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Abstract
We consider supervised learning problems where the features are embedded in a graph, such as
gene expressions in a gene network. In this context, it is of much interest to take into account the
problem structure, and automatically select a subgraph with a small number of connected compo-
nents. By exploiting prior knowledge, one can indeed improve the prediction performance and/or
obtain better interpretable results. Regularization or penalty functions for selecting features in
graphs have recently been proposed but they raise new algorithmic challenges. For example, they
typically require solving a combinatorially hard selection problem among all connected subgraphs.

In this paper, we propose computationally feasible strategies to select a sparse and “well con-
nected” subset of features sitting on a directed acyclic graph (DAG). We introduce structured spar-
sity penalties over paths on a DAG called “path coding” penalties. Unlike existing regularization
functions, path coding penalties can both model long range interactions between features in the
graph and be tractable. The penalties and their proximal operators involve path selection problems,
which we efficiently solve by leveraging network flow optimization. We experimentally show on
synthetic, image, and genomic data that our approach is scalable and lead to more connected sub-
graphs than other regularization functions for graphs.

Keywords: Convex and non-convex optimization, network flow optimization, graph sparsity.

1. Introduction

Supervised sparse estimation problems have been the topic of much research in statistical machine
learning and signal processing. In high dimensional settings, restoring a signal or estimating the
weight vector of a classifier is often difficult without a priori knowledge of the data. When the so-
lution is known beforehand to be sparse—that is, has only a few non-zero coefficients, regularizing
with a penalty encouraging sparsity has proven to be useful to improve both the quality of the pre-
diction and its intepretability. To that effect, non-convex penalties and greedy algorithms have been
proposed (seeAkaike, 1973; Schwarz, 1978; Rissanen, 1978; Mallat and Zhang, 1993; Fan and Li,
2001; Needell and Tropp, 2009). More recently, convex relaxations such as theℓ1-norm (Tibshirani,
1996; Chen et al., 1999) and efficient algorithms have been developed (Osborne et al., 2000; Efron
et al., 2004; Nesterov, 2007; Beck and Teboulle, 2009; Wright et al., 2009).

∗. A preliminary version of this paper was presented during the 4th International Workshop on Optimization for Machine
Learning (OPT 2011) at the Neural Information Processing System (NIPS) conference (Mairal and Yu, 2011).

†. Also in the department of Electrical Engineering & Computer Science.
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We consider in this paper supervised learning problems where more information is available
than just sparsity of the solution. More precisely, we assume that the features (or predictors) can
be identified to the vertices of a graph, such as gene expressions in a gene network. In this context,
it can be desirable to take into account the graph structure in the regularization (Rapaport et al.,
2007). In particular, we are interested in automatically identifying a subgraph with a few connected
components (Jacob et al., 2009; Huang et al., 2011), groups of genes involved in a disease for
example. There are two equally important reasons for this: either connectivity of the solution is
good prior information which might improve the prediction performance, or connected components
may be easier to interpret than isolated variables.

Formally, let us consider a supervised sparse estimation problem involving p features (or pre-
dictors), and assume that an undirected or directed graphG= (V,E) is given, whereV is a vertex set
identified to{1, . . . , p}, andE ⊆V×V is an arc (edge) set. Classical empirical risk minimization
problems can be written as

min
w∈Rp

[L(w)+λΩ(w)], (1)

wherew is a weight vector inRp we wish to estimate,L : Rp→ R is a convex loss function,
andΩ : Rp→ R is a regularization function. Typical choices forΩ to obtain a sparse solution are
the ℓ0- (cardinality of the support) orℓ1-penalties. In this paper, we are interested in penalties that
also encourage the sparsity pattern ofw (the set of non-zero coefficients) to form a subgraph ofG
with a small number of connected components. We give a simpleexample of a “well connected”
sparsity pattern in Figure1aillustrating this “graph sparsity” regularization effect.

To the best of our knowledge, penalties in the literature promoting connectivity of sparsity pat-
terns in a graph fall into two categories. The first one consists of regularization functions involving
pairwise interactions terms between vertices linked by an arc (Cehver et al., 2008; Jacob et al.,
2009; Chen et al., 2011), each term encouraging two neighbors in the graph to be simultaneously
selected. Such penalties usually lead to tractable optimization problems, but do not model long
range interactions between variables in the graph, and do not promote large connected components.
Penalties from the second category are more complex, and directly address subgraph selection prob-
lems (Huang et al., 2011), which are combinatorially hard. As such, they require approximations to
be used in practice. The problem of finding penalties that canboth model long range interactions in
the graph while being tractable is therefore acute. The maincontribution of our paper is a solution
to this problem when the graph is directed and acyclic.

Of much interest to us are the non-convex and convex penalties respectively introduced byHuang
et al. (2011) andJacob et al.(2009). Given a pre-defined set of (possibly overlapping) groups1 of
variablesG , these two structured sparsity-inducing regularization functions encourage a sparsity
pattern to bein the union of a small number of groups. These penalties induce a similar regular-
ization effect and are strongly related. In fact, we show in Section3 that the penalty ofJacob et al.
(2009) can be interpreted as a convex relaxation of the non-convexpenalty ofHuang et al.(2011),
even though these two works were independently proposed at the same time.2 These two penal-
ties go beyond classical unstructured sparsity, but they are also more complex and they raise new
challenging combinatorial problems. As suggested byHuang et al.(2011), definingG as the set
of all connected subgraphs ofG would lead to well connected solutions. Unfortunately the num-
ber of connected subgraphs is exponential in the graph size and this approach leads to intractable

1. What we call “group of variables” is formally defined as an element of the powerset 2{1,...,p}.
2. They were presented at the International Conference on Machine Learning, ICML, in 2009.
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optimization problems, which are approximately addressedby Huang et al.(2011) with greedy al-
gorithms. Another strategy used byJacob et al.(2009) is to defineG as the pairs of vertices linked
by an arc, which, as a result, encourages neighbors in the graph to be simultaneously selected. This
last formulation is computationally tractable, but does not model long range interactions between
features. Another possibility suggested byJacob et al.(2009) andHuang et al.(2011) consists of
definingG as the set of connected subgraphs up to a sizek. However, the number of such subgraphs
is exponential ink, making this approach difficult to use even for small subgraph sizes (k=3,4) as
soon as the graph is large (p≈10000) and connected enough.3 These observations naturally raise
the question:Can we replace connected subgraphs by another structure which (i) is rich enough to
model long-range interactions in the graph, and (ii) leads to computationally feasible penalties?

When the graphG is directed and acyclic, we propose to the above question a solution relying
on two main ideas. First, we use in the penalty framework ofJacob et al.(2009) andHuang et al.
(2011) a novel group structureGp which containsall the paths4 in G. The second key component
of our strategy is the choice of appropriate costs for each path (the “price” one has to pay to select
a path), which, as we show in the sequel, allow us to leverage network flow optimization. We call
the resulting regularization functions “path coding” penalties. They go beyond pairwise interac-
tions between vertices and model long-range interactions between the variables in the graph. They
encourage sparsity patterns forming subgraphs that can be covered by a small number of paths,
therefore promoting connectivity of the solution. To illustrate the “path coding” concept for DAGs,
we present an example in Figure1b, where a subgraph with two connected components is repre-
sented by two paths. Even though the number of paths in a DAG isexponential in the graph size,
we map thepath selectionproblems our penalties involve to network flow formulations(seeAhuja
et al., 1993; Bertsekas, 1998), which can be solved in polynomial time. As shown in Section3, the
main idea is to build minimum cost flow formulations such thatsending a positive amount of flow
along a path (for minimizing a cost) is equivalent to selecting the path in the context of the path
coding penalties. This allows us to efficiently compute the penalties and their proximal operators, a
key tool to address regularized problems (seeBach et al., 2012, for a review).

We therefore design in this paper a new link between structured graph penalties in DAGs and
network flow optimization. The development of network flow optimization techniques has been
very active from the 60’s to the 90’s (seeFord and Fulkerson, 1956; Goldberg and Tarjan, 1986;
Ahuja et al., 1993; Goldberg, 1997; Bertsekas, 1998). They have attracted a lot of attention during
the last decade in the computer vision community for their ability to solve large-scale combinatorial
problems typically arising in image segmentation tasks (Boykov et al., 2001). Concretely, they
provide efficient dedicated tools to solve particular linear programs, the most famous one being
probably themaximum flow problem(Ford and Fulkerson, 1956). Thus, by mapping a problem at
hand to a network flow formulation, one can possibly obtain fast algorithms to solve the original
problem. Of course, such a mapping does not always exist or can be difficult to find. This is made
possible in the context of our path coding penalties thanks to decomposability properties of the path
costs, which we make explicit in Section3.

3. This issue was confirmed to us in a private communication with Laurent Jacob, and this was one of our main motiva-
tion for developing new algorithmic tools overcoming this problem.

4. A path is defined as a sequence of vertices(v1, . . . ,vk) such that for all 1≤ i < k, we have(vi ,vi+1)∈E. This is
in fact the classical definition of walks in a graph. A path is in addition not supposed to contain any repetition of
vertices (seeAhuja et al., 1993), but for directed acyclic graphs, walks and paths are the same.
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(a) Sparsity pattern in an undirected graph.
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(b) Selected paths in a DAG.

Figure 1: Left(a): an undirected graph with 12 nodes. A sparsity pattern forming a subgraph with
two connected components is represented by gray nodes. Right (b): when the graph is a DAG, the
sparsity pattern is covered by two paths(2,3,6) and(9,11,12) represented by bold arrows.

We remark that different network flow formulations have alsobeen used recently in other sparse
estimation contexts (Cehver et al., 2008; Chambolle and Darbon, 2009; Hoefling, 2010; Mairal
et al., 2011). Cehver et al.(2008) combine for example sparsity and Markov random fields for signal
reconstruction tasks. They introduce a non-convex penaltyconsisting of pairwise interaction terms
between vertices of a graph, and their approach alternates between two steps: the optimization of a
Markov random field model by solving a maximum flow problem (Boykov et al., 2001), and a sparse
signal estimation step. It has also been shown byChambolle and Darbon(2009) andHoefling(2010)
that for the anisotropic total-variation penalty5, also called “fused lasso” in statistics, the solution
of problem (1) could be obtained by solving a sequence ofparametric maximum flow problems.6 In
the context of graph sparsity, the total-variation penaltycan be useful to obtain piecewise constant
solutions on a graph (seeChen et al., 2011). Finally, Mairal et al. (2011) have shown that the
structured sparsity-inducing regularization function ofJenatton et al.(2011) was related to network
flows in a similar way as the total variation penalty. Note that the penalties ofJacob et al.(2009)
andJenatton et al.(2011) share the same terminology of “group Lasso with overlapping groups”,
leading to some confusion in the literature. Yet, they are significantly different and are in fact
complementary: given a group structureG , the penalty ofJacob et al.(2009) encourages solutions
whose sparsity pattern is aunion of a few groups, whereas the penalty ofJenatton et al.(2011)
promotes anintersectionof groups. Whereas it is natural to use the framework ofJacob et al.
(2009) to encourage connectivity of a problem solution in a graph (e.g., by choosingG as the pairs
of vertices linked by arc), it is not obvious how to obtain this effect with the penalty ofJenatton
et al.(2011). We discuss this question in AppendixA in more details.

To summarize the contributions of our paper, we have designed new penalty functions along
with an optimization framework to do feature selection in directed acyclic graphs. Unlike existing
ones, our penalties can model long-interactions between variables while leading to tractable prob-

5. The anisotropic total-variation penalty for two-dimensional images is a sum of pairwise terms between adjacent
pixels encouraging the pixel values to be equal. It producespiecewise constant images.

6. By definition, a parametric max-flow problem consists in solving, for every value of a parameter, a max-flow problem
on a graph whose arc capacities depend on this parameter.
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lems. We propose unified optimization tools to deal with the non-convex and convex variants of
our penalties based on network flows. Our flow formulations enable us to deal with the exponential
number of paths/groups inGp, and, as far as we know, are unrelated to other flow formulations
appearing in the sparse estimation literature.

The paper is organized as follows: Section2 presents preliminary tools, notably a brief intro-
duction to network flows. Section3 formally proposes the path coding penalties and devises opti-
mization techniques for solving the corresponding sparse estimation problems. Section4 presents
experiments on synthetic, genomic and image data to demonstrate the connectivity benefits of path
penalties over existing ones and the scalability of our approach, and Section5 concludes the paper.

2. Preliminaries

As we show later, our path coding penalties are intimately linked with the concept of flow in a graph.
Since this concept is not widely used in the machine learningliterature, we provide a brief overview
of this topic in Section2.1. The other tool we present in Section2.2 is a proximal gradient method,
which has become on the other hand very popular for solving regularized problems (seeBach et al.,
2012).

