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Abstract

Dirichlet process(DP) mixture models are the cornerstone of nonpara-
metric Bayesianstatistics, and the development of Monte-Carlo Markov chain
(MCMC) sampling methods for DP mixtures hasenabledtheir applications to
a variety of practical data analysis problems. However, MCMC sampling can
be prohibitiv ely slow, and it is important to explore alternativ es. One class
of alternativ es is provided by variational methods, a classof deterministic al-
gorithms that convert inferenceproblems into optimization problems (Opper
and Saad, 2001; Wainwright and Jordan, 2003). Thus far, variational meth-
ods have mainly beenexplored in the parametric setting, in particular within
the formalism of the exponential family (Attias, 2000;Ghahramani and Beal,
2001;Blei et al., 2003). In this paper, we present a variational inferencealgo-
rithm for DP mixtures. We present experiments that compare the algorithm
to Gibbs sampling algorithms for DP mixtures of Gaussiansand present an
application to a large-scaleimage analysis problem.
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1 In tro duction

The methodology of Monte Carlo Markov chain (MCMC) sampling has energized
Bayesianstatistics during the past decade,providing a systematic approach to the
computation of likelihoods and posterior distributions, and permitting the deploy-
ment of Bayesianmethods in a rapidly growing number of applied problems. How-
ever, while an unquestionedsuccessstory, MCMC is not an unquali�ed success
story|MCMC methods can be slow to convergeand their convergencecan be di�-
cult to diagnose.While further research on sampling is needed,it is also important
to explorealternatives,particularly in the context of large-scaleproblems.

Onesuch classof alternativesis providedby variational inference methods (Ghahra-
mani and Beal, 2001;Jordan et al., 1999;Opper and Saad,2001;Wainwright and
Jordan, 2003;Wiegerinck, 2000). Like MCMC, variational inferencemethods have
their roots in statistical physics,and, in contradistinction to MCMC methods, they
are deterministic. The basic idea of variational inferenceis to formulate the compu-
tation of a marginal or conditional probability in terms of an optimization problem.
This (generally intractable) problem is then \relaxed," yielding a simpli�ed opti-
mization problemthat dependson a number of freeparameters,known asvariational
parameters. Solving for the variational parametersgives an approximation to the
marginal or conditional probabilities of interest.

Variational inferencemethods have been developed principally in the context
of the exponential family, where the convexity properties of the natural parame-
ter spaceand the cumulant generatingfunction yield an elegant generalvariational
formalism (Wainwright and Jordan, 2003). For example,variational methods have
beendeveloped for parametric hierarchical Bayesianmodelsbasedon generalexpo-
nential family speci�cations (Ghahramani and Beal, 2001). MCMC methods have
seenmuch wider application. In particular, the development of MCMC algorithms
for nonparametricmodelssuch as the Dirichlet processhas led to increasedinterest
in nonparametricBayesianmethods. In the current paper, we aim to closethis gap
and indicate how variational methods can be usedin the Dirichlet processsetting.

The Dirichlet process(DP), introducedin Ferguson(1973), is parameterizedby a
basemeasureG0 and positive scalingparameter� . Writing G j f G0; � g � DP(G0; � )
for a draw from the Dirichlet process,supposethat f � 1; : : : ; � N g are subsequently
drawn independently from G: � n j G � G. Marginalizing out the random measureG,
the joint distribution of f � 1; : : : ; � N g turns out to follow a P�olya urn scheme(Black-
well and MacQueen,1973). Thus, positive probability is assignedto con�gurations
in which di�eren t � n take on identical values,and the underlying random measure
G is discretewith probability one. This is seenmost directly in the stick-breaking
representation of the DP, in which G is represented explicitly as an in�nite sum of
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atomic measures(Sethuraman, 1994).
The Dirichlet processmixture model (Antoniak, 1974)addsa level to the hierar-

chy, treating � n as the parameter of the distribution of the nth observation. Given
the discretenessof G, the DP mixture hasan interpretation asa mixture model with
an unboundednumber of mixture components.

