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Abstract

We initiate theprobabilisticanalysisof linearprogramming(LP) decodingof low-densityparity-check
(LDPC) codes. Speci�cally, we show that for a randomLDPC codeensemble,the linear programming
decoderof Feldmanet al. succeedsin correctinga constantfraction of errorswith high probability. The
fractionof correctableerrorsguaranteedby ouranalysissurpassesall prior non-asymptoticresultsfor LDPC
codes,andin particularexceedsthebestprevious�nite-length resultonLP decodingby afactorgreaterthan
ten. This improvementstemsin part from our analysisof probabilisticbit-�ipping channels,asopposedto
adversarialchannels.At thecoreof our analysisis a novel combinatorialcharacterizationof LP decoding
success,basedon the notion of a generalizedmatching. An interestingby-productof our analysisis to
establishthe existenceof “almost expansion”in randombipartitegraphs,in which onerequiresonly that
almostevery (asopposedto every) setof a certainsizeexpands,with expansioncoef�cients muchlarger
thantheclassicalcase.



1 Intr oduction

Low-densityparity-check(LDPC) codesare a classof sparsebinary linear codes,®rst introducedby Gal-
lager[13], andsubsequentlystudiedextensively by variousresearchers[19, 20, 18]. Whendecodedwith ef®-
cientiterativealgorithms(e.g.,thesum-productalgorithm[17]), suitablydesignedclassesof LDPCcodesyield
error-correctingperformanceextremelycloseto theShannoncapacityof noisychannelsfor verylargecodes[4].
Mostextantmethodsfor analyzingtheperformanceof iterativedecodingalgorithmsfor LDPCcodes—notably
themethodof densityevolution [18, 20]—areasymptoticin nature,basedon exploiting thehigh girth of very
largerandomgraphs.Therefore,thethresholdscomputedusingdensityevolutionareonly estimatesof thetrue
algorithmbehavior, sincethey assumeacycle-freemessagehistory. In fact,thepredictionsof suchmethodsare
well-known to beinaccuratefor speci®ccodesof intermediateblocklength(e.g.,codeswith a few hundredsor
thousandsof bits). For this reason,ourcurrentunderstandingof practicaldecodersfor smallercodes,whichare
requiredfor applicationswith delayconstraints(e.g.,high throughputapplications),is relatively limited.

Thefocusof this paperis theprobabilisticanalysisof linearprogramming(LP) decoding,a technique®rst
introducedby Feldmanetal. [7, 12] asanalternative to iterativealgorithmsfor decodingLDPCcodes.Theun-
derlyingideais astandardonein combinatorialoptimization—namely, to solveaparticularlinear programming
(LP) relaxationof theintegerprogramcorrespondingto maximumlikelihood(optimal)decoding.Althoughthe
practicalperformanceof LP decodingis comparableto messagepassingdecoding,asigni®cantadvantageis its
relative amenabilityto non-asymptoticanalysis.Moreover, thereturn out to a numberof importanttheoretical
connectionsbetweenthe LP decodingandstandardforms of iterative decoding[16, 24]. Theseconnections
allow theoreticalinsightfrom theLP decodingperspective to betransferredto iterativedecodingalgorithms.

Previous work: The techniqueof LP decodingwasintroducedfor turbo-like codes[7], extendedto LDPC
codes[8, 12], andfurtherstudiedby variousresearchers(e.g.,[22, 9, 6, 11, 14]). For concatenatedexpander
codes,FeldmanandStein[11] showed that LP decodingcanachieve capacity;seealsoBarg andZemor[1]
for analysisof thesegeneralizedconstructions.For thestandardLDPCcodesusedin practice,thebestpositive
resultfrom previouswork [10, 9] is theexistenceof a constant� > 0, dependingon therateof thecode,such
thatLP decodingcancorrectanybit-�ipping patternconsistingof at most� n bit �ips. (In short,we saythat
LP decodingcancorrecta � -fractionof errors.)As a concreteexample,for suitableclassesof rate1=2 LDPC
codes,Feldmanet al. [9] establishedthat � = 0:000177is achievable. However, this analysis[9] wasworst-
casein nature,essentiallyassumingan adversarialchannelmodel. Suchanalysisyields overly conservative
predictionsfor theprobabilisticchannelmodels(e.g.,eachbit �ipped with someprobability� ) thatareof more
practicalinterest.Consequently, animportantdirection—andthegoalof this paper—is to developmethodsfor
®nite-lengthandaverage-caseanalysisof theLP decodingmethod.

Our contributions: Thispaperinitiatestheaverage-caseanalysisof LP decodingfor LDPCcodes.In partic-
ular, weanalyzethefollowing question:whatis theprobability, giventhata randomsubsetof � n bits is �ipped
by thechannel,thatLP decodingsucceedsin recoveringcorrectlythetransmittedcodeword? As oneconcrete
example,weprove thatfor bit-regularLDPCcodesof rate1=2 andarandomerrorpatternwith � n bit �ips, LP
decodingwill recover the correctcodeword, with probability converging exponentiallyto one,for all � up at
least0:002. This guaranteeis roughlytentimeshigherthanthebestguaranteefrom prior work [9]. Our proof
is basedon analyzingthedualof thedecodinglinearprogram,aswasdonein previouswork [9, 10]. Thekey
innovation is a simplegraph-theoreticconditionfor certifying a zero-valuedsolutionthe dual LP, which (by
strongduality) ensuresthattheLP decodercorrectlyrecoversthetransmittedcodeword. Thecoreof theproof
involvesestablishingthatsuchadualwitnessexistswith highprobabilityundertheappropriateconditions.The
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argumentitself entailsa fairly delicatesequenceof unionboundsandconcentrationinequalities,exploiting ex-
pansionandmatchingsonrandombipartitegraphs.An interestingby-productof ouranalysisis theproofof the
existenceof “almost-allexpanders”—thatis,bipartitegraphsin whichalmostall setsof verticesof sizeupto � n
have largeexpansion.In any suchgraphs,largerandomlyselectedsubsetsof verticeshave high probabilityof
expanding.In effect,by relaxingtheexpansionrequirementfrom everysetto almostall setsof agivensize,we
show thatonecanobtainmuchlargerexpansionfactors,andhencestrongerguaranteesonerrorcorrection.The
remainderof thepaperis organizedasfollows. Webegin in Section2 with backgroundonerror-controlcoding
andlow-densityparity-checkcodes,aswell asthe methodof linear programming(LP) decoding.Section3
describesour main resultandSection4 providesthe proof in a seriesof lemmas,with moretechnicaldetails
deferredto theappendices.

2 Background and ProblemFormulation

Webegin with somebackgroundonlow-densityparity-checkcodes.WethendescribetheLP decodingmethod,
andformulatetheproblemto bestudiedin thispaper.

Low-density parity-check codes: Thepurposeof anerror-correctingcodeis to introduceredundancy into a
datasequencesoasto achieve error-freecommunicationover a noisychannel.Givena binaryvectorof length
k (representinginformationto beconveyed), theencodermapsit ontoa codeword, correspondingto a binary
vectorof lengthn > k. Thecoderateis givenby ~r = k=n, correspondingto the ratio of informationbits to
transmittedbits. In abinarylinearcode,thesetof all possiblecodewordscorrespondsto asubspaceof f 0; 1gn ,
with atotalof 2k elements(onefor eachpossibleinformationsequence).Thecodewordis thentransmittedover
a noisychannel.In this paper, we focuson thebinary symmetricchannel(BSC), in which eachbit is �ipped
independentlywith probability � . Giventhereceivedsequencefrom thechannel,thegoalof thedecoderis to
correctlyreconstructthetransmittedcodeword (andhencetheunderlyinginformationsequence).

