
Onoptimalquantizationrulesfor somesequentialdecision
problems

XuanLongNguyen
Departmentof EECS

Universityof California,Berkeley
xuanlong@cs.berkeley.edu

Martin J.Wainwright
Departmentof StatisticsandDepartmentof EECS

Universityof California,Berkeley
wainwrig@stat.berkeley.edu

MichaelI. Jordan
Departmentof StatisticsandDepartmentof EECS

Universityof California,Berkeley
jordan@stat.berkeley.edu

June7, 2006

TechnicalReport708
Departmentof Statistics

Universityof California,Berkeley

Abstract

We considertheproblemof sequentialdecentralizeddetection,a problemthatentailsseveral inter-
dependentchoices:thechoiceof astoppingrule (specifyingthesamplesize),aglobaldecisionfunction
(a choicebetweentwo competinghypotheses),anda setof quantizationrules(the local decisionson
thebasisof which theglobaldecisionis made). In this paperwe resolve anopenproblemconcerning
whetheroptimallocaldecisionfunctionsfor theBayesianformulationof sequentialdecentralizeddetec-
tion canbe foundwithin theclassof stationaryrules. We developanasymptoticapproximationto the
optimalcostof stationaryquantizationrulesandshow how this approximationyieldsa negative answer
to thestationarityquestion.We alsoconsidertheclassof blockwisestationaryquantizersandshow that
asymptoticallyoptimalquantizersarelikelihood-basedthresholdrules.1

Keywords: sequentialdetection,decentralizeddetection,quantizerdesign,decision-makingundercon-
straints

1 Intr oduction

In thispaper, weconsidertheproblemof sequentialdecentralizeddetection(see,e.g.,[13,14,7]). Detection
is aclassicaldiscriminationor hypothesis-testingproblem,in whichobservationsf X 1; X 2; : : :g areassumed
to bedrawn i.i.d. from theconditionaldistribution P( � j H ) andthegoalis to infer thevalueof therandom
variableH , which takesvaluesin f 0; 1g. Placingthis problemin a communication-theoreticcontext, a

1Partof thiswork waspresentedat theInternationalSymposiumon InformationTheory, July2006,Seattle,WA.
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decentralizeddetectionproblemis a hypothesis-testingproblemin which the decision-maker is not given
accessto theraw datapointsX n , but insteadmustinfer H basedonly onasetof quantizationrulesor local
decisionfunctions, f Un = � n (X n )g. Finally, placingthe problemin a real-timecontext, the sequential
decentralizeddetectionprobleminvolvesa datasequence,f X 1; X 2; : : :g, anda correspondingsequenceof
summarystatistics,f U1; U2; : : :g, determinedby asequenceof localdecisionrulesf � 1; � 2; : : :g. Thegoalis
to designboththelocaldecisionfunctionsandto specifyaglobaldecisionrulesoasto predictH in amanner
thatoptimally tradesoff accuracy anddelay. In short,thesequentialdecentralizeddetectionproblemis the
communication-constrainedextensionof classicalformulation of sequentialcentralizeddecision-making
problems[see,e.g,10,6] to thedecentralizedsetting.

In settingup a generalframework of sequentialdecentralizedproblems,Veeravalli et al. [15] de�ned
� ve problems(“CaseA” through“CaseE”), distinguishedfrom oneanotherby theamountof information
available to the local sensors.In particular, in CaseE, the local sensorsareprovided with memoryand
with feedbackfrom the global decision-maker (alsoknown asthe fusioncenter), so that eachsensorhas
available to it the currentdata,X n , as well as all of the summarystatisticsfrom all of the other local
sensors.In otherwords,eachlocal sensorhasthesamesnapshotof paststateasthe fusioncenter;this is
aninstanceof aso-called“quasi-classicalinformationstructure”[5] for whichdynamicprogramming(DP)
characterizationsof the optimal decisionfunctionsareavailable. Veeravalli et al. [15] exploit this fact to
show thatthedecentralizedcasehasmuchin commonwith thecentralizedcase,in particularthatlikelihood
ratio testsareoptimal local decisionfunctionsat the sensorsandthat a variantof a sequentialprobability
ratio testis optimalfor thedecision-maker.

Unfortunately, however, part of the spirit of the decentralizeddetectionis arguably lost in CaseE,
which requiresfull feedback.In particular, in applicationssuchaspower-constrainedsensornetworks,we
generallydo not wish to assumethat therearehigh-bandwidthfeedbackchannelsfrom thedecision-maker
to the sensors,nor do we wish to assumethat the sensorshave unboundedmemory. Most suitedto this
perspective—andthefocusof thispaper—is CaseA, in which thelocaldecisionsareof thesimpli�ed form
� n (X n ); i.e.,neitherlocalmemorynor feedbackareassumedto beavailable.

NotingthatCaseA is notamenableto dynamicprogrammingandis presumablyintractable,Veeravalli et
al. [15] suggestrestrictingtheanalysisto theclassof stationarylocaldecisionfunctions;i.e., localdecision
functions� n that are independentof n. They conjecturethat stationarydecisionfunctionsmay actually
beoptimal in thesettingof CaseA (given the intuitive symmetryandhigh degreeof independenceof the
problemin thiscase),eventhoughit is notpossibleto verify thisoptimalityvia DParguments.Thetruthor
falsityof thisconjecturehasremainedopensinceit was�rst posedby Veeravalli et al. [15, 14].2

In this paper, we resolve this questionby showing that stationarydecisionfunctionsare, in fact, not
optimal for decentralizedproblemsof type A. More speci�cally, we do so by providing a simple lemma
characterizingtheasymptoticallyoptimalcostin theBayesianformulation(i.e., whenthecostpersample
goesto 0). This lemmahasanalogsin theNeyman-Pearsonformulation(see,e.g.,[11, 6]) andprovesto be
very usefulin thestudyof optimaldecisionfunctionsin theBayesianformulation.It allows usto construct
counterexamplesto thestationarityconjecture,bothin anexactandanasymptoticsetting.In theasymptotic
setting,weshow thatin generaltherearealwaysarangeof prior probabilitiesfor whichstationarystrategies
aresuboptimal.Wenotein passingthatanintuition for thesourceof thissuboptimalityis easilyprovided—it
is dueto theasymmetryof theKullback-Leibler(KL) divergence.

2In a relatedformulation of the problem,i.e., the Neyman-Pearsonformulation, Mei [7] surmisedthat the pair of optimal
quantizersfor minimizing theexpectedstoppingtimeswith respectto two hypotheses(whichareprovento bestationary)neednot
be thesame.In somesense,this openquestionappearsto be theequivalentof Veervalli' s conjecturein theBaysianformulation,
whichweaddressin thispaper.
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It is well known that optimal quantizerswhenunrestrictedarenecessarilylikelihood-basedthreshold
rules [13]. Our counterexamplesand analysisimply that the thresholdsneednot be stationary(i.e., the
thresholdmaydiffer from sampleto sample).In theremainderof thepaper, weaddressesapartialconverse
to this result: speci�cally, if we restrictourselvesto stationary(or blockwisestationary)quantizerdesigns,
thenthereexistsanoptimaldesignthatis a thresholdrulebasedonthelikelihoodratio. Weprove this result
by establishingaquasiconcavity resultfor theasymptoticallyoptimalcostfunction.

The remainderof this paperis organizedasfollows. We begin in Section2 with backgroundon the
Bayesianformulationof sequentialdetectionproblems,andWald's approximation.Section3 providesa
simple asymptoticapproximationof the optimal cost that underliesour main analysisin Section4. In
Section5, we establishtheexistenceof optimaldecisionruleswhich arelikelihood-basedthresholdrules,
whenrestrictedto beblockwisestationary. Weconcludein Section6.

2 Background

This sectionprovidesnecessarybackgroundon theBayesianformulationof sequentialdetectionproblems,
adynamicprogrammingchacterizationandWald'sapproximationof theoptimalcost.

