asymptotically more efficient than µ0

n even when ICCAR,1 is
not close to ICCAR.

5 Estimation of the full-data nuisance parameter.

In this section we provide methods for estimation of Q(u). In the first subsection we
use inverse weighting (by G) to estimate Q. This means that if the model for G is
misspecified, then Gn and Qn will be inconsistent so that our asymptotics fully rely
on a correctly specified model for G. Thus, by using the method detailed in 5.1, the
estimator no longer has the double protection property. However, for time-dependent
covariates, this method yields practical estimators. In the second subsection we provide
likelihood based methods assuming full-data models for FX which preserve the double
protection property (16).

5.1 A regression method for estimation of the conditional ex-

pectation.

To evaluate (14), we need an estimate of Q(u) at and only at those times u at a
subject has been censored (assuming a Cox model for censoring). We will estimate
this conditional expectation Q(u) = E(B | X̄(u), T̃ ≥ u) by using a general regression
approach with covariates extracted from X̄(u), based on the subsample with T̃ ≥ u.
Note that, under (1),

E(B | X̄(u), T̃ ≥ u) = E(OG | X̄(u), T̃ ≥ u),
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where

OG ≡ B∆G(u | X)

G(V | X)
, (19)

Given an estimate Gn of G, OGn(u) is an observed random variable. The idea of
representing the conditional probability Q(u) as a regression of an observable ran-
dom variable OGn(u) on observed covariates is due to Robins (1993) and Robins and
Rotnitzky (1992). Consequently, for every u equal to an observed Ci, we perform a
parametric or nonparametric regression estimation of OGn (u) on one or more relevant
for B user-supplied summary measures W1(u), . . . , Wm(u) of X̄(u), restricted to sub-
jects with T̃ ≥ u. For example, one could use the SPLUS function GAM (Hastie and
Tibshirani, 1990) to fit, separately at each censoring time u, a generalized additive
logistic regression of OGn on W1(u), . . . , Wm(u),

E(OGn | W1(u), . . . , Wm(u)) =
exp(f1(W1(u)) + . . . + fm(Wm(u)))

1 + exp(f1(W1(u)) + . . . + fm(Wm(u)))
, (20)

where the fi are unknown functions and GAM allows the user to specify the number
of degrees of freedom used to fit fi, i = 1, . . . , m.

When (3) holds the one-step estimator will be CAN and will be highly efficient

and perform well in moderate samples even when (i) ~T has many components k and
(ii) the above GAM regression models corresponding to different censoring times u are
incompatible with any joint distribution for X.

For the purpose of selecting summary measure, Wj(u), j = 1, . . . , m, it is
useful to note that (X̄(u), T̃ ≥ u) is equivalent with ∆(u) = (∆1(u), . . . , ∆k(u),
∆1(u)T1, . . . , ∆k(u)Tk, L̄(u)), where ∆j(u) ≡ I(Tj ≤ u), j = 1, . . . , m.

5.2 Estimation of the conditional expectation by assuming a
(semi)parameteric full data model.

We now describe an alternative approach that preserves double-robustnness by (i)

specifying a (semi)parametric model for the joint law of (~T , L̄(T )) (ii) estimating the
model parameters by maximum likelihood and (iii) using the MLE of Q(u) in µ1

n.
To implement this technique with time-dependent covariates, it is convenient to

represent the joint density of (~T , L̄(T )) as a product integral over time of conditional
densities of the current events, given the past events, where each of these conditional
densities can be further split up in conditional densities of survival time events and
covariate events. The observed data likelihood will now consist of this product integral
up till the minimum of censoring and T . Each of these conditional densities can be
modeled with standard models such as multiplicative intensity models for the failure
time events. Our one-step estimator will be CAN if either the model (3) or the model

for (~T , L̄(T ) is correctly specified. The only difficulty with this approach is that, if L is
time-dependent, then the complexity of the model can become cumbersome. Although
burdensome, we believe the effort may be worthwhile for the following reason.As a prac-
tical matter, u1

n, will always be somewhat biased, because both the censoring model (3)
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and the model for the joint law of (
−→
T ,L (T )) will inevitably be somewhat misspecified.

However we might expect that if both models are reasonably close (say as measured
by the minimum Kullback Liebler distance to the truth), the bias in u1

n, will be less
than that of u0

n,. In future work, we plan to compare by simulation the biases of u1
n,

and u0
n, under misspecification

Next, consider the case where L is time-independent. For the sake of presentation,
let k = 2 and B = I(~T > ~t). Then E(B | X̄(u), T̃ > u) = S(t1, t2 | X̄(u), T̃ > u) where

S(~t | X̄(u), T̃ > u) =



I(T1 > t1)
P (T2>t2∨u|T1,L)

P (T2>u|T1,L)
if ∆(u) = (1, 0)

I(T2 > t2)
P (T1>t1∨u|T2,L)

P (T1>u|T2,L)
if ∆(u) = (0, 1)

P (T1>t1∨u,T2>t2∨u|L)
P (T1>u,T2>u|L)

if ∆(u) = (0, 0)

