UBIQUITY  OF SYNONYMITY: ALMOST ALL LAR GE BINAR Y
TREES ARE NOT UNIQUEL Y IDENTIFIED BY THEIR
SPECTRA OR THEIR IMMANANT AL POL YNOMIALS

FREDERICK A. MATSEN AND STEVEN N. EVANS

Abstra ct. There are several common ways to encode a tree as a matrix, such
asthe adjacency matrix, the Laplacian matrix (that is, the in nitesimal genera-
tor of the natural random walk), and the matrix of pairwise distances between
leaves. Such representations involve a specic labeling of the vertices or at
least the leaves, and so it is natural to attempt to identify trees by some fea-
ture of the asscciated matrices that is invariant under relabeling. An obvious
candidate is the spectrum of eigervalues (or, equivalently, the characteristic
polynomial). We show for any of these choices of matrix that the fraction of
binary trees with a unique spectrum goesto zero asthe number of leaves goes
to innit y. We investigate the rate of convergence of the above fraction to
zero using numerical methods. For the adjacency and Laplacian matrices, we
show that that the a priori more informativ e immanantal polynomials have
no greater power to distinguish between trees.

1. Intr oduction

Tree shape theory furnishes numerical statistics about the structure of a tree
[Felo4, MH97]. (Becausewe are interestedin applications of tree statistics to trees
that describe ewolutionary histories, we will, for corvenience,always take the term
tree without any quali ers to meanaro oted, binary tree without any lab eling
of the vertices .) Sud statistics have two related uses. Firstly, they can be used
in an attempt to tell whether two trees are actually the sameand, secondly they
can be usedto indicate the degreeof similarity betweentwo trees with respect to
somectriterion.

Examplesof the latter useare the testing of hypothesesabout macroewolutionary
processesand the detection of bias in phylogenetic reconstruction. Historically,
numerical statistics for such purposeshave attempted to capture the notion of the
balance of a tree, which is the degreeto which daughter subtreesare the samesize.
The balance s typically measuredby ad-hoc formulae that are often selectedfor
statistical power to distinguish betweentwo di erent distributions on trees [KS93,
APO02].

In this paper we take somestepsin investigating the possibility of a more mathe-
matically \canonical" algebraic approac to tree statistics basedon various matrix
represenations of the tree. Our focusis on the use of statistics for distinguishing
treesrather than quantifying degreesof similarit y/dissimilarit .
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We rst describe the matrix represenations of a tree that we will consider.

In algebraic graph theory [Big93], the basic matrix assciated to a graph is the
adjacency matrix A(G), whoseij ™ entry is oneif i andj are connectedby an edge,
and zero otherwise. From a probabilistic point of view, the more natural matrix
to assaiate with a graph is the Laplacian matrix L(G), which is the in nitesimal
generator of the natural random walk on the graph and is givenby D(G) A(G),
where D (G) is the diagonal matrix of vertex degrees. It is clear that a graph
can be recovered from either its adjacency of Laplacian matrix. Some authors,
sudch as[Chu97], de ne the Laplacian to be D(G) 7L (G)D(G)*2. Note that this
di erence is not relevant if oneis only considering characteristics of the matrix L
such as eigervaluesthat are invariant under similarity transformations.

Readersfamiliar with the phylogeneticsliterature may be more familiar with the
pairwise distance matrix [Fel04, SS03. The distance matrix P given a leaf-labeling

leaf-labeledtree is uniquely determined by its distance matrix. Thesematrices have
also beenextensiwely studied as discrete metric spaces{Gup00, Mat02].

The de nition of the adjacencyand Laplacian matrices requires a numbering of
the vertices, while the de nition of the distance matrix requires a numbering of
the leaves. Becausewe are considering unlabeled trees (that is, we identify trees
that are equivalent in the usual senseof graph-theoretic isomorphism), we are only
interested in tree statistics that are invariant under renumbering. Algebraically,
this meansthat we are only interested in features of the assaiated matrix that
are una ected by similarity transformations via a permutation matrix. The most
obvious such statistics are the eigernvalues.

