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Abstract

We initiate the probabilisticanalysisof linear programming(LP) decodingof low-densityparity-check
(LDPC) codes. Speci cally, we showv that for a randomLDPC code ensemblethe linear programming
decoderof Feldmanet al. succeedsn correctinga constantfraction of errorswith high probability The
fractionof correctablesrrorsguaranteedy our analysissurpasseall prior non-asymptoticesultsfor LDPC
codesandin particularexceedghebestprevious nite-length resulton LP decodingoy afactorgreateithan
ten. Thisimprovementstemsin partfrom our analysisof probabilisticbit- ipping channelsasopposedo
adwersarialchannels.At the coreof our analysisis a novel combinatorialcharacterizatiomf LP decoding
successpasedon the notion of a generalizednatching. An interestingby-productof our analysisis to
establishthe existenceof “almost expansion”in randombipartite graphs,in which onerequiresonly that
almostevery (asopposedo every) setof a certainsize expands,with expansioncoefcients muchlarger
thantheclassicakase.



1 Intr oduction

Low-density parity-check(LDPC) codesare a classof sparsebinary linear codes,®rst introducedby Gal-
lager[13], andsubsequentlgtudiedextensvely by variousresearchergl9, 20, 18]. Whendecodedwith ef®-
cientiterative algorithms(e.g.,the sum-productlgorithm[17]), suitablydesignedlasse®f LDPC codesyield
errorcorrectingperformancextremelycloseto the Shannorcapacityof noisychanneldor verylargecoded4].
Mostextantmethoddgor analyzingthe performancef iterative decodingalgorithmsfor LDPC codes—notably
the methodof densityevolution [18, 20]—areasymptoticin nature basedon exploiting the high girth of very
largerandomgraphs.Therefore the thresholdscomputedusingdensityevolution areonly estimate®f thetrue
algorithmbehaior, sincethey assumea cycle-freemessagdistory. In fact,thepredictionsof suchmethodsare
well-known to beinaccuratdor speci®ccodesof intermediateblocklength(e.g.,codeswith afew hundredsor
thousandsf bits). For this reasonpur currentunderstandingf practicaldecodergor smallercodeswhichare
requiredfor applicationswith delayconstraintge.g.,high throughputapplications)js relatively limited.
Thefocusof this paperis the probabilisticanalysisof linear programmingLP) decoding a technique®rst
introducedby Feldmaretal. [7, 12] asanalternatve to iterative algorithmsfor decoding.DPC codes.Theun-
derlyingideais astandardnein combinatoriabptimization—namelyto solve a particularlinear programming
(LP) relaxationof theintegerprogramcorrespondingo maximumlik elihood(optimal)decoding.Althoughthe
practicalperformancef LP decodings comparabldo messag@assinglecodinga signi®cantadvantagds its
relatve amenabilityto non-asymptoti@nalysis.Moreover, thereturn out to a numberof importanttheoretical
connectiondetweenthe LP decodingand standardorms of iterative decoding[16, 24]. Theseconnections
allow theoreticalinsightfrom the LP decodingperspectie to betransferredo iterative decodingalgorithms.

Previous work:  The techniqueof LP decodingwasintroducedfor turbo-like codes[7], extendedto LDPC
codes[8, 12|, andfurther studiedby variousresearcher¢e.g.,[22, 9, 6, 11, 14]). For concatenatedxpander
codes,Feldmanand Stein[11] shaved that LP decodingcanachiere capacity;seealsoBarg and Zemor[1]

for analysisof thesegeneralizeadonstructionsFor the standard_DPC codesusedin practice the bestpositive
resultfrom previouswork [10, 9] is the existenceof aconstant > 0, dependingon therateof the code,such
that LP decodingcancorrectany bit- ipping patternconsistingof at most n bit ips. (In short,we saythat
LP decodingcancorrecta -fractionof errors.) As a concreteexample,for suitableclasse®f rate1=2 LDPC

codesFeldmanet al. [9] establishedhat = 0:000177is achievable. However, this analysis[9] wasworst-
casein nature,essentiallyassumingan adwersarialchannelmodel. Suchanalysisyields overly conserative

predictiongfor the probabilisticchanneimodels(e.g.,eachbit ipped with someprobability ) thatareof more
practicalinterest.Consequentlyanimportantdirection—andhe goal of this papefr—is to develop methodsor

®nite-lengthandaverage-caseanalysisof the LP decodingmethod.

Our contributions:  This paperinitiatesthe average-casanalysisof LP decodingfor LDPC codes.In partic-
ular, we analyzethefollowing question:whatis the probability, giventhatarandomsubsebf n bitsis ipped
by the channelthatLP decodingsucceed recovering correctlythe transmittedcodevord? As oneconcrete
example,we prove thatfor bit-regular LDPC codesof rate1=2 andarandomerrorpatternwith n bit ips, LP
decodingwill recover the correctcodevord, with probability corverging exponentiallyto one,for all  up at
least0:002 This guarantees roughlytentimeshigherthanthe bestguarantedrom prior work [9]. Our proof
is basedon analyzingthe dual of the decodingdinear program,aswasdonein previouswork [9, 10]. Thekey
innovation is a simple graph-theoreticonditionfor certifying a zero-\aluedsolutionthe dual LP, which (by
strongduality) ensureghatthe LP decodercorrectlyrecorersthe transmittedcodavord. The coreof the proof
involvesestablishinghatsucha dualwitnessexistswith high probabilityunderthe appropriateconditions.The



argumentitself entailsafairly delicatesequencef unionboundsandconcentrationnequalities gxploiting ex-

pansiorandmatchingsonrandombipartitegraphs.An interestingoy-productof our analysigs the proof of the
existenceof “almost-allexpanders”—thais, bipartitegraphsn which almostall setsof verticesof sizeupto n

have large expansion.In ary suchgraphsJarge randomlyselectedsubsetof verticeshave high probability of

expanding.In effect, by relaxingthe expansiorrequirementrom every setto almostall setsof agivensize,we
shav thatonecanobtainmuchlargerexpansiorfactors andhencestrongerguaranteesn errorcorrection.The
remaindeiof the paperis organizedasfollows. We bagin in Section2 with backgroundn errorcontrolcoding
andlow-density parity-checkcodes,aswell asthe methodof linear programming(LP) decoding. Section3
describesour mainresultand Section4 providesthe proof in a seriesof lemmas,with moretechnicaldetails
deferrecto theappendices.

