STATISTICS FOR BIOINFORMATICS SPRING 2001, SPEED/YU

Lecture 17: Maximum Likelihood Estimation (MLE)

Examples:

1. Xq,...,X, i.i.d. Bernoulli:
Pr(X;=1) =p, Pr(X;=0)=1-p
Sn = X1+ ...+ X, — Binomial (n,p)

How to estimate p based on observed Xi,..., X,7 Natural estimate is p = Sn—” = X,.
p is actually an MLE.

2. Xi,..., X, iid.

P(Xi:j):p]‘, jzl,...,m ijzl.
j=1

N; = Z Lixi=p #7™" class in data Z N;=n
j=1

=1
(N1, Na, ..., Ny) ~ Multinomial (n,p1,...,pm).
N;j

Natural estimator for p; is p; =
n

{p;} are MLE of {p;}.
m = 2 — Back to Binomial.

Var(S,) = np(l —p)

because E(X;) = p and Var(X;) = p(1 — p).

In Multinomial notation,
N1:Sn, NOZTL—len—Sn
which leads to

Cov(Ni, Ng) = Cov(S,,n—5,)
= —Cov(S,,S,)
= —Var(S5,)
= —np(l —p)



In general?

E(N;) =np;,  Var(N;) = np;(1 - p;)
Cov(Ng, N;) = —npip, k#j

Proof: E(N;) = np;, Var(N;) = np;(1 — p;) follow from Binomial as N; ~ Bin(n, p;).

=1

= Y3 Cov (lpximms Liximst) K #J

COV(Nk,Nj) = Cov (Zl{X¢:k}7zl{Xt:j}>
t=1

= zn: Cov (1{Xi:k}7 1{Xt:j})

—_

= Z {E(l{xi:k} : 1{Xt=j}) - pkp]}

=1

= —npp; k#j

When n — o0, p — 0, np — A > 0, X ~ Bin(n, p)
bV
P(X=j) — e_A,—' — Poisson(\), 7=0,1,...
j!

. X1,...,X, 1.i.d. Poisson (})

EXy =), Var(Xy)=),  SD(X;) =V

How to estimate A?: A = %ZXZ' is again MLE.
Normal Approximation to Poisson, when X is large:
X1~ N(A, (VA)?)
e.g. Lab 1 (Q3): X1(k) = # purines in a block of size k bps.

X1 (k) ~ Poisson(Agk), Ao = purine rate per bps

EXi(k) = Mok,  SD(Xi(k)) = /AoVE



The Method of Maximum Likelihood

Suppose Xi,..., X, have a joint density f(z1,...,2,/0). Given X; = xz;, the likelihood
of § as a function of zq,...,x, is defined as

lik(0) = f(x1,...,2,]0)

MLE 4 is the maximizer of lik(#) over parameter domain of 6.

If Xy,...,X, are i.i.d.

n

lik(6) = [ f(z:]0)

=1

and log-likelihood is given by i
1(6) = 3. log f(x.]6)
Facts: B
L. Xy,..., X, i.id. N(u,o?) ie. 0 = (p,0?)

1
MLE of ﬂ:—ZXi:Xn
n

MLE of ¢? : &2:—2( = X,)?

L | L[z —p]?
Proof: f(zy,...,2.|p,0°) = H \/Q—WGXP{_S [:E M]}

i=10 & g
1 n
(p,0) = —glog o? — glog(i?”) Sy ;(1’ —p)?
ol 1 2
aﬂ 20.2; (:L' :u)
ol n 1 1 & )
et 0 . —0
Oo? 2 o2 + 204 ;(aj #)
L = %
— 12 .
fo= ) ()

Therefore, MLE of o2 is biased.



2. (N1,..., Np) ~ Multinomial(n; p1, ..., pm). MLE of p; is p; = %, j=1,....m
Proof: Rice p. 259. Given N; = n; (different notationj — i, n; — ;)

f(n1,---,nm|p1,---,]3m) = 7r [Hp

] 1155
(pryeooypm) = logn!—ZIOgnj!—l—anlogpj
7=1 7=1

maximize [(p1,. .., pnm) subject to 357", p; = 1 by Lagrange multiplier.

Lipry oo ypm;A) =Upy. oy pm) —I—/\(Zp]—l)

7=1

Set partial derivatives to zero,

) n;
(S Y
~ an n
, n; .
:}pj = —n7 ]:17...7m

3. Xi,..., X, i.i.d Poisson (A) (cf Rice p. 254)

MLE of \: A = X = 1y X;
n /\wie—\
Proof: P(Xy,...,X,|N) = H
=1

() = log P(X1,..., X))

= > zilogh —nA = loguz;!
=1 =1

ol | | _
B 0<:>;:E)\ n=0 — nZCL‘

In lab 1, you have also been concerned with 1st and 2nd order Markov chains (station-
ary). For example, we have m = 4 bases. by,...,b, is the observed DNA sequence.

4. b; e {A,G,C, T}, i=1,...,n. Let m4, ng, mc, mr be the stationary distribution with
Sm =1 and let

A G C T

Pts

be the transition matrix. Row sums are 1.

N Q Qe



OrA—1,d—2,C—3T—4,

4
Z’]‘[‘]:l’ ]:17,4 ZPk]:1 \V/k‘:1774
=1
Likelihood of by,...,b,, m = (7, m2, T3, m4) is
n—1
P(bl,...,bn|7T,P) = anbi+1ﬂ-bl
=1

Pg}” mp, where Ni; = # pairs (k,j) in the sequence

I
-
-

o
Il
—

By
Il
—

Maximize [P) subject to 2?21 Py =1, ..,4 by Lagrange multipliers:

||
i M»

k=1 7=1

4 4 4
Z kj 10ng] + Z)\k (ZP]W — 1)

Setting partial derivatives to zero

OL Ny

+ X =0
8ij Py;
This leads to
N Ne:
4 . Nk 4 .
122 ki = _)\_ Nk_ZNk]:#kS
7=1 k 7=1

7’s can be determined uniquely by
4
W]:Zijﬂ'k jzl,...,4

Plug in 71}, = % to verify the equations hold.

5. 2nd order Stationary Markov

7k . .. . ..
i.e. conditioning on 3
g

Similarly, MLE P(k|ij) =

6. Hardy-Weinberg equilibrium - cf. Rice.