2.1 Sequentialdetectionand dynamic programming

Let P0 andP1 representtheclass-conditionaldistributionsof X , whenconditionedon f H = 0g andf H =
1g respectively. Focusingthe Bayesianformulationof the sequentialdetectionproblem[10, 14], we let
� 1 = P(H = 1) and� 0 = P(H = 0) denotetheprior probabilitiesof the two hypotheses.A sequential
decisionrule consistsof a stoppingtimeN (de�ned with respectto thesigma�eld � (X 1; : : : ; X N )), anda
decisionfunction 
 (measurablewith respectto � (X 1; : : : ; X N )). Thecostfunction is a weightedsumof
thesamplesizeN andtheprobabilityof incorrectdecision

R(N ; 
 ) := E
�

cN + I [
 (X 1; : : : ; X N ) 6= H ]
	

; (1)

wherec > 0 is the incrementalcostof eachsample.Theoverall goal is to choosethepair (N ; 
 ) soasto
minimizetheexpectedloss(1).

AssumethatP0 andP1 areabsolutelycontinuouswith respectto oneanother. For convenience,in the
sequelwe shall frequentlyusef 0(x) andf 1(x) to denotethe respective densityfunctionswith respectto
somedominatingmeasure(e.g.,Lesbeguefor continousvariables,or countingmeasurefor discrete-valued
variables).

It is well known that the optimal solutionof the sequentialdecisionproblemcanbe characterizedre-
cursively usingdynamicprogramming(DP) arguments[1, 17, 10]. Furthermore,aswe develop in detail
in AppendixA, the DP characterizationholdseven whenX 1; X 2; : : : are independentbut not identically
distributedconditionalon H . Althoughvery usefulfor classical(centralized)sequentialdetection,theDP
approachis not alwaysstraightforward to apply to decentralizedversionsof sequentialdetection.We will
�nd, however, that theDP approachis usefulfor evaluatingtheaccuracy of approximationsto theoptimal
cost.

2.2 Wald'sapproximation

Whenall X 1; X 2; : : : arei.i.d. conditionedon H , thereis an alternative to the DP approachfor approxi-
matingcostof theoptimalsequentialtest,originally dueto Wald (cf. [11]), thatwe describehere.It canbe
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shown thattheoptimalstoppingrule for thecostfunction(1) takestheform

N = inf
�

n � 1
�
� L n (X 1; : : : ; X n ) :=

nX

i =1

log
f 1(X i )
f 0(X i )

=2 (a;b)
	

; (2)

for somerealnumbersa < b. Giventhisstoppingrule, theoptimaldecisionfunctionhastheform


 (L N ) =

(
1 if L N � b;

0 if L N � a.
(3)

Wenow developanalternativeexpressionfor theoptimalcostof thedecisionrule (3). Considerthetwo
typesof error:

� = P0(
 (L N ) 6= H ) = P0(L N � b)

� = P1(
 (L N ) 6= H ) = P1(L N � a):

Now de�ne � 1 = E1[log f 1 (X 1 )
f 0 (X 1 ) ] = D(f 1jj f 0) and� 0 = � E0[log f 1 (X 1 )

f 0 (X 1 ) ] = D(f 0jj f 1). With thisnotation,
thecostJ (a;b) of thedecisionrulebasedonenvelopesa andbcanbewrittenas

J (a;b) = E
�

cN + I [
 (X 1; : : : ; X N ) 6= H ]
	

= � 1E1(cN + I [L N � a]) + � 0E0(cN + I [L N � b]) (4)

= c� 1 E1L N

� 1 + c� 0 E0L N

� � 0 + � 0� + � 1� ; (5)

wherethesecondline follows from Wald's equation[16]. With a slight abuseof notation,we shallalsouse
D(� ; � ) to denotea functionin [0; 1]2 ! R suchthat:

D (� ; � ) := � log
�
�

+ (1 � � ) log
1 � �
1 � �

:

Let usnow developaseriesof approximationsof thecost,following Wald(cf. [11]). To begin, theerrors
� and� arerelatedto a andb by theclassicalinequalties� � (1 � � )=eb and� � ea(1 � � ). In general,
theseinequalitiesneednot hold with equalitybecausethelikelihoodratio L N at theoptimalstoppingtime
N mightovershooteithera or b(insteadof attainingpreciselythevaluea or bat thestoppingtime). Wald's
approximationis basedon ignoring this overshootandreplacingthe inequalitiesby equalitiesto solve for
correspondingvaluesof � and� :

� �
1 � ea

eb � ea and� �
e� b � 1

e� b � e� a : (6)

Wecanalsoexpressa andb in termsof � and� :

a � a(� ; � ) := log
�

1 � �
andb � b(� ; � ) := log

1 � �
�

: (7)

Themapping(6) and(7) between(a;b) and(� ; � ) yieldsthefollowing approximation

E0[L N ]
� � 0 �

(1 � � )a + � b
� � 0 (8a)

E1[L N ]
� 1 �

(1 � � )b+ � a
� 1 (8b)
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Pluggingthis approximationinto (4) andusing(7), we obtainWald's approximationfor the costof a se-
quentialtestwith error� and� :

G(� ; � ) := c� 0 D(� ; 1 � � )
� 0 + c� 1 D(1 � � ; � )

� 1 + � 0� + � 1� ; (9)

In thefollowing sectionweexploit thisapproximationin ouranalysisof quantizerdesign.

3 Characterization of optimal quantizers

Turningnow to thedecentralizedsetting,theprimarychallengeliesin thedesignof thequantizationrules� n .
A quantizationrule � n is a functionthatmapsX to thediscretespaceU = f 0; : : : ; K � 1g for somenatural
numberK . Any �x edsetof quantizationrules� n yieldsa sequenceof compresseddataUn = � n (X n ), to
which theclassicaltheorycanbeapplied.We arethusinterestedin choosingquantizationrules� 1; � 2; : : :
so that theerror, resultingfrom applyingtheoptimalsequentialtestto thesequenceof suf�cient statistics
U1; U2; : : :, is minimizedoversomespaceof quantizationrules.In thedecentralizedsetting,weuse

f i
� n

(u) := Pi (� n (X n ) = u); for i = 0; 1;

to denotethedistributionsof thecompresseddata,conditionedon thehypothesis.
We saythata quantizerdesignis stationaryif therule � n is independentof n; in this case,we simplify

thenotationto f 1
� andf 0

� . In addition,wede�ne theKL divergences� 1
� := D(f 1

� jj f 0
� ) and� 0

� := D(f 0
� jj f 1

� ).
Moreover, let G� denotetheanalogueof thefunctionG in equation(9), de�ned using� i

� ; i = 0; 1. In this
section,we describehow—by exploiting Wald's approximationfor sequentialproblems—itis possibleto
provideanasymptoticcharacterizationof theoptimalcostof any stationaryquantizationrule.

3.1 Approximatequantizer design

Givena �x edstationaryquantizer� , Wald's approximation(9) suggeststhefollowing strategy for approx-
imating the costof sequentialdetectionstrategy. For a given setof errors� and� , �rst assignthe values
of thresholdsa = a(� ; � ) andb = b(� ; � ) usingapproximation(7). ThenusethequantityG� (� ; � ) asan
approximationto thetruecostJ � (a; b). This approximationessentiallyignorestheovershootof the likeli-
hoodratio L N . It is possibleto analyzethis overshootto obtaina �ner approximation(cf. [11, 6, 9]). For
thepurposeof quantizerdesign,however, aswe shall see,theapproximationerror incurredfrom ignoring
theovershootis at mostO(c), whereasthechoiceof quantizer� generallyresultsin a changeof theorder
�( c logc� 1).

A key assumptionin ouranalysisis that

sup
� 2 �

sup
u2U

log(f 1
� (u)=f 0

� (u)) � M (10)

for someconstantM over a class� of quantizerfunctions� : X ! U. Notethat this assumptionholdsin
many casesof interest.For instance,whenX n takesits valuesin a�nite setof discreteelementsX , andboth
P1 andP0 placepositiveprobabilitymassonall valuesin X , theassumptionclearlyholds.Theassumption
alsoholdswhenX is acontinuousdomainandsupx2X j log(f 1(x)=f 0(x)) j < + 1 .