Any binary linear codecanbe describedasthe null spaceof a parity checkmatrix H 2 f 0; 1g(n� k)� n ;
moreconcretely, thecodeC is givenby thesetof all binarystringsx 2 f 0; 1gn suchthatH x = 0 in modulo
two arithmetic. A convenientgraphicalrepresentationof sucha binary linear codeis in termsof its factor
graph[17]. Thefactorgraphassociatedwith a codeCis a bipartitegraphG = (V; C), with a n = jV j variable
nodescorrespondingto thecodewordbits,andm = n� k = jCj nodescorrespondingto theparitychecks(rows
of thematrix H ). Edgesin thefactorgraphconnecteachvariablenodeto theparity checkswhich constrainit;
thatis, theparitycheckmatrixH speci®estheadjacency matrixof thegraph.SeeFigure1 for anillustrationof
a particularfactorgraph.A low-densityparity-check codeis a binary linearcodethatcanbeexpressedwith a
sparsefactorgraphwith O(n) edges.

Although this paperfocuseson the binary symmetricchannel(BSC), our methodsareextensibleto the
moregeneralfamily of binary-inputmemorylesssymmetricchannels.Givena receivedsequencey 2 f 0; 1gn

from theBSC,theoptimalMaximumLikelihood(ML) decodingproblemis to determinetheclosestcodeword
(in Hammingdistance).It is well known that theproblemof optimaldecodingfor generalbinary linearcodes
NP-hard[2]. Thiscomplexity motivatesthestudyof sub-optimalbut practicalalgorithmsfor decoding.

LP decoding: Wenow describehow theproblemof optimaldecodingcanbereformulatedasalinearprogram
over thecodeword polytope, i.e. theconvex hull of all codewordsof thecodeC. For everybit ŷi of thereceived

codeword ŷ, de®neits log-likelihoodas
 i = log
�

Pr [ŷi jyi =0]
Pr [ŷi jyi =1]

�
. Usingthememorylesspropertyof thechannel,

it canbeseenthatthemaximumlikelihood(ML) codeword is byML = argminy2C
P n

i =1 
 i yi . Withoutchanging
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theoutcomeof themaximization,wecanchangethesetweareoptimizingover to its convex hull conv(C) 1 and
expressML decodingasthe linearprogrambyML = argminy2 conv(C)

P n
i=1 
 i yi : Althoughtheproblemis now

justa linearprogram,it remainsintractablebecausethecodewordpolytopedoesnothaveasimpledescription.
The naturalapproachis to relax the linear programby taking only a polynomial set of constraintsthat

provideanouterboundonthecodewordpolytopeconv(C). The®rst-orderLP decodingmethod[12] makesuse
of a relaxationthatfollowsby lookingateachparitycheck(row of H ) independently. For eachchecka 2 C in
thecode,denoteby Ca thesetof binarysequencesthatsatisfyit—thatis,Ca correspondsto thelocalparitycheck
subcodede®nedchecka andits bit neighbors.Observe thatthefull codeCis simply theintersectionof all the
localcodes,andthecodewordpolytopehastheexactrepresentationconv(C) = conv(

T m
a=1 Ca). The®rst-order

LP decodersimply ignoresinteractionsbetweenthe variouslocal codes,andperformsthe optimizationover
the relaxedpolytopegivenby P : =

T m
a=1 conv(Ca). Note thatP is a convex setthat containsthecodeword

polytopeconv(C), but alsoincludesadditionalverticeswith fractionalcoordinates(calledpseudocodewordsin
thecodingliterature).(It canbeshown [24] thatif theLDPCgraphhadnocycles,thisrelaxationwouldbeexact,
henceit canbethoughtof asatree-basedrelaxation.)In contrastto thecodewordpolytope,therelaxedpolytope
P for LDPC codesconsistsof a linearnumberof constraints;seeAppendixB for anexactdescriptionof the
inequalityconstraintsde®ningP. Consequently, LP decodingconsistsof solvingtherelaxedlinearprogram:

byLP = argminy2P

nX

i =1


 i yi ; (1)

which cansolvedexactly in polynomialtime, or evenfasterwith iterative and/orapproximatemethods[3, 23,
24].

3 Description of Main Result

In this section,we describeour main resultcharacterizingthe performanceof LP decodingfor a randomen-
sembleof LDPCcodes,beforeturningto its proof in Section4.

Randomcodeensemble: Weconsidertherandomensembleof codesconstructedaccordingto thefollowing
procedure.Given a coderate ~r 2 (0; 1), form a bipartite factor graph G = (V; C) with a setof n = jV j
variablenodes,andm = jCj = b(1 � ~r )nc checknodesasfollows: (i) Fix a variabledegreedv 2 N; and(ii)
For eachvariablej 2 V , choosearandomsubsetN (j ) of sizedv from C, andconnectvariablej to eachcheck
in N (j ). For obviousreasons,we refer to this asthebit-regular randomensemble, anduseC(dv) to denotea
randomly-chosenLDPCcodefrom thisensemble.

Theanalysisof this paperfocusesprimarily on thebinarysymmetricchannel(BSC), in which eachbit of
the transmittedcodeword is �ipped independentlywith someprobability � . By concentrationof measurefor
thebinomialdistribution, it is equivalent(at leastasymptotically)to assumethata constantfraction� n of bits
are�ipped by thechannel.Let P denotethejoint measure,overboththespaceof bit-regularrandomcodes,and
thespaceof � n bit �ips. Ourgoalis to obtainupperboundson theLP errorprobabilityP[LP fails].

Ouranalysiswill bebasedontheexpansionof thefactorgraphof thecode.Speci®cally, thefactorgraphof
acodewill bea(k; �) -expanderif all setsS of variablenodes, whicharesmallenoughjSj � k, areconnected
to at least� jSj checks.Notethatthroughoutthis paper, we will beworkingwith codesthathave simpleparity
checkconstraints(LDPC codes)which aredifferent from the generalizedexpandercodes[21],[11], that can
have largelinearcodesasconstraints.

1Assumethatthereis auniqueoptimum;otherwisedeclaredecodingfailure.
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Beforestatingour mainresult,we notethat,ascanbeeasilyveri®ed(seee.g.[9]), thebit-regular random
constructionyieldsacodewith goodexpansion,with constantprobability:

Lemma 1 (Goodexpansion[9]). For any�xed coderate~r 2 (0; 1) andconstant� 2 (0; 1) such that (1 � � )dv

is an integer greaterthanor equalto two, a codeC(dv) from thebit-regular ensemblehasprobability larger
than1=2 of beinga (� n; � dv) expander, where

� = (2e� dv +1 (� dv=(1 � ~r )) (1� � )dv ) � 1
(1 � � ) dv � 1 > 0: (2)

Statementof main result: Our mainresultis that,for thejoint measureover expanderbit-regularcodesand
d� cne(or less)bit �ips by thechannel,LP Decodingwill succeedin recoveringthecorrectcodewordwith high
probability. The fractionof correctableerrors� c we establish,is at leastten timeshigherthanthepreviously
known (worstcase)result[9]. More formally,

Theorem 1. There exist constants~r ; dv ; c; � ; p > 0 such that, for all � 2 (0; � c), the LP decodersucceeds
with high probability over thespaceof (� n; p)-expanderbit-regular randomcodesandd� ne bit �ips; in other
words,

P[ LP succeedsj C(dv)is a (� n; p) expander] � 1 � e� cn: (3)

Thefractionof correctableerrors � c is a functionof thecodeensemble, speci�edby thecoderate ~r , variable
degreedv , expansionparameters � andp, andtheerror exponentc.