The adjacencyand Laplacian matrices and their eigervaluesare familiar objects
in the area of spectral graph theory [Big93, Chu97, CDS95]. The eigenvalues of
the adjacency matrix tend to corntain combinatorial information about the graph,
such as bounds on the chromatic number. The eigervalues of the Laplacian give
information of a more geometric a vor, sud asthe equivalent of the surfacearea
to volume ratio of subgraphs of a graph. As well as having connectionsto the
theory of random walks on graphs, the Laplacian eigervaluescan be usedto de ne
the expandergraphs, an important classof graphsthat have applications in coding
theory. Therefore, it would not be too surprising if the these eigervalues were a
conveniert way to summarize information about a tree, giving a nice collection of
tree statistics.

Similarly, it seemsplausible that the eigenvalues of the pairwise distance ma-
trix could contain quite a lot of information about the tree that could be usedto
comparetrees. Moreover, although the distance matrix formally cortains the same
information asthe adjacencyor Laplacian matrices, the transformation that takes
the distance matrix to one of the other two is distinctly non-linear, and hencethere
is no reasonto believe that there is any simple connection betweenthe correspond-
ing eigernvalues.

We demonstrate below that not only do there exist pairs of trees that have the
samespectrum asanother tree for the adjacency Laplacian, and distance matrices,
but that this is the rule rather than the exception as the trees becomelarge, in
the sensethat the fraction of trees with a given number of leaves that have a
unique adjacencyor Laplacian spectrum goesto zero as the number of leavesgoes
to in nit .
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Figure 1. Pairs of treeswith similar algebraic properties. Figure
(a) shows the smallest pair of rooted binary trees with the same
adjacency and Laplacian spectrum. Figure (b) shows two trees
with the exchangeproperty for both the adjacencyand Laplacian
matrices. Figure (c) shows two trees with the exchange property
for the pairwise distance matrix.

The basic methodology that we useto prove this result was rst establishedin
[Sh73] and deweloped in [BM93] for general (that is, not necessarilybifurcating)
graph-theoretic trees in the caseof the adjacency and Laplacian matrices. The
presert paper providesthe rst results of this type concerningrooted bifurcating
trees, as well as the rst examination of sud results for the pairwise distance
matrix. The key idea is to establish that certain pairs of trees T, and T, have
the following exchangeproperty for a given matrix represenation: excanging T,
for T, as subtreesof a given tree does not change the spectrum for that matrix
represenation. It then becomesa matter of shawing that the number of trees with
a given number of leavesis asymptotically of larger order than the number of trees
with the samenumber of leavesthat don't have a particular subtree. For this we
build on the generatingfunction argument usedin [Wed22]for asymptotic estimates
of the number of unlabeled rooted bifurcating trees (seeSection 3).

One possible explanation for this phenomenonis that two matrices have the
samespectrum if they are similar via an arbitrary similarity transformation rather
than just via a permutation transformation, and this suggestsconsideringfeatures
of a matrix that are invariant under permutation similarities but not more general
ones. We will now describe a feature of a matrix, its immanantal polynomial, that
has this property.

The immanant is a generalization of the determinant. Recall that the determi-
nant of a matrix A = (a; ) is given by

X

Y
det(A) = sgn( ) A )

2Sh

sgn( ) is the sign of the permutation

The function sgnis a particular example of a character of an irr educible repre-
sentation of the symmetric group. It would take us too far aeld to de ne these
notions here, but we note that classicalrepreseration theory is one of the gemsof
pure mathematics and excellent treatments may be found in [Rob61, FH91, Sim96,
Sag01l. We note, however, that the irreducible characters are constart on the
conjugacy classesof the symmetric group (recall that two permutations belong to
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the same conjugacy classif and only if they have the same cycle structure) and
they form a basis for the vector spaceof functions with this property (the class
functions).

Our use of charactersis simply to ;j(e ne theYimmanant

d (A) = () aq
2, [

of a matrix A corresponding to the irreducible character . A discussionof im-
manants may be found in [LR34, Lit40]. The immanantal polynomial of a matrix
is the corresponding generalization of the characteristic polynomial; that is, it is
the polynomial x 7! d (xI  A). Becausethe characters are classfunctions, the
immanantal polynomial is invariant under similarity by permutation matrices, but
it will not typically be invariant under more generalsimilarities.

Unfortunately, as we show in Lemma 2, for either the adjacency or Laplacian
matrix the following two conditions on a pair of trees are equivalent:

the spectra are equal,
the immanantal polynomials are equal for all irreducible characters.

Consequetly, the immanantal polynomials for the adjacency and Laplacian ma-
trices provide no more distinguishing power than the spectra and, in particular,
a vanishing fraction of large trees have a unique immanantal polynomial for these
matrices. We do not know if the samefact is true for the distance matrix.