ThefollowingpropositionguaranteesthattheapproximationG� isasymptoticallyexactuptoanadditive
errorof sizeO(c), andprovidesabasisfor characterizingtheoptimalcost:
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Proposition1. (a)Theerror in theapproximation(9) is boundedas

jJ� (a; b) � G� (� ; � )j � cM
�

� 0

� 0
�

+
� 1

� 1
�

�
: (11)

(b) De�ne theoptimalcostJ �
� = inf a;b J� (a; b). Thenasc ! 0, wehave

J �
� =

�
� 0

� 0
�

+
� 1

� 1
�

�
c log

1
c

+ O(c): (12)

Proof: (a) We begin by boundingtheerrorin theapproximation(7). By de�nition of thestoppingtime N ,
we have either(i) b � L N � b + M or (ii) a � M � L N � a. Considerall realizationsu1; : : : ; un for
whichcondition(i) holds;for any suchsequence,wehave

ebP0(u1; : : : ; un ) � P1(u1; : : : ; un )

e(b+ M )P0(u1; : : : ; un ) � P1(u1; : : : ; un ):

Takingasumoverall suchrealizations,usingthede�nition of � and� , andperformingsomealgebrayields
theinequalityeb� � 1� � � eb+ M � , or equivalentlyb � b(� ; � ) = log 1� �

� � b+ M . Similar reasoning
for case(ii) yieldsa � M � a(� ; � ) = log �

1� � � a. Now, notethat

E0L N = � E0[L N jL N � b] + (1 � � )E0[L N jL N � a]:

Conditioningon theeventL N 2 [b;b+ M ], we have jL N � b(� ; � )j � M . Similarly, conditioningon the
eventL N 2 [a� M ; a], wehavejL N � b(� ; � )j � M . ThisyieldsjE0L N � (� D (� ; 1� � )) j � M . Similar
reasoningyieldsjE1L N � D (1 � � ; � )j � M .

(b)By part(a),it suf�ces toestablishtheasymptoticbehavior (12)for thequantity eJ� (a; b) = inf �;� G� (� ; � ),
wherethein�mum is takenamongpairsof realizableerrorprobabilities(� ; � ). Moreover, we only needto
considertheasymptoticregime� + � ! 0, sincetheerrorprobabilities� and� vanishasc ! 0. It is simple
to seethatD (1 � � ; � ) = log(1=� ) + o(1), andD(1 � � ; � ) = log(1=� ) + o(1). Hence,inf �;� G� (� ; � )
canbeexpressedas

inf
�;�

�
� 0� + � 1� + c� 0 log(1=� )

� 0
�

+ c� 1 log(1=� )
� 1

�

�
+ o(c): (13)

This in�mum, takenover all positive (� ; � ), is achievedat � � = c� 1

� 1
� � 0 and� � = c� 0

� 0
� � 1 . We now show that

theseerrorprobabilitiescanbeapproximatelyrealized(for c small)by usinga suf�ciently large threshold
b > 0 and small thresholda < 0 while incuring an approximationcost of order O(c). Indeed,let us
choosethresholdsa0 and b0 suchthat e� (b0+ M )=2 � � � � e� b0

, and ea0� M =2 � � � � ea0
. Let � 0

and� 0 be the correspondingerrorsassociatedwith thesetwo thresholds.As proved above, we alsohave
� 0 2 (e� (b0+ M )=2; e� b0

) and� 0 2 (ea0� M =2; ea0
). Clearly, j� � � � 0j � e� b0

(1 � e� M ) = O(� � ) = O(c).
Similarly, j� � � � 0j = O(c). By themeanvaluetheorem,

j log(1=� � ) � log(1=� 0)j � j� � � � 0jeb0+ M � eM (1 � e� M ) = O(1):

Similarly, log(1=� � ) � log(1=� 0) = O(1). Hence,theapproximationof (� � ; � � ) by therealizable(� 0; � 0)
incursacostatmostO(c).
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c 0.01 0.009 0.008 0.007 0.006 0.005 0.004 0.003 0.002 0.001

J � 0.0320 0.0297 0.0269 0.0241 0.0212 0.0178 0.0145 0.0112 0.0078 0.0042
~J 0.0302 0.0277 0.0250 0.0224 0.0196 0.0168 0.0139 0.0108 0.0076 0.0041

~J =J � 0.9447 0.9313 0.9313 0.9288 0.9268 0.9409 0.9550 0.9682 0.9772 0.9737

Table 1. Comparisonof the(exact)optimalcostJ � computedby thedynamicprogrammingmethod,andan
approximationof theoptimalcostdenotedby ~J usingEq.(14a)asc decreases.

Pluggingthequantities� � ; � � into equation(13)yields

inf
�;�

G� (� ; � ) =
�

� 0

� 0
�

+
� 1

� 1
�

�
c log

1
c

+
�

� 0

� 0
�

+
� 1

� 1
�

+
� 0

� 0
�

log
� 0

� � 1

� 0 +
� 1

� 1
�

log
� 1

� � 0

� 1

�
c + O(c)(14a)

=
�

� 0

� 0
�

+
� 1

� 1
�

�
c log

1
c

+ O(c) (14b)

asclaimed.

3.2 A simple illustration

Considertwo simplehypothesesP0 andP1 whereX takes its valuesfrom the set f 1; 2g. In particular,
[P0(1) P0(2)] = [0:8 0:2] and[P1(1) P1(2) = [0:01 0:99]. Thepriorsare� 0 = � 1 = 0:5. Table1 shows
that the approximationgiven by (14a)canprovide a reasonableapproximationto the costfor the optimal
sequentialtestwhenc is suf�ciently small.

4 Suboptimality of stationary designs

Wenow considerthestructureof optimalquantizers.It wasshown by Tsitsiklis [13] thatoptimalquantizers
� n take theform of thresholdrulesbasedon thelikelihoodratio f 1(X n )=f 0(X n ). Veeravalli et al. [15, 14]
askedwhethertheserulescanbetakento bestationary, a problemthathasremainedopen.In this section,
we resolve this questionwith a negative answer. First, we provide a counterexamplein which theoptimal
quantizeris not stationary. Next, we show that usinga stationaryquantizercanbe suboptimaleven in an
asymptoticsense(i.e.,asc ! 0).

4.1 Illustrati vecounterexample

We begin with a simplebut concretedemonstrationof thesuboptimalityof stationarydesigns.Considera
problemin whichX 2 X = f 1; 2; 3g andtheconditionaldistributionstake theform

f 0(x) =
� 8

10
1999
10000

1
10000

�
andf 1(x) =

� 1
3

1
3

1
3

�
:

Supposethattheprior probabilitiesare� 1 = 8
100 and� 0 = 92

100, andthatthecostfor eachsampleis c = 1
100.

If we restrictto binaryquantizers(i.e.,U = f 0; 1g), thenthereareonly threepossiblequantizers:

1. DesignA: � A (X n ) = 0 ( ) X n = 1. As aresult,thecorrespondingdistribution for Un is speci�ed
by f 0

� A
(un ) = [4

5
1
5 ] andf 1

� A
(u) = [1

3
2
3 ].
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Method JA (0:08) JB (0:08) JC (0:08) J � (0:08)

Cost 0:0567 0:0532 0:0800 0:0528

Table 2. Numericallycomputedcostsfor the threestationarydesignsJA , JB andJC , for themixeddesign
J � .

2. DesignB: � B (X n ) = 0 ( ) X n 2 f 1; 2g. The correspondingdistribution for Un is given by
f 0

� B
(u) = [ 9999

10000
1

10000] andf 1
� B

(u) = [2
3

1
3 ].

3. DesignC: � C (X n ) = 0 ( ) X n 2 f 1; 3g. Thecorrespondingdistribution for Un is speci�ed by
f 0

� C
� [ 8001

10000
1999
10000] andf 1

� C
(u) = [2

3
1
3 ].

Now considerthe threestationarystrategies, eachof which usesonly one �x ed design,A, B or C.
For any givenstationaryquantizationrule � , we have a classicalcentralizedsequentialproblem,for which
theoptimalcost(achievedby a SPRT) canbecomputedusinga dynamic-programmingprocedure[17, 1].
Accordingly, for eachstationarystrategy, we computetheoptimalcostfunctionJ for 106 pointson thep-
axisby performing300updatesof Bellman's equation(24). In all cases,thedifferencein costbetweenthe
299thand300thupdatesis lessthan10� 6. Let JA ; JB andJC denotetheoptimalcostfunctionfor sequential
testsusingall A's,all B's,andall C's, respectively. Whenevaluatedat � 1 = 0:08, thesecomputationsyield
thenumericalvaluesshown in Table2.