2 Background and Problem Formulation

We bggin with somebackgroundan low-densityparity-checkcodes We thendescribeheLP decodingnethod,
andformulatethe problemto be studiedin this paper

Low-density parity-check codes: Thepurposeof anerrorcorrectingcodeis to introduceredundang into a
datasequencsoasto achieve errorfree communicatiorover a noisy channel.Givena binaryvectorof length
k (representingnformationto be corveyed), the encodemapsit onto a codavord, correspondingo a binary
vectorof lengthn > k. Thecoderateis givenby ~ = k=n, correspondingo theratio of informationbits to
transmittedbits. In abinarylinearcode the setof all possiblecodavordscorrespond$o a subspacef f 0; 19",
with atotal of 2K elementgonefor eachpossiblenformationsequence)Thecodavordis thentransmittecbver
a noisy channel.In this paper we focuson the binary symmetricchannel(BSC), in which eachbit is ipped
independentlyvith probability . Giventhereceved sequencérom the channelthe goal of the decodets to
correctlyreconstructhetransmitteccodevord (andhencethe underlyinginformationsequence).

Any binary linear codecanbe describedasthe null spaceof a parity checkmatrix H 2 f0;1g" ) n;
moreconcretelythe codeC is given by the setof all binary stringsx 2 f0;1g" suchthatH x = 0in modulo
two arithmetic. A corvenientgraphicalrepresentatiomf sucha binary linear codeis in termsof its factor
graph[17]. Thefactorgraphassociatedvith acodeCis abipartitegraphG = (V; C), with an = jVj variable
nodescorrespondingo thecodavordbits,andm = n  k = jCj nodescorrespondingo theparity checkgrows
of thematrix H). Edgesin thefactorgraphconnecteachvariablenodeto the parity checkswhich constrainit;
thatis, the parity checkmatrixH speci®egheadjacenyg matrix of thegraph.SeeFigurel for anillustrationof
a particularfactorgraph. A low-densityparity-ched codeis a binarylinear codethatcanbe expressedvith a
sparsdactorgraphwith O(n) edges.

Although this paperfocuseson the binary symmetricchannel(BSC), our methodsare extensibleto the
moregeneralfamily of binary-inputmemorylessymmetricchannels Givenareceved sequencg 2 f0; 1g"
from the BSC, the optimalMaximumLikelihood(ML) decodingproblemis to determinehe closestcodevord
(in Hammingdistance).lt is well known thatthe problemof optimal decodingfor generabinarylinearcodes
NP-hard[2]. This comple&ity motivatesthe studyof sub-optimabut practicalalgorithmsfor decoding.

LP decoding: Wenow describénow the problemof optimaldecodingcanbereformulatechsalinearprogram
overthecodeavord polytope i.e. thecorvex hull of all codevordsof the codeC. For every bit §; of thereceved

codevord ¢, de®neits log-likelihoodas ; = log % . UsingthememoB/Iesspropertyof thechannel,

it canbeseerthatthemaximumlikelihood(ML) codevordis fam. = argmin, ¢ ", iYi. Withoutchanging



theoutcomeof the maximizationwe canchangehe setwe areoptimi_z,ing overto its corvex hull conv(C) * and
expressML decodingasthe linearprogramiay. = argminy; cony(c) L, iVi: Althoughthe problemis now
justalinearprogramiit remainsintractablebecausehe codevord polytopedoesnot have a simpledescription.
The naturalapproachis to relax the linear programby taking only a polynomial setof constraintsthat
provide anouterboundonthecodevord polytopeconv(C). The®rst-orderP decodingmethod12] makesuse
of arelaxationthatfollows by looking at eachparity check(row of H) independentlyFor eachchecka 2 C in
thecode denoteby G, thesetof binarysequencethatsatisfyit—thatis, G, correspondso thelocal parity check
subcodale®nedchecka andits bit neighbors.Obsenre thatthefull codeCis simplyfheintersectiomf all the
local codesandthe codevord polytopehastheexactrepresentationonv(C) = conv( p; G). The®rst-order
LP decodersimply ignoresinteractiopsbetweemhe variouslocal codes,and performsthe optimizationover
the relaxed polytopegivenby P := T, corv(G,). NotethatP is a corvex setthat containsthe codevord
polytopeconv(C), but alsoincludesadditionalverticeswith fractionalcoordinategcalledpseudocodgordsin
thecodingliterature).(It canbeshavn [24] thatif theLDPCgraphhadnocycles,thisrelaxationwould beexact,
hencat canbethoughtof asatree-basedelaxation.)in contrasto thecodevord polytope therelaxedpolytope
P for LDPC codesconsistsof a linear numberof constraintsseeAppendixB for an exactdescriptionof the
inequalityconstraintsle®ningP . Consequently_P decodingconsistof solvingtherelaxedlinear program:

_ X0
e = argming;p iYi; 1)
i=1

which cansolved exactly in polynomialtime, or evenfasterwith iterative and/orapproximatenethodd3, 23,
24].

3 Description of Main Result

In this section,we describeour main resultcharacterizinghe performancenf LP decodingfor a randomen-
sembleof LDPC codespeforeturningto its proofin Sectiord4.

Random codeensemble: We consideitherandomensemblef codesconstructedccordingo thefollowing
procedure.Givena coderater 2 (0; 1), form a bipartitefactor graph G = (V;C) with asetof n = jVj
variablenodesandm = jCj = b(1 B)nc checknodesasfollows: (i) Fix avariabledegreed, 2 N; and(ii)
For eachvariablej 2 V, choosearandomsubseN (j ) of sized, from C, andconnectvariablej to eachcheck
in N (j ). For obviousreasonsyve referto this asthe bit-regular randomensembleanduseC(d,) to denotea
randomly-chosehDPC codefrom this ensemble.

The analysisof this paperfocusesprimarily on the binary symmetricchannel(BSC), in which eachbit of
the transmittedcodevord is ipped independentlywith someprobability . By concentratiorof measurdor
the binomialdistribution, it is equivalent(at leastasymptotically)to assumehata constanfraction n of bits
are ipped by thechannel Let P denotethejoint measuregver boththe spaceof bit-regularrandomcodesand
thespaceof n bit ips. Ourgoalis to obtainupperboundsonthe LP errorprobability P[LP fails].