Our main result is thus the following.

Theorem 1. Lett, bethe number of treeswith n leaves. For either the adjacency,
Laplacian, or pairwise distance matrix, let |, be the number of trees with n leaves
that do not share their spectrum with another tree. Then the fraction |,=t, geesto
zem asn geesto in nity.  For the adjacency and Laplacian matrices, the sameresult
holdsif we replac the spectrum by the complete set of immanantal polynomials.

The rate of convergenceof the fraction in Theorem 1 is also of interest. If
it is extremely slow then the existence of trees with shared spectra may not be
practically relevant for the construction of informativ e tree shape statistics. We
investigate this matter numerically in Section 4.

2. Algebraic  preliminaries concerning spectra and immanant al
pol ynomials

2.1. Equalit y of adjacency and Laplacian spectra implies equalit y of im-
manan tal polynomials. In orderto proveresultsfor the adjacencyand Laplacian
matrices simultaneously, we de ne for a tree T and arbitrary real numbersy and
z the genealized Laplacian C(T) := yD(T) + zA(T) (recall that A(T) is the adja-
cency matrix and D(T) is the diagonal matrix of vertex degrees). We de ne the
corresponding genealized Laplacian immanantal polynomial of the tree T with r
verticesto be
x7'd xI (T)

for an irreducible character of the symmetric group S; .

The generalizedLaplacian immanantal polynomial can be computed in a simple
combinatorial fashion as follows. De ne a k-matching to be a set of k pairwise
disjoint edgesof the tree (that is, a set of edgessuch that no two sharea common
vertex). Let My (T) denote the set of k-matchings on the tree T. We think of an
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edgeas a pair of vertices, so when we usethe notation i 2 p for a vertex i and an
edgep we meanthat i is not one of the endsof p. Let Cx denote the conjugacy
classof the symmetric group S; consisting of permutations that are the product
of k disjoint cycles,and write (Cy) for the common value of the character on
such permutations. The following lemma appearsin [BM93] and is included for
completeness.

Lemma 1. The genenlized Laplacian immanantal polynomial of thetree T for the
character is given by

o X Y
(Cx)z (x  ydi(T)):
k 0 pP2M (T) i2p

Proof. SetM := xI LC(T) = (m; ) sothat the generalizedLaplacian immanantal
polynomial is

X Y
1) () m@:
2S, [
The matrix ertries m; are zero unlessi = j or there is an edge betweeni and

j. If the permutation  has a cycle of length 3 or greater, then corresponding
term in (1) must be zero becauseotherwise the tree would have a loop. Therefore
we need only consider permutations that are products of disjoint transpositions
where, moreover, eac transposition exchangesthe two vertices of an edge. Suc a
permutation is equivalent in an obvious way to a k-matching for somek, and the
lemma follows.

Lemma 2. Two trees have the same spectrum for their generlized Laplacian if
and only if they have the same generlized Laplacian immanantal polynomial for
all characters.

Proof. One direction is trivial: if two trees have the same generalizedLaplacian
immanantal polynomial for all characters, then their generalizedLaplacians have
the samecharacteristic polynomial and hencethe samespectrum.

Conversely if the generalizedLaplacians of two trees have the same spectrum,
then the characteristic polynomials of the generalized Laplacians are the same.
Lemma 1 in the case = sgn the fact that sgn(Cx) = 1 for all k, and the fact
that two equal polynomials have the samecoe cien ts imply that the quantity

X Y
(x ydi(T))
p2M (T) izp

is the samefor both trees. Another application of Lemma 1 completesthe proof.

2.2. A sucien t condition for two trees to have the same adjacency or
Laplacian spectrum. We usethe phylogenetic rather than graph-theoretic de -
nition of a subtree. That is, a subtree of a given rooted tree is what results from
separating an edgefrom its vertex furthest from the root, which then becomesthe
root of the subtree.

Recallthat M (T) is the set of k-matchings of the tree T. Let Ny (T) be the set
of k-matchings where the chosenedgesdo not cortain the root.
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De ne
X Y
Pu(T) = (x ydi(T))
pZ%k(T)inp
Q(T) = (x ydi(T))
P2N(T) iZp

The following lemma is implicit in [BM93], but again we include a proof for
completeness.