Finally, we considera non-stationaryrule obtainedby applyingdesignA for only the�rst sample,and
applyingdesignB for theremainingsamples.AgainusingBellman'sequation,we �nd thatthecostfor this
designis

J� = minf g(0:08); c + JB (P(H = 1ju1 = 0))P(u1 = 0)+

JB (P(H = 1ju1 = 1))P(u1 = 1)g = 0:052767;

which is betterthanany of thestationarystrategies.
Note the slim improvement(0.0004)of J � over the beststationaryrule JB . This is duein part to the

choiceof a smallper-samplecostc = 0:01; for largerc we do not obtaina counterexamplewhenusingthe
distributionsgivenabove. More signi�cantly, however, our non-stationaryrule differs from designrule B
by only the�rst sample.This suggeststhatonecanachieve bettercostby alternatingbetweenusingdesign
A anddesignB on theoddandevensamples,respectively. Weprove this formally in theasymptoticsetting
in thenext section.

4.2 Asymptotic suboptimality of stationary designs

We now prove that thereis alwaysa rangeof prior probabilitiesfor which stationaryquantizerdesignsare
suboptimal.Our resultstemsfrom the following observation: the form of the approximation(9) dictates
that in orderto achieve a smallcostwe needto choosea quantizer� for which theKL divergences� 0

� :=
D(f 0

� jj f 1
� ) and� 1

� := D(f 1
� jj f 0

� ) arebothaslargeaspossible.Dueto theasymmetryof theKL divergence,
however, thesemaximaarenotnecessarilyachievedby asinglequantizer� . Thissuggeststhatit shouldbe
possibleto constructanon-stationaryquantizerwith bettercostthanastationarydesign.
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Proposition2. Let � 1 and� 2 beanytwoquantizers. If thefollowing inequalitieshold

� 0
� 1

< � 0
� 2

and� 1
� 1

> � 1
� 2

(15)

thenthereexistsa non-emptyinterval (A; B ) � (0; + 1 ) such thatasc ! 0,

J �
� 1

� J �
� 1 ;� 2

� J �
� 2

if
� 0

� 1 � A

J �
� 1 ;� 2

< minf J �
� 1

; J �
� 2

g � �( c logc� 1) if
� 0

� 1 2 (A; B )

J �
� 1

� J �
� 1 ;� 2

� J �
� 2

if
� 0

� 1 � B ;

where J �
� i

denotestheoptimalcostof thestationarydesignbasedon thequantizer� i , andJ �
� 1 ;� 2

denotes
the optimal cost of a sequentialtest that alternatesbetweenusing � 1 and � 2 on odd and even samples
respectively.

Proof: Accordingto Proposition1, wehave

J �
� i

=
�

� 0

� 0
� i

+
� 1

� 1
� i

�
c logc� 1 + O(c); i = 0; 1 (16)

Now considerthe sequentialtest that appliesquantizers� 1 and � 2 alternatelyto odd andeven samples.
Furthermore,let thistestconsidertwo samplesatatime. Let f 0

� 1 � 2
andf 1

� 1 � 2
denotetheinducedconditional

probabilitydistributions,jointly on theodd-evenpairsof quantizedvariables.Fromtheadditivity of theKL
divergenceandassumption(15), thereholds:

D (f 0
� 1 � 2

jj f 1
� 1 � 2

) = � 0
� 1

+ � 0
� 2

> 2� 0
� 1

(17a)

D(f 1
� 1 � 2

jj f 0
� 1 � 2

) = � 1
� 1

+ � 1
� 2

< 2� 1
� 1

: (17b)

Clearly, thecostof theproposedsequentialtestis anupperboundfor J �
� 1 ;� 2

. Furthermore,thegapbetween
thisupperboundandthetrueoptimalcostis nomorethanO(c). Hence,asin theproofof Proposition1, as
c ! 0, theoptimalcostJ �

� 1 ;� 2
canbewrittenas

�
2� 0

� 0
� 1

+ � 0
� 2

+
2� 1

� 1
� 1

+ � 1
� 2

�
c logc� 1 + O(c): (18)

Fromequations(16)and(18),simplecalculationsyield theclaimwith

A =
� 0

� 1
(� 1

� 1
� � 1

� 2
)( � 0

� 1
+ � 0

� 2
)

� 1
� 1

(� 1
� 1

+ � 1
� 2

)( � 0
� 2

� � 0
� 1

)
< B =

� 0
� 2

(� 1
� 1

� � 1
� 2

)( � 0
� 1

+ � 0
� 2

)

� 1
� 2

(� 1
� 1

+ � 1
� 2

)( � 0
� 2

� � 0
� 1

)
:

Remarks: Let us return to the exampleprovided in the previous subsection. Note that the two quan-
tizers � A and � B satisfy assumption(15), sinceD(f 0

� B
jj f 1

� B
) = 0:4045 < D(f 0

� A
jj f 1

� A
) = 0:45 and

D(f 1
� B

jj f 0
� B

) = 2:4337> D(f 1
� A

jj f 0
� A

) = 0:5108. As aresult,thereexist priorsfor whichasequentialtest
usingstationaryquantizerdesign(either� A , � B or � C for all samples)is notoptimal.
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5 On asymptotically optimal blockwisestationary designs

Despitethe possibleloss in optimality, it is useful to considersomeform of stationarityin order to re-
ducecomputationalcomplexity of the optimizationand decisionprocess. In this section,we consider
the classof blockwise stationary designs,meaningthat there exists somenatural numberT such that
� T +1 = � 1; � T +2 = � 2; andso on. For eachT, let CT denotethe classof all blockwisestationaryde-
signswith periodT. Wesupposethroughouttheanalysisthateachdecisionrule � n (n = 1; : : : ; T) satis�es
assumption(10). Thus,asT increases,we have a hierarchy of increasinglyrich quantizerclassesthatwill
beseento yield progressively betterapproximationsto theoptimalsolution.

For a �x edprior (� 0; � 1) andT > 0, let (� 1; : : : ; � T ) denotea quantizerdesignin CT . ThecostJ �
� of

asymptoticallyoptimalsequentialtestusingthisquantizerdesignis
�

T � 0

� 0
� 1

+ : : : + � 0
� T

+
T� 1

� 1
� 1

+ : : : + � 1
� T

�
c logc� 1 + O(c): (19)

This formula revealsan importantpropertyof asymptoticallyoptimal quantization—-namely, the asymp-
totically optimalquantizerdesignis theonethatminimizesthemultiplicative constantassociatedwith the
clogc� 1 term. With a harmlessabuseof notation,from now on we shall useJ �

� to denotethis constant,
which becomesa function of � . More precisely, J �

� is a function of the following vectorof probabilities
inducedby thequantizer:

(f 0
� (1); : : : ; f 0

� (K � 1); f 1
� (1); : : : ; f 1

� (K � 1)):

Weareinterestedin thepropertiesof aquantizationrule � thatminimizesJ �
� .

Webegin with asimpleresulton thestructureof asymptoticallyoptimalquantizerdesigns:

Proposition 3. For a �xed prior (� 0; � 1) and T > 0, let (� �
1; : : : ; � �

T ) be the optimal quantizerdesign
amongthosein CT .

(a) For any1 � i; j � T , thereholds(� 0
� �

i
� � 0

� �
j
)( � 1

� �
i

� � 1
� �

j
) � 0:

(b) If there is a pair (i; j ) such that (� 0
� �

i
� � 0

� �
j
)( � 1

� �
i

� � 1
� �

j
) < 0 thenthere existsa prior � 0 so that

(� �
1; : : : ; � �

T ) is notoptimalin CT .

Proof. To establishclaim (a), supposethat for somepair (i; j ), thereholds(� 0
� �

i
� � 0

� �
j
)( � 1

� �
i

� � 1
� �

j
) > 0:

Without lossof generality, assumethat � 0
� �

i
> � 0

� �
j

and� 1
� �

i
> � 1

� �
j
). Theasymptoticcost(19) canthenbe

improvedby replacingquantizerdesign� �
j at theperiodicindex j by thedesign� �

i . Theproofof part(b) is
similar to thatof Proposition2.

It is well known [13] thatoptimalquantizers—whenunrestricted—canbeexpressedasthresholdrules
basedonthelog likelihoodratio(LLR). Ourcounterexamplesin theprevioussectionsimply thatthethresh-
olds neednot be stationary(i.e., the thresholdmay differ from sampleto sample). In the remainderof
this section,we addressesa partialconverseto this issue:speci�cally, if we restrictourselvesto stationary
(or blockwisestationary)quantizerdesigns,thenthereexists an optimal designconsistingof LLR-based
thresholdrules.