Ouranalysiswill bebasednthe expansionof thefactorgraphof the code.Speci®cally thefactorgraphof
acodewill bea(k; ) -expanderif all setsS of variablenodeswhicharesmallenoughSj  k, areconnected
toatleast |Sj checks.Notethatthroughouthis paperwe will beworking with codesthathave simpleparity
checkconstraintdLDPC codes)which are differentfrom the generalizedexpandercodes[21],[11], thatcan
have largelinearcodesasconstraints.

1 Assumethatthereis a uniqueoptimum;otherwisedeclaredecodingfailure.



Beforestatingour mainresult,we notethat, ascanbe easilyveri®ed (seee.qg.[9]), the bit-regularrandom
constructioryieldsa codewith goodexpansionwith constanprobability:

Lemma 1 (Goodexpansion9]). For any xed coderater-2 (0; 1) andconstant 2 (0;1) sudthat(1  )dy
is an integer greaterthan or equalto two, a codeC(dy) fromthe bit-regular ensemblédnas probability larger
than1=2 of beinga ( n; d,) expanderwhere

= e (d=1 Mt ) TwT > 0 )

Statementof main result: Our mainresultis that,for the joint measurever expanderbit-regularcodesand
d cne(orless)bit ips bythechannelLP Decodingwill succeedn recoveringthecorrectcodevord with high
probability The fractionof correctablesrrors . we establishjs at leasttentimeshigherthanthe previously
known (worstcase)esult[9]. More formally,

Theorem 1. Thele exist constants~ d,;c; ;p > Osudithat,forall 2 (0; (), theLP decodersucceeds
with high probability over the spaceof ( n; p)-expanderbit-regular randomcodesandd nebit ips; in other
words,

P[ LP succeed$C(dy)isa( n;p) expande] 1 e °": (3)

Thefraction of correctableerrors . is a functionof the codeensemblgspeci edby the coderate - variable
degreed,, expansionparametes andp, andtheerror exponent.

In the sequelwe provide speci®cparameteror rater- = 1=2 thatyield thefraction ;= 0:002 (For this
parametesetting,a randombit-regular codeis a( n; p)-expandemwith probabilityatleast%.) We now statea
corollaryassociatedavith this particularresult.

Corollary 1. For coderater = % there exist constantsd,; ¢ > 0 sud that, for all 2 (0;0:002), the LP
decodersucceedsvith probability at Ieast% o(1) overthe spaceof bit-regular randomcodesandd ne bit

ips; in otherwords,P[ LP succeed$ % o(1):

Impr oved combinatorial withess— The (p;q) matching The conditionthatwe aregoingto useto prove
thatthe LP decodersucceedsvill beadual witnessi.e a dualfeasiblepoint, which will exhibit thatthe primal
linearprogramhasanintegral optimalsolution. Usingthe symmetryof therelaxedpolytope,it canbeshovn[9]

thatthe failure, or successof the LP decoderonly dependson which bits the channel ipped and not on the
transmittedcodavord. Using this symmetry Feldmanet al. [10] demonstratedhat a dual withesscan be
graphicallyinterpretedasa setof weightson the edgesof the factorgraphof the codeasthefollowing lemma
speci®es.

Lemma 2 (Dual witness[9]). Supposehat the channel ipped the bits of setF and left the bits of setF © :=

V nF undanged. Set = 1,foralli 2 F,and ; = 1, foralli 2 FC€. Linear ProgrammingDecoding
will succeedor this error patternif andonly if there existweights ;-5 for all chedksa 2 C andadjacentbits
i 2 N(a) sud thatthefollowing conditionshold:

@ + ja 0  forall cheksa2 C andadjacentbitsi; j 2 N (a): (4a)
ia <  foralli2Vwith ;< O0: (4b)



Thekey requiremennow is a combinatorialcharacterizationof whenit is possibleto assignsuchweights
andhenceestablisithatLP DecodingsucceedsTo provide someintuition, the ipped variablesneedto “push”
oneunit of negative weightwhile the un ipped canabsorbup to oneunit. Oneway to achiese thisis to match
each ipped bit with a numberof checks,sayp checks,to which it hasthe exclusive privilege to push o w,
supposen a uniform fashion.Let usreferto the checksthatareactuallyusedin sucha matchingasdirty, and
to all thechecksin N (F) aspotentiallydirty. The challengds thattheremightbe un ipped variablesthatare
adjacento multiple dirty checks,andhencefail to satisfythe condition (4b); roughly speakingthey receve
moreweightthanthey canactuallyabsorb Thus,the goalis to constructhe matchingof the ipped bits with
p checkseachin a carefulway sothatno un ipped bit hastoo mary dirty neighbors.The -matchingwitness,
usedby Feldmaretal. [9, 10], avoidsthis dif®culty in abruteforcemannetby matchingall of the bits adjacent
to potentiallydirty checkswith = p checkseach. Our approackcircumwentsthis dif®culty usingthe more
re®nedcombinatorialobjectthatwe call a (p; g)-matching.For eachbitj 2 F° letZ; := jN(j)\ N(F)j be
thenumberof its edgesadjacento checksn N (F).

De nition 1. Givennon-ngative integersp andg, a(p;g) matdingis de®nedby thefollowing conditions:
eachbiti 2 F mustbe matchedwith p (distinct) checks.
eachbitj 2 F¢ mustbematchedvithrj := maxfq dy + Zj;0g checksfromthesetN (F).

We will referto the numberof checkswith which eachvariablenodeneedso be matchedasits requests
In thislanguageall ipped bits have p requestsvhile eachun ipped bit j hasavariablenumberof requests;;
which depend®n how mary of its edgedand on checkswhich have ipped neighbors.The following lemma
summarizegnimportantpropertyof our construction:

Lemma 3. A (p;g)-matding guaranteesthat all the ipped bits are matchedwith p checks,andall the non-
ipped bits have g or morenon-dirty checkneighbors

This factfollows by observingthatary un ipped bit j with Z; edgesn N (F) hasd, Z; cleanneigboring
checksandrequests| (dy Zj) extrachecksfrom thepotentiallydirty ones.