2.1 Network Flow Optimization

The concept of flow has been well studied in the computer science community and has led to ef-
ficient dedicated algorithms for solving particular linearprograms (seeAhuja et al., 1993; Bert-
sekas, 1998). Let us consider a directed graphG=(V,E) with two special nodess andt, respec-
tively dubbedsourceandsink. A flow f on the graphG is defined as a non-negative function on
arcs[ fuv](u,v)∈E that satisfies two sets of linear constraints:

• capacity constraints: the value of the flowfuv on an arc(u,v) in E should satisfy the con-
straintluv≤ fuv≤δuv, whereluv andδuv are respectively called lower and upper capacities;

• conservation constraints: the sum of incoming flow at a vertex is equal to the sum of outgo-
ing flow except for the sources and the sinkt;

We denote in this paper the set of flows on a graphG by F . For illustration purposes, we give
two simple examples of flows in Figures2a and2b. More generally, it is possible to show that
with appropriate graph transformations, this basic flow definition can handle in fact several variants
which we have omitted for simplicity. When desired, it is indeed possible to define several source
and sink nodes, define capacity constraints on the amount of flow going through vertices, and/or
have several arcs with different capacities between two vertices (seeAhuja et al., 1993).

Some network flow problems have attracted a lot of attention because of their wide range of ap-
plications, for example in engineering, physics, transportation or telecommunications (seeAhuja
et al., 1993). In particular, themaximum flow problemconsists of computing how much flow
can be sent from the source to the sink through the network while respecting the capacity con-
straints (Ford and Fulkerson, 1956). In other words, it consists of finding a flowf in F maximizing
∑u∈V:(s,u)∈E fsu. Another more general problem7, which is of interest to us, is theminimum cost
flow problem: in addition to capacities, there exists some nonnegative costscuv in R+ for every arc

7. A maximum flow problem is in fact a particular instance of a minimum cost flow problem on a network with unit
costs on the arcs(s,u) in E, and zero costs elsewhere.
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(a) A flow in a DAG.
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(b) A flow in a directed graph with a cycle.
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(c) (s, t)-path flow in a DAG.
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(d) A cycle flow in a directed graph.

Figure 2: Two examples of flows in a graph.(a): the flow on the DAG can be interpreted as two units
of flow sent froms to t along the paths(s,1,3,4, t) and(s,2,3,4, t). (b): the flow can be interpreted
as two units of flow sent froms to t on the same paths as in Figure(a)plus a unit of flow circulating
along the cycle(1,3,2,1). (c): example of(s, t)-path flow along the path(s,2,3,4, t). (d): example
of cycle flow along(1,3,2,1).

(u,v) in E. The minimum cost flow problem consists of finding a flowf in F minimizing the linear
cost∑(u,v)∈E cuv fuv. Both the maximum flow and minimum cost flow problem are linearprograms,
and one could therefore solve them using generic linear programming tools, e.g., interior points
methods (seeBoyd and Vandenberghe, 2004; Nocedal and Wright, 2006). However, dedicated al-
gorithms exploiting the special structure of network flows have proven to be much more efficient.
It has indeed been shown that minimum cost flow problems couldbe solved in strongly polynomial
time—that is, an exact solution can be obtained in a finite number of steps which is polynomial
in |V| and |E| (seeAhuja et al., 1993; Goldberg and Tarjan, 1989). More importantly these dedi-
cated algorithms are empirically efficient and can often handle large-scale problems (Goldberg and
Tarjan, 1986; Goldberg, 1997; Boykov et al., 2001).

Among linear programs, flow problems have a few distinctive features. The most striking one
is the “physical” interpretation of a flow as quantities circulating in the network. This intuition
can be formalized through theflow decomposition theorem(seeAhuja et al., 1993, Theorem 3.5).
This theorem says that every flow vector can always be decomposed into a sum of(s, t)-path flows
(units of flow sent froms to t along a path) and cycle flows (units of flow circulating along acycle
in the graph). We give examples of(s, t)-path and cycle flow respectively in Figures2c and2d,
and simple examples of flows in Figures2a and2b along with their decompositions in(s, t)-path
and cycle flows. Built upon the interpretation of flows as quantities circulating in the network,
efficient algorithms have been developed, e.g., the classical augmenting pathalgorithm of Ford
and Fulkerson(1956) for solving maximum flow problems. Another specificity of flow problems
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compared to generic linear programs is the locality of constraints, each of them only involving
neighbors of a vertex in the graph. This locality is also exploited to design algorithms (Goldberg and
Tarjan, 1986; Goldberg, 1997). Finally, minimum cost flow problems have a remarkableintegrality
property: a minimum cost flow problem where all capacity constraints are integers can be shown to
have an integral solution (seeAhuja et al., 1993, Theorem 9.10).

Later in our paper, we will map path selection problems to network flows by exploiting the
flow decomposition theorem. In a nutshell, this apparently simple theorem has an interesting con-
sequence, which is that minimum cost flow problems can be seenfrom two equivalent viewpoints.
One is either looking for the valuefuv of a flow on every arc(u,v) of a graph minimizing the cost
∑(u,v)∈E cuv fuv; or one should decide how much flow should circulate on every(s, t)-path and cy-
cle flow to minimize the same cost.8 We will define flow problems such that selecting a path in
the context of our path coding penalties is equivalent to sending some flow along a corresponding
(s, t)-path. Interestingly, we will also exploit theintegrality propertyto develop tools that work both
with non-convex and convex penalties, respectively involving discrete and continuous optimization
problems. We will also consider variants of minimum cost flowproblems with non-linear convex
costs, which will be discussed later. The concept of flow willdirectly enable us to deal with a simple
class of optimization problems involving our path coding penalties. To deal with problem (1), we
need additional tools, which we now present.

2.2 Proximal Gradient Methods

Proximal gradient methods are iterative schemes designed to minimize objective functions of the
same form as (1), when the functionL is convex and differentiable with a Lipschitz continuous
gradient. More precisely they can be seen as an extension of gradient-based techniques when the
objective function to minimize has a nonsmooth part.

The simplest version of this class of methods linearizes at each iteration the functionL around
a current estimatẽw, and this estimate is updated as the (unique by strong convexity) solution of:

min
w∈Rp

[

L(w̃)+∇L(w̃)⊤(w− w̃)
︸ ︷︷ ︸

linear approximation ofL

+
ρ
2
‖w− w̃‖22

︸ ︷︷ ︸

quadratic term

+ λΩ(w)
︸ ︷︷ ︸

non-smooth part

]

, (2)

which is assumed to be easier to solve than the original problem (1). The quadratic term keeps the
update in a neighborhood whereL is close to its linear approximation, andρ > 0 is a parameter
which is an upper bound on the Lipschitz constant of∇L. When Ω is convex, this scheme is
known to converge to the solution of problem (1) and admits variants with optimal convergence rates
among first-order methods (Nesterov, 2007; Beck and Teboulle, 2009). WhenΩ is non-convex,
the guarantees are weak (finding the global optimum is out of reach), but it is easy to show that
these updates can be seen as a majorization-minimization9 procedure (seeHunter and Lange, 2004)
iteratively decreasing the value of the objective function(Wright et al., 2009). WhenΩ is theℓ1-
or ℓ0-penalty, the corresponding optimization schemes (2) are respectively known as iterative soft-
and hard-thresholding (Daubechies et al., 2004; Blumensath and Davies, 2009).

Another insight about these methods can be obtained by rewriting sub-problem (2) as:

min
w∈Rp

[
1
2

∥
∥
∥w̃−

1
ρ

∇L(w̃)−w
∥
∥
∥

2

2
+

λ
ρ

Ω(w)

]

,

8. Note that when the graphG is a DAG, cycle flows do not exist.
9. Majorization-minimization techniques can also be seen as generalizations of EM algorithms (Dempster et al., 1977).
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and whenλ = 0, the solution amounts to a classical gradient stepw← w̃− (1/ρ)∇L(w̃). Thus,
proximal gradient methods can be interpreted as a generalization of gradient descent algorithms
when dealing with a nonsmooth term. They are, however, only interesting when problem (2) can be
efficiently solved. Formally, we wish to be able to compute the proximal operatordefined as:

Definition 1 (Proximal Operator.)
The proximal operator associated with a regularization termλΩ, which we denote by ProxλΩ, is the
function that maps a vectoru ∈ R

p to the unique (by strong convexity) solution of

min
w∈Rp

[
1
2
‖u−w‖22+λΩ(w)

]

. (3)

Computing efficiently this operator has been shown to be possible for many penaltiesΩ (seeBach
et al., 2012). We will show in the sequel that it is also possible for our path coding penalties.

3. Sparse Estimation in Graphs with Path Coding Penalties

We now present our path coding penalties, which exploit the structured sparsity frameworks ofJacob
et al. (2009) and Huang et al.(2011) originally defined for any group structureG . Because we
choose a group structureGp with an exponential number of groups (one for every path in the graph),
challenging combinatorial problems are raised, and the optimization techniques presented byJacob
et al.(2009) or Huang et al.(2011) can not be used. We introduce flow definitions of our path coding
penalties, leading to efficient optimization tools to solveproblem (1) and compute the penalties.

3.1 Path Coding Penalties

The so called “block coding” penalty ofHuang et al.(2011) can be written for a vectorw in R
p and

any group structureG as

ϕG (w), min
J⊆G

{

∑
g∈J

ηg s.t. Supp(w)⊆
⋃

g∈J

g
}

, (4)

where theηg’s are non-negative weights, andJ is a subset of groups (of features) whose union
covers the support ofw. When the weightsηg are well chosen, this non-convex penalty encourages
solutions whose set of non-zero coefficients is in the union of a small number of groups, in other
words the cardinality ofJ should be small. We remark thatHuang et al.(2011) originally introduce
this regularization function under a more general information-theoretic point of view whereϕG is
a code length (seeBarron et al., 1998; Cover and Thomas, 2006) and the weightsηg represent the
number of bits encoding the fact that a groupg is selected.10 One motivation behind this approach
is that when the predefined groups are semantically meaningful, the selection of a few groups might
be more interpretable than the selection of isolated variables. This formulation extends non-convex
group sparsity regularization by allowing any group structure to be considered. However, a major
drawback is that computing this non-convex penaltyϕG (w) for a general group structureG is diffi-
cult. Equation (4) is indeed an instance of a set cover problem, which is NP-hard (seeCormen et al.,
2001), and appropriate approximations, e.g., greedy algorithms, have to be used in practice.

10. Note thatHuang et al.(2011) do not directly use the functionϕG as a regularization function. The “coding complex-
ity” they introduce for a vectorw counts the number of bits to code the support ofw, which is achieved byϕG , but
also use anℓ0-penalty to count the number of bits encoding the values of the non-zero coefficients inw.

8



As often when dealing with non-convex penalties, one could either try to solve directly the
corresponding non-convex problems, or look for a convex relaxation. As we empirically observe in
Section4, having both non-convex and convex variants of a penalty canbe a significant asset. One
variant can indeed outperform the other one in some situations, while being the other way around in
some other cases. It is therefore interesting to look for a convex relaxation ofϕG . We denote byη
the vector[ηg]g∈G in R

|G |
+ , and byN the binary matrix in{0,1}p×|G | whose columns are indexed by

the groupsg in G , such that the entryN jg is equal to one when the indexj is in the groupg, and
zero otherwise. Equation (4) can be rewritten as a boolean linear program, a form which will be
more convenient in the rest of the paper:

ϕG (w) = min
x∈{0,1}|G |

{

η⊤x s.t. Nx≥ Supp(w)
}

, (5)

where, with an abuse of notation, Supp(w) is here a vector in{0,1}p such that itsj-th entry is one
if j is in the support ofw and 0 otherwise. Let us also denote by|w| the vector inRp

+ obtained by
replacing the entries ofw by their absolute value. We can now consider a convex relaxation of ϕG :

ψG (w), min
x∈R|G |+

{

η⊤x s.t. Nx≥ |w|
}

, (6)

where not only the optimization problem above is a linear program, but in additionψG is a convex
function (in fact it can be shown to be a norm). Such a relaxation is classical and corresponds to
the same mechanism relating theℓ0- to theℓ1-penalty (replacing Supp(w) by |w|). The next lemma
tells us that we have in fact obtained a variant of the penaltyintroduced byJacob et al.(2009).

Lemma 1 (Relation betweenψG and the penalty ofJacob et al.(2009).)
Suppose that any pattern in{0,1}p can be represented by a union of groups inG . Then, the
functionψG defined in (6) is equal to the penalty ofJacob et al.(2009) with ℓ∞-norms.

Note thatJacob et al.(2009) have introduced their penalty from a different perspective and the
link between (6) and their work is not obvious at first sight. In addition, their penalty involves a
sum ofℓ2-norms, which needs to be replaced byℓ∞-norms for the lemma to hold. Hence,ψG is a
“variant” of the penalty ofJacob et al.(2009). We omit this detail here for simplicity but give all
details, as well as the proof of this lemma in AppendixB.11

Now thatϕG andψG have been introduced, we are interested in automatically selecting a small
number of connected subgraphs from a directed acyclic graphG = (V,E). We have already dis-
cussed in Section1 group structuresG , and introducedGp the set of paths in G. As a result, the
path coding penaltiesϕGp andψGp encourage solutions which are sparse while forming a subgraph
that can be covered by a small number of paths. As we show in this section, this choice leads to
tractable formulations when the weightsηg for every pathg in Gp are appropriately chosen.12

11. Note that at the same time as us,Obozinski and Bach(2012) have studied a larger class of non-convex combinatorial
penalties and their corresponding convex relaxations, obtaining in particular a similar result as Lemma1.