In theanalysisto follow, weassumethatT = 1 soasto simplify theexposition.Ourmainresult,stated
below asTheorem8, providesa characterizationof theoptimalquantizer� �

1, denotedmoresimply by � � .
Dueto thesymmetryin therolesof individualquantizerfunctions,� n , for n = 1; : : : ; T , it is straightforward
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to show that resultsfor T = 1 canbegeneralizedto blockwisestationaryquantizersf � n ; n = 1; : : : ; Tg
for thecaseT > 1.

De�nition 4. Thequantizerdesignfunction� : X ! U is saidto bea likelihoodratiothresholdrule if there
are thresholdsd0 = �1 < d1 < : : : < dK = + 1 , anda permutation(u1; : : : ; uK ) of (0; 1; : : : ; K � 1)
such that for l = 1; : : : ; K , with P0-probability1, wehave:

� (X ) = ul if dl � 1 � f 1(X )=f 0(X ) � dl ;

Whenf 1(X )=f 0(X ) = dl � 1, set� (X ) = ul � 1 or � (X ) = ul with P0-probability1.3

Previousworkontheextremalpropertiesof likelihoodratiobasedquantizersguaranteesthattheKullback-
Leiblerdivergenceis maximizedby aLLR-basedquantizer[12]. In ourcase,however, recallthattheoptimal
costfunctionJ �

� takestheform

J �
� =

� 0

� 0
�

+
� 1

� 1
�

:

In particular, this function dependson the pair of KL divergences,� 0
� and � 1

� , which are relatedto one
anotherin a nontrivial manner. Hence,establishingasymptoticoptimality of LLR-basedrulesfor this cost
function doesnot follow from existing results,but ratherrequiresfurther understandingof the interplay
betweenthesetwo KL divergences.

The following lemmaconcernscertain“unnormalized”variantsof the Kullback-Leibler(KL) diver-
gence.Givenvectorsa = (a0; a1) andb = (b0; b1), we de�ne functions ~D 0 and ~D 1 mappingfrom R4

+ to
therealline asfollows:

~D 0(a; b) := a0 log
a0

a1
+ b0 log

b0

b1
(20a)

~D 1(a; b) := a1 log
a1

a0
+ b1 log

b1

b0
: (20b)

Thesefunctionsarerelatedto the standard(normalized)KL divergencevia the relations ~D 0(a; 1 � a) �
D (a0; a1), and ~D 1(a; 1 � a) � D (a1; a0).

Lemma 5. For any positivescalars a1; b1; c1; a0; b0; c0 such that a1
a0

< b1
b0

< c1
c0

, exactly oneof the two
followingconditionsmusthold:

~D 0(a; b+ c) > ~D 0(b;c + a) and ~D 1(a; b+ c) > ~D 0(b;c + a); or (21a)
~D 0(c;a + b) > ~D 0(b;c + a) and ~D 1(c;a + b) > ~D 0(b;c + a): (21b)

The above lemmaimplies that undercertainconditionson the orderingof the probability ratios,one
canincreasebothKL divergencesby re-quantizing.This insightis usedin thefollowing lemmato establish
thattheoptimalquantizer� behavesalmostlike a likelihoodratio rule. To statethefollowing result,recall
that theessentialsupremumis thein�mum of thesetof all � suchthat f (x) � � for P0-almostall x in the
domain,for any measurablefunctionf .

3This lastrequirementof thede®nitionis termedthecanonicallikelihoodratioquantizerby Tsitsiklis [12]. Althoughonecould
considerperformingadditionalrandomizationwhenthereareties,our later results(in particular, Lemma7) establishthat in this
case,randomizationwill not furtherdecreasetheoptimalcostJ �

� .
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Lemma 6. If � is an asymptoticallyoptimalquantizer, thenfor anypairs of (u1; u2) 2 U, u1 6= u2, there
holds:

f 1(u1)
f 0(u1)

=2
�

ess inf
x:� (x)= u2

f 1(x)
f 0(x)

; ess sup
x:� (x)= u2

f 1(x)
f 0(x)

�
:

Notethatalikelihoodratioruleguaranteessomethingstronger:For P0-almostall x suchthat� (x) = u1,
f 1(x)=f 0(x) takesa valueeitherto the left or to the right, but not to both sides,of the interval speci�ed
above.

As wewill show, theproofthatthereexistsanoptimalLLR-basedruleturnsoutto reduceto theproblem
of showing thattheoptimalcostfunctionJ �

� is aquasiconcavefunctionwith respectthespaceof quantizers.
(A function F is quasiconcave if andonly if for any � , the level setf F (x) � � g is a convex set). Since
theminimaof a quasiconcave functionaregenerallyextremepointsof the function's domain[3], andthe
extremepoints in the quantizerspaceare LLR-basedrules [12], we deducethat thereexists an optimal
quantizerthat is LLR-based. In Lemma7, we presenta proof of quasiconcavity for the caseof binary
quantizers.This resultis suf�cient to show thataLLR-basedoptimalquantizerexists.

Let F : [0; 1]2 ! R begivenby

F (a0; a1) =
c0

D(a0; a1) + d0
+

c1

D(a1; a0) + d1
: (22)

Lemma 7. For any non-negativeconstantsc0; c1; d0 and d1, the functionF de�ned in equation(22) is
quasiconcave.

Thefollowing theoremis themainresultof this section.

Theorem 8. Restrictingto theclassof (blockwise)stationaryanddeterministicdecisionrules,there exists
anasymptoticallyoptimalquantizer� that is a likelihoodratio rule.

We presentthefull proof of this theoremin AppendixE, which follows from Lemma6 andLemma7.
We remarkthatour theoremis restrictedto deterministicquantizerdesigns.We conjecturethatJ �

� is qua-
siconcave with respectto spaceof quantizersin general,which implies that Theorem8 alsoholds in the
(larger) spaceof randomizedquantizerrules. As notedabove, Lemma7 establishesquasiconcavity of J �

�
for binaryquantizerrules,whichimpliesthatourconjecturecertainlyholdsfor thecaseof binaryquantizers.

6 Discussion

Theproblemof decentralizedsequentialdetectionencompassesawiderangeof problemsinvolvingdifferent
assumptionsaboutthe amountmemoryavailableat the local sensorsandthe natureof the feedbackfrom
the centraldecision-maker to the local sensors.A taxonomyhasbeenprovided by Veeravalli et al. [15].
Their analysisfocusedon CaseE, thesettingof a systemwith full feedbackandmemoryrestrictedto past
decisions. In this setting,the local sensorsandthe centraldecision-maker possessthe sameinformation
state,andtheproblemcanbeattackedusingdynamicprogrammingandothertoolsof classicalsequential
analysis.This mathematicaltractability is obtained,however, at a costof realism.In many applicationsof
thedecentralizedsequentialdetectionit will not befeasibleto feedbackall of thedecisionsfrom all of the
local sensors;indeed,in applicationssuchassensornetworks theremaybeno feedbackat all. Moreover,
the local storagecapacitymay be very limited. In this paperwe have focusedon this moreimpoverished
case,assumingthatneitherfeedbacknor localmemoryareavailable(CaseA in thetaxonomyof Veeravalli
et al.).
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We have providedanasymptoticcharacterizationof thecostof theoptimalsequentialtestin thesetting
of CaseA. Thischaracterizationhasallowedusto resolvetheopenquestionasto whetheroptimalquantizers
are stationary. In particular, we have provided an explicit counterexampleto the stationaryconjecture.
Moreover, we have shown that in the asymptoticsetting(i.e., whenthe costper samplegoesto zero)we
areguaranteeda rangeof prior probabilitiesfor which stationarystrategiesaresuboptimal.We have also
presenteda new resultconcerningthequasiconcavity of theoptimalcostfunction. This resulthasallowed
usto establishthatasymptoticallyoptimalquantizersarelikelihood-basedthresholdruleswhenrestrictedto
theclassof blockwisestationaryquantizers.
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A Dynamic-programming characterization

In thisappendix,wedescribehow theoptimalsolutionof thesequentialdecisionproblemcanbecharacter-
izedrecursively usingdynamicprogramming(DP)arguments[1, 17]. WeassumethatX 1; X 2; : : : areinde-
pendentbut not identicallydistributedconditionedon H . We usesubscriptn in f 0

n (x) andf 1
n (x) to denote

theprobabilitymass(or density)functionconditionedonH = 0 andH = 1, respectively. It hasbeenshown
that the suf�cient statisticfor the DP analysisis the posteriorprobability pn = P(H = 1jX 1; : : : ; X n ),
whichcanbeupdatedasby:

p0 = � 1; pn+1 =
pn f 1

n+1 (X n+1 )
pn f 1

n+1 (X n+1 ) + (1 � pn )f 0
n+1 (X n+1 )

:

Finite horizon: First, let usrestrictthestoppingtime N to a �nite interval [0; T] for someT. At eachtime
stepn, de�ne J T

n (pn ) to betheminimumexpectedcost-to-go.At n = T, it is easilyseenthat

J T
T (pT ) = g(pT );

whereg(p) := minf p;1� pg. In addition,theoptimaldecisionfunction
 attimestepT, whichis afunction
of pT , hasthefollowing form: 
 T (pT ) = 1 if p � 1=2 and0 otherwise.