Thefollowing lemmawhoseproofwe omit, establishethata(p; g)-matchings acerti®cateof LP decoding
success:

Lemma4. For anyp andqsud that2p+ q > 2dy, a (p;q)-generlizedmatding canbe usedto geneate a
setof weights ;.5 which satisfythe dual conditions(4).

In fact,it is easyto verify thatour witnesscorresponds$o awealer conditionfor LP Decodingsuccesshanthe
conditionusedin by Feldmanretal. [9]. This strengthof our witnessalongwith therandomizedanalysisarethe
two ingredientghatallow usto establishamuchlargerfraction . of correctableerrors.

4 Proofof Theorem1

Thekey stepin our proofwill beto establistthat,with high probability over the selectionof randomexpander
bit-regular codesandrandomsubsetof d ne ipped bits, a (p; gq)-matchingexists, for suitablevaluesof p, q
to be speci®edater. In orderto analyzethe existenceof sucha matching,we will make useof Hall's theorem
(seealso[9]), which, in our contet, statesthata matchingexistsif andonly if every subsetof the variable
nodeshave (jointly) enoughneighborsin N (F) to cover the sum of their requests.Obsene, however, this
inconvenientasymmetryin the de®nition of our generalizednatching:the bits of setF¢ needto be matched



with checksfrom the neighborhooaf the ipped bits F andnotfrom thewhole setof checksfrom which they
selecttheir neighborsanyway. This correlationbetweerN (F) andthe numberof requestdrom setF © creates
severecomplicationsn theanalysis.Indeed ary attemptto useHall's conditionthroughunionboundsseemso
requireindependencamongdifferentedgesdn the creationof the codeandcrudeupperboundson the number
of requestdfrom setF ¢ seeminadequateo decorelate the requestf F ¢ from the sizeof N (F). Rather
establishingour claim requiresa someavhatinvolved sequencef unionbounds concentrationnequalitiesand
partitionsof our probability spacan regionswith differentproperties.

4.1 Partitioning the Probability Space

Underthedescribegbrobabilisticmodel,anequivalentdescriptiorof theneighborhooahoicedor eachvariable
j 2 FCisasfollows. Eachnodej 2 F € picksarandomnumberZ; 2 f0;1;:::;dyg accordingto thebinomial
distribution Bin(dy; W) andpicksasubsebf N (F) of sizeZ; . Thissubsetorrespondso theintersection
of its checkneighborhoodN (j ) with thecheckneighborhoodN (F) of the ipped bits. Theremainingd, Z;

edgedrom bit j connectto checksoutsideN (F). With this set-up,we now de®nethe following “bad event”
which correspondso the existenceof apair (S1;S;) 2 2 2F° of setsthatcontracts(i.e., hasmorerequests

thanneighbors):
8 9
< X =
A = 98 F;S; FC ON(S)[ IN(S)\ N(F)lj  piSaj+ maxt0;q (dv Zj)g. (5)

i2S;

Noticethatonly theneighborsn N (F) arecountedsincea (p; g)-matchinginvolvesonly checksn N (F). By
Lemmad4, theeventA mustoccurwhenerer LP decodingfails sothatwe have theinequality

P[LP decodingfails] P[A]: (6)

As wasmentionedabove, it seemso beusefulto partitionthespaceA := 2F  2F° into threesubsetsontrolled
by the parameters,; > 0. Parameter, > 0 is a smallconstanto be speci®edaterin the proof, whereas
is the expansioncoefdcient speci®edby equation(2) for = % Thethreesubsetof interestaregiven by
A= 1(S1:S2) | (S1552) 2 A; [Sij+)Soj < ng Az:i=1(S1;S2) | (S1;82) 2A Ay [Sif  2ng,
andAsz:= A A1 A,. Thispartition,asillustratedin Figure2 in AppendixC, decomposeA into sub-eents

8 9

< X =
A(Ai) = 9(S1:S2) 2 Ai N(S) [ IN(S2)\ N(F)lj  piSy + maxf0;q (dv Zj)g. (V)
' j2S2 '
fori = 1;2; 3. Now, aseriesof unionboundsprovidesthe following boundfor the probability of failure
P[ LP failsj C(dy) isa( n;p) expanded P[A jCdy) isa( n;p) expandeq

PLA(Ai) jddy) isa( n;p) expander:
i=1

However, all subsetgS1; Sy) 2 A1 of anexpandetave a p-matchingand,because < p, it follows that

P[A(A1) | isa( n;p) expanded = 0



and,thereforewe only have to dealwith theremainingtwo termsof thesummationFori = 2; 3, we have

P[A(A;) » Cdy)isa( n;p) expandef
P[C(d,) isa( n;p) expande}
PLA(A) ]

P[C(d,) isa( n;p) expande}

P[A(A;) ] isa( n;p) expander =

2P[A(A))] (ByLemmal)

X3
So, puttingeverythingtogether P[LP failsj C(dy) isa( n;p) expandeq 2  P[A(A})]: (8)
i=2

4.2 Simplifying the probability model

In anattemptto decorelatetherequest®f F © from thesizeof N (F ), obsenre thatthenumberof requestsrom
eachbit in F € is alinearfunctionof the numberof edgeghatthis bit hasin N (F). This obsenationthroughan

wherex  x%elementwisethenthe probabilitythata (p; g)-matchingexistsis larger conditionedon x thanon
0
X",

This suggestshefollowing alternatve experiment.Supposéhateachnodej 2 F © picksarandomnumber