Thus estimation of Q(u) only requires an estimate of the bivariate conditional
distribution of (T1, T2), given L. One could model this conditional survival function
with the bivariate survival model based on the Copula family (Genest and MacKay,
1986, Genest and Rivest, 1993, Joe, 1993). Frailty models (Clayton, 1978, Clayton
and Cuzick, 1985, Hougaard, 1986, 1987, Clayton, 1991, Klein, 1992, Costigan, Klein,
1993) assume that the two components of ~T are conditionally independent given the
covariates W and an unobserved frailty Z, where the frailty distribution is known to
have mean 1 and variance σ. The bivariate distributions generated by frailty models
are a subclass of the (achimedean) Copula family (Oakes, 1989) A particular Copula
family, corresponding with a Gamma frailty, is given by:

S(t1, t2 | W ) = (S1(t1 | W )−σ + S2(t2 | W )−σ − 1)−1/σ, (21)

where S1, S2 denote the conditional marginal survival functions. Under this assumption
the conditional distribution of ~T , given W is parametrized by σ and the univariate
conditional distributions of Tj, given the frailty Z and W , j = 1, 2. It is commonly
assumed that these distributions follow the proportional hazards models

λTj(t | W, Z) = Zλ0,j(t) exp(β>
j W ), j = 1, 2.

This model can be fit with the SPLUS-function coxph using a stratum variable indi-
cating for each line in the data file which of the 2 failure-time components it represents
and the gamma-frailty option.

For the burn victim data, we used all the time-independent baseline covariates
as regressors and allowed the coefficients of the Cox model to differ according to the
time variable (excision versus infection). Only 2 baseline covariates were found to be
significantly related to either of the failure times: treatment and gender. The Splus
syntax for the final model was:

coxph(Surv(t, d) ∼ strata(time)+ L1 + L2 + frailty(id)) (22)

where t and d are the failure and censoring indicators, respectively, time indicates
whether the observation refers to excision (time = 1) or infection (time = 2), id indi-
cates the subject, L1 = L1(0) = 0 (bathing) or 1 (body cleansing) and L2 = L2(0) = 0
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(male) or 1 (female), that is, W = (L1(0), L2(0)). The estimation procedure returns an
estimate of the baseline survival for each failure time, the coefficients associated with
the covariates, and the variance, σ of the gamma frailty model. These in turn can be
used to estimate (21) and thus Q(u).

With smaller sample sizes, one might simply choose a parametric survival regression
model and assume independence of the time variables, conditional on the covariates.
For example, in our analysis of the burn victim data we also report results based on
assuming that the conditional log hazard of both T1 and T2 in our example is a linear
function of the same two covariates discussed above and fit two exponential models
using the survReg procedure in Splus:

survReg(Surv(t1, d1) ∼ L1 + L2, dist = “exponential′′)

survReg(Surv(t2, d2) ∼ L1 + L2, dist = “exponential′′)

Now, Q(u) will be a reasonably simple function of u, X̄(u) and the coefficients
returned by these regression procedures.

Finally, when no covariate process L̄(T̃ ) has been recorded for data analysis, the
following nonparametric method is available. By CAR we have

P (T1 > t1 | T2) = P (T1 > t1 | T2, C > T2) = P (T1 > t1 | T̃2, ∆2 = 1).

So we can nonparametrically estimate this conditional distribution at T2 = u2 with
the Kaplan-Meier estimator based on the observations with an observed T2 close to
u2. Similarly, we can nonparametrically estimate P (T2 < t2 | T1). However, due to
the curse of dimensionality this method should not be used when the sample size is
moderate and the dimension k of ~T is larger than 2 or so.

6 Simulation results

A simulation study was performed to examine the relative performance of the NPMLE,
the IPCW (µ0

n) and the locally efficient one-step estimators (µ1
n). In all simulations, the

failure times are bivariate, censoring is independent of the failure times and the Cox re-
gression model with all available covariates included as regressors was used to estimate
the censoring distribution for both µ0

n and µ1
n. We used two methods to estimate Q(u)

(used in the one-step estimator): 1) the known values derived analytically from the
data-generating distributions (subsequently referred to as µ1

n) and 2) linear regression
of OG against time-independent covariates, W , as described in section 4.1(subsequently
referred to as µ1REG

n ). We wish to compare the performance of the one-step estima-
tors under different models for Q(u). Using the true function Q(u) in µ1

n is essentially
equivalent to a low-dimensional correctly specified parametric model. Thus, in our
simulations, µ1

n will be fully efficient. On the other hand since under the distributions
chosen for our simulations, the true regression Q (u)of OG on the aforementioned co-
variates is nonlinear µ1reg

n will be somewhat inefficient owing to misspecification of the
model for Q (u). The ratio of the mean-squared errors (MSE), based on the 1000 trials
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Table 2: Simulation 1. SE1 is MSE (×100) Kaplan Meier, SE2 is MSE (×100)
µ0

n, SE3 is MSE (×100) µ1
n, SE4 is MSE (×100) µ1REG

n , RSE1 = MSE1/MSE2,
RSE2 = MSE1/MSE3, RSE3 = MSE1/MSE4 and CI1 and CI2 are the percentage
of iterations that the µ1

n and the µ1REG
n confidence intervals contain the true S2(t),

respectively.

