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Reading: For this problem set: Chapter 9 of Keener (Bayesian methods); §3.1, 3.2 of Bickel
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Problem 5.1
Find conjugate distributions for the following family of distributions:

(a) the gamma family of distribution functions I'()A, p)
(b) the beta family of distribution functions G(\, p)
(c) the family defined on the parameters 51 and 2 by the linear regression y; = 81+ fax;+¢

with € ~ N(0,02) and 0% known.

Problem 5.2
This problem addresses the issue of implementing Bayes estimators for exponential family
models. Suppose that we have a (conditional) exponential family model

d
plz | 0) = hlx) exp{zm(x) —A(G)},
i=1

where x = (21, ..., ;) and the random vector © has density A(:).

(a) Define the marginal density m(z) = [ p(z;0)A(0)df induced by this Bayesian model.

Show that for j =1,...,n, we have
d
OT;(x) 0 0
E i = —1 - —1 .
; ) oz, | a:] oz, ogm(x) oz, og h(x)

(Assume here that all relevant quantities are suitably differentiable.)

(b) Suppose that X = (Xi,...,X,) has density p(x;0) = h(z) exp (Z?Zl O;x; — A(H)).
Use part (a) to conclude that the Bayes estimator 0y of #; under quadratic loss is given
by

0 0
ox(z) = %logm(:ﬁ)—%logh(:p).
J j

(¢) Apply your result from (b) to rederive the Bayes estimator under quadratic loss for the
normal-normal model with X; | 8 ~ N(0,02%),i =1,...n ii.d., and © ~ N(u,b?).



Problem 5.3
Consider the i.i.d. linear observation model

Y, = zlpg"+ W, i=1,...n (1)

where 3* € RP, the design vectors z; € RP are fixed and known, and W; ~ N(0,0?) is
observation noise. Assume that p < n.

(a) Assume that o? > 0 is known, and that 3* is modeled as a fixed but unknown vector.
Find the least-squares estimate of 8* based on Y.

(b) Now assume that 3 is distributed according to the prior N(8y,0?Q), where Q € RP*P
is a known, positive definite symmetric matrix. Find the Bayes estimator of 2z 3 under
least-squares loss where z € RP is a known fixed vector.

(c) Suppose that the minimum eigenvalue of Y1 ; z;27 tends to co. Under the sampling
model (1), show that the estimator from part (b) converges to 27 3* as n — +oc.

Problem 5.4
Let © = (0, +00) and A = [0, 00), and suppose that X ~ Poi(#). Consider the loss function
L(9,a) = (0 —a)?/6.

(a) Find Bayes estimators with respect to the family of Gamma(a, b) priors.

(b) Show that the estimator §(X) = X can be obtained by a suitable limit from (a).

Problem 5.5

Let (Xi,...,X,) be an i.i.d. sample from the uniform distribution on (0,6), where 8 > 0
is unknown. Suppose that the prior distribution of € is log-normal with parameters (1o, 0(2])
where 9 € R and 02 > 0 are known constants.

(a) Find the posterior density of log 6.

(b) Suppose that we are interested in estimating 6 under the loss function

L6.6) — {0 ifo=0

1 otherwise.

Find the Bayes estimator of # under this loss function. (Hint: Part (a) is related.)

Problem 5.6

Consider the Bayesian model in which © has distribution A, and conditioned on © = 6,
the random variable X has distribution Py. Suppose that we are interested in estimating
g(0) under quadratic loss. Prove that no unbiased estimator 6(X) of g(f) can be a Bayesian
estimator unless the Bayesian risk 7(A, §) = 0. This shows that Bayes estimators and unbiased
estimators agree only in pathological cases.