Z; 2 £0;1;:::;dyg accordingto the modi ed binomial distribution Bin  dy; dv‘rjn” € andthen choose<;
checksfrom N (F) with replacementThe key distinctionis that,sincejN (F)j  dyd ne, the bits of setF ¢
will tendto have moreedgesn N (F) and,thereforemorerequestsn this new experimentthanin the original
one,assuggestedby the naturalcouplingbetweerthe two processesMoreover, sincechecksarenow chosen
with replacementfor eachbitj 2 F ¢, thesizeof theintersectionN (j) \ N (F) is lessthanor equalto Z; in
size,sincethe samecheckmight bechosemmorethanonce.Intuitively, the existenceof matchinggs lesslikely
in thenew experimentthanin the original oneandthis canbeveri®edby combiningtheseobsenrationswith the
couplingargumentusedin the previous paragraphThe bene®tfrom switchingfrom the original experimentto
this new experimentis in allowing usto decouplehe procesf decidingthe numberof requestsnadeby each
bit in F ¢ from the cardinalityof therandomvariableN (F).
Let ususeQ to denotethe probability distribution over randomgraphsin this nev model. SettingF €(q) =
fi2F j g>dy Zjg, wecande®nethealternatve “bad event”
8 9
< X =
B := 98 F S FY@) (N(S)[ IN(S)\ N(F)i  piSi+ [ (dv Zj)l. 9)
j2S2 ’

andthecorrespondingub-eentsB(A;), i = 1;2; 3. As aguedabove it mustholdthatP[B(A;)] Q[B(A;)],
for all i, and, therefore,asinequality (8) suggestsin orderto upperboundthe probability of LP decoding
failure,it suf®dcesto obtainupperboundsonthe probabilitiesQ[B(A)] fori = 2; 3; 4. For futureuse,we de®ne
for ®xedsubsets F andS, F¢(q),theevent
8 9
< X =
B(S1;S2) = | JN(S1)[ [N(S2)\ N(F)Ij piSaj+ [ (dv Zj)] (10)
v2S;, !

We now proceedin aseriesof stepsio obtainsuitableupperboundson the probabilitiesQ[B(A)] and,hence,
ontheprobability of LP decodingfailure.



4.3 Conditioning onrequestsfromF ¢

Foreachi 2 f1;:::;qg, wede®netherandomvariableR := fj 2 F¢ j Z; = dy, q+ ig, correspondingo

thenumberof bitsin F©with d, g+ i edgeghatlie insidethe“contaminated’heighborhoodN (F). Soif we

. . dy gti q i o
de®ne,for eachi, the probabilityq := dVQ+i d”medv 1 d”medv , theneachR; is binomial

with parametersj andb(1 )nc. SinceE[R;] = gb(1 ) nc, applyingHoefding's inequality[15] yields
thesharpconcentratio [jR; g b(1 )ncj  1n] 2exp 22n forary ;> 0.Hencejf wede®ne
theevent

\d
T(1):= fiRi gbl )nc 1ng;
i=1
then a simple union boundyields that Q[T ( 1)] 1 29 exp 23n, sothatit sufces to boundthe
conditionalprobabilitiesQ[B(A;) ] T( 1)],i = 2;3. NotethatconditionedonT ( 1), we areguaranteethat
R

o gl )+ 1 =:R™ (11)

4.4 Bounding Q[B(A,) j T( 1)]]

We now turn to boundingthe probability of the bad event B. Since, by symmetry the probability of the
B/entB(Sl; S,) is the samefor differentsetsS; of the samesize,a unionboundgivesQ[B(A2) j T( 1)]

gl:”;’zne D(s1), where
D(s;) := dS”e QOS, FO(q) with (S1:S2) 2 A2 s.t.B(S1:Ss) | T( 1): ®xedsetjSj = si]:
1

cquitionalspaceT( 1), the total numberof matching-requestfrom the bits of setF ¢ is at mostV :=
n L, iR™ = nV. Therefore,if Q[B(A2) j T( 1)]] is relatvely small, we would expectthat, if the set
Si is largeenough(sayjSij  jFj), thenwith high probability the size of its imageN (S1) shouldbe large
enoughnot only to cover its own requestsdut alsoV additionalrequests—vizjN (S1)] pjS1j + V. If this
conditionholds, thentherecannotexists ary setS, suchthatthe eventB(S;; S,) occurs. We formalize this
intuition in thefollowing:

P
Lemma 5 (UpperRegime). De ne theconstantv := &, i R™, andthefunctionf (s) := H * + (1

MH f’fJ',Y) + dyslog, Ff*;’) ,whee H () is thebinary entropy (seeAppendixD), and set

(
S inffs2 [0; ]jf (sY < 0;8s°2 [s; ]g: if in mum exists
et ; otherwise

andcheckneighborhoodN (S;) of size ; := jN(S1)j. By conditioning,we have thedecompositioD (s1) =



%% E( 1;51), where

d ne . .. . .
E( 1;81) := st QP[9 S with (S1;S;) 2 A2 s.t.B(S1;S2) j N (S1)i =  1;S1j = s1]

QUIN(S)j = 1iSij = sil:

Herewe have usedQ° to denotethe conditionalprobability distribution of Q conditionedon theeventT ( 1).
Thefollowing lemmaallows usto restrictour attentionto linearly-sizedcheckneighborhood8l (S;) in analyz-
ing theindividualtermsE ( 1; s1) of thesummation:

Lemma 6 (Linear SizedNeighborhood) De ne

cit (S1) = sup 12 (0;dys1] j 2+ dysilog, ﬁ <0 ;
whele note that the supemumalwaysexists. Then,for setsizess;  d one and neighborhoodsizes ;
cit ( 2)N, thequantityE ( 1; s1) decaysexponentiallyfastin n.

A summary and someintuition:  To summarizeour progresshusfar, we ®rst amguedthatin orderto bound

U, := fdsqitne+ 1;:::;d neg Theuppersethasthepropertythatfor all setsS;  F of sizejS;j 2 Uy, then
with high probability, the neighborhoodN (S1) is big enoughto accommodat@ot only the matchingrequests
from setS;, but alsoall possiblematching-requestsom ary setS,  F €. Having establishedhis propertyof
large S; sets,it remainsto focuson smallS;. In thisregime,the neighborhooN (S;) onits own is no longer
suf®cientto cover thejoint setof requestdrom S andfrom ary possiblesetS, F°. Consequentlyonehas
to consideffor every choice(Ss1; Sz) 2 A,, whetherthejoint neighborhoodN (S1) [ (N (S2) \ N (F)) islarge
enoughto cover the matchingrequestgrom S; andS,.

At this point, one might imaginethat a rough concentratiorargumentappliedto the sizesof N (S1) and
N(S2)\ N(F) N(S1) would suf®ceto completethe proof. Unfortunatelyany concentratiomesultmustbe
suf®ciently strongto dominatethe factor d;‘l € thatleadsthe expressionD (s1). Consequentlywe studythe

Of course,sinces; is linearin size,the bulk of the probability massis concentratean linear valuesfor 1.
Therefore by Lemma6, we needonly boundE ( ;;s1) fors; 2 Ly and 3 cit ( 2)n. We completethese
stepsin thefollowing subsection.