12. Interestingly, this solution is reminiscent of some work on kernel methods for graphs (in a nutshell, a kernel for graphs
can be seen as a similarity measure between two graphs). For example, thesubgraph kernelconsists of enumerating
all possible subgraphs from two graphs, and counting how many they have in common. As shown byGärtner et al.
(2003), computing this kernel is NP-hard but a solution to this problem is to considerwalks instead ofsubgraphs,
leading to kernels which could be computed in polynomial time (seeKashima et al., 2004; Mahé et al., 2005). These
works have in common with our approach the replacement of an enumeration of subgraphs by an enumeration of
paths (paths and walks in a DAG are the same), transforming some difficult problems into tractable ones. Despite
this similarity, these works and our approach are, to the best of our knowledge, unrelated.
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We will show in the sequel that a natural choice is to define forall g in Gp

ηg , γ+ |g|, (7)

whereγ is a new parameter encouraging connectivity of the solutionwhereas|g| encourages sparsity.
It is indeed possible to show that whenγ=0, the functionsϕGp andψGp respectively become theℓ0-
and theℓ1-penalties, therefore encouraging sparsity but not connectivity. On the other hand, whenγ
is large and the term|g| is negligible,ϕGp(w) simply “counts” how many paths are required to cover
the support ofw, thereby encouraging connectivity regardless of the sparsity of w.

In fact, the choice (7) is a particular case of a more general class of weightsηg which our
algorithmic tools can handle. Let us enrich the original directed acyclic graphG by introducing a
source nodes and a sink nodet. Formally, we define a new graphG′ = (V ′,E′) as

V ′ ,V ∪{s, t},

E′ , E∪{(s,v) : v∈V}∪{(u, t) : u∈V}.

In plain words, the graphG′ (which is a DAG) contains the graphG and two nodess, t that are
linked to every vertex ofG. Let us also assume that some costscuv in R are defined for all arcs(u,v)
in E′. Then, for a pathg= (u1,u2, . . . ,uk) in Gp, we define the weightηg as

ηg , csu1 +
(k−1

∑
i=1

cuiui+1

)

+cukt = ∑
(u,v)∈(s,g,t)

cuv, (8)

where the notation(s,g, t) stands for the path(s,u1,u2, . . . ,uk, t) in G′. This decomposition of the
weightsηg as a sum of costs on(s, t)-paths ofG′ (namely the paths(s,g, t) with g in Gp) is a key
component for using the algorithmic tools we will present next. The construction of the graphG′

is illustrated in Figures3aand3b for two cost configurations. We remark that the simple choiceof
weights (7) corresponds to the choice (8) with the costscsu= γ for all u in V andcuv = 1 otherwise
(see Figure3a). Being able to design particular costscuv and go beyond the simple choice (7)
can be useful whenever one has additional knowledge about the graph structure. For example, we
experimentally exploit this property in Section4.2 to privilege or penalize pathsg in Gp starting
from a particular vertex. This is illustrated in Figure3b where the cost on the arc(s,1) is much
smaller than on the arcs(s,2), (s,3), (s,4), therefore encouraging paths starting from vertex 1.

Another interpretation connecting the path-coding penalties with coding length and random
walks can be drawn using information theoretic arguments derived from Huang et al.(2011). We
find these connections interesting, but for simplicity onlypresent them in AppendixC. After having
defined the path coding penalties, we address in the next sections the following algorithmic issues:
(i) how to compute the penaltiesϕGp andψGp given a vectorw in R

p? (ii) how to optimize the
objective function defined in (1)? (iii) in the convex case (whenΩ = ψGp) can we obtain practical
optimality guarantees via a duality gap? All of these questions will be answered using network flow
and convex optimization and/or algorithmic tools on graphs.

3.2 Computing the PenaltiesϕGp and ψGp with Network Flow Optimization

We now proceed to map the problems (4) and (6) to network flow formulations. Before precisely
stating these mappings, let us sketch the main ideas. The first key component, which is obvious
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(a) GraphG′ with arcs costs and a pathg in bold red.
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(b) GraphG′ with different arcs costs and a pathg.

Figure 3: Left(a): G′ is obtained by adding a sources and sinkt to a DAG with four nodes. The
cost configuration is such that the weightsηg satisfyηg = γ+ |g|. For example, forg= (4,2,3), the
sum of costs along(s,g, t) is ηg = γ+3. Right(b): same graphG′ as(a) but with different costs.
The weightηg associated to the pathg= (1,2) is the sum of costs along(s,1,2, t)—that is,ηg = 4.

only in hindsight, is to transform the optimization problems (4) and (6) over the paths inG into
optimization problems over(s, t)-path flowsin G′. We recall that the(s, t)-path flows are defined as
flow vectors carrying the same positive value on every arc of apath betweens andt. It intuitively
corresponds to sending froms to t a positive amount of flow along a path, an interpretation we have
presented in Figure2 from Section2.1. The main tool we extensively use is theflow decomposition
theorem(see Section2.1). As a consequence, there exists two equivalent viewpointsfor solving a
minimum cost flow problem on a DAG. One should be either looking for the valuefuv of a flow on
every arc(u,v) of the graph, or one should decide how much flow should be sent on every(s, t)-path.

We assume that a cost configuration[cuv](u,v)∈E′ is available and that the weightsηg are defined
according to Equation (8). We denote byF the set of flows onG′. The second key component of
our approach is the fact that the cost of a flowf in F sending one unit froms to t along a pathg in G,
defined as∑(u,v)∈E′ fuvcuv = ∑(u,v)∈(s,g,t) cuv is exactlyηg, according to Equation (8). This enables
us to reformulate our optimization problems (4) and (6) on paths inG as optimization problems
on (s, t)-path flows inG′, which in turn are equivalent to minimum cost flow problems and can be
solved in polynomial time. Note that this equivalence does not hold when we have cycle flows (see
Figure2d), and this is the reason why we have assumedG to be acyclic.

We can now formally state the mapping betweenϕGp and ψGp and network flow formula-
tions. We introduce constraints and/or costs on the amount of flow going through a vertexj
in V = {1, . . . , p}, which we denote bysj( f ) , ∑u∈V ′:(u, j)∈E′ fu j. It is easy to show that a vertex
with a capacity/cost can be equivalently replaced in the network by two vertices, linked by an arc
that carries the capacity/cost (Ahuja et al., 1993). Thus, minimum cost flow solvers can handle such
constraints. The main propositions are presented below, and the proofs are given in AppendixD:
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Proposition 1 (ComputingϕGp.)
Letw be inRp. Consider the network G′ defined in Section3.1with costs[cuv](u,v)∈E′ , and defineηg

as in (8). Then,

ϕGp(w) = min
f∈F

{

∑
(u,v)∈E′

fuvcuv s.t. sj( f )≥ 1, ∀ j ∈ Supp(w)

}

, (9)

whereF is the set of flows on G′. This is a minimum cost flow problem with some lower-capacity
constraints13, which can be computed in strongly polynomial time.14

Given the definition of the penaltyϕG in Eq. (5), computingϕGp seems challenging for two reasons:
(i) Eq. (5) is (for a general group structureG) an NP-hard boolean linear program with|G | variables;
(ii) the size ofGp is exponential in the graph size. Interestingly, Proposition 1 tells us that these two
difficulties can be overcome whenG = Gp and that the non-convex penaltyϕGp can be computed in
polynomial time by solving the convex optimization problemdefined in Eq. (9). The key component
to obtain the mapping ofϕGp to a network flow problem is the decomposability property of the
weightsηg defined in (8). This allows us to identify the cost of sending one unit of flow in G′ from s
to t along a pathg to the cost of selecting the pathg in the context of the path coding penaltyϕGp.
We now show that the same methodology applies to the convex penalty ψGp:

Proposition 2 (ComputingψGp.)
Letw be inRp. Consider the network G′ defined in Section3.1with costs[cuv](u,v)∈E′ , and defineηg

as in (8). Then,

ψGp(w) = min
f∈F

{

∑
(u,v)∈E′

fuvcuv s.t. sj( f )≥ |w j |, ∀ j ∈ {1, . . . , p}

}

, (10)

whereF is the set of flows on G′. This is a minimum cost flow problem with some lower-capacity
constraints which can be computed in strongly polynomial time.

From the similarity between Equations (9) and (10), it is easy to see thatψGp andϕGp are closely
related, one being a convex relaxation of the other as formally shown in Section3.1. The main
consequence of Proposition2 is that the network flow mapping we obtain allows us to solve inpoly-
nomial time the convex optimization problem of Eq. (6), which originally involved an exponential
number of variables. We have thus shown here thatϕGp andψGp can be computed in polynomial
time and will discuss in Section3.4practical algorithms to do it in practice. Before that, we address
the problem of optimizing problem (1).

3.3 Solving Regularized Problems Using Proximal Gradient Methods

To solve the regularized problem (1), we make use of proximal gradient methods, which we have
presented in Section2.2. The main requirement to use these techniques is, forϕGp and ψGp, to
compute the proximal operators given in Definition1. We now show that this operator can be
mapped to network flow formulations and be efficiently computed:

13. We recall thatsj ( f ) denotes the amount of flow going through a vertexj in V = {1, . . . , p}.
14. See the definition of “strongly polynomial time” in Section2.1.
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Proposition 3 (Computing the Proximal Operator of ϕGp.)
Letu be inRp. Consider the network G′ defined in Section3.1with costs[cuv](u,v)∈E′ , and defineηg

as in (8). Let us define

f ⋆ ∈ argmin
f∈F

{

∑
(u,v)∈E′

fuvcuv+
p

∑
j=1

1
2

max
(
u2

j (1−sj( f )),0
)

}

, (11)

whereF is the set of flows on G′. This is a minimum cost flow problem, with piecewise linear costs,
which can be computed in strongly polynomial time. Denotingby w⋆,ProxϕGp

[u], we have for all
j in V = {1, . . . , p} that w⋆

j = u j if sf ( f ⋆)>0 and0 otherwise.

Note that even though the formulation (3) is non-convex whenΩ is the functionϕGp, its global
optimum can be found by solving the convex problem describedin Equation (11). As before, the
key component to establish the mapping to a network flow problem is the decomposability property
of the weightsηg. More details are provided in the proofs of AppendixD. Note also that any
minimum cost flow problem with convex piecewise linear costscan be equivalently recast as a
classical minimum cost flow problem with linear costs (seeAhuja et al., 1993), and therefore the
above problem can be solved in strongly polynomial time. We now present similar results forψGp:

Proposition 4 (Computing the Proximal Operator of ψGp.)
Letu be inRp. Consider the network G′ defined in Section3.1with costs[cuv](u,v)∈E′ , and defineηg

as in (8). Let us define

f ⋆ ∈ argmin
f∈F

{

∑
(u,v)∈E′

fuvcuv+
p

∑
j=1

1
2

max
(
|u j |−sj( f ),0

)2

}

, (12)

whereF is the set of flows on G′. This is a minimum cost flow problem, with piecewise quadratic
costs, which can be computed in polynomial time. Denoting byw⋆,ProxψGp

[u], we have for all j
in V={1, . . . , p}, w⋆

j = sign(u j)min(|u j |,sj( f ⋆)).

The proof of this proposition is presented in AppendixD. We remark that we are dealing in Proposi-
tion 4 with a minimum cost flow problem with quadratic costs, which is slightly more complicated
to solve than if the costs were linear. Such problems with quadratic costs can indeed be solved in
weakly (instead of strongly) polynomial time (seeHochbaum, 2007)—that is, a time polynomial
in |V|, |E| and log(‖u‖∞/ε) to obtain anε-accurate solution of problem (12), whereε can possibly
be set to the machine precision.15 We have therefore shown that the computations ofϕGp, ψGp,
ProxϕGp

and ProxψGp
can be done in polynomial time. More importantly, we now discuss practical

algorithms, which have empirically shown to be efficient andscalable in various contexts (Goldberg,
1997; Ahuja et al., 2003).

3.4 Practical Algorithms for Solving the Network Flow Problems

The minimum cost flow problems involved in the computations of ϕGp, ψGp and ProxϕGp
can be

solved with a worst-case complexity ofO
(
(|V| log|V|)(|E|+ |V| log|V|)

)
operations (seeAhuja

15. Note that it as been shown byMairal et al.(2011) that the proximal operator associated to the penalty ofJenatton et al.
(2011) with the ℓ∞-norm can also be obtained by solving a quadratic minimum cost flow problem. However, their
quadratic minimum cost flow problem is easier to solve than ours since it can be reduced to a parametric maximum
flow problem, for which strongly polynomial time algorithmsexist.
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et al., 1993). However, this analysis corresponds to the worst-case possible and the empirical com-
plexity of network flow solvers is often much better (Boykov et al., 2001). Instead of a strongly
polynomial algorithm, we have chosen to implement the scaling push-relabel algorithm (Goldberg,
1997) because of its empirical efficiency despite its weakly polynomial worst-case complexity. It
requires transforming the capacities and costs of the minimum cost flow problems into integers
with an appropriate scaling and rounding procedure, and denoting byC the (integer) value of the
maximum cost in the network its worst-case complexity isO

(
|V|2|E| log(C|V|)

)
. This algorithm is

appealing because of its empirical efficiency when the rightheuristics are used (Goldberg, 1997).
We chooseC to be as large as possible (using 64 bits integers) not to losenumerical precision, even
though choosingC according to the desired statistical precision and the robustness of the proximal
gradient algorithms would be more appropriate. It has indeed been shown recently bySchmidt et al.
(2011) that proximal gradient methods (in the context of convex optimization) are robust to inexact
computations of the proximal operator, as long as the precision of these computations iteratively
increases with an appropriate rate.