Our goal will be to compute the predictive density:

p(x j x1; : : : ; xN ) =
Z

p(x j � )p(� j x1; : : : ; xN )d� ; (1)

underthe DP mixture, givena samplef x1; : : : ; xN g. As in many hierarchical Bayesian
models, the posterior distribution p(� j x1; : : : ; xN ) is complicated and di�cult to
characterizein a closedform in the DP mixture setting. MCMC provides one class
of approximations for this posterior and the predictive density (Escobarand West,
1995;Neal, 2000).

In this paper, we present a variational inferencealgorithm for DP mixtures based
on the stick-breaking representation of the underlying DP. The algorithm involves
two probability distributions|the posteriordistribution p and a variational distribu-
tion q. The latter is endowed with free variational parameters,and the algorithmic
problem is to adjust theseparameterssothat q approximates p. We alsousea stick-
breakingrepresentation for q, but in this casewe truncate the representation to yield
a �nite-dimensional representation. While in principle wecouldalsotruncate p, turn-
ing the model into a �nite-dimensional model, it is important to emphasizeat the
outset that this is not our approach|w e only truncate the variational distribution
and approximate the posterior of an in�nite-dimensional model.

The paper is organizedas follows. In Section2 we provide basicbackground on
DP mixture models, focusingon the caseof exponential family mixtures. Section3
overviewsMCMC algorithms for the DP mixture, discussingalgorithms basedboth
on the P�olya urn representation and the stick-breaking representation. In Section4
we present a variational inferencealgorithm for DP mixtures. Section5 presents the
results of experimental comparisonsand Section7 presents our conclusions.

2 Diric hlet pro cess mixture mo dels

Let � be a continuous random variable, let G0 be a non-atomic probability distri-
bution for � , and let � be a positive, real-valued scalar. A random measureG
is distributed according to a Dirichlet process (DP) (Ferguson,1973), with scaling
parameter � and basemeasureG0, if for all natural numbers k and k-partitions
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f B1; : : : ; Bkg:

(G(� 2 B1); G(� 2 B2); : : : ; G(� 2 Bk)) � Dir( � G0(B1); � G0(B2); : : : ; � G0(Bk)) :

Integrating out G, the joint distribution of the collectionof variablesf � 1; : : : ; � ng
exhibits a clusteringe�ect; conditionedon n� 1 draws, the nth valueis, with positive
probability, exactly equal to oneof thosedraws:

p(� j � 1; : : : ; � n� 1) / � p(� j G0) +
n� 1X

i =1

� � i (� ): (2)

Thus, f � 1; : : : ; � n� 1g arerandomly partitioned accordingto which variablesareequal
to the samevalue, with the distribution of the partition obtained from a P�olya urn
scheme(Blackwell and MacQueen,1973). Let f � �

1; : : : ; � �
jcjg denotethe distinct values

of f � 1; : : : ; � n� 1g, let c = f c1; : : : ; cn� 1g denotethe partition such that � i = � �
cn

, and
let jcj denotethe number of groupsin that partition. The distribution of � n follows
the urn distribution:

� n =
�

� �
i with prob jcj i

n� 1+ �
� ; � � G0 with prob �

n� 1+ � ;
(3)

wherejcj i is the number of times the value � �
i occurs in f � 1; : : : ; � n� 1g.

In the Dirichlet processmixture model, the DP is usedas a nonparametric prior
in a hierarchical Bayesianmodel (Antoniak, 1974):

G j f � ; G0g � DP(� ; G0)
� n j G � G

X n j � n � p(xn j � n ):

Data generatedfrom this model can be partitioned accordingto thosevaluesdrawn
from the sameparameter. Thus, the DP mixture has a natural interpretation as
a 
exible mixture model in which the number of components (i.e., the number of
groupsin the partition) is random and grows as new data are observed.