Establishingthe bound: Letus®x sizesg 2 L, and 1 arit ( 2)n. ForasetS; of sizes; with neighbor
hoodN (S;) of size 1, de®néeitsresidualneighborhoodo bethesetN (5)nN (S) anduse 2 := jN(F)NN (S1)j
to denoteits size. Moreover, for a con®gurationof requestsr 2~ f0;::;dR;"neg let us denoteby

(s1; 1;r) thenumberof checksmissingfrom the neighborhoodf S; to cover the total numberof requests
from S; andasetS, F°¢ with con®gurationof requests. Also, let (r) bethe numberof edgesthatthe
checksof setS; haveinsideN (F). MoreQgeciselythequantitiesF(sl; 1;r) and (r) aregivenby thefollow-
ingformulas: (si; 1;r) := psy 1+ ,irjand (r) := L, (dy g+ i)ri. With thesede®nitions,
we have thefollowing exponentialupperbound:

2Recallthatwe have conditionedontheeventT ( 1), sothatthe numberof bitsin F ¢ with i matchingrequestss concentratedfor
everyi 2 f1;:::;q0.



Lemma 7 (Exponentialipperbound) If Sgit < 5, dy < &%t and morover H S + dy(

Serit ) 109, ‘éf—ﬁf) < 0, thentheprobability Q[B(A) j T( 1)]] is upperboundedoy 2"F ( ) + o(1); whee

theo(1) termis exponentiallydeceasingin n, andthefunctionin the exponents givenby

F():= sup sup sup sup  G(s1; 15 2:r13::5;0g);
$12[0iscrit ] 12[0idvs1]  22[0;dv ( s1)] ri2[R{P=2R{P]

X ,
S1 up Fi : . 1
H — + R,"H +min 0;(1 ©H
i=1 | RIup ( ) (1 F‘)

1
a9

+ dysi log,

1t 2

+min O((1 ©® 1H m +dy(  s1)log, a9

minf 2; (s1; 1;r)g 1+ minf 2; (s1; 1;1)9
+ (r)lo
) (r)log, i+

+ min 0O; >H
SeeAppendixG for aproof of thislemma.

4.5 Bounding Q[B(A3) j T ( 1)]] and combining the pieces

It remainsto upperboundthe probability of the bad-erentB(A 3) whichis equialentto the existenceof a pair
of contractingsets(S:; Sy), wherethesizeof setS;  F isatmost »n andthesizeof setS, FCisatleast
( 2)n. Notethatwe haven't yet speci®edheconstant,. Thefollowing lemmaestablishethatthereexists
avalueof ;, sothatQ[B(A3) j T( 1)]] is boundedoy anexponentiallydecreasindgunctionin n providedthat
thefunctionF () of the previoussectionis negative. The proof of this ®nal lemmais providedin AppendixH.

Lemma 8. If F( ) < O, whee F() is the functionde ned in Lemma7, thenthere exists , so that the
probability Q[B(A3) j T ( 1)]] is deceasingexponentiallyin n.

Combininglnequality(8), Lemma8 andthe analysisof Section4.4,we get

Lemma9. Fix constants dy, pandqsudithat2p+ q> 2d, andde ne sqi; asin thestatemenof Lemmab.
Then,if seit < 5, dy < % H Sei + dy(  Seit)log, ‘éf'—ﬁfﬁ) < 0 and, morover, the
functionF (a), de nedin the statemenbf Lemmay, is strictly negative then

P[ LP decodingfailsj C(dy) isa ( n; p) expander]

decaysexponentiallyin n, whee P is the uniform measue over the setof bit-regular codesand selectionsof
d nebit ips, and is givenby Equation(2).

UsingLemma9, we caninvestigatefractionsof correctableerrorson speci®ccodeensemblesAs aconcrete
example,for coderater = 1=2, if we choosevariabledegreesd, = 8 andgeneralizednatchingparameters
(p;a) = (6;5), onecannumericallyverify thatthe conditionsof Lemma9 are satis®edfor all crit =
0:002 Therefore for thatrate, we establishthat the correctableraction or error thatis morethanten times
higherthanpreviously known results asclaimed.More generallyit remaingo furtherexploretheconsequences
of our analysisechniqueor otherratesandcodeensembles.
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A lllustration of factor graph

I N (F ) |
Figure 1. lllustration of the structureof a generalizednatching. Thesubset-  V correspondso the setof
bitsi 2 V with negative log-likelihoods( ; < 0), andF ¢ denotests complementThesetN (F) correspondso
checksthatareconnectedo ipped bits; a generalizednatchingrequiresthatthis sethassufcient connectity
to theun ipped setF°.

B Inequality description of relaxedpolytope

Herewe give a precisedescriptionof theinequalitieshatcharacterizeherelaxed polytopeP . For every check
a connectedo variablesN (a) andfor all subsetsS N (a), jSj odd,we introducethe following constraints

X X
yi+ (1 vy) & (12)
i2N (a)ns i2s
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It canbe showvn thatby constraininghe ™ ; distanceto be one,we arenot excludingary legal codevordsfrom
our relaxedpolytope.We will call thesenequalitiesforbiddinginequalities

We alsoneedto add2n inequalitiesd y; 1toensurahatwe remaininsidetheunit hypercubeTheset
of forbiddinginequalitiesalongwith thes€[0; 1]-boxinequalitiesde®nethe relaxed polytope,Givena checkof
degreed,, thereare2% 1 |ocalforbiddensequencedpr aconstantheckdegreecodethen,thetotal numberof
forbiddensequencewould be 2% m. Fortunatelyin the caseof low-densityparity-checkcodesd. is either
a ®xed constant(for regular) or small with high probability (for irregular) so the numberof local forbidden
sequencesemainssmall. Therefore,in the casesof practicalinterest,the relaxed polytopecanbe described
by a linear numberof inequalities. Finally, it canbe shavn thatif the LDPC graphhadno cycles,thelocal
forbiddensequencewould identify all the possiblenon-cod&ordsandthe relaxationwould be exact[24, 12].
However if the graphhascycles, thereexist verticesof the relaxed polytope(called pseudocodgords) with
non-intgyral coordinateghat satisfyall the local constraintdndividually andyet are not codevordsnor linear
combinationof codavords.