Computing the proximal operator ProxψGp
[u] requires dealing with piecewise quadratic arc

costs. A classical strategy consists of approximating the convex cost functions using piecewise lin-
ear functions (seeAhuja et al., 1993, Chapter 14) with segments of unit lengths. As before, a scaling
procedure allows an approximation up to an arbitrary precision. Then, it is easy to show (seeAhuja
et al., 1993; Bertsekas, 1998) that an arc with a piecewise linear cost can be equivalentlyreplaced
by several arcs, one for each segment, with appropriate linear costs and capacities. Such explicit arc
duplication is of course cumbersome in practice since the number of arcs in the network becomes
unbounded. Nevertheless, some algorithms have the abilityto implicitly handle these additional
arcs and keep a polynomial complexity. We have chosen in our experiments a similar strategy using
a modification of the scaling push-relabel algorithm proposed byAhuja et al.(2003). We now dis-
cuss algorithms to compute the dual norm ofψGp, which is an important quantity to obtain a duality
gap and optimality guarantees.

3.5 Computing the Dual-Norm ofψGp

The dual normψ∗Gp
of the normψGp, is defined for any vectorκ in R

p asψ∗Gp
(κ),maxψGp(w)≤1w⊤κ

(seeBoyd and Vandenberghe, 2004). This is a key quantity which has different theoretical and
practical values. It can be useful for monitoring the convergence of proximal methods through
duality gaps, and/or for implementing active set methods that are adapted to very large-scale very
sparse problems (seeBach et al., 2012), as shown in Section3.6. We now show thatψ∗Gp

can be
computed by solving a sequence of shortest-path problems inG′.

Proposition 5 (Computing the Dual Norm ψ∗Gp
.)

Letκ be inRp. Consider the network G′ defined in Section3.1with costs[cuv](u,v)∈E′ , and defineηg

as in (8). For τ ≥ 0, and all j in {1, . . . , p}, we define an additional cost for the vertex j to be
−|κ j |/τ. We then define for every path g inGp, the length lτ(g) to be the sum of the costs along the
corresponding(s, t)-path from G′. Then,

ψ∗Gp
(κ) = min

τ∈R+

{

τ s.t. min
g∈Gp

lτ(g)≥ 0

}

,

andψ∗Gp
(κ) is the smallest factorτ such that the shortest(s, t)-path on G′ has nonnegative length.

14



The proof is given in AppendixD. We note that the above quantitylτ(g) satisfieslτ(g) = ηg−
‖κg‖1/τ, for everyτ > 0 andκ in R

p. We present a simple way for computingψ∗Gp
in Algorithm 1,

which is proven in Proposition6 to be correct and to converge in polynomial time.

Algorithm 1 Computation of the Dual Normψ∗Gp
.

input κ ∈R
p such thatκ 6= 0.

1: Choose any pathg∈ Gp such thatκg 6= 0;
2: δ←−∞;
3: while δ < 0 do
4: τ← ‖κg‖1

ηg
;

5: g← argminh∈Gp
lτ(h); (shortest path problem in a directed acyclic graph);

6: δ← lτ(g);
7: end while
8: Return: τ = ψ∗Gp

(κ) (value of the dual norm).

Proposition 6 (Correctness and Complexity of Algorithm1.)
For κ in R

p, the algorithm1 computesψ∗Gp
(κ) in at most O(p2) operations.

The proof is also presented in AppendixD. We note that this worst-case complexity bound might
be loose. We have indeed observed in our experiments that theempirical complexity is close to
linear in p. To concretely illustrate why computing the dual norm can beuseful, we now give
optimality conditions for problem (1) involving ψ∗Gp

. The following lemma can immediately be
derived from (Bach et al., 2012, Proposition 1.2):

Lemma 2 (Optimality Conditions for Problem (1) with Ω = ψG .)
A vectorw be inRp is optimal for problem (1) with Ω = ψG if and only if

ψ∗G (∇L(w))≤ λ and −∇L(w)⊤w = λψG (w).

The next section presents an active-set type of algorithm (seeBach et al., 2012, Chapter 6) building
upon these optimality conditions and adapted to our penaltyψGp.

3.6 Active Set Methods for Solving Problem (1) when Ω = ψGp

As experimentally shown later in Section4, proximal gradient methods allows us to efficiently
solve medium-large/scale problems (p < 100000). Solving larger scale problems can, however,
be more difficult. Algorithm2 is an active-set strategy which can overcome this issue whenthe
solution is very sparse. It consists of solving a sequence ofsmaller instances of Equation (1) on
subgraphsG̃ = (Ṽ, Ẽ), with Ṽ ⊆ V and Ẽ ⊆ E, which we callactive graphs. It is based on the
computation of the dual-normψ∗Gp

which we have observed can empirically be obtained in a time

linear or close to linear inp. Given such a subgraph̃G, we denote bỹGp the set of paths iñG. The
subproblems the active set strategy involve are the following:

min
w∈Rp

{
L(w)+λψG̃p

(w) s.t. w j = 0 for all j /∈ Ṽ
}
. (13)
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The key observations are that (i) whenG̃ is small, subproblem (13) is easy to solve; (ii) after solv-
ing (13), one can check optimality conditions for problem (1) using Lemma2, and updatẽG accord-
ingly. Algorithm 2 presents the full algorithm, and the next proposition ensures that it is correct.

Algorithm 2 Active-set Algorithm for Solving Equation (1) with Ω = ψGp.

1: Initialization w ← 0; G̃← ( /0, /0) (active graph);
2: loop
3: Updatew by solving subproblem (13) (using the current value ofw as a warm start);
4: Computeτ← ψ∗Gp

(∇L(w)) (using Algorithm1);
5: if τ≤ λ then
6: exit the loop;
7: else
8: g← argming∈Gp

lτ(g) (shortest path problem in a directed acyclic graph);

9: Ṽ ← Ṽ ∪g; Ẽ← Ẽ∪{(u,v) ∈ E : u∈ g and v∈ g} (update of the active graph);
10: end if
11: end loop
12: Return: w ⋆← w, solution of Equation (1).

Proposition 7 (Correctness of Algorithm2.)
Algorithm2 solves Equation (1) whenΩ = ψGp.

The proof is presented in AppendixD. It mainly relies on Lemma2, which require computing the
quantity ψ∗Gp

(∇L(w)). More precisely, it can be shown that whenw is a solution of a subprob-

lem (13) for a subgraphG̃, wheneverψ∗Gp
(∇L(w)) ≤ λ, it is also a solution of the original large

problem (1). Note that variants of Algorithm2 can be considered: one can approximately solve
subproblems (13), select more than a single pathg to update the subgraph̃G. For simplicity, we do
not discuss these possibilities here.

With the optimization tools we have introduced, we now present various experiments, illustrat-
ing how the different penalties and algorithms behave in practice.

4. Experiments and Applications

We now present experiments on synthetic, genomic and image data. Our algorithms have been im-
plemented in C++ with a Matlab interface, they will be made available in the open-source software
package SPAMS, originally accompanyingMairal et al.(2010).16 The proximal gradient algorithms
we have implemented are the FISTA algorithm ofBeck and Teboulle(2009) for convex regulariza-
tion functions and ISTA for non-convex ones. When available, we use a relative duality gap as
a stopping criterion and typically stop the optimization when the relative duality gap is smaller
than 10−4. In our experiments, we often need to solve Equation (1) for several values of the pa-
rameterλ, typically chosen on a logarithmic grid. We proceed with a continuation strategy: first we
solve the problem for the largest value ofλ, whose solution is usually 0 whenλ is large enough; then
we decrease the value ofλ, and use the previously obtained solution as initialization. This strategy

16. http://www.di.ens.fr/willow/SPAMS/ .
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acts as a warm restart, allowing us to quickly follow the regularization path of the problem. For
non-convex problems, it provides us with a good initialization for a givenλ. The algorithm ISTA
with the non-convex penaltyϕGp is indeed only guaranteed to iteratively decrease the valueof the
objective function. As often the case with non-convex problems, the quality of the optimization is
subject to a good initialization, and this strategy has proven to be important to obtain good results.
All other implementation details are provided in each experimental section.

4.1 Synthetic Experiments

In this first experiment, we study our penaltiesϕGp andψGp in a controlled setting. Since generating
synthetic graphs that reflect similar properties as real life networks is difficult, we have considered
three “real” graphs of different sizes, which are part of the10th DIMACS graph partitioning and
graph clustering challenge:17

• the graphjazz was compiled byGleiser and Danon(2003) and represents a community net-
work of jazz musicians. It containsp= 198 vertices andm= 2742 edges;

• the graphemail was compiled byGuimerà et al.(2003) and represents e-mail exchanges in a
university. It containsp= 1133 vertices andm= 5451 edges;

• the graphPGP was compiled byBoguñá et al.(2004) and represents information interchange
among users in a computer network. It containsp= 10680 vertices andm= 24316 edges.

We choose an arbitrary topological ordering for all of thesegraphs, orient the arcs according to
this ordering, and obtain DAGs.18 We generate structured sparse linear models with measurements
corrupted by noise according to different strategies presented in the sequel, and compare the ability
of different regularization functions to recover the noiseless model. More precisely, we consider
a design matrixX in R

n×p with less observations than predictors (n , ⌊p/2⌋), and whose entries
are i.i.d. samples from a normal distributionN (0,1). For simplicity, we preprocess each column
of X by removing its mean component and normalize it to have unitℓ2-norm. Then, we generate
sparse vectorsw0 with k non-zero entries, according to different strategies whichare described in
the sequel. We synthesize an observation vectory = Xw0+ ε in R

n, where the entries ofε are i.i.d.
draws from a normal distributionN (0,

√

k/nσ), with different noise levels:

• high SNR: we chooseσ = 0.2 corresponding to a signal noise ratio (SNR)19 of about 26. We
note that forσ≤ 0.1 almost all penalties almost perfectly recover the true sparsity pattern;

• medium SNR: for σ = 0.4, the SNR is about 6;

• low SNR: for σ = 0.8, the SNR is about 1.6.

Choosing a good criterion for comparing different penalties is difficult, and a conclusion drawn
from an experiment is usually only valid for a given criterion. For example, we present later an
image denoising experiment in Section4.2, where non-convex penalties outperform convex ones
according to one performance measure, while being the otherway around for another one. In the
case of sparse linear models, one can be interested in pattern recovery—that is, if one obtains an

17. http://www.cc.gatech.edu/dimacs10/archive/clusterin g.shtml .
18. A topological ordering� of vertices in a directed graph is such that if there is an arc from vertexu to vertexv,

thenu≺ v. A directed graph is acyclic is and only if it possesses a topological ordering (seeAhuja et al., 1993).
19. The signal noise ratio (SNR) is defined as‖Xw0‖

2
2/‖ε‖

2
2.
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estimateŵ using one penalty, are the signs ofŵ in {−1,0,1}p consistent with those ofw0 regardless
of the magnitude of the coefficients? One could consider instead the relative difference inℓ2-norm
betweenŵ andw0, or the mean square error in terms of prediction:‖Xŵ−Xw0‖

2
2. Another question

we shall ask is: Once a penalty produces an estimateŵ, should one refit the model using ordinary
least square (OLS)? refit using a ridge regression model (at the cost of having an extra parameter)?
In this section, we choose the relative mean square error as acriterion, and use OLS to refit the
models. Whereas OLS does not change the results obtained with the non-convex penalties20 we
consider here, it changes significantly the ones obtained with the convex ones. In practice, OLS
counters the “shrinkage” effect inherent to these penalties, and empirically improves the results
quality for low noise regimes (high SNR), but deteriorates it for high noise regimes (low SNR).

For simplicity, we also assume (in this experiment only) that an oracle gives us the optimal
regularization parameterλ, and therefore the conclusions we draw from the experiment are only the
existence or not of good solutions on the regularization path for every penalty. A more exhaustive
comparison would require testing all combinations (with OLS, without OLS, with OLS+ridge) and
all criteria, with internal cross-validation to select theregularization parameters. This would require
a much heavier computational setting, which we have chosen not to implement in this experiment.
After obtaining the matrixX, we propose several strategies to generate “true” modelsw0:

• in the scenarioflat we randomly selectk entries without exploiting the graph structure;

• the scenariograph consists of randomly selecting 5 entries, and iteratively selecting new
vertices that are connected inG to at least one previously selected vertex. This produces
fairly connected sparsity patterns, but does not exploit arc directions;

• the scenariopath is similar to graph, but we iteratively add new vertices following single
paths inG. It exploits arc directions and produces sparsity patternsthat can be covered by a
small number of paths, which is the sort of patterns that our path-coding penalties encourage.

The number of non-zero entries inw0 is chosen to bek, ⌊0.1p⌋ for the different graphs, resulting
in a fairly sparse vector. The values of the non-zero entriesare randomly chosen in{−1,+1}. We
consider the formulation (1) whereL is the square loss:L(w) = 1

2‖y−Xw‖22 andΩ is one of the
following penalties:

• the classicalℓ0- andℓ1-penalties;

• the penaltyψG of Jacob et al.(2009) where the groupsG are pairs of vertices linked by an arc;

• our path-coding penaltiesϕGp or ψGp with the weightsηg defined in (7).