t S2 SE1 SE2 SE3 SE4 RSE1 RSE2 RSE3 CI1 CI2

5.7 0.86 2.5 2.5 2.5 2.5 1.0 1.0 1.0 95 95
6.0 0.81 3.3 3.2 3.2 3.2 1.0 1.0 1.0 95 95
6.2 0.76 4.3 4.0 3.9 4.0 1.1 1.1 1.1 94 95
6.4 0.71 4.8 4.4 4.3 4.4 1.1 1.1 1.1 95 95
6.7 0.67 5.7 5.0 4.9 5.0 1.1 1.2 1.1 94 95
6.9 0.62 6.6 5.5 5.3 5.6 1.2 1.2 1.2 94 94
7.1 0.57 6.9 5.7 5.4 5.7 1.2 1.3 1.2 95 95
7.4 0.52 7.4 6.1 5.7 6.0 1.2 1.3 1.2 96 96
7.6 0.48 8.1 6.4 6.0 6.3 1.3 1.3 1.3 95 94
7.9 0.43 8.9 6.7 6.2 6.6 1.3 1.4 1.3 94 94
8.1 0.38 9.3 6.9 6.1 6.6 1.3 1.5 1.4 95 95
8.3 0.33 9.1 6.7 5.8 6.4 1.4 1.6 1.4 95 94
8.6 0.29 9.6 7.0 6.0 6.6 1.4 1.6 1.4 95 94

of each simulation, is used to compare the efficiency of the competing estimators. In
addition, we report the percentage of iterations in which conservative 95% confidence
interval (based on (17)) includes the true value for µ1

n and µ1REG
n . All simulations have

a sample size of 500.

6.1 Unordered T1, T2

Simulation 1. The parameter µ is ST2(t2) = P (T2 > t2). Both C and T1 are U(5, 10)
random variables whereas T2 = T1 + e, where e is logistically distributed with mean
0 and standard deviation 0.4 (The logistic distribution was chosen because it allows
one to determine (19) analytically). The only covariate available is W = T1, which
contains important information about T2.

The results given in table 2 show significant improvement of the IPCW and one-
step estimators relative to the Kaplan-Meier estimator (in this case, the NPMLE with
no covariates). As expected the estimator µ1

n performs best. Misspecification of the
model for Q(u) results in an estimator µ1Reg

n that does not always improve upon the
IPCW estimator, but also does not have performance worse than µ0

n. Finally, in all
the simulations, our confidence intervals for both µ1

n and µ1REG
n perform well. Note, as

predicted by theory, that this is true even when the model for Q(u) is misspecified.

6.2 Ordered T1, T2

Simulation 2. In these simulations, T1 ∼ U(5, 7), C ∼ U(5, 13.5) and T2 = T1 +
L(0) + e, where L(0) ∼ U(0, 5) and e ∼ U(0, 0.5). Both T1 and L(0) serve as the
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Table 3: Simulation 2. SE1 is MSE (×100) Lin et al. (1999) estimator, SE2 is
MSE (×100) the NPMLE, SE3 is MSE (×100) µ0

n, SE4 is MSE (×100) µ1
n, SE5

is MSE (×100) µ1REG
n , RSE1 = MSE1/MSE2, RSE2 = MSE1/MSE3, RSE3 =

MSE1/MSE4, RSE4 = MSE1/MSE5 and CI are the percentage of iterations that
the µ1

n and the µ1REG
n confidence intervals contain the true S(t) ≡ P (T2 − T1 > t),

respectively.

t S SE1 SE2 SE3 SE4 SE5 RSE1 RSE2 RSE3 RSE4 CI
0.7 0.90 2.3 2.3 2.2 2.1 2.3 1.0 1.0 1.1 1.0 94,94
1.1 0.80 4.1 4.1 3.7 3.3 3.8 1.0 1.1 1.2 1.1 96,95
1.5 0.70 5.6 5.6 4.8 4.4 4.7 1.0 1.2 1.3 1.2 95,95
1.9 0.60 6.7 6.7 5.5 5.0 5.5 1.0 1.2 1.3 1.2 94,94
2.3 0.50 7.2 7.2 5.9 5.4 5.9 1.0 1.2 1.3 1.2 95,95
2.6 0.40 7.2 7.2 5.7 5.1 5.7 1.0 1.3 1.4 1.3 95,95
3.0 0.30 6.9 6.8 5.5 4.5 5.5 1.0 1.2 1.5 1.3 95,95
3.4 0.20 5.8 5.8 5.0 4.0 5.0 1.0 1.2 1.5 1.3 94,94
3.8 0.10 3.7 3.8 3.5 2.5 3.5 1.0 1.1 1.5 1.2 95,95

covariates W = (T1, L(0)) for µ0
n, µ1

n and µ1REG
n . The parameter µ of interest is P (T2−

T1 > t). In addition to µ0
n and µ1

n, we also calculated both the NPMLE based on
discretization of the data defined in section 2 ignoring the covariate W and the Lin et
al. (1999) estimator described in section 3. In this setting, the NPMLE estimates the
marginal distribution of T1 with the Kaplan-Meier estimator, it groups the uncensored
observations (T̃1, ∆1 = 1) into p equal size groups with T̃1 ∈ (aj, aj+1], j = 1, . . . , p, it
estimates the conditional distribution of T2, given T1 = t with t ∈ (aj, aj+1] with the
Kaplan-Meier estimator based on the observations with an uncensored T̃1 ∈ (aj, aj+1].
The smaller the number of groups, p, the greater the smoothing. In this case, we found
the optimal number of groups is 8, which was used in the simulations.