In thesequel,we provide speci®cparametersfor rate~r = 1=2 thatyield thefraction� c = 0:002. (For this
parametersetting,a randombit-regularcodeis a (� n; p)-expanderwith probabilityat least 1

2 .) We now statea
corollaryassociatedwith thisparticularresult.

Corollary 1. For coderate ~r = 1
2 , there exist constantsdv ; c > 0 such that, for all � 2 (0; 0:002), the LP

decodersucceedswith probability at least 1
2 � o(1) over thespaceof bit-regular randomcodesandd� ne bit

�ips; in otherwords,P[ LP succeeds] � 1
2 � o(1):

Impr oved combinatorial witness– The (p;q)� matching Theconditionthatwe aregoing to useto prove
thattheLP decodersucceedswill bea dual witness, i.e a dualfeasiblepoint,which will exhibit thattheprimal
linearprogramhasanintegraloptimalsolution.Usingthesymmetryof therelaxedpolytope,it canbeshown[9]
that the failure,or success,of the LP decoderonly dependson which bits the channel�ipped and not on the
transmittedcodeword. Using this symmetry, Feldmanet al. [10] demonstratedthat a dual witnesscan be
graphicallyinterpretedasa setof weightson theedgesof thefactorgraphof thecodeasthefollowing lemma
speci®es.

Lemma 2 (Dual witness[9]). Supposethat thechannel�ipped thebits of setF and left thebits of setF c :=
V n F unchanged. Set
 i = � 1, for all i 2 F , and 
 i = 1, for all i 2 F c. Linear ProgrammingDecoding
will succeedfor this error patternif andonly if there exist weights� i;a for all checksa 2 C andadjacentbits
i 2 N (a) such that thefollowingconditionshold:

� i;a + � j ;a � 0 for all checksa 2 C andadjacentbits i; j 2 N (a): (4a)
X

a2 N (i )

� i;a < 
 i for all i 2 V with 
 i < 0: (4b)
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Thekey requirementnow is a combinatorialcharacterizationof whenit is possibleto assignsuchweights
andhenceestablishthatLP Decodingsucceeds.To providesomeintuition, the�ipped variablesneedto “push”
oneunit of negative weightwhile theun�ipped canabsorbup to oneunit. Oneway to achieve this is to match
each�ipped bit with a numberof checks,sayp checks,to which it hasthe exclusive privilege to push�o w,
supposein a uniform fashion.Let usreferto thechecksthatareactuallyusedin sucha matchingasdirty, and
to all thechecksin N (F ) aspotentiallydirty. Thechallengeis thattheremight beun�ipped variablesthatare
adjacentto multiple dirty checks,andhencefail to satisfythe condition(4b); roughly speaking,they receive
moreweight thanthey canactuallyabsorb. Thus,thegoal is to constructthematchingof the�ipped bits with
p checkseachin a carefulway sothatno un�ipped bit hastoo many dirty neighbors.The� -matchingwitness,
usedby Feldmanetal. [9, 10], avoidsthisdif®culty in abruteforcemannerby matchingall of thebitsadjacent
to potentiallydirty checkswith � = p checkseach.Our approachcircumventsthis dif®culty usingthe more
re®nedcombinatorialobjectthatwe call a (p;q)-matching.For eachbit j 2 Fc, let Z j : = jN (j ) \ N (F )j be
thenumberof its edgesadjacentto checksin N (F ).

De�nition 1. Givennon-negative integersp andq, a (p;q)� matching is de®nedby thefollowing conditions:

� eachbit i 2 F mustbematchedwith p (distinct)checks.

� eachbit j 2 F c mustbematchedwith r j : = maxf q � dv + Z j ; 0g checksfrom thesetN (F ).

We will refer to thenumberof checkswith which eachvariablenodeneedsto bematchedasits requests.
In this language,all �ipped bitshavep requestswhile eachun�ipped bit j hasavariablenumberof requestsr j

which dependson how many of its edgeslandon checkswhich have �ipped neighbors.Thefollowing lemma
summarizesanimportantpropertyof ourconstruction:

Lemma 3. A (p;q)-matching guaranteesthat all the �ipped bits arematchedwith p checks,andall thenon-
�ipped bitshaveq or morenon-dirtycheckneighbors.

This fact follows by observingthatany un�ipped bit j with Z j edgesin N (F ) hasdv � Z j cleanneigboring
checks,andrequestsq � (dv � Z j ) extrachecksfrom thepotentiallydirty ones.

Thefollowing lemma,whoseproofweomit,establishesthata(p;q)-matchingis acerti®cateof LP decoding
success:

Lemma 4. For anyp andq such that 2p + q > 2dv , a (p;q)-generalizedmatching canbeusedto generatea
setof weights� i;a which satisfythedual conditions(4).

In fact,it is easyto verify thatourwitnesscorrespondsto aweakerconditionfor LP Decodingsuccessthanthe
conditionusedin by Feldmanetal. [9]. Thisstrengthof ourwitnessalongwith therandomizedanalysisarethe
two ingredientsthatallow usto establishamuchlargerfraction� c of correctableerrors.

4 Proof of Theorem1

Thekey stepin our proof will beto establishthat,with high probabilityover theselectionof randomexpander
bit-regularcodesandrandomsubsetsof d� ne �ipped bits, a (p;q)-matchingexists, for suitablevaluesof p, q
to bespeci®edlater. In orderto analyzetheexistenceof sucha matching,we will make useof Hall's theorem
(seealso[9]), which, in our context, statesthat a matchingexists if andonly if every subsetof the variable
nodeshave (jointly) enoughneighborsin N (F ) to cover the sumof their requests.Observe, however, this
inconvenientasymmetryin the de®nitionof our generalizedmatching:the bits of setFc needto be matched
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with checksfrom theneighborhoodof the�ipped bitsF andnot from thewholesetof checksfrom which they
selecttheir neighborsanyway. This correlationbetweenN (F ) andthenumberof requestsfrom setF c creates
severecomplicationsin theanalysis.Indeed,any attemptto useHall'sconditionthroughunionboundsseemsto
requireindependenceamongdifferentedgesin thecreationof thecodeandcrudeupper-boundson thenumber
of requestsfrom setF c seeminadequateto decorrelate the requestsof F c from the sizeof N (F ). Rather,
establishingour claim requiresa somewhatinvolvedsequenceof unionbounds,concentrationinequalitiesand
partitionsof ourprobabilityspacein regionswith differentproperties.