• the penalty ofHuang et al.(2011), and their strategy to encourage sparsity pattern with a
small number of connected components. We use their implementation of the greedy algorithm
StructOMP21. This algorithm uses a strategy dubbed “block-coding” to approximately deal
with this penalty (seeHuang et al., 2011), and has an additional parameter, which we also
denote byµ, to control the trade-off between sparsity and connectivity.

For every penalty except the last one related to the algorithm StructOMP, the regularization parame-
terλ is chosen among the values 2i/4, wherei is an integer. We always start by a high value fori, and
decrease its value, following the regularization path. Forthe penaltiesϕGp andψGp, the parameterγ

20. With the non-convex penalties we consider, the estimateXŵ is orthogonal to the residualy−Xŵ.
21. http://ranger.uta.edu/ ˜ huang/R_StructuredSparsity.htm
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is simply chosen in{1/4,1/2,1,2,4}. Since the algorithm StructOMP is greedy and iteratively in-
creases the model complexity, we record every solution obtained on the regularization path during
one pass of the algorithm. Based on information-theoretic arguments,Huang et al.(2011) propose
a default value for their parameterµ which is calibrated to be 1 in their formulation. Since changing
this parameter value empirically improves the results quality, we try the values{1/4,1/2,1,2,4}
for a fair comparison with our penaltiesϕGp andψGp.

We report the results for the three graphs, three scenarii for generatingw0, three noise levels
and the five penalties in Figure4. We report on these graphs the ratio between the prediction
mean square error and the best achievable error if the sparsity pattern was given by an oracle. In
other words, denoting byworacle the OLS estimate if an oracle gives us the sparsity pattern, we
report the value‖Xŵ−Xw0‖

2
2/‖Xworacle−Xw0‖

2
2. The best achievable value for this criterion is

therefore 1, which is represented by a dotted line on all graphs. We reproduce the experiment 20
times, randomizing every step, including the way the vectorw0 is generated to obtain error bars
representing one standard deviation.

We make pairwise comparisons and statistically assess our conclusions using error bars or when
needed paired one-sided T-tests with a 1% significance level. The comparisons are the following:

• convex vs non-convex (ℓ0 vs ℓ1 and ϕGp vs ψGp): For high SNR, non-convex penalties do
significantly better than convex ones, whereas it is the other way around for low SNR.The
differences highly significant for the graphsemail andPGP. For medium SNR, conclusions
are mixed, either the difference between a convex penalty and its non-convex counterpart are
not significant or one is better than another.

• unstructured vs path-coding (ℓ0 vs ϕGp and ℓ1 vs ψGp): In the structured scenariigraph
and path, the structured penaltiesϕGp andψGp respectively do better thanℓ0 andℓ1. In the
unstructuredflat scenario,ℓ0 and ℓ1 should be preferred.More precisely, for the scenarii
graph andpath, ϕGp andψGp respectively outperformℓ0 andℓ1 with statistically significant
differences, except when: (i) for high SNR, bothϕGp andℓ0 achieve perfect recovery; (ii) with
the smallest graphjazz, the p-values obtained to discriminateψGp vs ℓ1 are slightly above
our 1% significance level. In theflat scenario,ℓ0 andϕGp give similar results, whereasψGp

performs slightly worse thanℓ1 in general even though they are very close.

• Jacob et al.(2009) vs path-coding (ψG with pairs vs ψGp): in the scenariopath, ψGp out-
performsψG (pairs). It is generally also the case in the scenariograph. The differences are
always significant in the low SNR regime and with the largest graphPGP.

• Huang et al.(2011) vs path-coding (StructOMP vsϕGp,ψGp): For the scenariopath, either
ϕGp (for high SNR) orψGp (for low SNR) outperform StructOMP.22 For the scenariograph,
the best results are shared between StructOMP and our penalties for high and medium SNR,
and our penalties do better for low SNR. More precisely in the scenariograph: (i) there is no
significant difference for high SNR betweenϕGp and StructOMP; (ii) for medium SNR, Struc-
tOMP does slightly better with the graphPGP and similarly asϕG for the two other graphs;
(iii) for low SNR, our penalties do better than StructOMP with the two largest graphsemail
andPGP and similarly with the smallest graphjazz.

22. Note that the scenariopath is specifically tailored to our path coding penalties.
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To conclude this experiment, we have shown that our penalties offer a competitive alternative to
StructOMP and the penalty ofJacob et al.(2009), especially when the “true” sparsity pattern is
exactly a union of a few path in the graph. We have also identified different noise and size regimes,
where a penalty should be preferred to another. Our experiment also shows that having both a non-
convex and convex variant of a penalty can be interesting. Inlow SNR, convex penalties are indeed
better behaved than non-convex ones, whereas it is the otherway around when the SNR is high.
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Figure 4: Every bar represents the ratio between the mean square error estimate and the oracle mean
square error estimate (see main text for an explicit formulaand the full experimental setting). The
error bars represent one standard deviation. Each row corresponds to a specific noise level, and
every column to a different graph. For a specific noise level and specific graph, the results for three
scenarii,flat, graph andpath are reported. Each group of six bars represents the results obtained
with six penalties, from left to right:ℓ0, ℓ1, ψG (with G being the pairs of vertices linked by an arc),
ϕGp, ψGp and the method StructOMP. A legend is presented in the top right figure.
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4.2 Image Denoising

State-of-the-art image restoration techniques are often based on a good modelization of small image
patches, for instance 10×10 pixels (Elad and Aharon, 2006; Dabov et al., 2007; Mairal et al., 2009).
We consider here the task of denoising natural images corrupted by white Gaussian noise, using an
approach introduced byElad and Aharon(2006). It consists of the following steps:

1. extract all overlapping patches(yi)i=1,...,m from a noisy image;

2. compute a sparse approximation of every individual patchyi :

min
wi∈Rp

[1
2
‖yi −Xw i‖22+λΩ(wi)

]

, (14)

where the matrixX = [x1, . . . ,xp] in R
n×p is a predefined “dictionary”,λΩ is a sparsity-

inducing regularization and the termXw i is the clean estimate of the noisy patchyi ;

3. since the patches overlap, each pixel admits several estimates. The last step consists of aver-
aging the estimates of each pixel to reconstruct the full image.

WhereasElad and Aharon(2006) learn an overcomplete basis set to obtain a “good” matrixX
in the step2 above, we choose a simpler approach and use an orthogonal discrete cosine trans-
form (DCT) dictionaryX (Ahmed et al., 1974) for which there exists a natural directed acyclic
graph structure. Such dictionary is classically used in theimage processing literature (seeElad and
Aharon, 2006); We present such a dictionary in Figure5 for 8×8 image patches.23 DCT elements
can be organized on a two-dimensional grid and ordered by horizontal and vertical frequencies.
We use the DAG structure presented in Figure5 connecting neighbors on the grid, going from low
to high frequencies. Note that since the dictionaryX is orthogonal, the non-convex problems we
address here are solved exactly. The experiment is intendedto address the following questions:

(A) In terms of optimization, is our approach efficient for this experiment?Because the number
of problems to solve is large (several millions), the task isdifficult.

(B) Do we get better results by using the graph structure than with classicalℓ0- andℓ1-penalties?

(C) How does the method compare with the state of the art?

Since the dictionaryX in R
n×p is orthogonal, it can be shown that Equation (14) is equivalent to

min
wi∈Rp

[1
2
‖X⊤yi −wi‖22+λΩ(wi)

]

,

and therefore the solution admits a closed formwi⋆,ProxλΩ(X⊤yi), which we know how to com-
pute whenΩ is theℓ0, ℓ1, ϕGp or ψGp penalties. Forℓ0 andℓ1, the solution is indeed respectively ob-
tained by hard and soft-thresholding, and we have introduced some tools in Section3 to compute the
proximal operators ofϕGp andψGp. We considere×e image patches, withe∈ {6,8,10,12,14,16},
and a parameterλ on a logarithmic scale with step 21/8. We also exploit the variant of our penalties
presented in Section3 that allows choosing the costs on the arcs of the graphG′. We choose here a

23. Note that an overcomplete DCT dictionary is already usedas a baseline byElad and Aharon(2006).
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Figure 5: Orthogonal DCT dictionary withn= 8×8 image patches. The dictionary elements are
organized by horizontal and vertical frequencies.

small cost on the arc(s,1) of the graphG′, and a large one for every arc(s, j), for j in {2, . . . , p},
such that all paths selected by our approach are encouraged to start by the variable 1 (equivalently
the dictionary elementx1 with the lowest frequencies). We use a dataset of 12 classical high-quality
images (uncompressed and free of artifact). We optimize theparametersλ ande on the first 3 im-
ages, keeping the 9 last images as a test set and report denoising results on Table1. Even though
this dataset is relatively small, it is relatively standardin the image processing literature, making the
comparison easy with competitive approaches.24

We start by answering question(A): we have observed that the time of computation depends on
several factors, including the problem size and the sparsity of the solution (the sparser, the faster).
In the settingσ= 10 ande= 8 we were able to denoise approximately 4000 patches per second
usingϕGp, and 1800 in the settingσ=50 ande=14 with our laptop 1.2Ghz CPU (core i3 330UM).
The penaltyψGp requires solving quadratic minimum cost flow problems, and was slower to use
in practice: The numbers 4000 and 1800 above respectively become 70 and 130. Our approach
with ϕGp proves therefore here to be fairly efficient for our task, allowing us to process an image
with about 250000 patches in between one and three minutes.

Moving now to question(B), the best performance among the penaltiesℓ0, ℓ1, ϕGp andψGp was
obtained byϕGp. This difference is statistically significant: We measure for instance an average
improvement of 0.38± 0.21 dB overℓ0 for σ ≥ 20. For this denoising task, it is indeed typical
to have non-convex penalties outperforming convex ones (see Mairal, 2010, Section 1.6.5, for a
benchmark betweenℓ0 andℓ1-penalties), and this is why the original method ofElad and Aharon
(2006) uses theℓ0-penalty. Interestingly, this superiority of non-convex penalties in this denoising
scheme based on overlapping patches is usually only observed after the averaging step3. When one
considers the quality of the denoising of individual patches without averaging—that is, after step2,
opposite conclusions are usually drawn (see againMairal, 2010, Section 1.6.5). We therefore report

24. This dataset can be found for example inMairal et al.(2009).
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σ 5 10 15 20 25 50 100

Our approach
ℓ0 37.04 33.15 31.03 29.59 28.48 25.26 22.44
ℓ1 36.42 32.28 30.06 28.59 27.51 24.48 21.96

ϕGp 37.01 33.22 31.21 29.82 28.77 25.73 22.97
ψGp 36.32 32.17 29.99 28.54 27.49 24.54 22.12

State of the art approaches
Portilla et al., 2003(GSM) 36.96 33.19 31.17 29.78 28.74 25.67 22.96

Elad and Aharon, 2006(K-SVD) 37.11 33.28 31.22 29.81 28.72 25.29 22.02
Dabov et al., 2007(BM3D) 37.24 33.60 31.68 30.36 29.36 26.11 23.11
Mairal et al., 2009(LSSC) 37.29 33.64 31.70 30.36 29.33 26.20 23.20

Table 1: Denoising results on the 9 test images. The numbers represent the average PSNR in dB
(higher is better).26 Pixel values are scaled between 0 and 255 andσ (the standard deviation of
the noise) is between 5 and 100. The top part of the table presents the results of the denoising
scheme we have presented with different penalties. The bottom part presents the results obtained
with various state-of-the-art denoising methods (see maintext for more details). Best results are in
bold for both parts of the table.

mean-square error results for individual patches without averaging in Table2 when e= 10. As
expected, the penaltyψGp turns out to be the best at this stage of the algorithm.25

We also present the performance of state-of-the-art image denoising approaches in Table1 to
address question(C). We have chosen to include in the comparison several methodsthat have suc-
cessively been considered as the state of the art in the past:the Gaussian Scale Mixture (GSM)
method ofPortilla et al.(2003), the K-SVD algorithm ofElad and Aharon(2006), the BM3D
method ofDabov et al.(2007) and the sparse coding approach ofMairal et al.(2009) (LSSC). We
of course do not claim to do better than the most recent approaches ofDabov et al.(2007) or Mairal
et al.(2009) which in addition to sparsity exploit non-local self similarities in images (Buades et al.,
2005). However, given the fact that we use a simple orthogonal DCTdictionary, (unlikeElad and
Aharon(2006) who learn overcomplete dictionaries adapted to the image), our approach based on
the penaltyϕGp performs relatively well. We indeed obtain similar resultsas Elad and Aharon
(2006) andPortilla et al.(2003) which were the state of the art for image denoising a few years ago,
and show that structured parsimony could be a promising toolin image processing.

4.3 Breast Cancer Data

One of our goal was to develop algorithmic tools improving the approach ofJacob et al.(2009). It
is therefore natural to try one of the dataset they used to obtain an empirical comparison. On the
one hand, we have developed tools to enrich the group structure that the penaltyψG could handle,
and thus we expect better results. On the other hand, the graph in this experiment is undirected and
we need to use heuristics to transform it into a DAG.