The results (table 3) show an equivalent performance for both Lin et al.’s estimator
and the NPMLE. However, µ0

n, µ1
n and µ1REG

n have substantially increased performance
by utilizing the covariate information.

Simulation 3. In this simulation, we estimated the joint distribution, P (T2 >
t2, T1 > t1) using the data generating distributions and covariates as in simulation 2.
In addition to µ0

n and µ1
n, the NPMLE described in simulation 2 is computed.

The results (table 4) suggest that the NPMLE and µ0
n perform equivalently. As in

the simulations above, the one-step estimator, µ1
n, has high relative efficiency, whereas

µ1REG
n gains little over the IPCW estimator. In figure 1, we show an example of the

true Q(u) (for a fixed u and T1) and the best linear fit versus W ; a simple linear model
does not fit well and this is the reason that µ1REG

n is not as efficient as µ1
n. Thus, to

maximize the efficiency of the one-step estimator, one should explore different possible
models for Q(u). However, even in the case that the model is poorly chosen, there
appears little risk in trying to improve over the IPCW estimator and, as discussed in
section 4.2, this risk can be further reduced by an alternative one-step estimator.
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Table 4: Simulation 3. SE1 is MSE (×100) µ0
n, SE2 is MSE (×100) NPMLE,

SE3 is MSE (×100) µ1
n, SE4 is MSE (×100) µ1REG

n , RSE1 = MSE1/MSE2,
RSE2 = MSE1/MSE3, RSE3 = MSE1/MSE4 and CI1 and CI2 are the per-
centage of iterations that the µ1

n and the µ1REG
n confidence intervals contain the true

S(t1, t2) = P (T1 > t1, t2 > t2), respectively.

t1 t2 S SE1 SE2 SE3 SE4 RSE1 RSE2 RSE3 CI1 CI2

6.6 5.5 0.70 4.7 4.6 4.3 4.7 1.0 1.1 1.0 95 94
7.8 5.5 0.52 6.1 6.3 5.3 6.1 1.0 1.1 1.0 95 95
7.1 6.0 0.45 5.4 5.5 5.1 5.5 1.0 1.1 1.0 94 94
8.2 6.0 0.31 5.5 5.6 4.8 5.4 1.0 1.1 1.0 94 95
8.9 5.5 0.30 5.6 6.2 4.8 5.4 0.9 1.2 1.0 95 95
7.6 6.5 0.21 4.0 3.8 3.4 4.0 1.0 1.2 1.0 95 94
9.4 6.0 0.17 4.4 4.5 3.2 4.0 1.0 1.4 1.1 94 94
8.8 6.5 0.14 3.4 3.1 2.5 3.2 1.1 1.3 1.0 95 96
9.9 6.5 0.07 2.5 2.2 1.4 2.2 1.2 1.8 1.1 95 94

7 Data Analysis

In this section, we apply our methodology to the burn victim data on time to wound-
excision (T1) and time to Straphylocous areaus wound-infection (T2) among 154 burn
victims. The times are not necessarily ordered.

In preliminary exponential and Cox regressions, only two of the ten avaibable co-
variates were found to be significantly associated with T1 or T2: cleansing treatment
(1=body cleansing,0=routine bathing) and gender (0=male, 1=female). Henceforth
we shall ignore data on other baseline covariates. In Table 5, we provide results for
5 different estimators. The first two are the IPCW estimators u0

n,KM and u0
n,COX ;

the next two are the one-step estimators u1
n,EXP and u1

n,COX; the final is Dabrowska’s
estimator, un,DAB . For u0

n,KM the censoring distribution was estimated ignoring all
covariates, i.e α in model (3) was set to zero a priori, which could only be legitimate
if censoring and failure were known to be independent. For u0

n,COX and the two one
step estimators, the censoring distribution was estimated by partial likelihood assum-
ing the Cox model (3) with covariates gender and cleansing treatment. For u1

n,COX and
u1

n,EXP Q (u) was estimated conditionally on the time-independent covariates gender
and cleansing treatment by the conditionally independent Cox and exponential regres-
sion models, respectively. Originally, we fit the frailty model (21), but the estimate
of the variance of the latent frailty was found to be nearly 0 (implying conditional
independence of T1 and T2), so our final semi-parametric model used for Q(u) was
based on simple Cox regression models fit separately by the two time variables. With
the exception of Dabrowska’s estimator for which we only calculated the bootstrap
estimator of the standard error, all estimators had standard errors calculated using
two methods: nonparametric bootstrapping and an explicit representation of their in-
fluence curves. For the IPCW estimators, these standard errors were calculated using
the explicit representation of the influence curve based on a Cox regression model of
the censoring distribution discussed in section 3. For the locally efficient estimators,
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Table 5: Results of estimation of P (T1 > t1, T2 > t2) using 1) IPCW estimators using
both the Kaplan-Meier (u0

n,KM ) and Cox regression (u0
n,COX) estimators of censoring,

2) the one-step estimators using exponential (u1
n,EXP ) and Cox regression (u1

n,COX)
for estimating Q(u), and 3) Dabrowska’s estimator, (un,DAB). The standard errors in
parentheses (bootstrap/explicit) - Dabrowska’s estimator has only bootstrap standard
errors.