4.1 Partitioning the Probability Space

Underthedescribedprobabilisticmodel,anequivalentdescriptionof theneighborhoodchoicesfor eachvariable
j 2 F c is asfollows. Eachnodej 2 F c picksa randomnumberZ j 2 f 0; 1; : : : ; dvg accordingto thebinomial
distributionBin( dv ; jN (F )j

m ), andpicksasubsetof N (F ) of sizeZ j . Thissubsetcorrespondsto theintersection
of its checkneighborhoodN (j ) with thecheckneighborhoodN (F ) of the�ipped bits. Theremainingdv � Z j

edgesfrom bit j connectto checksoutsideN (F ). With this set-up,we now de®nethe following “bad event”
which correspondsto theexistenceof a pair (S1; S2) 2 2F � 2F c

of setsthatcontracts(i.e.,hasmorerequests
thanneighbors):

A : =

8
<

:
9S1 � F; S2 � F c

�
�
� jN (S1) [ [N (S2) \ N (F )]j � pjS1j +

X

j 2 S2

maxf 0; q � (dv � Z j )g

9
=

;
(5)

Noticethatonly theneighborsin N (F ) arecounted,sincea(p;q)-matchinginvolvesonly checksin N (F ). By
Lemma4, theeventA mustoccurwheneverLP decodingfails sothatwehave theinequality

P[LP decodingfails] � P[A ]: (6)

As wasmentionedabove,it seemsto beusefulto partitionthespaceA := 2F � 2F c
into threesubsetscontrolled

by theparameters� 2; � > 0. Parameter� 2 > 0 is a small constantto bespeci®edlater in theproof, whereas
� is theexpansioncoef®cient speci®edby equation(2) for � = p

dv
. The threesubsetsof interestaregivenby

A1 : = f (S1; S2) j (S1; S2) 2 A; jS1j + jS2j < � ng, A2 : = f (S1; S2) j (S1; S2) 2 A � A1; jS1j � � 2ng,
andA3 : = A � A1 � A2. Thispartition,asillustratedin Figure2 in AppendixC, decomposesA into sub-events

A(A i ) : =

8
<

:
9(S1; S2) 2 A i

�
�
� jN (S1) [ [N (S2) \ N (F )]j � pjS1j +

X

j 2 S2

maxf 0; q � (dv � Z j )g

9
=

;
(7)

for i = 1; 2; 3. Now, aseriesof unionboundsprovidesthefollowing boundfor theprobabilityof failure

P[ LP fails j C(dv) is a (� n; p) expander] � P[ A j C(dv) is a (� n; p) expander]

�
3X

i =1

P[ A(A i ) j C(dv) is a (� n; p) expander]:

However, all subsets(S1; S2) 2 A1 of anexpanderhaveap-matchingand,becauseq < p, it follows that

P[ A (A1) j is a (� n; p) expander] = 0
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and,therefore,weonly have to dealwith theremainingtwo termsof thesummation.For i = 2; 3, wehave

P[ A(A i ) j is a (� n; p) expander] =
P[ A(A i ) ^ C(dv) is a (� n; p) expander]

P[C(dv) is a (� n; p) expander]

�
P[ A (A i ) ]

P[C(dv) is a (� n; p) expander]
� 2P[ A (A i ) ] (By Lemma1)

So,puttingeverythingtogether, P[ LP fails j C(dv) is a (� n; p) expander] � 2
3X

i =2

P[ A(A i ) ]: (8)

4.2 Simplifying the probability model

In anattemptto decorrelatetherequestsof F c from thesizeof N (F ), observethatthenumberof requestsfrom
eachbit in F c is a linearfunctionof thenumberof edgesthatthisbit hasin N (F ). Thisobservationthroughan
easycouplingargumentshows that, if x; x0 2 f 0; : : : ; dvgjF c j aretwo vectorsof requestsfrom thebits in F c,
wherex � x0elementwise,thentheprobabilitythata (p;q)-matchingexistsis largerconditionedon x thanon
x0.

Thissuggeststhefollowing alternativeexperiment.Supposethateachnodej 2 F c picksa randomnumber

Z j 2 f 0; 1; : : : ; dvg accordingto the modi�ed binomial distribution Bin
�

dv ; dv d�n e
m

�
and thenchoosesZ j

checksfrom N (F ) with replacement. Thekey distinctionis that,sincejN (F )j � dvd� ne, thebits of setF c

will tendto have moreedgesin N (F ) and,therefore,morerequestsin this new experimentthanin theoriginal
one,assuggestedby thenaturalcouplingbetweenthetwo processes.Moreover, sincechecksarenow chosen
with replacement,for eachbit j 2 F c, thesizeof the intersectionN (j ) \ N (F ) is lessthanor equalto Z j in
size,sincethesamecheckmightbechosenmorethanonce.Intuitively, theexistenceof matchingsis lesslikely
in thenew experimentthanin theoriginaloneandthiscanbeveri®edby combiningtheseobservationswith the
couplingargumentusedin thepreviousparagraph.Thebene®tfrom switchingfrom theoriginal experimentto
thisnew experimentis in allowing usto decoupletheprocessof decidingthenumberof requestsmadeby each
bit in F c from thecardinalityof therandomvariableN (F ).

Let ususeQ to denotetheprobabilitydistribution over randomgraphsin this new model.SettingF c(q) =
f i 2 F j q > dv � Z j g, wecande®nethealternative “badevent”

B : =

8
<

:
9S1 � F; S2 � F c(q)

�
�
� jN (S1) [ [N (S2) \ N (F )]j � pjS1j +

X

j 2 S2

[q � (dv � Z j )]

9
=

;
(9)

andthecorrespondingsub-eventsB(A i ), i = 1; 2; 3. As arguedabove it musthold thatP[B(A i )] � Q[B(A i )],
for all i , and, therefore,as inequality (8) suggests,in order to upperboundthe probability of LP decoding
failure,it suf®cesto obtainupperboundsontheprobabilitiesQ[B(Ai )] for i = 2; 3; 4. For futureuse,wede®ne
for ®xedsubsetsS1 � F andS2 � F c(q), theevent

B(S1; S2) : =

8
<

:
jN (S1) [ [N (S2) \ N (F )] j � pjS1j +

X

v2 S2

[q � (dv � Z j )]

9
=

;
: (10)

Wenow proceed,in aseriesof steps,to obtainsuitableupperboundson theprobabilitiesQ[B(A i )] and,hence,
on theprobabilityof LP decodingfailure.
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4.3 Conditioning on requestsfr om F c

For eachi 2 f 1; : : : ; qg, wede®netherandomvariableRi : =

�
�
�
� f j 2 F c j Z j = dv � q+ ig

�
�
�
� , correspondingto

thenumberof bits in F c with dv � q+ i edgesthatlie insidethe“contaminated”neighborhoodN (F ). Soif we

de®ne,for eachi , theprobabilityqi : =
� dv

dv � q+ i

� �
d�n edv

m

� dv � q+ i �
1 � d�n edv

m

� q� i
, theneachRi is binomial

with parametersqi andb(1 � � )nc. SinceE[R i ] = qi b(1 � � ) nc, applyingHoeffding's inequality[15] yields
thesharpconcentrationQ [jR i � qi b(1 � � ) ncj � � 1n] � 2exp

�
� 2� 2

1n
�

for any � 1 > 0. Hence,if wede®ne
theevent

T (� 1) : =
q\

i =1

fj Ri � qi b(1 � � )ncj � � 1ng;

then a simple union boundyields that Q[T (� 1)] � 1 � 2q exp
�
� 2� 2

1n
�
, so that it suf�ces to boundthe

conditionalprobabilitiesQ[B(A i ) j T (� 1)], i = 2; 3. NotethatconditionedonT (� 1), weareguaranteedthat

Ri

n
� qi (1 � � ) + � 1 = : �Rup

i : (11)

4.4 Bounding Q[B(A2) j T (� 1)]]

We now turn to boundingthe probability of the bad event B. Since,by symmetry, the probability of the
eventB(S1; S2) is thesamefor differentsetsS1 of thesamesize,a unionboundgivesQ[B(A2) j T (� 1)] �
P d� ne

s1= d� 2ne D(s1), where

D(s1) : =
�

d� ne
s1

�
Q[9 S2 � F c(q) with (S1; S2) 2 A2 s.t. B(S1; S2) j T (� 1); ®xedsetjS1j = s1]:

Beforeboundingtheseterms,we®rstpartitionthevaluesof s1 into twosetsfd � 2ne; : : : ; d�scrit negandfd �scrit ne+
1; : : : ; d� neg for somevalue of �scrit to be speci®edformally in Lemma5. To give someintuition, in the
conditionalspaceT (� 1), the total numberof matching-requestsfrom the bits of set F c is at most V : =
n

P q
i=1 i �Rup

i =: n �V . Therefore,if Q[B(A2) j T (� 1)]] is relatively small, we would expect that, if the set
S1 is large enough(sayjS1j � jF j), thenwith high probability, the sizeof its imageN (S1) shouldbe large
enoughnot only to cover its own requestsbut alsoV additionalrequests—viz.jN (S1)j � pjS1j + V . If this
conditionholds,thentherecannotexists any setS2 suchthat the event B(S1; S2) occurs. We formalizethis
intuition in thefollowing:

Lemma 5 (UpperRegime). De�ne theconstant�V : =
P q

i=1 i �Rup
i , andthefunctionf (s) : = � H

� s
�

�
+ (1 �

~r )H
�

ps+ �V
(1� ~r )

�
+ dvs log2

�
ps+ �V
(1� ~r )

�
, whereH (�) is thebinaryentropy(seeAppendixD), andset

�scrit : =

(
inf f s 2 [0; � ]jf (s0) < 0; 8s0 2 [s; � ]g ; if in�mum exists

� ; otherwise

Thenfor all s1 2 fd �scrit ne+ 1; : : : ; d� neg, thequantityD (s1) decaysexponentiallyfastin n.

It remainsto boundD(s1) for s1 2 fd� 2ne; : : : ; d�scrit neg := L I . Considera ®xed setS1 of sizes1 2 L I ,
andcheckneighborhoodN (S1) of size
 1 : = jN (S1)j. By conditioning,we have thedecompositionD(s1) =

8



P dv s1

 1=1 E(
 1; s1), where

E(
 1; s1) : =
�

d� ne
s1

�
Q0[9 S2 with (S1; S2) 2 A2 s.t. B(S1; S2) j jN (S1)j = 
 1; jS1j = s1]

� Q0[jN (S1)j = 
 1 jjS1j = s1] :

Herewe have usedQ0 to denotetheconditionalprobabilitydistribution of Q conditionedon theeventT (� 1).
Thefollowing lemmaallowsusto restrictourattentionto linearly-sizedcheckneighborhoodsN (S1) in analyz-
ing theindividual termsE(
 1; s1) of thesummation:

Lemma 6 (LinearSizedNeighborhood). De�ne

�
 crit ( �s1) = sup
�

�
 1 2 (0; dv �s1] j 2 + dv �s1 log2

�
�
 1

(1 � ~r )

�
< 0

�
;

where note that the supremumalwaysexists. Then,for setsizess1 � d� 2ne and neighborhoodsizes
 1 �
�
 crit (� 2)n, thequantityE(
 1; s1) decaysexponentiallyfastin n.

A summary and someintuition: To summarizeour progressthusfar, we ®rst arguedthat in orderto bound
the probability Q[B(A2) j T (� 1)]], it suf®cesto boundthe quantitiesD(s1), for s1 2 fd� 2ne; : : : ; d� neg.
Next we partitionedtherangeof s1 into two sets:thelower setL I = fd� 2ne; : : : ; d�scrit neg, andtheupperset
UI : = fd �scrit ne+ 1; : : : ; d� neg. Theuppersethasthepropertythatfor all setsS1 � F of sizejS1j 2 UI , then
with high probability, theneighborhoodN (S1) is big enoughto accommodatenot only thematchingrequests
from setS1, but alsoall possiblematching-requestsfrom any setS2 � F c. Having establishedthis propertyof
largeS1 sets,it remainsto focuson smallS1. In this regime,theneighborhoodN (S1) on its own is no longer
suf®cient to cover thejoint setof requestsfrom S1 andfrom any possiblesetS2 � F c. Consequently, onehas
to considerfor everychoice(S1; S2) 2 A2, whetherthejoint neighborhoodN (S1) [ (N (S2) \ N (F )) is large
enoughto cover thematchingrequestsfrom S1 andS2.

At this point, onemight imaginethat a roughconcentrationargumentappliedto the sizesof N (S1) and
N (S2) \ N (F ) � N (S1) wouldsuf®ceto completetheproof. Unfortunately, any concentrationresultmustbe
suf®ciently strongto dominatethe factor

� d�n e
s1

�
that leadstheexpressionD(s1). Consequently, we studythe

exactdistributionof thesizeof N (S1), andboundthequantitiesE(
 1; s1) for s1 2 L I and
 1 2 f 1; : : : ; dvs1g.
Of course,sinces1 is linear in size,the bulk of the probability massis concentratedon linear valuesfor 
 1.
Therefore,by Lemma6, we needonly boundE(
 1; s1) for s1 2 L I and
 1 � �
 crit (� 2)n. We completethese
stepsin thefollowing subsection.

Establishing the bound: Let us®x sizess1 2 L I and
 1 � �
 crit (� 2)n. For a setS1 of sizes1 with neighbor-
hoodN (S1) of size
 1, de®neits residualneighborhoodtobethesetN (F )nN (S1) anduse
 2 : = jN (F )nN (S1)j
to denoteits size. Moreover, for a con®gurationof requests2 r 2

Q q
i=1 f 0; ::; d �Rup

i neg, let us denoteby
� (s1; 
 1; r ) thenumberof checksmissingfrom theneighborhoodof S1 to cover the total numberof requests
from S1 anda setS2 � F c with con®gurationof requestsr . Also, let � (r ) be the numberof edgesthat the
checksof setS2 have insideN (F ). Moreprecisely, thequantities� (s1; 
 1; r ) and� (r ) aregivenby thefollow-
ing formulas:� (s1; 
 1; r ) : = ps1 � 
 1 +

P q
i=1 ir i and� (r ) : =

P q
i=1 (dv � q + i )r i . With thesede®nitions,

wehave thefollowing exponentialupperbound:

2Recallthatwe have conditionedon theeventT (� 1), sothatthenumberof bits in F c with i matchingrequestsis concentrated,for
every i 2 f 1; : : : ; qg.
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Lemma 7 (Exponentialupperbound). If �scrit < �
2 , � dv < (1� ~r )� dv �scrit

2 and,moreover, � H
� �scrit

�

�
+ dv(� �

�scrit ) log2

�
dv �scrit
(1� ~r )

�
< 0, thentheprobability Q[B(A2) j T (� 1)]] is upperboundedby2nF (� ) + o(1); where

theo(1) termis exponentiallydecreasingin n, andthefunctionin theexponentis givenby

F (� ) : = sup
�s12 [0;�scrit ]

sup
�
 12 [0;dv �s1 ]

sup
�
 22 [0; dv (� � �s1 )]

sup
�r i 2 [ �Rup

i =2; �Rup
i ]

G(�s1; �
 1; �
 2; �r1; : : : ; �rq);

where theintermediatefunctionG = G(�s1; �
 1; �
 2; �r1; : : : ; �rq) is

� H
� �s1

�

�
+

qX

i =1

�Rup
i H

�
�r i

�Rup
i

�
+ min

�
0; (1 � ~r )H

�
�
 1

(1 � ~r )

�
+ dv �s1 log2

�
�
 1

(1 � ~r )

��
+

+ min
�

0; ((1 � ~r ) � �
 1)H
�

�
 2

((1 � ~r ) � �
 1)

�
+ dv(� � �s1) log2

�
�
 1 + �
 2

(1 � ~r )

��

+ min
�

0; �
 2H
�

minf �
 2; �� ( �s1; �
 1; �r )g
�
 2

�
+ � ( �r ) log2

�
�
 1 + minf �
 2; �� ( �s1; �
 1; �r )g

�
 1 + �
 2

��

SeeAppendixG for aproofof this lemma.