25. One possible explanation of the bad results obtained by convex penalties after the averaging step could possibly be
due to the shrinkage effect of these penalties. It seems thatthe shrinkage is helpful for individual patches, but hurts
after the averaging process.
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σ 5 10 15 20 25 50 100

ℓ0 3.60 10.00 16.65 23.22 29.58 57.97 95.79
ℓ1 2.68 7.65 13.42 19.22 25.23 52.38 87.90

ϕGp 3.26 8.36 13.62 18.83 23.99 47.66 84.74
ψGp 2.66 7.27 12.29 17.35 22.65 45.04 76.85

Table 2: Denoising results for individual 10×10 image patches on the 9 test images. The numbers
represent mean-squared error for the image patches (lower the better). Best results are in bold.

We use in this task the breast cancer dataset ofVan De Vijver et al.(2002). It consists of
gene expression data from 8141 genes inn=295 breast cancer tumors and the goal is to classify
metastatic samples versus non-metastatic. FollowingJacob et al.(2009), we use the gene network
compiled byChuang et al.(2007), obtained by concatenating several known biological networks. As
argued byJacob et al.(2009), taking into account the graph structure into the regularization has two
objectives: (i) possibly improving the prediction performance by using a better prior; (ii) identifying
connected subgraphs of genes that might be involved in the metastatic form of the disease, leading
to more interpretable results than the selection of isolated genes. Even though prediction is our
ultimate goal in this task, interpretation is equally important since it is necessary in practice to
design drug targets. In their paper,Jacob et al.(2009) did succeed in the sense that their penalty
was able to extract more connected patterns than theℓ1-regularization, even though they could not
statistically assess significant improvements in terms of prediction. FollowingJacob et al.(2009),
we also assume that connectivity of the solution is an asset for interpretability. The questions we
address here are the following:

(A) Despite the heuristics described below to transform the graph into a DAG, does our approach
lead to well connected solutions in the original (undirected) graph? Do our penalties lead to
better connected solutions than other penalties?.

(B) Do our penalties lead to better classification performance thanJacob et al.(2009) and other
classical unstructured and structured regularization functions? Is the graph structure useful
to improve the prediction? Does sparsity help prediction?

(C) How efficient is our approach for this task?The problem here is of medium/large scale but
should be solved a large number of times (several thousands of times) because of the internal
cross validation procedure.

The graph of genes, which we denote byG0, contains 42587 edges, and asJacob et al.(2009), we
keep thep=7910 genes which are present inG0. In order to obtain interpretable results and select
connected components ofG0, Jacob et al.(2009) have used their structured sparsity penaltyψG

where the groupsG are all pairs of genes linked by an arc. Our approach requiresa DAG, but we
will show in the sequel that we nevertheless obtain good results after heuristically transformingG0

into a DAG. To do so, we first treatG0 as directed by choosing randomly directions on the arcs,
and second remove some arcs along cycles in the graph. It results in a DAG containing 33303
arcs, which we denote byG. This pre-processing step is of course questionable since our penalties
are originally not designed to deal with the graphG0. We of course do not claim to be able to
individually interpret each path selected by our method, but, as we show, it does not prevent our
penaltiesϕGp andψGp to achieve their ultimate goal—that is connectivity in the original graphG0.
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We consider the formulation (1) whereL is a weighted logistic regression loss:

L(w),
n

∑
i=1

1
nyi

log(1+e−yiw⊤xi ),

where theyi ’s are labels in{−1,+1}, thexi ’s are gene expression vectors inRp. The weightn1

is the number of positive samples, whereasn−1 the number of negative ones. This model does not
include an intercept, but the gene expressions are centered. The regularization functions which are
included in the comparison are the following:

• our path-coding penaltiesϕGp andψGp with the weightsηg defined in (7)

• the squaredℓ2-penalty (ridge logistic regression);

• theℓ1-norm (sparse logistic regression);

• the elastic-net penalty ofZou and Hastie(2005), which has the formw→‖w‖1+(µ/2)‖w‖22,
whereµ is an additional parameter;

• the penaltyψG of Jacob et al.(2009) where the groupsG are pairs of vertices linked by an arc;

• a variant of the penaltyψG of Jacob et al.(2009) whose form is given in Equation (16) of
AppendixB, where theℓ2-norm is used in place of theℓ∞-norm;

• the penaltyζG of Jenatton et al.(2011) given in AppendixA where the groups are all pairs of
vertices linked by an arc;

• the penaltyζG of Jenatton et al.(2011) using the group structure adapted to DAGs described
in Appendix A. This penalty was empirically problematic to use directly.The number of
groups each variable belongs to significantly varies from a variable to another, resulting in
overpenalization for some variables and underpenalization for some others. To cope with this
issue, we have tried different weighting strategies to choose the weightsηg for every group in
the penalty (similarly as those described byJenatton et al. 2011), but we have been unable to
obtain sparse solutions in this setting (typically the penalty selects here more than a thousand
variables). A heuristic which has proven to be much better isto add a weightedℓ1-penalty
to ζG to correct the over/under-penalization issue. Denoting for a variable j in {1, . . . , p}
by d j the number of groups the variablej belongs to—in other wordsd j , ∑g∈G :g∋ j 1, we
add the term∑p

j=1(maxk dk−d j)|w j | to the penaltyζG .

The parameterλ in Eq. (1) is chosen on a logarithmic scale with steps 21/4. The elastic-net pa-
rameterµ is chosen in{1,10,100}. The parameterγ for the penaltiesϕGp and ψGp is chosen
in {2,4,8,16}. We proceed by randomly sampling 20% of the data as a test set,keeping 80%
for training, selecting the parametersλ,µ,γ using internal 5-fold cross validation on the training set,
and we measure the average balanced error rate between the two classes on the test set. We have
repeated this experiment 20 times and we report the averagedresults in Table3.

We start by answering question(A). We remark that our penaltiesϕGp andψGp succeed in select-
ing very few connected components ofG0, on average 1.3 for ψGp and 1.6 for ϕGp while providing
sparse solutions. This significantly improves the connectivity of the solutions obtained using the
approach ofJacob et al.(2009) or Jenatton et al.(2011). To claim better interpretable results, one
has of course to trust the original graph. AsJacob et al.(2009), we assume that connectivity inG0 is
a good prior information. We also study the effect of the preprocessing step we have used to obtain
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a directed acyclic graphG from G0. We report in the row “ψGp-random” in Table3 the results we
obtain when randomizing the pre-processing step between every experimental run (providing us a
different graphG for every run). We observe that the outcomeG does not significantly change the
sparsity and connectivity inG0 of the sparsity patterns our penalty select.

As far as the prediction performance is concerned, our penalty ψGp seems to be the only one
that is able to produce sparse and connected solutions whileproviding a similar average error rate
as theℓ2-penalty. The non-convex penaltyϕGp produces a very sparse solution which is connected
as well, but with an approximately 6% higher classification error rate. Note that because of the high
variability of this performance measure, clearly assessing the statistical significance of the observed
difference is difficult. As it was previously observed byJacob et al.(2009), the data is very noisy and
the number of samples is small, resulting in high variability. As Jacob et al.(2009), we have been
unable to test the statistical significance rigorously—that is, without assuming independence of the
different experimental runs.27 We can therefore not clearly answer the first part of question(B). The
second part of the question is however more clear: neither sparsity, nor the graph structure seem to
help prediction in this experiment. We have for example tried to use the same graphG, but where
we randomly permute thep predictors (genes) at every run, making the graph structureirrelevant to
the data. We report in Table3 at the row “ψGp-permute” the average classification error rate, which
is not significantly different than without permutation.

Our conclusions about the use of structured sparse estimation for this task are therefore mixed.
On the one hand, we are able to select a well connected sparsity pattern which is good for the inter-
pretability of the results (assuming the original graph should be trusted). On the other hand, none
of the tested method was shown to statistically do better in prediction than simple ridge regulariza-
tion.28 Another question we would like to investigate is the stability properties of the selected spar-
sity patterns, which is often an issue with features selection methods (Meinshausen and Bühlmann,
2010). By introducing strong prior knowledge in the regularization, structured sparse estimation
seems to provide more stable solutions thanℓ1. For instance, 5 genes are selected byℓ1 in more
than half of the experimental runs, whereas this number is 10and 14 for the penalties ofJacob et al.
(2009), and 33 forψGp. Whereas we believe that stability is important, it is however hard to claim
direct benefits of having a “stable” penalty without furtherstudy. By encouraging connectivity of
the solution, variables that are highly connected in the graph tend to be more often selected, im-
proving stability of the solution, but not necessarily the interpretability in the absence of biological
prior knowledge that prefers connectivity.

In terms of computational efficiency of our implementation,computing one proximal operator
of ψGp for the selected parameters was relatively fast, approximately 0.17 seconds on a 1.2GHz
laptop cpu (Intel core i3 330UM), but tends to be significantly slower when the solution is less
sparse, for instance with small values forλ. Since solving an instance of problem (1) requires
computing about 500 proximal operators to obtain a reasonably precise solution, our method was
fast enough to conduct this experiment in a reasonable amount of time.

27. Pairwise T-tests would suggest that our penalties do significantly better thanℓ1 or the approach ofJacob et al.(2009).
However, a T-test requires independence of the experimental runs, which would be a wrong assumption here.

28. This is due in part to the fact that statistical testing isdifficult here, because of few samples and a lot of noise in this
dataset.
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test error (%) sparsity connected components

ℓ2
2 31.0±6.1 7910 58
ℓ1 36.0±6.5 32.6 30.9

ℓ2
2+ ℓ1 31.5±6.7 929.6 355.2

Jacob et al.(2009)-ℓ∞ 35.9±6.8 68.4 13.2
Jacob et al.(2009)-ℓ2 36.0±7.2 58.5 11.1

Jenatton et al.(2011) (pairs) 34.5±5.2 33.4 28.8
Jenatton et al.(2011) (DAG)+weightedℓ1 35.6±7.0 54.6 28.4

ϕGp 36.0±6.8 10.2 1.6
ψGp 30.2±6.8 69.9 1.3

ψGp-permute 33.2±7.6 143.2 1.7
ψGp-random 31.6±6.0 78.5 1.4

Table 3: Experimental results on the breast cancer dataset (Van De Vijver et al., 2002) for different
penalties. Column “test error”: average balanced classification error rate on the test set in percents
with standard deviations; the results are averaged over 20 runs and the parameters are selected for
each run by internal 5-fold cross validation (see main text for details). Column “sparsity”: average
number of selected genes. Column “connected components”: average number of selected connected
components inG0.

5. Conclusion

Our paper proposes a new form of structured penalty for supervised learning problems where pre-
dicting features are sitting on a DAG, and where one wishes toautomatically select a small number
of connected subgraphs of the DAG. The computational feasibility of this form of penalty is estab-
lished by making a new link between supervised path selection problems and network flows. Our
penalties admit non-convex and convex variants, which can be used within the same network flow
optimization framework. These penalties are flexible in thesense that they can control the connec-
tivity of a problem solution, whether one wishes to encourage large or small connected components,
and are able to model long-range interactions between variables.

Some of our conclusions show that being able to provide both non-convex and convex variants of
the penalties is valuable. In various contexts, we have beenable to find situations where convexity
was helpful, and others where the non-convex approach wouldlead to better solutions than the
convex one. Our experiments show that when connectivity of asparsity pattern is a good prior
knowledge our approach is fast and effective for solving different prediction problems.

Interestingly, our penalties seem to empirically perform well on more general graphs than
DAGs, when heuristically removing cycles, and we would likein the future to find a way to better
handle them. We also would like to make further connections with image segmentation techniques,
which exploit different but related optimization techniques (seeBoykov et al., 2001; Couprie et al.,
2011), and kernel methods, where other type of feature problems in DAGs occur (Bach, 2008).29

29. The hierachical kernel learning (HKL) problem ofBach(2008) involves features organized in a DAG. However, the
purpose of the regularization in HKL is not to induce connectivity of a sparsity pattern, but to select a feature if and
only if all its ancestors in the DAG are selected as well. Thisis a type of sparsity similar to the sparsity regularization
for trees ofZhao et al.(2009).
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Appendix A. The Penalty ofJenatton et al.(2011) for DAGs

The penalty ofJenatton et al.(2011) requires a pre-defined set of possibly overlapping groupsG
and is defined as follows:

ζG (w), ∑
g∈G

ηg‖wg‖ν, (15)

where the vectorwg in R
|g| records the coefficients ofw indexed byg in G , the scalarsηg are

positive weights, andν typically equals 2 or∞. This penalty can be interpreted as theℓ1-norm of
the vector[ηg‖wg‖ν]g∈G , therefore inducing sparsity at the group level. It extendsthe Group Lasso
penalty (Turlach et al., 2005; Yuan and Lin, 2006) by allowing the groups to overlap.

Whereas the penaltyψG of Jacob et al.(2009) encourages solutions whose set of non-zero
coefficients is aunionof a few groups, the penaltyζG promotes solutions whose sparsity pattern is
in theintersectionof some selected groups. This subtlety makes these two linesof work significantly
different. It is for example unnatural to use the penaltyζG to encourage connectivity in a graph.
When the groups are defined as the pairs of vertices linked by an arc, it is indeed not clear that
sparsity patterns defined as the intersection of such groupswould lead to a well connected subgraph.
As shown experimentally in Section4 this setting indeed performs poorly for this task.