t1, t2 u0
n,KM u0

n,COX u1
n,EXP u1

n,COX un,DAB

8.3,15 0.52 (0.05/0.07) 0.52(0.05/0.07) 0.51(0.05/0.05) 0.49(0.04/0.04) 0.46(0.04)
16.6,15 0.22 (0.04/0.05) 0.22(0.04/0.05) 0.22(0.04/0.04) 0.28(0.04/0.04) 0.25(0.04)
25, 15 0.10 (0.04/0.06) 0.11 (0.04/0.06) 0.11(0.04/0.04) 0.14(0.04/0.03) 0.10(0.04)
8.3, 30 0.35 (0.06/0.07) 0.36 (0.07/0.07) 0.36(0.06/0.07) 0.42(0.04/0.04) 0.37(0.05)
16.6,30 0.20(0.05/0.07) 0.22 (0.06/0.08) 0.22(0.05/0.06) 0.24(0.04/0.04) 0.23(0.04)
25, 30 0.07(0.04/0.04) 0.08 (0.04/0.04) 0.08(0.04/0.04) 0.12(0.04/0.03) 0.09(0.04)
8.3,45 0.22(0.08/0.08) 0.22 (0.09/0.09) 0.22(0.09/0.10) 0.40(0.04/0.05) 0.37(0.14)

16.6, 45 0.13(0.07/0.08) 0.14 (0.08/0.09) 0.14(0.08/0.08) 0.24(0.04/0.04) 0.23(0.09)

the naive standard errors were calculated using the method outlined in section 4.1.
The results are listed in table 5. First, the IPCW estimators are very similar,

implying that utilizing the covariate information using the IPCW estimator, at least
as done here, does not improve the efficiency of the estimator. Likewise, u1

n,EXP also
has similar standard errors and so does not appear to benefit significantly from utilizing
the covariate information. On the other hand, the one-step estimator, u1

n,COX , appears
to result in a significant improvement over the IPCW estimators and the one-step using
exponential regression. In addition, it appears to have significantly higher efficiency
than un,DAB at the larger quantiles of T2.

For the burn data, exponential regression is a poor model for Q(u) and thus u1
n,COX

appear to be a better estimator than u1
n,EXP . For instance, the exponential model

assumes a constant hazard in time, whereas the Cox regression models used to estimate
u1

n,COX suggest that for both T1 and T2, the baseline hazards increase significantly with
time. There are many ways of evaluating the relative fit of competing models for Q(u),
but one possible model fit statistic can be derived from the estimator discussed in
section 4.2 above. For the burn data, this estimator (18) is not a compelling alternative
for either u1

n,COX or u1
n,EXP , because both appear to be either as good or better than the

IPCW estimators. However, one of the byproducts of (18) is the estimated projection
constant cn and this constant lends itself to selecting a good fit for Q(u). Specifically,
cn close to 1 strongly suggests that the estimated influence curve is close to the efficient
influence curve and thus that the estimated Q(u) is close to the true Q(u). Thus, the cn

can be used as a model selection measure, where a cn relatively closer to 1 corresponds
with a better estimate of Q(u). In table 6 below we report the cn’s for all the quantiles
using both the exponential and Cox model estimates of Q(u). As expected, the cn’s
are almost always closer to 1 for the Cox model relative to the exponential model,
providing more evidence that the Cox model is a better choice to estimate Q(u).

Dependent censoring was not a factor for this burn data. However, dependent cen-
soring can be a major problem in other substantive settings. For example Robins and
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Table 6: cn’s for using both exponential (EXP) and Cox regressions to estimate Q(u)
in the one-step estimators.

t1 t2 EXP COX
8.33 15.00 1.9 0.9

16.67 15.00 2.4 0.7
25.00 15.00 0.9 0.8
8.33 30.00 -0.7 0.8

16.67 30.00 0.9 0.8
25.00 30.00 0.1 0.5
8.33 45.00 0.4 0.9

16.67 45.00 2.8 0.9

Finkelstein (2000) demonstated the importance of dependent censoring attributable to
strong time dependent prognostic factors in their analysis of the effect of bactrim ver-
sus aerosolized pentamidine on the survival of AIDS patients in ACTG trial 021. They
showed that adding strong prognostic factors to a Cox model for censoring not only
helped correct the bias due to dependent censoring but also greatly improved efficiency.
Presumably a reanalysis of the same data but now with a bivariate survival outcome
(say time to PCP and time to death) would demonstrate an even greater advantage of
our one-step estimator.
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APPENDIX: Asymptotics of the one-step estimator.

An estimator µn of µ is asymptotically linear at PFX ,G with influence curve IC(Y |
FX, G, µ) if µn − µ = n−1 ∑n

i=1 IC(Yi | FX, G, µ) + oP (n−1/2). From Bickel, et al (1993)
we have that an estimator is asymptotically efficient if it is asymptotically linear with
influence curve the so called efficient influence curve, IC∗. The efficient influence curve
is also called the canonical gradient and it is given by IC∗(Y | Q, G, µ) as defined in
section 3.

In this appendix we prove two asymptotic theorems. Theorem 7.1 below as-
sumes consistent estimation of the censoring mechanism. Theorem 7.2 assumes ei-
ther consistent estimation of the censoring mechanism G or consistent estimation of
Q(u) = E(B | X̄(u), T̃ ≥ u): this does not require choosing which of the two quantaties
are consistently estimated. Obviously, the last theorem provides the most general non-
parameric consistency and asymptotic normality result, but the price one has to pay
is that one cannot use the explicit conservative confidence interval (17). A confidence
interval either requires calculating another influence curve or using the nonparametric
bootstrap. Because of this and the fact that it will typically be easier to estimate the
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univariate censoring mechanism than it is to estimate Q(u) we feel that the Theorem 7.1
deserves a separate place.