For 0 � n � T � 1, astandardDPargumentgivesthefollowing backwardrecursion:

J T
n (pn ) = minf g(pn ); c + AT

n (pn )g;

where

AT
n (pn ) = Ef J T

n+1 (pn+1 )jX 1; : : : ; X ng =
X

xn +1

J T
n+1 (pn+1 )(pn f 1

n+1 (xn+1 ) + (1 � pn )f 0
n+1 (xn+1 )) :

Thedecisionwhetherto stopdependsonpn : If g(pn ) � c+ AT
n (pn ), thereis noadditionalbene�t of making

onemoreobservation, thuswe stop. The �nal decision
 (pn ) takesvalue1 if pn � 1=2 and0 otherwise.
Theoverall optimalcostfunctionfor thesequentialtestjustdescribedis J T

0 .
It is known thatthefunctionsJ T

n andAT
n areconcaveandcontinuousin p thattakevalue0 whenp = 0

andp = 1 [1]. Furthermore,theoptimal region for which we decideĤ = 1 is a convex setthatcontains

13



pn = 1, andtheoptimalregion for whichwedecideĤ = 0 is aconvex setthatcontainspn = 0. Hence,we
stopassoonaseitherpn � p+

n or pn � p�
n for some0 < p+

n < p�
n . This correspondsto a likelihoodratio

test:For somethresholdan < 0 < bn , let:

N = inf f n � 1 jL n :=
nX

i =1

log
f 1

i (X i )
f 0

i (X i )
� an or L n � bng: (23)

Set
 (L N ) = 1 if L n � bn and0 otherwise.

In�nite horizon: Theoriginalproblemis solvedby relaxingtherestrictionthatthestoppingtimeis bounded
by a constantT. Letting T ! 1 , for eachn, theoptimalexpectedcost-to-goJ T

n (pn ) decreasesandtends
to a limit denotedby J (pn ) := limT !1 Jn (pn ).

Note that sinceX 1; X 2; : : : are i.i.d. conditionallyon a hypothesisH , the two functionsJ T
n (p) and

J T +1
n+1 (p) areequivalent. As a result,by lettting T ! 1 , Jn (p) independentof n andcanbe denotedas

J (p). A similar time-shiftargumentalsoyieldsthat thecostfunctionlim T !1 AT
n (p) is independentof n.

Wedenotethis limit by A(p). It is theneasilyseenthattheoptimalstoppingtimeN is a likelihoodratio test
wherethe thresholdsan andbn areindependentof n. We usea to denotethe formerandb the latter. The
functionsJ (p) andA(p) arerelatedby thefollowing Bellmanequation[2]:

J (p) = minf g(p); c + A(p)g for all p 2 [0; 1]: (24)

Thecostof theoptimalsequentialtestof theproblemis J (� 1).

B Proof of Lemma 5

By renormalizing,we canassumew.l.o.g. thata1 + b1 + c1 = a0 + b0 + c0 = 1. Also w.l.o.g,assumethat
b1 � b0. Thus,c1 > c0 anda1 < a0. Replacingc1 = 1 � a1 � b1 andc0 = 1 � a0 � b0, the inequality
c1=c0 > b1=b0 is equivalentto a1 < a0b1=b0 � (b1 � b0)=b0.

We �x valuesof b, andconsidervaryinga 2 A, whereA denotesthedomainfor (a0; a1) governedby
thefollowing equalityandinequalityconstraints:

0 < a1 < 1 � b1 (25a)

0 < a0 < 1 � b0 (25b)

a1 < a0 (25c)

a1 < a0b1=b0 � (b1 � b0)=b0: (25d)

Notethat thethird constraintis redundantdueto theotherthreeconstraints.In particular, constraint(25d)
correspondsto a line passingthrough((b1 � b0)=b1; 0) and(1 � b0; 1 � b1) in the (a0; a1) coordinates.
As a result,A is the interior of the trianglede�ned by this line andtwo otherlines given by a1 = 0 and
a0 = 1 � b0 (seeFigureB).

It is straightforwardto checkthatboth ~D 0(a; 1� a) and ~D 1(a; 1� a) areconvex functionswith respectto
(a0; a1). In addition,thederivativeswith respectto a1 are a1 � a0

a1 (1� a1 ) < 0 andlog a1 (1� a0 )
a0 (1� a1 ) < 0, respectively.

Hence,bothfunctionscanbe(strictly) boundedfrom below by increasinga1 while keepinga0 unchanged,
i.e.,by replacinga1 by a0

1 sothat(a0; a0
1) liesontheline givenby (25d),whichis equivalentto theconstraint

c1=c0 = b1=b0. Let c0
1 = 1 � b1 � a0

1, thenc0
1=c0 = b1=b0.
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A

Figure 1: Illustrationof thedomainA.

Wehave

~D 0(a; b+ c)
(a)
> a0

1 log
a0

1

a0
+ (b1 + c0

1) log
b1 + c0

1

b0 + c0
(26a)

(b)
= a0

1 log
a0

1

a0
+ c0

1 log
c0

1

c0
+ b1 log

b1

b0
(26b)

(c)
� (a0

1 + c0
1) log

a0
1 + c0

1

a0 + c0
+ b1 log

b1

b0
(26c)

= ~D 0(a + c;b); (26d)

whereinequality(c) follows from anapplicationof thelog-suminequality[4]. A similar conclusionholds
for ~D 1(a; b+ c) aswell.

C Proof of Lemma 6

Supposetheoppositeis true,thatthereexist two setsS1, S2 with positiveP0-measuresuchthat� (X ) = u2

for any X 2 S1 [ S2, and
f 1(S1)
f 0(S1)

<
f 1(u1)
f 0(u1)

<
f 1(S2)
f 0(S2)

: (27)

By reassigningS1 or S2 to thequantileu1, weareguaranteedto haveanew quantizer� 0suchthat� 0
� 0 > � 0

� �

and� 1
� 0 > � 1

� � , thanksto Lemma5. As aresult,� 0hasasmallersequentialcostJ �
� 0, whichis acontradiction.

D Proof of Lemma 7

Theproof of this lemmais conceptuallystraightforward,but thealgebrais involved. To simplify thenota-
tion, we replacea0 by x, a1 by y, thefunctionD(a0; a1) by f (x; y), andthefunctionD(a1; a0) by g(x; y).
Finally, we assumethatd0 = d1 = 0; theproof will reveal that this caseis suf�cient to establishthemore
generalresultwith arbitrarynon-negativescalarsd0 andd1.

Wehave f (x; y) = x log(x=y) + (1 � x) log(1 � x=1 � y) andg(x; y) = y log(y=x) + (1 � y) log(1 �
y=1 � x). Notethatbothf andg areconvex functionsandarenon-negative in theirdomains,andmoreover
thatwehaveF (x; y) = c0=f (x; y) + c1=g(x; y). In orderto establishthequasiconcavity of F , it suf�ces to
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show thatfor any (x; y) in thedomainof F , whenevervectorh = [h0 h1] 2 R2 suchthathT r F (x; y) = 0,
thereholds

hT r 2F (x; y) h � 0: (28)

Herewe adoptthestandardnotationof r F for thegradientvectorof F , andr 2F for its Hessianmatrix.
WealsouseFx to denotethepartialderivativewith respectto variablex, Fxy to denotethepartialderivative
with respectto x andy, andsoon.