C Partitioning the space

J'Ssz
n d ne
A3 \-~
As
n
N n d ne jSIj

Figure 2: Partitioningthespace2f  2F°.

D Elementary boundson binomial coef cients

Foreach 2 (0;1), de®nethe binomialentroy H( ) := log (1 ) log,(1 ) (andH (0) =
H (1) = 0 by continuity). We make useof thefollowing standardoundg5] onthe binomialcoef®cients
k log,(n + 1) n k logy(n + 1)
n H . — log, K n H o + — (13)
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E Proofof Lemmab

P
NotethatconditionedontheeventT ( 1), we areguaranteedhat iq:l iRi  Vn. Now by unionbound,we
have

Y(s1) := s?e Q some®xed§ of sizes; satis®egN (S)j < ps1 + Vn

dne bl ©Onc bpsi+ Vnc &
S1 bps; + V nc b(1 ®nc

Settings; = $ andusingstandardoundsonbinomialcoef®cients(seeAppendixD), thelog of Y (s1) is upper

boundedby

S1

n H — +(1 ©mH psi+ V 7(psl+v)+o(1):

+ I
1 dvsilog, =75
De®ningthe functionf andvalues;; asin the lemmastatementwe are guaranteedhat Y (s;) decaysex-
ponentiallyin n for all s; 2 fdsgiine+ 1;:::;d neg To completethe proof of the claim, we write for
s; 2 fdseirne+ 1;:::;d neg

D(sy) := dSTe Q[9S, FOq) with (S1;S,) 2 Ass.t.B(S1;S) j T( 1); S1 some®xedsetof sizes ]

d ne . . . .
S Q[9S, F&(q) with (S1;S2) 2 A2 s.t.B(S1;S2) j T( 1);iN(S1)j> psi+ Vn] + Y(s1)
= Y (s1);
becauseasarguedin Section4.3,in the conditionalspacgN (S1)j > pjS1j + V n, therecanbeno S, suchthat
theeventB(S1; Sy) holds.
F Proofof Lemma6

We have the boundE ( 1;s;) dgle QI[N (S1)j = 1]jS1j = s1], wherewe have usedthe fact that the
eventfi N (Sp)j = 1gisindependendf T ( 1) underthe probabilitymeasure&. An exactcomputatioryields

_ . o 1 ®nc dvst
log, fQ[N(S1)j = 1]iS1j = s1]lg log, X 1) W
log,(n + 1) 1 S1 1 .
o PO e T 0% prgne

wherewe have usedstandardoundson binomialcoefdcients(seeAppendixD). Overall, we have

1

log,(n + 1) + H S1 N 1
b(1 ®Bnc

1092 B( 1751) n 2 d ne H b(l Mnc

S
+ dy Fl |092

Zw 2+ dv I092

b(1 F)nc !

since < 1, k< 1(®rstline) andeachentrofy termremainsboundedvithin [0; 1] (secondine).
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Finally, settings; = s1=n, 1 = 1=n, considerthefunction

9( 1) := 2+ dysilog, ﬁ

Wehavelim , o~ 9( 1) = 1 ,implyingthatE( 1;s:) decaysexponentiallyfastinn foralls; d.neand
neighborhoodaizes 1 crit ( 2)N, where ¢t () is de®nedasin the statemenof thelemma.

G Proofof Lemma?

We bagin by proving thefollowing lemma,which providesanupperboundon thequantityE ( 1;S1).

Lemma 10 (Lower Regime). If sgrit < 5, dy < -2 %t and morover
Scrit dys it .
H L dy ( Scrit ) 100, (1V CrIL_) ;

then,for all s; 2 fd ,ne;:::; dsgit negand 1 cit ( 2)N, thereexistssome , = ,(Serit; 2) > O0sudthat
E (s1; 1) isupperboundedoy

n . @ ®n 1 dvsy
poly(n) sy min 1, . @ 9n
dR;"ne dRg"ne
max max i
22fd ,neundy (N s1)g ri2R r lq )
min 1 & AN 2+ 1 (" Y
' 2 @ ®n
( nf 2 ( ) o
- 2 1+ mint 27 (S1; 1;r)g
min 1, . + 0(1); 14
minf (s1; 1;1); 20 1t 2 @) a4
nj Rupn 0 . . . . .
wheeR; := S ;:::;dRi“pne , for all i, andthe o(1) is an exponentiallyin n deceasingfunction.
Proof. We begin with the decomposition
dvd)Q e s;
d ne
E(s1; 1) = Ur( 15 2)U2( 15 2) (15)
S1
2=1
where
Ui( 1; 2) := Qo[g Sy with (S1;S2) 2 A2 s.t.B(S1;S2) jiN(S1)j = 1; IN(F)NN(S1)j = 2;)S1) = s1]
Us( 15 2) := QOIN(S1)i= 1 iN(F)NN(S)j= 2 jjSij= sil;

andrecallthatQCis the measureQ conditionedontheeventT ( 1). We now requirealemmathatallows usto
restrictappropriatelythe rangeof summatioroverlinearin n valuesof ».
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Lemma 11. Theconditionsof Lemmal0imply that there existssomevalue , = ,(S¢it) > 0 for which the
quantity

d ne Px e
G(s1; 1) := S Ui( 15 2)U2( 1; 2)
1 =1

decaysxponentiallyin n for anys; , 1 thatsatisfyd ;ne s; dsgirneand 1 crit ( 2)N.