Lemma 3. Let S; and S, he trees with the same number of leaves. If Px(S;) =
Pk (S2) and Qk(S1) = Qk(Sy) for all k, then any tree with S; as a subtree has the
samegenerlized Laplacian spectrum as the tree obtained by substituting S, for S;.

Proof. Let T; be atree with S; asa subtree,and write T, for the tree obtained by
substituting S, for S;. Denote by ey the edgethat connectsthe rest of T, (resp.
T,) to the root of S; (resp. Sp).

We di eren tiate betweentwo typesof k-matchings of T;: those that contain e
and those that do not. Note that a k-matching of T; that does not contain ey
restricts to an “-matching of S; for some”, and all matchings of S; arise via such
a restriction. Similarly, a k-matching of T; that does contain ey restricts to an
“-matching of S; with the property that the root of S; does not belong to any
edgein the matching, and all matchings of S; with this property arise via suc a
restriction.

Consider the formula for the characteristic polynomial of the generalizedLapla-
cian matrix that comesfrom Lemma 1 with = sgn Apply this formula to T; and
T,. The assumption P (S1) = Pk (Sz2) (resp. Qk(S1) = Qk(S2)) ensuresthat the
matchings that do not include (resp. do include) ey make the samecontribution to
the respective characteristic polynomials.

The trees depicted in Figure 1 (b) are the smallest pair of rooted bifurcating
trees satisfying the criteria of this lemma. The veri cation of this fact was done
by computer, and the corresponding Py and Qg polynomials are available from the
authors upon request.

2.3. A sucien t condition for two trees to have the same distance matrix
spectrum. We rst recall an identity for determinants of partitioned matrices. If

Cu Cop
C =
Cxu Cox
then
_ | C12Cyt | 0
detC = det 0 | C 0221021 |
_ Cii C12C»'Cat O
) = det 0 Ca

det(Cz) det(Ciz C12C,,'Co1)
= det(Ci1) det(Czz  C21Cy'Cro):

Lemma 4. Form two trees T; and T, by gluing trees S; and S, with distance
matricesA; and A, onto the sameleaf of a common tree R. Write a; for the vector
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of distances from the leavesof S; to the root of S;. Supmsethat the following pairs
of matrices havethe same spectra:

Ai; 1=12
Ai aj F 1.9
a? 0 ) I = 11 21
Ai g .
10 0 I I = 11 21
A 1
a? 0 =12
and
A 1
10 o ¢ =12

whete 1 is a column vector with each entry 1. Then the distance matricesof T; and
T, havethe same spectrum.

Proof. Write B for the distance matrix of R. Then B hasthe partitioned form
B b .
K 0

where B is the distance matrix of the tree obtained from R by deleting the last
leaf, b is the column vector of distancesfrom the other leavesof R to the last leaf.

Assumewithout lossof generality that this last leaf is the attachment point of the
Si.
Denote by D; the distance matrix of T;. Obserwe that

B b10+ 180 |
alo+ 1 A

Di =
Hence,by (2), D; hasthe characteristic polynomial
det(xl D;) = det(xI Ai)deth(xl B) ( b1® 1ad)(xI A Y &1° 1K)
= det(xl Aj)det (xI B)
(1%x1 Aj) 'a)b1®
(1% Aj) 1)bd
@A) a)11°
@A) 1) 1b°|:
Using (2) again, we seethat a partitioned matrix of the form

A g .
ho 0 -

where g and h are column vectors, has characteristic polynomial
det(xli A)x hixI A) 'g;

and the result follows.
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3. Asymptotic numbers of trees

As outlined in the Introduction, the proof of Theorem 1 follows immediately
from Lemma 2, Lemma 3, Lemma 4, and the following result.

Prop osition 1. Let t, bethe number of treeswith n leaves. Let s, be the number
of suchtreesthat do not contain a given subtree. Then the fraction s,=t, gaesto
zer as n gaeesto in nity.

Proof. Suppoge that the forbidden subtree has a leaves. Let f (x) = P ilzl t;x!
and f ,(x) = i1:l six' denotethe generating functions for t, and s, , respectively.
Write  for the radius of convergenceof the power seriesf and , for the radius of
convergenceof the power seriesf ;. Note that a< 1.