Wehave r F = � c0 r f
f 2 � c1 r g

g2 . Thus,it suf�ces to prove relation(28) for vectorsof theform

h =
h�

� c0 f y
f 2 � c1gy

g2

� �
c0 f x
f 2 + c1gx

g2

�i T
:

It is convenientto write h = c0v0 + c1v1, wherev0 = [� f y=f 2 f x=f 2]T andv1 = [� gy=g2 gx=g2]T .
TheHessianmatrix r 2F canbewrittenasr 2F = c0H0 + c0H1, where

H0 = �
1
f 3

�
f xx f � 2f 2

x f xy f � 2f x f y

f xy f � 2f x f y f yy f � 2f 2
y

�
;

and

H1 = �
1
g3

�
gxx g � 2g2

x gxy g � 2gxgy

gxy g � 2gxgy gyyg � 2g2
y

�
:

Now observe that

hT r 2F h = (c0v0 + c1v1)T (c0H0 + c1H1)(c0v0 + c1v1);

whichcanbesimpli�ed to

hT r 2F h = c3
0vT

0 H0v0 + c3
1vT

1 H1v1 + c2
0c1(2vT

0 H0v1 + vT
0 H1v0) + c0c2

1(2vT
0 H1v1 + vT

1 H0v1):

This function is a polynomial in c0 andc1, which arerestrictedto be non-negative scalars.Therefore,it
suf�ces to prove thatall thecoef�cients of this polynomial(with respectto c0 andc1) arenon-positive. In
particular, weshallshow that

(i) vT
0 H0v0 � 0, and

(ii) 2vT
0 H0v1 + vT

0 H1v0 � 0.

Thenon-positivity of theothertwo coef�cients follows from entirelyanalogousarguments.
First,somestraightforwardalgebrashows thatinequality(i) is equivalentto therelation

f xx f 2
y + f yy f 2

x � 2f x f y f xy :

But notethatf is aconvex function,sof xx f yy � f 2
xy . Hence,wehave

f xx f 2
y + f yy f 2

x

(a)
� 2

p
f xx f yy f x f y

(b)
� 2f x f y f xy ;

therebyproving (i). (In this argument,inequality(a) follows from the fact that a2 + b2 � 2ab, whereas
inequality(b) follows from theconvexity of f .)
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Regarding(ii), somefurtheralgebrareducesit to theinequality

G1 + G2 � G3 � 0; (29)

where

G1 = 2(f ygy f xx + f xgx f yy � (f ygx + f xgy)f xy );

G2 = f 2
y gxx + f 2

x gyy � 2f x f ygxy ;

G3 =
2
g

(f ygx � f xgy)2:

At this point in the proof, we needto exploit speci�c informationaboutthe functionsf andg, which
arede�ned in termsof KL divergences.To simplify notation,we let u = x=y andv = (1 � x)=(1 � y).
Computingderivatives,wehave

f x (x; y) = log(x=y) � log((1 � x)=(1 � y)) = log(u=v);

f y(x; y) = (1 � x)=(1 � y) � x=y = v � u;

gx (x; y) = (1 � y)=(1 � x) � y=x = 1=v � 1=u;

gy(x; y) = log(y=x) � log((1 � y)=(1 � x)) = log(v=u);

r 2f (x; y) =
� 1

x(1� x) � 1
y(1� y)

� 1
x(1� x)

1� x
(1� y)2 + x

y2

�
; and r 2g(x; y) =

� 1� y
(1� x)2 + y

x2 � 1
x(1� x)

� 1
x(1� x)

1
y(1� y)

�
:

Noting thatf x = � gy ; gxy = � f xx ; f xy = � gyy , weseethatequation(29) is equivalentto

2(f xgx f yy + f ygxgyy) � f 2
x gyy + f 2

y gxx �
2
g

(f ygx � f xgy)2: (30)

To simplify thealgebrafurther, we shallmake useof the inequality(log t 2)2 � (t � 1=t)2, which is valid
for any t. This impliesthat

f ygx = (v � u)(1=v � 1=u) � f xgy = � (log(u=v))2 = � f 2
x = � g2

y � 0:

Thus,� f 2
x gyy � f ygxgyy , and 2

g(f ygx � f xgy)2 � 2
g f ygx (f ygx � f xgy): As a result,(30) would follow if

wecanshow that

2(f xgx f yy + f ygxgyy) + f ygxgyy + f 2
y gxx �

2
g

f ygx (f ygx � f xgy):

For all x 6= y, wemaydividebothsidesby � f y(x; y)gx (x; y) > 0. Consequently, it suf�ces to show that:

� 2f x f yy=f y � f ygxx =gx � 3gyy �
2
g

(f xgy � gx f y);

or, equivalently,

2 log(u=v)
�

v
u � 1

+
u

1 � v

�
+

�
u

1 � x
+

v
x

�
�

3
y(1 � y)

�
2
g

�
(u � v)2

uv
� (log

u
v

)2
�

;
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or, equivalently,

2 log(u=v)
(u � v)(u + v � 1)

(u � 1)(1 � v)
+

(u � v)2(u + v � 4uv)
uv(u � 1)(1 � v)

�
2
g

�
(u � v)2

uv
� (log

u
v

)2
�

: (31)

Dueto thesymmetry, it suf�ces to prove (31) for x < y. In particular, weshallusethefollowing inequality
for logarithmmean[8], whichholdsfor u 6= v:

3
2
p

uv + (u + v)=2
<

logu � logv
u � v

<
1

(uv(u + v)=2)1=3
:

We shall replacelog(u=v)
u� v in (31) by appropriateupperandlower bounds.In addition,we shallalsobound

g(x; y) from below, usingthefollowing argument.Whenx < y, wehaveu < 1 < v, and

g(x; y) = y log
y
x

+ (1 � y) log
1 � y
1 � x

>
3y(y � x)

2
p

xy + (x + y)=2
+

(1 � y)(x � y)
[(1 � x)(1 � y)(1 � (x + y)=2)]1=3

=
3(1 � v)(1 � u)

(u � v)(2
p

u + u+1
2 )

+
(u � 1)(1 � v)

(u � v)(v(v + 1)=2)1=3
> 0:

Let usdenotethis lowerboundby q(u; v).
Having got rid of thelogarithmterms,(31)will hold if wecanprove thefollowing:

6(u � v)2(u + v � 1)
(2

p
uv + (u + v)=2)(u � 1)(1 � v)

+
(u � v)2(u + v � 4uv)

uv(u � 1)(1 � v)
�

2
q(u; v)

�
(u � v)2

uv
�

9(u � v)2

(2
p

uv + (u + v)=2)2

�
;

or equivalently,

�
6(u + v � 1)

(2
p

uv + (u + v)=2)
+

(u + v � 4uv)
uv

� �
3

(v � u)(2
p

u + u+1
2 )

�
1

(v � u)(v(v + 1)=2)1=3

�

� 2
�

1
uv

�
9

(2
p

uv + (u + v)=2)2

�
; (32)

which is equivalentto

(u + v � 2
p

uv)(( u + v)=2 + 3
p

uv + 4uv)
(2

p
uv + (u + v)=2)uv

3(v(v + 1)=2)1=3 � (2
p

u + (u + 1)=2)
(v � u)(2

p
u + (u + 1)=2)(v(v + 1)=2)1=3

�
(u + v � 2

p
uv)(( u + v)=2 + 5

p
uv)

uv(2
p

uv + (u + v)=2)2 (33)

andalsoequivalentto

((u + v)=2 + 2
p

uv)(( u + v)=2 + 3
p

uv + 4uv)[3(v(v + 1)=2)1=3 � (2
p

u + (u + 1)=2)]

� (2
p

u + (u + 1)=2)(v(v + 1)=2)1=3((u + v)=2 + 5
p

uv)(v � u) (34)

It canbecheckedby tediousbut straightforwardcalculusthat inequality(34) holdsfor any u � 1 � v,
andequalityholdswhenu = 1 = v, i.e.,x = y.
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E Proof of Theorem8

Supposethat� is nota likelihoodratio rule. Thenthereexist positiveP0-probabilitydisjoint setsS1; S2; S3

suchthatfor any X 1 2 S1; X 2 2 S2; X 3 2 S3,

� (X 1) = � (X 3) = u1 (35a)

� (X 2) = u2 6= u1 (35b)

f 1(X 1)
f 0(X 1)

<
f 1(X 2)
f 0(X 2)

<
f 1(X 3)
f 0(X 3)

: (35c)

De�ne theprobabilityof thequantilesas:

f 0(u1) := P0(� (X ) = u1); and f 0(u2) := P0(� (X ) = u2);

f 1(u1) := P1(� (X ) = u1); and f 1(u2) := P1(� (X ) = u2):

Similarly, for thesetsS1; S2 andS3, wede�ne

a0 = f 0(S1); b0 = f 0(S2) and c0 = f 0(S3);

a1 = f 1(S1); b1 = f 1(S2); and c1 = f 1(S3):

Finally, let p0; p1; q0 andq1 denotetheprobabilitymeasuresof the“residuals”:

p0 = f 0(u2) � b0; p1 = f 1(u2) � b1;

q0 = f 0(u1) � a0 � c0; q1 = f 1(u1) � a1 � c1:

Note that we have a1
a0

< b1
b0

< c1
c0

. In addition, the setsS1 andS3 werechosenso that a1
a0

� q1
q0

� c1
c0

.