4.5 Bounding Q[B(A3) j T (� 1)]] and combining the pieces

It remainsto upperboundtheprobabilityof thebad-eventB(A3) which is equivalentto theexistenceof a pair
of contractingsets(S1; S2), wherethesizeof setS1 � F is at most� 2n andthesizeof setS2 � F c is at least
(� � � 2)n. Notethatwehaven't yetspeci®edtheconstant�2. Thefollowing lemmaestablishesthatthereexists
a valueof � 2 sothatQ[B(A3) j T (� 1)]] is boundedby anexponentiallydecreasingfunctionin n providedthat
thefunctionF (� ) of theprevioussectionis negative. Theproofof this®nal lemmais providedin AppendixH.

Lemma 8. If F (� ) < 0, where F (�) is the function de�ned in Lemma7, then there exists � 2 so that the
probabilityQ[B(A3) j T (� 1)]] is decreasingexponentiallyin n.

CombiningInequality(8), Lemma8 andtheanalysisof Section4.4,weget

Lemma 9. Fix constants~r , dv , p andq such that2p+ q > 2dv andde�ne �scrit asin thestatementof Lemma5.

Then,if �scrit < �
2 , � dv < (1� ~r )� dv �scrit

2 , � H
� �scrit

�

�
+ dv(� � �scrit ) log2

�
dv �scrit
(1� ~r )

�
< 0 and,moreover, the

functionF (a), de�nedin thestatementof Lemma7, is strictly negative, then

P[ LP decodingfails j C(dv) is a (� n; p) expander]

decaysexponentiallyin n, where P is theuniformmeasure over thesetof bit-regular codesandselectionsof
d� nebit �ips, and� is givenbyEquation(2).

UsingLemma9,wecaninvestigatefractionsof correctableerrorsonspeci®ccodeensembles.As aconcrete
example,for coderate~r = 1=2, if we choosevariabledegreesdv = 8 andgeneralizedmatchingparameters
(p;q) = (6; 5), onecannumericallyverify that the conditionsof Lemma9 aresatis®edfor all � � � crit =
0:002. Therefore,for that rate,we establishthat the correctablefraction or error that is morethanten times
higherthanpreviouslyknown results,asclaimed.Moregenerally, it remainsto furtherexploretheconsequences
of ouranalysistechniquefor otherratesandcodeensembles.
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A Illustration of factor graph

PSfragreplacements

F F c

N (F )
Figure 1. Illustration of the structureof a generalizedmatching. The subsetF � V correspondsto the setof
bits i 2 V with negative log-likelihoods(
 i < 0), andF c denotesits complement.ThesetN (F ) correspondsto
checksthatareconnectedto �ipped bits; a generalizedmatchingrequiresthat this sethassuf�cient connectivity
to theun�ipped setF c.

B Inequality description of relaxedpolytope

Herewegiveaprecisedescriptionof theinequalitiesthatcharacterizetherelaxedpolytopeP. For everycheck
a connectedto variablesN (a) andfor all subsetsS � N (a), jSj odd,we introducethefollowing constraints

X

i 2 N (a)nS

yi +
X

i 2 S

(1 � yi ) � 1: (12)
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It canbeshown thatby constrainingthe`1 distanceto beone,we arenot excludingany legal codewordsfrom
our relaxedpolytope.Wewill call theseinequalitiesforbiddinginequalities.

Wealsoneedto add2n inequalities0 � yi � 1 to ensurethatwe remaininsidetheunit hypercube.Theset
of forbiddinginequalitiesalongwith these[0; 1]-box inequalitiesde®netherelaxedpolytope,Givena checkof
degreedc, thereare2dc � 1 local forbiddensequences;for aconstantcheckdegreecodethen,thetotalnumberof
forbiddensequenceswould be2dc � 1m. Fortunately, in thecaseof low-densityparity-checkcodes,dc is either
a ®xed constant(for regular) or small with high probability (for irregular) so the numberof local forbidden
sequencesremainssmall. Therefore,in the casesof practicalinterest,the relaxed polytopecanbe described
by a linear numberof inequalities.Finally, it canbe shown that if the LDPC graphhadno cycles,the local
forbiddensequenceswould identify all thepossiblenon-codewordsandtherelaxationwould beexact[24, 12].
However if the graphhascycles, thereexist verticesof the relaxed polytope(calledpseudocodewords)with
non-integral coordinatesthatsatisfyall the local constraintsindividually andyet arenot codewordsnor linear
combinationsof codewords.

C Partitioning the space

A1

A2

jS2j

n � d� ne

�n

� 2n �n jS1jd� ne

A3

Figure 2: Partitioningthespace2F � 2F c
.

D Elementary boundson binomial coef�cients

For each� 2 (0; 1), de®nethe binomial entropy H (� ) : = � � log2 � � (1 � � ) log2(1 � � ) (andH (0) =
H (1) = 0 by continuity).Wemakeuseof thefollowing standardbounds[5] on thebinomialcoef®cients

n
�
H

�
k
n

�
�

log2(n + 1)
n

�
� log2

�
n
k

�
� n

�
H

�
k
n

�
+

log2(n + 1)
n

�
: (13)
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E Proof of Lemma 5

Notethatconditionedon theeventT (� 1), we areguaranteedthat
P q

i=1 iR i � �Vn. Now by unionbound,we
have

Y(s1) : =
�

d� ne
s1

�
Q

�
some®xedS1 of sizes1 satis®esjN (S1)j < ps1 + �Vn

�

�
�

d� ne
s1

� �
b(1 � ~r )nc

bps1 + �V nc

� �
bps1 + �Vnc
b(1 � ~r )nc

� dv s1

:

Setting�s1 = s1
n andusingstandardboundsonbinomialcoef®cients(seeAppendixD), thelog of Y (s1) is upper

boundedby

n
�
� H

� �s1

�

�
+ (1 � ~r )H

�
p�s1 + �V

1 � ~r

�
+ dv �s1 log2

(p�s1 + �V )
(1 � ~r )

+ o(1)
�

:

De®ning the function f andvalue �scrit asin the lemmastatement,we areguaranteedthat Y (s1) decaysex-
ponentially in n for all s1 2 fd �scrit ne + 1; : : : ; d� neg. To completethe proof of the claim, we write for
s1 2 fd �scrit ne+ 1; : : : ; d� neg

D(s1) : =
�

d� ne
s1

�
Q[9 S2 � F c(q) with (S1; S2) 2 A2 s.t. B(S1; S2) j T (� 1); S1 some®xedsetof sizes1]

�
�

d� ne
s1

�
Q[9 S2 � F c(q) with (S1; S2) 2 A2 s.t. B(S1; S2) j T (� 1); jN (S1)j > ps1 + �Vn] + Y(s1)

= Y (s1);

because,asarguedin Section4.3,in theconditionalspacejN (S1)j > pjS1j + �Vn, therecanbenoS2 suchthat
theeventB(S1; S2) holds.