Asymptotics assuming consistent estimation of the censoring

mechanism.

Theorem 7.1 below shows that if the regression Q(u) = E(B | X̄(u), T̃ ≥ u) is cor-
rectly specified, the one-step estimator µ1

n is indeed asymptotically linear with influ-
ence curve IC∗ and thus is asymptotically efficient. Moreover, µ1

n has the additional
feature that it remains a consistent and asymptotically normal estimator of µ even
when the model for Q(u) = E(B | X̄(u), T̃ ≥ u) is misspecified. This is due to the
fact that IC∗

nu =
∫

H(u, X̄(u))dM(u) for a particular H and that for any function
H,

∫
H(u, X̄(u))dM(u) has mean zero, given X, because E(dM(u) | X) = 0. It is

important to emphasize that, for any function H(u, X̄(u)) the stochastic integral∫
H(u, X̄(u))dM(u) = H(C, X̄(C))(1−∆)I(C ≤ t)−

∫ T̃∧t

0
H(u, X̄(u))ΛC(du | X)

is a function of the observed data Y because λC(u | X) depends on X only through
X̄(u).

When the model for Q(u) = E(B | X̄(u), T̃ ≥ u) is misspecified, the influence curve
of µ1

n depends on the model for the nuisance parameter G(c | X). Characterization
of this dependence requires we introduce the notion of a tangent space. Denote by
L2

0(PFX ,G) the Hilbert space of functions of Y with finite variance and mean zero

endowed with the covariance inner product < v1, v2 >PFX,G
≡

√∫
v1v2dPFX ,G. The

tangent space T1 = T1(PFX ,G) for the parameter FX is, by definition, the closure
in L2

0(PFX ,G) of the linear extension of the scores at PFX ,G from correctly specified
parametric models for the distribution FX . The tangent space T2 = T2(PFX ,G) for
the parameter G is the closure of the linear extension in L2

0(PFX ,G) of the scores at
PFX ,G from all correctly specified parametric submodels (i.e., submodels of the assumed
semiparametric model) for the distribution G: in the main part of the paper we denoted
this space with TG.

The theorem below can be used as a template to prove the local efficiency result for
a one-step estimator µ1

n. Condition (ii) in the theorem below is an empirical process
condition. For empirical process theory we refer to van der Vaart and Wellner (1996).
This condition is technical and depends on the submodel chosen models for the un-
known parameters. After having assumed (i) G(V | X) > δ > 0, this condition can
typically be considered as a regularity condition. Condition (iii) basically says that
Gn needs to be consistent and Qn(u) needs to converge to some function Q1(u) not
necessarily equal to Q(u). Given condition (i) so that denominators are bounded away
from zero, condition (iv) requires that terms of the type

EX{
∫

(Gn −G)(u | X)(Qn −Q1)(u)λC(u | X)} (23)

are oP (1/
√

n). Since smooth functionals of nonparametric or parametric maximum
likelihood estimators for a given model are efficient under regularity conditions, con-
dition (v) will hold under regularity conditions if Gn is a (non)parametric maximum

21



likelihood estimator of G under a given model. Condition (v) is not a condition on the
choice of model for G; it just states that whatever correct model one chooses for G,
one should use an estimation procedure which is efficient for that model. Recall the
notation Pf =

∫
f(x)dP (x).

Theorem 7.1 Let µ = EB be given and consider the one-step estimator

µ1
n = µ0

n +
1

n

n∑
i=1

IC∗(Yi | Qn, Gn, µ0
n).

We assume
(i) G(V | X) > δ, FX-a.e. for some δ > 0.
(ii) IC∗(· | Qn, Gn, µ0

n) falls in a PFX ,G-Donsker class with probability tending to 1.
(iii) For some Q1 we have

‖IC∗(· | Qn, Gn, µ0
n)− IC∗(· | Q1, G, µ)‖PFX ,G

→ 0

in probability.
(iv)

PFX ,Gn−G

{
IC(· | Qn, Gn, µ)− IC(· | Q1, Gn, µ)

}
= oP (1/

√
n).

Define for a G1

Φ(G1) = PFX ,G{IC∗(· | Q1, G1, µ)}.
(v) Φ(Gn) is an asymptotically efficient estimator of Φ(G) for a model containing the
true G with tangent space T2(PFX ,G).

Then µ1
n is asymptotically linear with influence curve given by

IC ≡ Π(IC∗(· | Q1, G, µ) | T⊥
2 (PFX ,G)).

In particular, if IC∗
nu(· | Q1, G) = IC∗

nu(· | Q, G) (i.e. Q1 = Q), then µ1
n is asymptoti-

cally efficient.