From Lemma6, thereholds p1+ b1
p0+ b0

= f 1 (u2 )
f 0 (u2 ) =2

�
a1
a0

; c1
c0

�
. We may assumewithout lossof generalitythat

p1+ b1
p0+ b0

� a1
a0

. Then,p1+ b1
p0+ b0

< b1
b0

, so p1
p0

< p1+ b1
p0+ b0

. Overall,weareguaranteedto have theordering

p1

p0
<

p1 + b1

p0 + b0
�

a1

a0
<

b1

b0
<

c1

c0
: (36)

Our strategy will beto modify thequantizer� only for thoseX for which � (X ) takesthevaluesu1 or
u2, suchthattheresultingquantizeris de�ned by aLLR-basedthreshold,andhasasmaller(or equal)value
of thecorrespondingcostJ �

� . For simplicity in notation,we useA to denotethesetwith measuresunder
P0 andP1 equalto a0 anda1; the setsB, C, P andQ arede�ned in an analogousmanner. We begin by
observingthatwe have either a1

a0
� q1+ a1

q0+ a0
< b1

b0
or b1

b0
< q1+ c1

q0+ c0
� c1

c0
. Thus,in our subsequentmanipulation

of sets,wealwaysbundleQ with eitherA or Caccordinglywithoutchangingtheorderingof theprobability
ratios. Without lossof generality, then,we maydisregard thecorrespondingresidualsetcorrespondingto
Q in theanalysisto follow.

In the remainderof theproof, we shall show thateitheroneof the following two modi�cations of the
quantizer� will improve (decrease)thesequentialcostJ �

� :

(i) AssignA ; B andCto thesamequantizationlevel u1, andleaveP to thelevel u2, or

(ii) AssignP, A andB to thesamelevel u2, andleavec to thelevel u1.
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It is clearthat this modi�ed quantizerdesignrespectsthe likelihoodratio rule for thequantizationindices
xu1 andu2. By repeatedapplicationof this modi�cation for every suchpair, we areguaranteedto arrive at
a likelihoodratioquantizerthatis optimal,therebycompletingtheproof.

Let a0
0; b0

0; c0
0; p0

0 benormalizedversionsof a0; b0; c0; p0, respectively (i.e.,a0
0 = a0=(p0 + a0 + b0 + c0),

and so on). Similarly, let a0
1; b0

1; c0
1; p0

1 be normalizedversionsof a1; b1; c1; p1, respectively. With this
notation,wehave therelations

� 0
� =

X

u6= u1 ;u2

f 0(u) log
f 0(u)
f 1(u)

+ (p0 + b0) log
p0 + b0

p1 + b1
+ (a0 + c0) log

a0 + c0

a1 + c1

= A0 + (f 0(u1) + f 0(u2))
�

(p0
0 + b0

0) log
p0

0 + b0
0

p0
1 + b0

1
+ (a0

0 + c0
0) log

a0
0 + c0

0

a0
1 + c0

1

�

= A0 + (f 0(u1) + f 0(u2)) ~D 0(p0+ b0; a0+ c0);

� 1
� =

X

u6= u1 ;u2

f 1(u) log
f 1(u)
f 0(u)

+ (p1 + b1) log
p1 + b1

p0 + b0
+ (a1 + c1) log

a1 + c1

a0 + c0

= A1 + (f 1(u1) + f 1(u2)) ~D 1(p0+ b0; a0+ c0);

wherewede�ne

A0 :=
X

u6= u1 ;u2

f 0(u) log
f 0(u)
f 1(u)

+ (f 0(u1) + f 0(u2)) log
f 0(u1) + f 0(u2)
f 1(u1) + f 1(u2)

� 0;

A1 :=
X

u6= u1 ;u2

f 1(u) log
f 1(u)
f 0(u)

+ (f 1(u1) + f 1(u2)) log
f 1(u1) + f 1(u2)
f 0(u1) + f 0(u2)

� 0

dueto thenon-negativity of theKL divergences.
Notethatfrom (36)wehave

p0
1

p0
0

<
p0

1 + b0
1

p0
0 + b0

0
�

a0
1

a0
0

<
b0

1

b0
0

<
c0

1

c0
0
;

in additionto thenormalizationconstraintsthatp0
0 + a0

0 + b0
0 + c0

0 = p0
1 + a0

1 + b0
1 + c0

1 = 1. It follows that
p0

1+ b0
1

p0
0+ b0

0
< p0

1+ a0
1+ b0

1+ c0
1

p0
0+ a0

0+ b0
0+ c0

0
= 1.

Let us considervarying the valuesof a0
1; b0

1, while �xing all othervariablesandensuringthat all the
above constraintshold. Then,a0

1 + b0
1 is constant,andboth ~D 0(p0+ b0; a0+ c0) and ~D 1(p0+ b0; a0+ c0)

increaseasb1 decreasesanda1 increases.In otherwords,if wede�ne a00
0 = a0

0, b00
0 = b0

0 anda00
1 andb00

1 such
that

a00
1

a0
0

=
b00

1

b0
0

=
1 � p0

1 � c0
1

1 � p0
0 � c0

0
;

thenwehave

~D 0(p0+ b0; a0+ c0) � ~D 0(p0+ b00; a00+ c0) and ~D 1(p0+ b0; a0+ c0) � ~D 1(p0+ b00; p00+ c0): (37)

Now notethatvector(b00
0; b00

1) in R2 is aconvex combinationof (0; 0) and(a00
0 + b00

0; a00
1 + b00

1). It follows
that(p0

0 + b00
0; p0

1 + b00
1) is aconvex combinationof (p0

0; p0
1) and(p0

0 + a00
0 + b00

0; p0
1 + a00

1 + b00
1) = (p0

0 + a0
0 +

b0
0; p0

1 + a0
1 + b0

1).
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By (37)andthequasiconcavity resultin Lemma7, wehave:

J �
� =

� 0

� 0
�

+
� 1

� 1
�

=
� 0

A0 + (f 0(u1) + f 0(u2)) ~D 0(p0+ b0; a0+ c0)
+

� 1

A1 + (f 1(u1) + f 1(u2)) ~D 1(p0+ b0; a0+ c0)

�
� 0

A0 + (f 0(u1) + f 0(u2)) ~D 0(p0+ b00; a00+ c0)
+

� 1

A1 + (f 1(u1) + f 1(u2)) ~D 1(p0+ b00; a00+ c0)

=
� 0

A0 + (f 0(u1) + f 0(u2))D (p0
0 + b00

0; p0
1 + b00

1)
+

� 1

A1 + (f 1(u1) + f 1(u2))D (p0
1 + b00

1; p0
0 + b00

0)

� min
�

� 0

A0 + (f 0(u1) + f 0(u2))D (p0
0; p0

1)
+

� 1

A1 + (f 1(u1) + f 1(u2))D (p0
1; p0

0)
;

� 0

A0 + (f 0(u1) + f 0(u2))D (p0
0 + a0

0 + b0
0; p0

1 + a0
1 + b0

1)
+

� 1

A1 + (f 1(u1) + f 1(u2))D (p0
1 + a0

1 + b0
1; p0

0 + a0
0 + b0

0)

�
:

But thetwo argumentsof theminimumin the�nal equationarethecostsof thetwo possiblemodi�cations
of � . Hence,theproof is complete.
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