F Proof of Lemma 6

We have the boundE(
 1; s1) �
� d�n e

s1

�
Q [ jN (S1)j = 
 1 j jS1j = s1], wherewe have usedthe fact that the

eventfj N (S1)j = 
 1g is independentof T (� 1) undertheprobabilitymeasureQ. An exactcomputationyields

log2 f Q [jN (S1)j = 
 1 j jS1j = s1]g � log2

( �
b(1 � ~r )nc


 1

� �

 1

b(1 � ~r )nc

� dv s1
)

� n
�

log2(n + 1)
n

+ (1 � ~r )H
�


 1

b(1 � ~r )nc

�
+ dv

s1

n
log2

�

 1

b(1 � ~r )nc

� �
;

wherewehaveusedstandardboundsonbinomialcoef®cients(seeAppendixD). Overall,wehave

log2 E(
 1; s1) � n
�

2
log2(n + 1)

n
+ H

�
s1

d� ne

�
+ H

�

 1

b(1 � ~r )nc

�
+ dv

s1

n
log2

�

 1

b(1 � ~r )nc

� �

� n
�

2
log2(n + 1)

n
+ 2 + dv

s1

n
log2

�

 1

b(1 � ~r )nc

��
;

since� < 1, ~r < 1 (®rst line) andeachentropy termremainsboundedwithin [0; 1] (secondline).
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Finally, setting�s1 = s1=n, �
 1 = 
 1=n, considerthefunction

g(�
 1) : = 2 + dv �s1 log2

�
�
 1

(1 � ~r )

�
:

Wehave lim �
 1 ! 0+ g(�
 1) = �1 , implying thatE(
 1; s1) decaysexponentiallyfastin n for all s1 � d� 2neand
neighborhoodsizes
 1 � �
 crit (� 2)n, where�
 crit (�) is de®nedasin thestatementof thelemma.

G Proof of Lemma 7

Webegin by proving thefollowing lemma,whichprovidesanupperboundon thequantityE(
 1; s1).

Lemma 10(LowerRegime). If �scrit < �
2 , � dv < (1� ~r )� dv �scrit

2 and,moreover,

� H
� �scrit

�

�
+ dv(� � �scrit ) log2

�
dv �scrit

(1 � ~r )

�
< 0;

then,for all s1 2 fd� 2ne; : : : ; d�scrit negand
 1 � �
 crit (� 2)n, thereexistssome
 �
2 = 
 �

2( �scrit ; � 2) > 0 such that
E(s1; 
 1) is upperboundedby

poly(n)
�

� n
s1

�
� min

(

1;
�

(1 � ~r )n

 1

� �

 1

(1 � ~r )n

� dv s1
)

�

max

 22fd 
 �

2 ne;:::;dv (�n � s1 )g
max
r i 2R i

" �
d �Rup

1 ne
r1

�
: : :

�
d �Rup

q ne
rq

�
�

� min

(

1;
�

(1 � ~r )n � 
 1


 2

� �

 2 + 
 1

(1 � ~r )n

� (�n � s1 )dv
)

�

� min

(

1;
�


 2

minf � (s1; 
 1; r ); 
 2g

� �

 1 + minf 
 2; � (s1; 
 1; r )g


 1 + 
 2

� � (r )
)#

+ o(1); (14)

whereR i :=
nj �Rup

i n
2

k
; : : : ; d �Rup

i ne
o

, for all i , andtheo(1) is anexponentiallyin n decreasingfunction.

Proof. Webegin with thedecomposition

E(s1; 
 1) =
�

d� ne
s1

� dv d�n e� s1X


 2=1

U1(
 1; 
 2)U2(
 1; 
 2) (15)

where

U1(
 1; 
 2) : = Q0[9 S2 with (S1; S2) 2 A2 s.t. B(S1; S2) j jN (S1)j = 
 1; jN (F )nN (S1)j = 
 2; jS1j = s1]

U2(
 1; 
 2) : = Q0[jN (S1)j = 
 1; jN (F )nN (S1)j = 
 2 j jS1j = s1] ;

andrecall thatQ0 is themeasureQ conditionedon theeventT (� 1). We now requirea lemmathatallows usto
restrictappropriatelytherangeof summationover linearin n valuesof 
 2.
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Lemma 11. Theconditionsof Lemma10 imply that there existssomevalue
 �
2 = 
 �

2( �scrit ) > 0 for which the
quantity

G(s1; 
 1) :=
�

d� ne
s1

� b
 �
2 ncX


 2=1

U1(
 1; 
 2)U2(
 1; 
 2)

decaysexponentiallyin n for anys1 , 
 1 that satisfyd� 2ne � s1 � d�scrit neand
 1 � �
 crit (� 2)n.

Proof. Theproof is similar in spirit to theproofof Lemma6. Take a termof summation(15). We canboundit
asfollows:

B (s1; 
 1; 
 2) : =
�

d� ne
s1

�
U1(
 1; 
 2)U2(
 1; 
 2)

�
�

d� ne
s1

�
U2(
 1; 
 2)

�
�

d� ne
s1

�
Q0[jN (F )nN (S1)j = 
 2 j jN (S1)j = 
 1; jS1j = s1]

Notethat

Q0[jN (F )nN (S1)j = 
 2 j jN (S1)j = 
 1; jS1j = s1] �
�

b(1 � ~r )nc � 
 1


 2

� �

 2 + 
 1

b(1 � ~r )nc

� (d�n e� s1 )dv

Therefore,

log2 B (s1; 
 1; 
 2) �

� n
�

� H
�

s1=n
�

�
+ H

�

 2=n

(1 � ~r ) � 
 1=n

�
+ dv

�
� �

s1

n

�
log2

�

 2=n + 
 1=n

(1 � ~r )

�
+ o(1)

�

� n
�

� H
� �scrit

�

�
+ H

�

 2=n

(1 � ~r ) � dv �scrit

�
+ dv(� � �scrit ) log2

�

 2=n + dv �scrit

(1 � ~r )

�
+ o(1)

�
:

wherewehaveusedthat �scrit < �
2

3 and� dv < (1� ~r )� dv �scrit
2

4. So,if wede®ne,thefunction

b(
 ) := � H
� �scrit

�

�
+ H

�



(1 � ~r ) � dv �scrit

�
+ dv(� � �scrit ) log2

�

 + dv �scrit

(1 � ~r )

�
;

it follows thatlim 
 ! 0 b(
 ) < 0 from theassumptionthat

� H
� �scrit

�

�
+ dv(� � �scrit ) log2

�
dv �scrit

(1 � ~r )

�
< 0

We®nishtheclaimaswedid in theproofof Lemma6.