Proof. Theproofis similarin spirit to the proof of Lemma6. Take atermof summation(15). We canboundit
asfollows:

d ne

B(s1; 15 2):= st Ui( 15 2)U2( 15 2)
d ne _
sy Ua( 1; 2)
d ne

QUIN(F)NN(Sp)i= 2 j IN(S)j= 1:iSij = si]

Notethat
(dn e s1)dy
Or: . - e b1 MHnc 1 o+
QIN(F)NN(S1)j= 2] IN(S1)j= 1:]S1j = s1] , Bl Hnc
Therefore,
log, B(s1; 1, 2)
S1=Nn 2=N S1 2=Nn+ 1=n
n H — +H @ ® = + dy o log, a9 + 0(1)
Secrit 2=Nn 2=N+ dyScrit
n H — +H +d Scrit ) |0 - o(1
(1 F’) dvscrit V( Cl’lt) 92 (1 F_) ( )

wherewe have usedthatseit < » and d, < w 4. So,if we de®ne thefunction

Secrit + dv Scrit

o )= H HOE ds M sen)log mrT

it followsthatlim | ob( ) < 0fromtheassumptiorihat

dy Scrit

S .
H crit dv( scm)log2 (1 I‘-)

We ®nishtheclaimaswe did in theproofof Lemma6. =

1 ait( 2)nand » oN. In the proof of Lemmal1l we establishedhat

b1 ®nc 1 5+ (dn e si)dy

QUIN(F)NN(Sp)j= 2 j JN(S0)j= 1;iSij = si] , Bl Pnc

3sothatthe ®rstentrogy termin the®rst line is increasingn s=n
“sothatthe secondentrofy termis increasingn 1 andthethird termis increasingn s;=n andin 1=n
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In AppendixF we establishedhat

de]_
or: C b1 ©Mnc 1
QYIN(S1)i = 1jSi1j = s1] . bL  Pnc
Theonly missingpieceis anupperboundon
Qo[g Sz FC(C]) with (Sl; 82) 2 Ao S.t. B(Sl; Sz) j jN (Sl)j = 1, jN (F)nN (Sl)j = 2;j81j = Sl]

But, in theconditionalspaceT ( 1), everysetS, 2 F ¢(q) correspondso arequestvectorr 2 Qiq:1f0; ::;dRi“pneg
Moreover, for asetS, 2 F°(q) andits correspondingequestectorr, theeventB(S;; S,) is equivalentto the
following conditionbeingsatis®ed:

B(S1;S2) , J(N(S2)\ N(F)) N(S1)j  (s1; 1;1)

Therefore,a union boundover all the possiblechoicesof setsS, gives the following upperboundfor the
probability of interest:

drR ne dR:P ne
KT RPne  RWPre L
; . (ri;::5rq 1, 2)
r1=0 rq=0 |__* 4z }
(riroiiiirg 15 2)

1S1) = 81,JN(S1)j = 1, JN(F)nN(Sp)j= 2

0 ; oo
Q"IN (SN N(F) nN (S0 (13 151) S, correspondso requestectorr

Beforecompletingthe proofwe needa ®nal obsenration.

n w
Lemmal2. 8i,iffrjgiei; 1; 2are xedthen( ry;ra;:::;rq; 1, 2)isincreasingorr; 2 1;:::;bR12”c .

up
is increasingfor r; 2 1;: ::;bRl ¢ . Therefore,it is enoughto establishthat
n

up
(ri;::5;rq 1, 2) isincreasingfor ri 2 1;:::;bR12”c . But to shaw this we canjust usethe coupling

argumentthatwe usedin Section4.2. The couplingwhich we omit hereis built upontheintuition is that,since
the numberof matchingrequestandthe numberof edgeghata bit in F € hasin N (F) arelinearly related by
increasinghe numberof edges—requesthe probabilitythateventB(S1; Sp) happendecomedarger m

nj _uw K 0
Having establishedhe above we cannow concludetheclaim. If we denoteby R := R12” ;11 dR Pne
we have that
drRYP drR4P
" " Rfre | RPne -
r r (1,...,rq, 1, 2)
ri=0 rq=0 1 q
dR;"ne dRg"ne
oly(n) max 1 9 il 1 o)
poly( )riZRi . o (r1 @ 1 2)
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wherethe poly(n) factoraccountdor thefactthattherearepolynomiallymary termsin the summation Now,
by aunionboundwe get

2 1+ minf (sy; 15r); 29 O

minf (s1; 1;r); 20 1t 2

andputtingeverythingtogethemve getthe claim.
]

Basedon the precedinganalysis,we can non completeour proof of Lemma?. Indeed,using Lem-
mas>5, 6, 10 we canupperboundQ[B(A2) j T ( 1)]] by thequantity(14), with theadditionof furtherpolyno-

n, standardoundson binomial coef®cients(seeAppendixD) leadto the claimedform of F .

H Proofof Lemmas8

Firstwe have

Q[B(A3) j T( 1)]

t%nc
d ne Q[9S,; F&(g) with(S1;S;) 2 Azs.t.B(S1;S2) | T( 1); S1 some®xedsetof sizeg]
st | 2L z }
DYs1) 17)

d ne d ne 2
n H — +o0ol
S1 b onc (1)

Therestof theanalysids basedn theintuition that,for , suf®ciently smallandary setS of sizeatleastn ,
if r is thevectorof requestdrom S,, then,with high probability

xda
IN(S2)\ (N(F) N(S1))j iri+pon= Y r):
i=1

in otherwordsthe neighborhoodf setS, insideN (F) n N (S;) is suf®ciently large not only to cover the
requestgrom setS, but alsofrom S;. Indeed,

QY9S, FC(q) with (S1;Sy) 2 A3 s.t.B(S1;S2) | S1 some®xedsetof sizes]
xd
QI9S, F(gwithjSj n sitjN(S2)\ (N(F) N(S1))j iri+ p2njS;®edjN(S)j dy 2n]
i=1
By similar analysisasin the proof of Lemmal0, we getthat

DYS;) 27N 24 (1)
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where

FY ;2):= sup sup GYX raiiiirg 2);
22[0;dy ] ri2[RP=2;R!"]
andtheintermediatefunctionG®= GY 2;ry;:::;rq 2)is
xa .
2 Fi
H £ + RPH RUP

i=1 I

. d 2+ o
+mn 01 B dyJH — 2 +d log, —< <
s min 0 LH minf 2; 4 2;r)g + ()log, dy 2+ minf 5; 4 2:1r)g
2 dy 2+ 2
Notethatlim 0GY M1y i rg 2) = limg o ;1 0G(S; 15 2:r1;:::;rg 2). Therefore,

Izi!mOFO( ;2) F():

So,if F( ) < Oit followslim ,; o FY ; 2) < 0andby continuity thereexists somevalue , > 0 suchthat
FY ; ,) < 0and,thereforefor thisvalueof » theprobabilityQ[B(A3) j T ( 1)] is decreasingxponentially
inn.
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