It is interesting to consider what the distribution of µ1
n would be when G(· | x)

is known and its known value is used in the one-step estimator. In that case, T2 is
empty. Thus, by theorem 7.1 the influence curve of µ1

n is given by IC∗(· | Q1, G, µ),
which has variance greated than or equal to that of the influence curve IC based on
G(· | X) estimated by Gn. Because µ1

n reduces to µ0
n if one sets Qn(u) = 0, theorem

7.1 provides us also with the asymptotics of the IPCW-estimator µ0
n. It teaches us

that the IPCW estimator µ0
n using the partial likelihood estimator Gn of G assuming

the Cox-model (3) is asymptotically linear with influence curve equal to IC0(Y | G, µ)
minus its projection on the tangent space of G as provided in section 3. On the other
hand, the IPCW-estimator µ0

n of Lin et al. (1999) using the Kaplan-Meier estimator
GKM of G assuming the independent censoring model has influence curve equal to
IC0(Y | G, µ) minus its projection on the smaller tangent space of G for the submodel
λC(c | X) = λ(c) of the Cox-proportional hazards model. This proves that our claim
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in section 3 stating that IPCW-estimator µ0
n using the partial likelihood estimator of

G is always at least as efficient as the Lin et al. (1999) estimator.
Theorem 7.1 also proves that the Lin et al. (1999) estimator is less efficient than

the IPCW estimator using the partial likelihood estimator Gn of G based on the Cox-
proportional hazards model. Lemma 7.1 below provides a general understanding of the
fact that efficient estimation of a known orthogonal nuisance parameter often leads to
improvements in efficiency.

Proof of Theorem 7.1

We have

µ1 = µ0
n + (Pn − PFX ,G){IC∗(· | Qn, Gn, µ0

n)}
+PFX ,G{IC∗(· || Qn, Gn, µ0

n)}.
For empirical process theory we refer to van der Vaart and Wellner (1996). Condition
(ii) and (iii) in the theorem imply that the empirical process term on the right-hand
side is asymptotically equivalent with (Pn−PFX ,G){IC∗(· | Q1, G, µ)} plus a oP (1/

√
n).

The last term we can write as:

PFX ,G{IC∗(· | Qn, Gn, µ
0
n)− IC∗(· | Qn, G, µ0

n}
+PFX ,G{IC∗(· | FX,n, G, µ0

n)}.
Denote the first term with A. Because PFX ,GIC0(· | G, µ0

n) = µ−µ0
n and PFX ,GIC∗

nu(· |
Qn, G) = 0 we have for any Q1

PFX ,GIC∗(· | Q1, G, µ0
n) = µ− µ0

n. (24)

Recall the definition,

Φ(G1) = PFX ,G{IC∗(· | Q1, G1, µ)}.
If we assume that

PFX ,G{IC∗(· | Qn, Gn, µ
0
n)− IC∗(· | Qn, G, µ0

n)}

= Φ(Gn)− Φ(G) + oP (1/
√

n)

,

then it would follow that the first term A equals

Φ(Gn)− Φ(G) + oP (1/
√

n).

We will now prove that this assumption is equivalent with (iv). For notational conve-
nience, let

ICn(G) ≡ IC(· | Qn, G, µ)

IC(G) ≡ IC(· | Q1, G, µ).

We have that PFX ,GICn(G) = 0. Similarly, PFX ,GnICn(Gn) = 0. Thus

PFX ,GICn(Gn)− ICn(G) ≈ PFX ,GICn(Gn)

≈ PFX ,G−GnICn(Gn).
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This proves that

PFX ,G {ICn(Gn)− ICn(G)} − PFX ,G {IC(Gn)− IC(G)} = PFX ,Gn−GICn(Gn)− IC(Gn),

which proves the claim.
Thus we can conclude that, by assumption (iv), the first term A equals

Φ(Gn)− Φ(G) + oP (1/
√

n).

We conclude that µ1
n is asymptotically linear with influence curve IC∗(· | Q1, G, µ) +

ICnu,2(· | Q1, G), where ICnu,2(· | FX, G) is the influence curve of Φ(Gn). Now, the
same argument as given in the proof of lemma 7.1 proves that this is given by:

Π(IC∗(· | Q1, G, µ) | T⊥
2 ).

Finally, the efficiency statement for the case that IC∗
nu(· | Q1, G) = IC∗

nu(· | Q, G)
follows from the fact that IC0(· | G, µ) − IC∗

nu(· | Q, G) equals the efficient influence
curve which has no component in T⊥

1 ⊃ T2.
2

The following lemma shows how optimal estimation of an orthogonal nuisance pa-
rameter leads to an asymptotic improvement of the estimator.

Lemma 7.1 Let Y ∼ PFX ,G, G satisfying the coarsening at random condition (1).
Denote the tangent space for the parameter FX with T1(PFX ,G). Consider the parameter
µ which is a real valued functional of FX. Let µn(G) be a regular asymptotically linear
estimator of µ with influence curve IC0(· | FX, G) which uses the true G(· | x). Assume
now that for an estimator Gn

µn(Gn)− µ = µn(G) − µ + Φ(Gn)− Φ(G) + oP (1/
√

n) (25)

for some functional Φ of Gn. Assume that Φ(Gn) is an asymptotically efficient esti-
mator of Φ(G) for a given model {Gη : η ∈ Γ} with tangent space T2(PFX ,G). Then
µn(Gn) is asymptotically linear with influence curve

IC1(· | FX, G) = Π(IC0(· | FX, G) | T2(PFX ,G)⊥).