By Lemma11, it suf®cesto provide upperboundsfor thetermsB (s1; 
 1; 
 2) for s1 2 fd� 2ne; : : : ; d�scrit neg,

 1 � �
 crit (� 2)n and
 2 � 
 �

2n. In theproofof Lemma11weestablishedthat

Q0[jN (F )nN (S1)j = 
 2 j jN (S1)j = 
 1; jS1j = s1] �
�

b(1 � ~r )nc � 
 1


 2

� �

 2 + 
 1

b(1 � ~r )nc

� (d�n e� s1 )dv

3sothatthe®rst entropy termin the®rst line is increasingin s1=n
4sothatthesecondentropy termis increasingin 
 1 andthethird termis increasingin s1=n andin 
 1=n
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In AppendixF weestablishedthat

Q0[jN (S1)j = 
 1jS1j = s1] �
�

b(1 � ~r )nc

 1

� �

 1

b(1 � ~r )nc

� dv s1

Theonly missingpieceis anupperboundon

Q0[9 S2 � F c(q) with (S1; S2) 2 A2 s.t. B(S1; S2) j jN (S1)j = 
 1; jN (F )nN (S1)j = 
 2; jS1j = s1]

But, in theconditionalspaceT (� 1), everysetS2 2 F c(q) correspondstoarequestvectorr 2
Q q

i=1 f 0; ::; d �Rup
i neg.

Moreover, for a setS2 2 F c(q) andits correspondingrequestvectorr , theeventB(S1; S2) is equivalentto the
following conditionbeingsatis®ed:

B(S1; S2) , j(N (S2) \ N (F )) � N (S1)j � � (s1; 
 1; r )

Therefore,a union boundover all the possiblechoicesof setsS2 gives the following upperboundfor the
probabilityof interest:

d �Rup
1 neX

r 1=0

: : :
d �Rup

q neX

r q=0

�
d �Rup

1 ne
r1

�
: : :

�
d �Rup

q ne
rq

�
� (r1; : : : ; rq; 
 1; 
 2)

| {z }

�( r1; r2; : : : ; rq; 
 1; 
 2)

Where� (r 1; : : : ; rq; 
 1; 
 2) is theprobability

Q0
�
j(N (S2) \ N (F )) n N (S1)j � � (s1; 
 1; r )

�
� jS1j = s1, jN (S1)j = 
 1, jN (F ) n N (S1)j = 
 2

S2 correspondsto requestvectorr

�

Beforecompletingtheproofweneeda®nal observation.

Lemma12. 8i , if f r j gj 6= i ; 
 1; 
 2 are�xed then�( r 1; r2; : : : ; rq; 
 1; 
 2) is increasingfor r i 2
n

1; : : : ; b
�Rup

1 n
2 c

o
.

Proof. Clearly
� d �Rup

i ne
r i

�
is increasingfor r i 2

n
1; : : : ; b

�Rup
1 n
2 c

o
. Therefore,it is enoughto establishthat

� (r1; : : : ; rq; 
 1; 
 2) is increasingfor r i 2
n

1; : : : ; b
�Rup

1 n
2 c

o
. But to show this we canjust usethe coupling

argumentthatweusedin Section4.2.Thecouplingwhichweomit hereis built upontheintuition is that,since
thenumberof matchingrequestsandthenumberof edgesthata bit in F c hasin N (F ) arelinearly related,by
increasingthenumberof edges–requeststheprobabilitythateventB(S1; S2) happensbecomeslarger.

Having establishedtheabovewecannow concludetheclaim. If wedenoteby R i :=
nj �Rup

1 n
2

k
; : : : ; d �Rup

1 ne
o

wehave that

d �Rup
1 neX

r 1=0

: : :
d �Rup

q neX

r q=0

�
d �Rup

1 ne
r1

�
: : :

�
d �Rup

q ne
rq

�
� (r1; : : : ; rq; 
 1; 
 2) �

poly(n) max
r i 2R i

�
d �Rup

1 ne
r1

�
: : :

�
d �Rup

q ne
rq

�
� (r1; : : : ; rq; 
 1; 
 2);
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wherethepoly(n) factoraccountsfor thefactthattherearepolynomiallymany termsin thesummation.Now,
by aunionboundweget

� (r1; : : : ; rq; 
 1; 
 2) �
�


 2

minf � (s1; 
 1; r ); 
 2g

� �

 1 + minf � (s1; 
 1; r ); 
 2g


 1 + 
 2

� � (r )

andputtingeverythingtogetherwegettheclaim.

Basedon the precedinganalysis,we can now completeour proof of Lemma 7. Indeed,using Lem-
mas5, 6, 10 we canupperboundQ[B(A2) j T (� 1)]] by thequantity(14),with theadditionof furtherpolyno-
mial pre-factors.Sincein theupperboundall relevantquantities,i.e. s1, 
 1, 
 2, r1; : : : ; rq, scalelinearly with
n, standardboundsonbinomialcoef®cients(seeAppendixD) leadto theclaimedform of F .

H Proof of Lemma 8

First wehave

Q[B(A3) j T (� 1)] �
b� 2ncX

s1=1

�
d� ne

s1

�
Q[9 S2 � F c(q) with (S1; S2) 2 A3 s.t. B(S1; S2) j T (� 1); S1 some®xedsetof sizes1]

| {z }

D 0(s1) (17)

Notethatfor � 2 suf®ciently small,wehave that,for all s1 2 f 1; : : : ; b� 2ncg,
�

d� ne
s1

�
�

�
d� ne
b� 2nc

�
� n

�
� H

� � 2

�

�
+ o(1)

�

Therestof theanalysisis basedon theintuition that,for � 2 suf®ciently smallandany setS2 of sizeat least�n ,
if r is thevectorof requestsfrom S2, then,with highprobability,

jN (S2) \ (N (F ) � N (S1)) j �
qX

i =1

ir i + p�2n := � 0(� 2; r ):

in other words the neighborhoodof set S2 inside N (F ) n N (S1) is suf®ciently large not only to cover the
requestsfrom setS2 but alsofrom S1. Indeed,

Q0[9 S2 � F c(q) with (S1; S2) 2 A3 s.t. B(S1; S2) j S1 some®xedsetof sizes1] �

Q0[9 S2 � F c(q) with jS2j � �n s:t:jN (S2) \ (N (F ) � N (S1)) j �
qX

i =1

ir i + p�2n j S1 ®xed; jN (S1)j � dv � 2n]

By similaranalysisasin theproofof Lemma10,wegetthat

D 0(S1) � 2nF 0(�;� 2 ) + o(1)

18



where

F 0(� ; � 2) : = sup
�
 22 [0; dv � ]

sup
�r i 2 [ �Rup

i =2; �Rup
i ]

G0( �
 2; �r1; : : : ; �rq; � 2);

andtheintermediatefunctionG0 = G0( �
 2; �r1; : : : ; �rq; � 2) is

� H
� � 2

�

�
+

qX

i =1

�Rup
i H

�
�r i

�Rup
i

�

+ min
�

0; ((1 � ~r ) � dv � 2)H
�

�
 2

((1 � ~r ) � dv � 2

�
+ dv(� � � 2) log2

�
dv � 2 + �
 2

(1 � ~r )

��

+ min
�

0; �
 2H
�

minf �
 2; �� 0(� 2; �r )g
�
 2

�
+ � ( �r ) log2

�
dv � 2 + minf �
 2; �� 0(� 2; �r )g

dv � 2 + �
 2

��

Notethatlim � 2 ! 0 G0( �
 2; �r1; : : : ; �rq; � 2) = lim �s! 0;�
 1 ! 0 G(�s; �
 1; �
 2; �r1; : : : ; �rq; � 2). Therefore,

lim
� 2 ! 0

F 0(� ; � 2) � F (� ):

So, if F (� ) < 0 it follows lim � 2 ! 0 F 0(� ; � 2) < 0 andby continuity thereexistssomevalue� 2 > 0 suchthat
F 0(� ; � 2) < 0 and,therefore,for thisvalueof � 2 theprobabilityQ[B(A3) j T (� 1)] is decreasingexponentially
in n.
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