It is shown in [Ott48] that = 0:402698:: and

lim n32 "t, = ;

nll
where = 0:7916032 :: (see[Lan77] for an asymptotic expansionoft, that extends
this result and [HRS75 HRS86, Ben74, Ben7€ for reviews of generalmethods for
determining asymptotic numbers of trees of various sorts from a knowledge of the
functional equationsthat their generating functions solve). Sinces, iso( ") for
any < ,, it followsthat s =t, iso( ") forany > = ,, and the proposition
will hold if we can show that < .

For the sake of completenessand becauseit servesasa good intro duction to the
derivation of the functional equation satis ed by the generating function of s,, we
rst derive the well-known functional equation satis ed by the generating function
of the t,,. Seethe commerts after the proof of the lemma for someremarks about
the history of the latter generatingfunction.

By decomposing a tree into the two subtreesrooted at the daughters of the root,
it is clear that

2m + 1;
2m:

th = tith 1+ oty 2+ + tm+1tm 15 forn

These expressionsare equivalert to the statemert
X 1
3) tith i = 2ty + th=>
i=1
wheret,-, is setto zerounlessn is even.
From (3) the generating function f satis es the functional equation
R X 1
x" tith i
n=2 i=1

f2(x)

X
= X"(2th  th=2)
n=2
= 2f(x) f(x?) 2x
It will be corveniert to considerthe function g:= 1 f, which satis es the functional
equation
) 90x®) = 2x+ g°(x):
It is shaowvn in [Wed2] that:
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The radius of corvergence s strictly positive.
The functional equation (4) has a unique solution in the whole complex
plane, and this solution agreeswith our power seriesin fx 2 C:jxj < g.
If, with a slight abuseof notation, we also denote this solution by g, then
g( )= 0.
The point is the only zero of g within fx 2 C: jxj < 1g.
It is clear from the power seriesthat g is cortinuous and decreasingon [0; ) and
g(0) = 1. Hencegq is strictly positive on [0; ).
As obsened in_[Wed23, these obsenations suggesta method for computing
Put h(x) = g(x)= X, sothat h satis es h(x?) = 2+ h?(x). Set

k 2 K
we( )= 2+ 2 ;2R
and
Ch == Wn 1 W 2 Wo;,
so that ead function q, is strictly increasingon|[ 2;1)andq & :::. In

particular, g, corvergespointwiseasn! 1 . Moreover,

(TS50 S
n'l X

X |

lim g (h(x)) = lim (h(x*' )% " =
n!l n!l
for 0< x < 1. Therefore 1
== lim o, (0):
n!l
Conveniertly, (3) holds with s, in place of t, for all n exceptfor n = a; in this
caseone simply addstwo to the right hand side of the equation to make up for the
fact that s, = t; 1. Hencef , satis es the functional equation.

(5) f2(x) = 2fa(x) fa(x?) 2x+ 2x2:

Setgy =1 f,, sothat
(6) Ga(x?) = 2x 2%+ gi(x):
It is clear that g, is cortinuous and decreasingon [0; ;) and g.(0) = 1. Following
the argumerts in [Wed22],the functional equation (6) has a unique solution in the
whole complex plane, and this solution agreeswith our power seriesin fx 2 C :
jXj < a0. Moreover, analoguesof the other properties of g obtained in [Wed22

hold for g,. D
Setha(X) = ga(X)= X, sothat

ha(x?) = 2 2x® 1+ h2(x):

Put )
2
Wea ()= 2 22+ 2 : 2 R;
and
Ghia; = Wn 18, Wn 24 Wo;a; -
Then

on 21 n
n!l X

X |

lim Gyax e :(h()) = lim (ha(x*))? " =

for 0< x < 1, and, in particular,
1 H .

— nI!llm Gha; 2 1(0):



10 FREDERICK A, MATSEN AND STEVEN N. EVANS

Now
G 2 10)= Wy g a1 Wy o 3t Woa 2 (0)
Wh 1 Wp 2 W1 Wy, a 1(0)
=;( 23
and so

1 i a 1 i _ 1
- nI!llm on( 23 79) nI!llrn th(0) = ~:

It therefore su ces to show that the function y 7! limy;; o, (y) is strictly increas-
ingon( ";1) for some0< " < 2.

Obserwe that
r\(l
= W &
k=1
Fork 1,
2 k1
wox) = x2 1 2+ x*
2 k1
= 2x 2+1 :

sothat x 7! w(x) is non-decreasingfor x > 0. Fory 2 ( "} 1),

we o a(Y) W ay) Wi a( ) =wie ")
and hence
liminf inf C(y) ¥ wl@2 ")
nil y> - o1 k '
Taking 0 < " < 1, the proof will be completed by demonstrating for any x > 1
that

w(x) > O
k=1
Taking the logarithm gives
k X k
2% 1log 2x ¥ +1 > log 2x 2 +1 ;
k=1 k=1
R ’
> 2x 2
k=1

and this seriesclearly cornvergesby the ratio test.