Proof.
We decompose L2

0(PFX ,G) orthogonally in T1(PFX ,G)+T2(PFX ,G)+T⊥(PFX ,G), where
T⊥(PFX ,G) is the orthogonal complement of T1 + T2. The assumptions in the lemma
imply that µn(Gn) is asymptotically linear with influence curve IC = IC0+ICnu, where
ICnu is an influence curve corresponding with an estimator of the nuisance parameter
Φ(G) estimated under the model with nuisance tangent space T2. Let IC0 = a0+b0+c0

and ICnu = anu + bnu + cnu according to the orthogonal decomposition of L2
0(PFX ,G)

above. From now on the proof uses the following two general facts about influence
curves of regular asymptotically line ar estimators; An influence curve is orthogonal to
the nuisance tangent space and the efficient influence curve lies in the tangent space.
Since ICnu is an influence curve of Φ(G) in the model where nothing is assumed on
FX it is orthogonal to T1; i.e. anu = 0. Since Φ(Gn) is efficient ICnu lies in the tangent
space T2 and hence cnu = 0 as well. We also have that IC0 + ICnu is an influence curve
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for an estimator of µ and hence it is orthogonal to T2: so b0 + bnu = 0. Consequently,
we have that

IC1 = IC0 + ICnu = a0 + c0 = Π(IC0 | T⊥
2 ).

This completes the proof. 2

Asymptotics assuming that either the censoring mechanism or

the full-data distribution is estimated consistently.

If one is only willing to assume that either the censoring mechanism or the full-data
distribution is modelled correctly (i.e. we are not willing to point

out which one of the two is modelled correctly), then one applies the following
asymptotic theorem.

Theorem 7.2 Let µ = EB be given and consider the one-step estimator

µ1
n = µ0

n +
1

n

n∑
i=1

IC∗(Yi | Qn, Gn, µ0
n).

We assume
(i) G(V | X) > δ, FX-a.e. for some δ > 0.
(ii) IC∗(· | Qn, Gn, µ0

n) falls in a PFX ,G-Donsker class with probability tending to 1.
(iii) For some (Q1, G1) with either Q1 = Q or G1 = G we have

‖IC∗(· | Qn, Gn, µ0
n)− IC∗(· | Q1, G1, µ)‖PFX,G

→ 0

in probability.
(iv) Define at (Q1, G1)

Φ1(Q) = PFX ,G{IC∗(· | Q, G1, µ)}
Φ2(G) = PFX ,G{IC∗(· | Q1, G, µ).

We also define

Φ(Q, G∗) = PFX ,G{IC∗(· | Q, G∗, µ)}.
Assume that

Φ(Qn, Gn)− Φ(Q1, G1) = {Φ1(Qn)− Φ1(Q
1)}+ {Φ2(Gn)− Φ2(G1)}+ oP (1/

√
n)

and that Φ1(Qn) and Φ2(Gn) are regular asymptotically linear with influence curve
ICnu,1(· | Q1, G1), ICnu,2(· | Q1, G1), respectively.

Then µ1
n is asymptotically linear with influence curve given by

IC ≡ IC∗(· | Q1, G1, µ) + ICnu(· | Q1, G1),

where

ICnu = ICnu,1 + ICnu,2 =


ICnu,1 if Q1 = Q(FX)
ICnu,2 if G1 = G
0 if (Q1, G1) = (Q(FX), G))

Thus, if IC∗(· | Q1, G1, µ) = IC∗(· | Q(FX), G, µ), then µ1
n is asymptotically efficient.
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Proof. We have

µ1 = µ0
n + (Pn − PFX ,G){IC∗(· | Qn, Gn, µ0

n)}
+PFX ,G{IC∗(· || Qn, Gn, µ0

n)}.
For empirical process theory we refer to van der Vaart and Wellner (1996). Condition
(ii) and (iii) in the theorem imply that the empirical process term on the right-hand side
is asymptotically equivalent with (Pn − PFX ,G){IC∗(· | Q1, G1, µ)} plus a oP (1/

√
n).

The last term we can write as:

PFX ,G{IC∗(· | Qn, Gn, µ
0
n)− IC∗(· | Q1, G1, µ

0
n}

+PFX ,G{IC∗(· | Q1, G1, µ
0
n)}.

Recall identity (24) above. We also have the following general identity (see van der
Laan, 1994)

PFX ,GIC∗(· | Q, G1, µ) = 0 for any G1 satisfying CAR, (26)

which can be explicitly verified in our case. This implies that PFX ,GIC∗(· | Q, G1, µ
0
n) =

µ− µ0
n for any G1 satisfying CAR. Thus, if either Q1 = Q or G1 = G, then

PFX ,GIC∗(· | Q1, G1, µ
0
n) = µ − µ0

n.

We conclude that µ1
n is asymptotically linear with influence curve IC∗(· | Q1, G1, µ) +

ICnu(· | Q1, G1), where ICnu(· | Q1, G1) is the influence curve of Φ(Qn, Gn), where one
should note that the µ in the definition of Φ(Qn, Gn) cancels out: i.e. Φ(Q, G) does not
depend on µ. Under condition (iv), we have that Φ(Qn, Gn) is asymptotically linear
with influence curve ICnu,1 + ICnu,2. Now, we note:
1)If G1 = G, then Φ1(Qn)− Φ1(Q) = 0 and thus ICnu,1 = 0.
2) If Q1 = QX , then Φ2(Gn) − Φ2(G) = 0 equals zero and thus ICnu,2 = 0. Thus if
both G1 = G, Q1 = QX, then ICnu = 0 and the efficiency is a fact.
2
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