However, when the graph is a DAG, there exists an appropriategroup settingG when the spar-
sity pattern of the solution is expected to be a single connected component of the DAG. Let us indeed
define the groups to be the sets of ancestors, and sets of descendents for every vertex.30 The cor-
responding penaltyζG encourages sparsity patterns which are intersections of groups inG , which
can be shown to be exactly the connected subgraphs of the DAG.31 This penalty is tractable since
the number of groups is linear in the number of vertices, but as soon as the sparsity pattern of the
solution is not connex (contains more than one connected component), it is unable to recover it,
making it useful to seek for a more flexible approach. For thisgroup structureG , the penaltyζG

also suffers from other practical issues concerning the overpenalization of variables belonging to
many different groups. These issues are empirically discussed in Section4 on concrete examples.

30. The set of descendents of a vertexu in a DAG are defined as all verticesv such that there exists a path fromu to v.
Similarly the set of ancestors contains all vertices such that there is a path fromv to u.

31. This setting was suggested to us by Francis Bach, Rodolphe Jenatton and Guillaume Obozinski in a private discussion.
Note that we have assumed here for simplicity that the DAG is connected—that is, has a single connected component.
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Appendix B. Links BetweenHuang et al. (2011) and Jacob et al.(2009)

Similarly as the penalty ofϕG of Huang et al.(2011), the penalty ofJacob et al.(2009) encourages
the sparsity pattern of a solution to be the union of a small number of predefined groupsG . Unlike
the functionϕG , it is convex (it can be shown to be a norm), and is defined as follows:

ψ′G (w), min
(ξg∈Rp)g∈G

{

∑
g∈G

ηg‖ξg‖ν s.t. w = ∑
g∈G

ξg and ∀ g∈ G , Supp(ξg)⊆ g

}

, (16)

where‖.‖ν typically denotes theℓ2-norm (ν=2) orℓ∞-norm (ν=∞).32 In this equation, the vectorw
is decomposed into a sum of latent vectorsξg, one for every groupg in G , with the constraint that
the support ofξg is itself in g. The objective function is a Group-Lasso penalty (Yuan and Lin,
2006; Turlach et al., 2005) as presented in Equation (15) which encourages the vectorsξg to be
zero. As a consequence, the support ofw is contained in the union of a few groupsg corresponding
to non-zero vectorsξg, which is exactly the desired regularization effect. We nowgive a proof of
Lemma1 relating this penalty to the convex relaxation ofϕG given in Equation (6) whenν = ∞.
Proof. We start by showing thatψ′G is equal to the penaltyψG defined in Equation (6) onR

p
+. We

consider a vectorw in R
p
+ and introduce for all groupsg in G appropriate variablesξg in R

p. The
linear program definingψG can be equivalently rewritten

ψG (w) = min
x∈R|G |+

(ξg∈Rp)g∈G

{

η⊤x s.t. ∑
g∈G

ξg = w, Nx≥ ∑
g∈G

ξg and∀ g∈ G , Supp(ξg)⊆ g

}

,

where we use the assumption that for all vectorw in R
p
+, there exist vectorsξg such that∑g∈G ξg =

w. Let us consider an optimal pair(x,(ξg)g∈G ). For all indicesj in {1, . . . , p}, the constraintNx≥
∑g∈G ξg leads to the following inequality

∑
g∋ j:xg≥ξg

j

xg−ξg
j

︸ ︷︷ ︸

τ+j ≥0

+ ∑
g∋ j:xg<ξg

j

xg−ξg
j

︸ ︷︷ ︸

τ−j ≤0

≥ 0,

wherexg denotes the entry ofx corresponding to the groupg, and two new quantitiesτ+j andτ−j are

defined. For allg in G , we define a new vectorξ′g such that for every pair(g, j) in G ×{1, . . . , p}:

1. if j /∈ g, ξ′gj , 0;

2. if j ∈ g andxg≥ ξg
j , thenξ′gj , xg;

3. if j ∈ g andxg < ξg
j , thenξ′gj , ξg

j − (xg−ξg
j )

τ+j
τ−j

.

Note that if there existsj andg such thatxg < ξg
j , thenτ−j is nonzero and the quantityτ+j /τ−j is well

defined. Simple verifications show that for all indicesj in {1, . . . , p}, we have∑g∋ j xg−ξ′gj = τ+j +
τ−j = ∑g∋ j xg− ξg

j , and therefore∑g∈G ξ′g = ∑g∈G ξg = w. The pair(x,(ξ′g)g∈G ) is therefore also

32. Note that in fact,Jacob et al.(2009) do only consider the caseν=2 in their paper.
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optimal. In addition, for all groupsg in G and indexj in {1, . . . , p}, it is easy to show thatxg−ξ′gj ≥ 0
and that we have at optimality sign(ξg

j ) = sign(w j) = 1 for any nonzeroξg
j . Therefore, the condition

‖ξ′g‖∞ ≤ xg is satisfied, which is stronger than the original constraintNx≥ ∑g∈G ξ′g. Moreover, it
is easy to show that‖ξ′g‖∞ is necessary equal toxg at optimality (otherwise, one could decrease the
value ofxg to decrease the value of the objective function). We can now rewriteψG (w) as

ψG (w) =

{

min
(ξg∈Rp)g∈G

∑
g∈G

ηg‖ξg‖∞ s.t. ∑
g∈G

ξg = w, and∀ g∈ G , Supp(ξg)⊆ g

}

,

and we have shown thatψ′G = ψG onR
p
+. By noticing that in Equation (6) a solution(ξg)g∈G nec-

essary satisfies sign(ξg
j ) = sign(w j) for every groupg and indexj such thatξg

j 6= 0, we can extend
the proof fromR

p
+ toR

p.

Appendix C. Interpretation of the Weights ηg with Coding Lengths

Huang et al.(2011) have given an interpretation of the penaltyϕG defined in Equation (4) in terms
of coding length. We use similar arguments to interpret the path-coding penaltyϕGp from an
information-theoretic point of view. For appropriate weights ηg, the quantityϕGp(w) for a vec-
tor w in R

p can be seen as a coding length for the sparsity pattern ofw—that is, the following
Kraft-MacMillan inequality (seeCover and Thomas, 2006; MacKay, 2003) is satisfied:

∑
S∈{0,1}p

2−ϕGp(S) ≤ 1. (17)

It is indeed well known in the information theory literaturethat there exists a binary uniquely de-
codeable code over{0,1}p with code lengthϕGp(S) for every patternS in {0,1}p if and only if the
above inequality is satisfied (seeCover and Thomas, 2006). We now show that a particular choice
for the weightsηg leads to an interesting interpretation.

Let us consider the graphG′ with source and sink verticess and t defined in Section3. We
assume that a probability matrix transitionπ(u,v) for all (u,v) in E′ is given. With such matrix
transition, it is easy to obtain a coding length for the set ofpathsGp:

Lemma 3 (Coding Length for Paths.)
Let clg for a path g= (v1, . . . ,vk) in Gp be defined as

clg ,− log2π(s,v1)−
(k−1

∑
i=1

log2 π(vi ,vi+1)
)

− log2 π(vk, t).

Then clg is a coding length onGp.

Proof. We observe that for every path(v1, . . . ,vk) in Gp corresponds a unique walk of length|V ′| of
the form(s,v1, . . . ,vb, t, t, . . . , t), and vice versa. Denoting byπt(s, t) the probability that a Markov
chain associated to the probability transition matrixπ starting at the vertexu is at the vertexv at
time t, it is easy to show that

∑
g∈Gp

2−clg = π|V
′|(s, t) = 1,
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and therefore clg is a coding length onGp.

the term− log2π(s,v1) represents the number of bits used to indicate that a pathg starts with the
vertex v1, whereas the bits corresponding to the terms− log2π(vi ,vi+1) indicate that the vertex
following vi is vi+1. The bits corresponding to last term− log2 π(vk, t) indicate the end of the path.
To define the weightsηg, we now define the following costs:

cuv ,

{
1− log2π(u,v) if u= s
− log2π(u,v) otherwise.

The weightηg therefore satisfiesηg = ∑(u,v)∈E′ cuv = clg+1, and as shown byHuang et al.(2011),
this is a sufficient condition forϕGp(w) to be a coding length for{0,1}p.

We have therefore shown that (i) the different terms composing the weightsηg can be interpreted
as the number of bits used to encode the paths in the graph; (ii) it is possible to use probability
transition matrices (or random walks) on the graph to designthe weightsηg.

Appendix D. Proofs of the Propositions

D.1 Proofs of Propositions1 and 2

Proof. We start by proving Proposition1. Let us consider the alternative definition ofϕGp given in
Equation (5). This is an optimization over all paths inG, or equivalently all(s, t)-paths inG′ (since
these two sets are in bijection). We associate to a vectorx in {0,1}p a flow f on G′, obtained by
sending one unit of flow on every(s, t)-pathg satisfyingxg = 1 (xg denotes the entry ofx associated
to the group/pathg). Each of these(s, t)-path flow has a costηg and the total cost off is exactlyη⊤x.

We also observe that within this network flow framework, the constraintNx ≥ Supp(w) in
Equation (5), is equivalent to saying that for allj in {1, . . . , p}, the amount of flow going through
the vertexj (denoted bysj( f )) is greater than one ifw j 6= 0. We have therefore shown thatϕGp(w)
is the minimum cost achievable by a flowf such that the constraintsj( f )≥ 1 is satisfied for allj in
Supp(w) and such thatf can be decomposed into binary(s, t)-path flows.

To conclude the proof of Proposition1, we show that there exists an optimal flow which admits
a decomposition into binary(s, t)-path flows. We notice that all arc capacities in Equation (9) are
integers. A classical result (Ahuja et al., 1993, Theorem 9.10) says that there exists an optimal
integer minimum-cost flow (a flow whose values on arcs are integers). We denote byf such a so-
lution. Then, the flow decomposition theorem (Bertsekas, 1998, Proposition 1.1) tells us thatf can
be decomposed into(s, t)-path flows, but it also says that iff is integer, thenf can be decomposed
into integer(s, t)-path flows.33 We conclude the proof by noticing that sending more than one unit
of flow on a path is not optimal (one can reduce the cost by sending only one unit of flow, while
keeping the capacity constraints satisfied), and thereforethere exists in fact a decomposition off
into binary(s, t)-path flows. The quantity presented in Equation (9) is therefore equal toϕGp(w).

The proof of Proposition2 builds upon the definition ofψG given in Equation (6) and is similar
to the one of Proposition1.

33. To be more precise, this theorem tells us that a flow vectorcan be decomposed between(s, t)-path flows and cycle
flows (units of flow sent along a cycle in the graph). However, we are dealing here with acyclic graphs. This point is
one of the difficulties to extend our framework to graphs withcycles.
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D.2 Proof of Proposition3

Proof. Using the definition of the proximal operator in Equation (3) and the definition ofϕG in
Equation (5), there exists a patternS in {0,1}p such that the solutionw⋆ of the proximal problem
satisfies for allj, w⋆

j = u j if j is in S, andw⋆
j = 0 otherwise. We therefore rewrite Equation (3),

using the result of Proposition1

min
S∈{0,1}p, f∈F

{

1
2 ∑

j /∈S

u2
j + ∑

(u,v)∈E′
fuvcuv s.t. sj( f )≥ 1,∀ j ∈ S

}

.

WhenS is fixed, minimizing the above expression is a minimum cost flow problem with integer
capacity constraints. Thus, there exists an integer flow solution, and we can, without loss of gen-
erality constrainf to be integer, and replace the constraintssj( f ) ≥ 1 by sj( f ) > 0. After this
modification, for f is fixed, minimizing with respect toS gives us the following closed form: for
all j in {1, . . . , p}, Sj = 1 if sj( f ) > 0 and 0 otherwise. With this choice forS, we have in addi-
tion ∑ j /∈Su2

j = ∑p
j=1 max

(
u2

j (1− sj( f )),0
)
, and denoting byFint the set of integer flows, we can

equivalently rewrite the optimization problem

min
f∈Fint

{

∑
(u,v)∈E′

fuvcuv+
p

∑
j=1

1
2

max
(
u2

j (1−sj( f )),0
)

}

.

It is easy to transform this minimum cost flow problem with piecewise linear costs to a classical
minimum cost flow problem (seeBertsekas, 1998, Exercise 1.19) with integral constraints. There-
fore, it is possible to remove the constraintf ∈ Fint and replace it byf ∈ F without changing the
optimal value of the cost function, leading to the formulation proposed in Equation (11).

D.3 Proof of Proposition4

Proof. Without loss of generality, let us suppose thatu is in R
p
+.34

According to Proposition2, we can write the proximal problem as

min
w∈Rp

+, f∈F

{

1
2

p

∑
j=1

(u j −w j)
2+ ∑

(u,v)∈E′
fuvcuv s.t. sj( f )≥ w j ,∀ j ∈ {1, . . . , p}

}

.

When f is fixed, minimizing with respect tow yields for all j, w⋆
j = min(u j ,sj( f ⋆)). Plugging this

closed form in the above equation yields the desired formulation.