In relation to Proposition 1, we note from [Sch73] that the number of rooted
strictly bifurcating treeswithout a given subtreeis asymptotically smaller than the
number of all graph-theoretic trees (seealso [Lu96] for more about the enumeration
of generaltrees without a given subtree), but this is not enoughfor our purposes.
We neededto show that it is asymptotically smaller than the spaceof all rooted
strictly bifurcating trees. The generating function for t, seemsrst to have been
investigatedin [Wed23 in connectionwith enumerating \t ypesof arrangemerts" in
a commutativ e but non-assaiative algebra, such as aj(az(azas)) or (aza2)(azas);
theseare identical to rooted bifurcating treesin the \Newick" format [Fel04. The
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leaves| trees GLS DS

2 1 1 1
3 1 1 1
4 2 2 2
5 3 3 3
6 6 6 6
7 11 11 11
8 23 22 23
9 46 45 46

10 98 95 98

11 207 203 207

12 451 443 451

13 983 972 983

14 2179 2159 2179

15 | 4850 4827 4850

16 | 10905 10870 10905

17 | 24631 24580 24630

18 | 56011 55931 56009
Table 1. The number of trees, the number of spectra for the
generalizedLaplacian, and the number of spectra for the distance

matrix.

recursion behind the generating function hasbeenre-discoseredindependertly sev-
eral times such as in [Eth37] { see[OB49] for a discussionand se\eral further
references.We remark that numerically iterating the quantity g, of the proof con-
vergesquickly to the value of 1 calculable by other means[Ott48, Har71]. We
also obsene that the methods of [Lan77, HRS75 HRS86 Ben74, Ben7§ can be
usedto shaw, in the notation of the proof, that lim,;; n3? oSn = 4 for some
positiveconstart 5 and hencelimpi; (2= )"(sn=th) = a=, but wedon't pursue
this matter here.

4. Numerical experiments

Proposition 1 says nothing about the rate of convergenceof the fraction. Herewe
investigatethis rate using computation. The characteristic polynomials for the gen-
eralized Laplacian were calculated via a doubly-recursive algorithm to enumerate
matchings. The characteristic polynomials for the distance matrices were calculated
via the Leverrier-Faddeevalgorithm [Hou9§. Thesealgorithms were implemented
in ocaml [CMPO00] and the code is available upon request.

Table 1 clearly shows that the fraction of trees with unique spectra doesnot go
to zerovery quickly. Of coursewe can't compute this fraction for large numbers of
leaves,but we can get someidea of the convergenceby using the recursionrelation
corresponding to the generating function (5). We plot the number of trees that
do not have one of two subtreesof size seventeen as a subtree. This is an actual
fraction that can be usedwith Proposition 1 in order to prove Theorem 1 for the
generalizedLaplacian matrix.

Figure 3 shows that this fraction convergesextremely slowly, despite the fact
that as shown above it is asymptotically equivalent to " for some0O< < 1. It
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Fraction of trees avoiding a pair of trees of size 17 Fraction of trees avoiding a pair of trees of size 7
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leaves leaves

Figure 2. The fraction of trees not containing a given pair of
subtreesof size7 and 17.

is important to note, however, that this fraction is probably a very crude upper
bound on the fraction of trees that share a spectrum with another tree. To aid
comparison we have included the much more quickly corverging number of trees
without a pair of subtrees of size seven. As can be seenin Table 1, the actual
number not sharing a spectrum goesdown considerably more quickly, though it is
probably still the casethat the vast majority of trees of intermediate size should
have their own spectra.

In conclusion,we have shown that the fraction of strictly bifurcating rooted trees
having a unique spectrum with respect to the adjacency Laplacian, or pairwise dis-
tance matrices goesto zero asthe number of leavesgoesto in nit y. This indicates
that the spectra of thesematrices cannot perfectly distinguish betweentrees. How-
ever, becausethe corvergenceto zero appearsto be so slow, these spectra may
still provide useful information for tree sizesthat appear in practice. We plan to
investigate this matter further in a future article.
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