D.4 Proof of Proposition5

Proof. We recall that according to Lemma1, we have for allw in R
p
+:

ψGp(w) = min
x∈R

|Gp|
+

{

η⊤x s.t. Nx≥ w
}

.

34. Let us denote byw⋆ , ProxψGp
[u]. It is indeed easy to see that the signs of the entries ofw⋆ are necessary the same

as those ofu, and flipping the signs of some entries ofu results in flipping the signs of the corresponding entries
in w⋆.
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This is a linear program, whose dual (seeNocedal and Wright, 2006) gives us another definition
for ψGp onR

p
+. Since strong duality holds here, we have

ψGp(w) = max
κ∈Rp

+

{

w⊤κ s.t. N⊤κ≤ η
}

.

It is easy to show that one can extend this definition onR
p such that we have

ψGp(w) = max
κ∈Rp

{

w⊤κ s.t. max
g∈Gp

‖κg‖1
ηg

≤ 1

}

. (18)

whereκg denotes the vector of size|g| containing the entries ofκ corresponding to the indices in the
groupg. Note that a similar formula appears in (Jacob et al., 2009, Lemma 2), when theℓ2-norm is
used in place of theℓ∞. We now define for a vectorκ in R

p,

ψ∗Gp
(κ), max

g∈Gp

‖κg‖1
ηg

.

It is easy to see that it is a norm, and by Equation (18), this is in fact the dual norm of the normψGp.
We can now rewrite it as

ψ∗Gp
(κ) = min

τ∈R+

{

τ s.t. max
g∈Gp

‖κg‖1
ηg

≤ τ
}

,

= min
τ∈R+

{

τ s.t. max
g∈Gp

‖κg‖1
τ
−ηg≤ 0

}

,

= min
τ∈R+

{

τ s.t. min
g∈Gp

lτ(g) ≥ 0

}

,

where we have identified the groups inGp to their corresponding(s, t)-paths inG′.

D.5 Proof of Proposition6

Proof.
Correctness:
We start by showing that when the algorithm converges, it returns the correct solution. We re-
mark that the choice ofτ in the algorithm ensures that there always exists a grouph in Gp such
that lτ(h) = 0 and therefore we always haveδ ≤ 0. Therefore, when the algorithm converges,δ
is equal to zero. Moreover, the functionG : τ→ minh∈Gp lτ(h) is non-increasing withτ since the
functionsτ→ lτ(h) are themselves non-increasing for allh in Gp. It is also easy to show that there
exists a uniqueτ such thatG(τ) = 0, which is the desired solution. We conclude by noticing that at
convergence, we haveG(τ) = δ = 0.
Convergence and complexity:
We now show that the algorithm converges and give a worst-case complexity (which is not neces-
sarily tight). We denote byτk, gk andδk the respective values ofτ,g andδ at the iterationk of the
algorithm. The definition ofτk+1 implies that

lτk+1(gk) = 0= lτk(gk)
︸ ︷︷ ︸

δk≤0

+‖κgk‖1

( 1
τk
−

1
τk+1

)

︸ ︷︷ ︸

−δk≥0

.
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Moreover,

δk+1 = lτk+1(gk+1) = lτk(gk+1)+‖κgk+1‖1

( 1
τk
−

1
τk+1

)

.

Sincelτk(gk+1)≥ δk (δk is the length of the shortest path), we can show that

δk+1≥ δk

(

1−
‖κgk+1‖1
‖κgk‖1

)

.

Sinceδk+1≤ 0, we remark that necessarily‖κgk+1‖1≤ ‖κgk‖1, and we have two possibilities

1. either‖κgk+1‖1 = ‖κgk‖1 andδk+1 = 0, meaning that the algorithm has converged.

2. either‖κgk+1‖1 < ‖κgk‖1 and it is easy to show that is implies thatηgk+1 < ηgk.

Sinceηh = γ+ |h|, we obtain thatηgk is strictly decreasing withk before the convergence of the
algorithm. Since it can have at mostp different values, the algorithm converges in at mostp itera-
tions. Updating the pathg in the algorithm can be done by solving a shortest path problem in the
graphG′, which can be done inO(p) operations since the graph is acyclic (Ahuja et al., 1993), and
the total worst-case complexity isO(p2), which concludes the proof.

D.6 Proof of Proposition7

Proof. We denote byκ the quantityκ , ∇L(w), and respectively bỹκ andw̃ the vectors recording
the entries ofκ andw that are inṼ.
Convergence of the algorithm:
Convergence of the algorithm is easy to show and consists of observing thatG̃ is strictly increasing.
After solving subproblem (13), we have from the optimality conditions of Lemma2 thatψ∗

G̃p
(κ̃)≤ λ.

By definition of the dual-norm given in Proposition5, and using the same notation we have that for
all g in G̃p, lλ(g) ≥ 0. We now denote byτ the quantityτ = ψ∗Gp

(κ), if τ ≤ λ, the algorithm stops.

If not, we have that for allg in G̃p, lτ(g) > 0 (sinceτ > λ and lλ(g) ≥ 0 for all g in G̃p). The step
g← argming∈Gp

lτ(g) then selects a groupg such thatlτ(g) = 0 (which is easy to check given the

definition of ψ∗Gp
in Proposition5. Therefore, the selected pathg is not in G̃, and the size ofG̃

strictly increases, leading to convergence of the algorithm.
Correctness:
We want to show that when the algorithm stops, it returns the correct solution. First, if we havẽG=
G, it is trivially correct. If it stops withG̃ 6= G, we have thatψ∗Gp

(κ) ≤ λ, and according to

Lemma2, we only need to check that−κ⊤w = λψGp(w). We remark that we haveλψGp(w) ≤

λψG̃p
(w) = −κ̃⊤w̃ = −κ⊤w ≤ ψ∗Gp

(κ)ψGp(w),where the first inequality is easy to show when ob-

serving thatG̃p⊆ Gp, and the last inequality is the generalized Hölder inequality for a norm and its
dual-norm. Sinceψ∗Gp

(κ)ψGp(w)≤ λψGp(w) we have in fact equality, and we conclude the proof.
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M. Boguñá, R. Pastor-Satorras, A. Dı́az-Guilera, and A. Arenas. Models of social networks based
on social distance attachment.Physical Review E, 70(5):056122, 2004.

S. P. Boyd and L. Vandenberghe.Convex Optimization. Cambridge University Press, 2004.

Y. Boykov, O. Veksler, and R. Zabih. Fast approximate energyminimization via graph cuts.IEEE
Transactions on Pattern Analysis and Machine Intelligence, 23(11):1222–1239, 2001.

A. Buades, B. Coll, and J.M. Morel. A review of image denoising algorithms, with a new one.
SIAM Multiscale Modelling and Simulation, 4(2):490, 2005.

V. Cehver, M. Duarte, C. Hedge, and R. G. Baraniuk. Sparse signal recovery using Markov random
fields. InAdvances in Neural Information Processing Systems (NIPS), 2008.

A. Chambolle and J. Darbon. On total variation minimizationand surface evolution using parametric
maximal flows.International Journal of Computer Vision, 84(3):288–307, 2009.

S.S. Chen, D.L. Donoho, and M.A. Saunders. Atomic decomposition by basis pursuit. SIAM
Journal on Scientific Computing, 20(1):33–61, 1999.

X. Chen, Q. Lin, S. Kim, J. Pena, J.G. Carbonell, and E.P. Xing. Smoothing proximal gradient
method for general structured sparse learning. InProceedings of the Twenty-Seven Conference
on Uncertainty in Artificial Intelligence (UAI), 2011.

H.Y. Chuang, E. Lee, Y.T. Liu, D. Lee, and T. Ideker. Network-based classification of breast cancer
metastasis.Molecular Systems Biology, 3(140), 2007.

35



T.H. Cormen, C.E. Leiserson, R.L. Rivest, and C. Stein.Introduction to algorithms. MIT Press,
2001.

C. Couprie, L. Grady, H. Talbot, and L. Najman. Combinatorial continuous maximum flow.SIAM
Journal on Imaging Sciences, 4:905–930, 2011.

T.M. Cover and J.A Thomas.Elements of information theory. Wiley, 2006. 2nd edition.

K. Dabov, A. Foi, V. Katkovnik, and K. Egiazarian. Image denoising by sparse 3D transform-
domain collaborative filtering.IEEE Transactions on Image Processing, 16(8):2080–2095, 2007.

I. Daubechies, M. Defrise, and C. De Mol. An iterative thresholding algorithm for linear inverse
problems with a sparsity constraint.Communications on Pure and Applied Mathematics, 57(11):
1413–1457, 2004.

A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum likelihood from incomplete data via the
EM algorithm. Journal of the Royal Statistical Society. Series B (Methodological), 39(1):1–38,
1977.

B. Efron, T. Hastie, I. Johnstone, and R. Tibshirani. Least angle regression.Annals of Statistics, 32
(2):407–499, 2004.

M. Elad and M. Aharon. Image denoising via sparse and redundant representations over learned
dictionaries.IEEE Transactions on Image Processing, 54(12):3736–3745, 2006.

J. Fan and R. Li. Variable selection via nonconcave penalized likelihood and its oracle properties.
Journal of the American Statistical Association, 96(456):1348–1360, 2001.

L.R. Ford and D.R. Fulkerson. Maximal flow through a network.Canadian Journal of Mathematics,
8(3):399–404, 1956.
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N. Meinshausen and P. Bühlmann. Stability selection.Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 72(4):417–473, 2010.

D. Needell and J. A. Tropp. CoSaMP: Iterative signal recovery from incomplete and inaccurate
samples.Applied and Computational Harmonic Analysis, 26(3):301–321, 2009.

37

http://tel.archives-ouvertes.fr/tel-00595312


Y. Nesterov. Gradient methods for minimizing composite objective function. Technical report,
CORE Discussion paper, 2007.

J. Nocedal and S.J. Wright.Numerical optimization. Springer Verlag, 2006. 2nd edition.

G. Obozinski and F. Bach. Convex relaxations for combinatorial penalties. Technical report, INRIA,
2012. To appear.

M. R. Osborne, B. Presnell, and B. A. Turlach. On the Lasso andits dual.Journal of Computational
and Graphical Statistics, 9(2):319–37, 2000.

J. Portilla, V. Strela, M. J. Wainwright, and E. P. Simoncelli. Image denoising using scale mixtures
of Gaussians in the wavelet domain.IEEE Transactions on Image Processing, 12(11):1338–1351,
2003.

F. Rapaport, A. Zinovyev, M. Dutreix, E. Barillot, and J.-P.Vert. Classification of microarray data
using gene networks.BMC Bioinformatics, 8(1):35, 2007.

J. Rissanen. Modeling by shortest data description.Automatica, 14(5):465–471, 1978.

M. Schmidt, N. Le Roux, and F. Bach. Convergence rates of inexact proximal-gradient methods for
convex optimization. InAdvances in Neural Information Processing Systems (NIPS), 2011.

G. Schwarz. Estimating the dimension of a model.Annals of Statistics, 6(2):461–464, 1978.

R. Tibshirani. Regression shrinkage and selection via the Lasso. Journal of the Royal Statistical
Society: Series B, 58(1):267–288, 1996.

B.A. Turlach, W.N. Venables, and S.J. Wright. Simultaneousvariable selection.Technometrics, 47
(3):349–363, 2005.

M.H. Van De Vijver et al. A gene-expression signature as a predictor of survival in breast cancer.
The New England Journal of Medicine, 347(25):1999–2009, 2002.

S. Wright, R. Nowak, and M. Figueiredo. Sparse reconstruction by separable approximation.IEEE
Transactions on Signal Processing, 57(7):2479–2493, 2009.

M. Yuan and Y. Lin. Model selection and estimation in regression with grouped variables.Journal
of the Royal Statistical Society: Series B, 68:49–67, 2006.

P. Zhao, G. Rocha, and B. Yu. The composite absolute penalties family for grouped and hierarchical
variable selection.Annals of Statistics, 37(6A):3468–3497, 2009.

H. Zou and T. Hastie. Regularization and variable selectionvia the elastic net.Journal of the Royal
Statistical Society: Series B, 67(2):301–320, 2005.

38


	1 Introduction
	2 Preliminaries
	2.1 Network Flow Optimization
	2.2 Proximal Gradient Methods

	3 Sparse Estimation in Graphs with Path Coding Penalties
	3.1 Path Coding Penalties
	3.2 Computing the Penalties Gp and Gp with Network Flow Optimization
	3.3 Solving Regularized Problems Using Proximal Gradient Methods
	3.4 Practical Algorithms for Solving the Network Flow Problems
	3.5 Computing the Dual-Norm of Gp
	3.6 Active Set Methods for Solving Problem (1) when =Gp

	4 Experiments and Applications
	4.1 Synthetic Experiments
	4.2 Image Denoising
	4.3 Breast Cancer Data

	5 Conclusion
	A The Penalty of jenatton for DAGs
	B Links Between huang and jacob
	C Interpretation of the Weights g with Coding Lengths
	D Proofs of the Propositions
	D.1 Proofs of Propositions 1 and 2
	D.2 Proof of Proposition 3
	D.3 Proof of Proposition 4
	D.4 Proof of Proposition 5
	D.5 Proof of Proposition 6
	D.6 Proof of Proposition 7