The urn schemein Equation (3) providesan implicit de�nition of the DP. Sethu-
raman (1994) provides an explicit de�nition via a stick-breaking construction of G.
Consider two in�nite collectionsof independent random variables, Vi � Beta(1; � )
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and � �
i � G0, for i = f 1; 2; : : :g. We can write G as:

� i = Vi

i � 1Y

j =1

(1 � Vj ) (4)

G(� ) =
1X

i =1

� i � � �
i
(� ): (5)

Thusthe support of G consistsof a countably in�nite setof atoms,drawn iid from G0.
The mixing proportions � i are given by successively breaking a unit length \stic k"
into an in�nite number of pieces.The sizeof each successive piece,proportional to
the rest of the stick, is given by an independent draw from a Beta(1; � ) distribution.

In the DP mixture, the vector � comprisesthe in�nite vectorof mixing proportions
and f � �

1; � �
2; : : :g are the in�nite number of mixture components. Let Zn denotethe

mixture component with which xn is associated.1 The data can thus be described as
arising from the following process:

1. Draw Vi j � � Beta(1; � ), i = f 1; 2; : : :g

2. Draw � �
i j G0 � G0, i = f 1; 2; : : :g

3. For each data point n:

(a) Draw Zn j f v1; v2; : : :g � Mult (� ).

(b) Draw X n j zn � p(xn j � �
zn

).

2.1 Exp onential family mixtures

In this paper, we restrict ourselvesto DP mixtures for which the observabledata are
drawn from an exponential family distribution, and wherethe basemeasurefor the
DP is the corresponding conjugateprior.

A DP mixture using the stick-breaking construction is illustrated as a graphical
model in Figure 1. The distributions of Vk and Zn are as described above. The
distribution of X n conditional on Zn and f � �

1; � �
2; : : :g is:

p(xn j zn ; � �
1; � �

2; : : :) =
1Y

i =1

�
h(xn) expf � �

i
T xn � a(� �

i )g
� zi

n ;

1We represent multinomial random vectorsas indicator vectorsconsistingof a singlecomponent
equal to one and the remaining components equal to zero.
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Figure 1: Graphical model representation of an exponential family DP mixture.
Nodesdenoterandomvariables,edgesdenotepossibledependence,and platesdenote
replication.

where a(� �
i ) is the appropriate cumulant generating function and we assumefor

simplicity that x is the su�cien t statistic for the canonicalparameter � .
The vectorof su�cien t statistics of the correspondingconjugatefamily is (� � T ; � a(� � ))T .

The basemeasureis thus:

p(� � j � ) = h(� � ) expf � T
1 � � + � 2(� a(� � )) � a(� )g;

where we decomposethe hyperparameter� such that � 1 contains the �rst dim(� � )
components and � 2 is a scalar.

2.2 The truncated Diric hlet pro cess

Ishwaran and James(2001)have discussedthe truncated Dirichlet process(TDP), in
which VK � 1 is set equal to onefor some�xed value K . This yields � i = 0 for i � K ,
and thus converts the in�nite sum in Equation (4) into a �nite sum. Ishwaran and
James(2001) show that a TDP closelyapproximates a true Dirichlet processwhen
the truncation level K is chosenlarge enoughrelative to the number of data points.
Thus, they can justify substituting a TDP mixture model for a full DP mixture
model.

3 MCMC for DP mixtures

The posterior distribution under both the DP and TDP mixture models cannot be
computede�cien tly in any direct way. It must be approximated, and Markov chain
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Monte Carlo (MCMC) methods are the method of choice for approximating these
posteriors(Escobarand West, 1995;Neal, 2000;Ishwaran and James,2001).

As in the parametric setting, the idea behind MCMC for approximate posterior
inferencein the DP mixture is to construct a Markov chain for which the stationary
distribution is the posterior of interest. One collectssamplesfrom the samplepath
of this Markov chain to construct an estimate of the posterior. Such an estimate
can then be used to compute an approximation of the predictive distribution (see
Equation 1).

The simplestMCMC algorithm is the Gibbs sampler,in which the Markov chain
is de�ned by iterativ ely samplingeach latent variableconditional on the data and the
most recently sampledvaluesof the other latent variables. This yields a chain with
the desiredstationary distribution (Geman and Geman, 1984;Gelfand and Smith,
1990;Neal,1993). Below, we reviewthe Gibbs samplingalgorithms for DP and TDP
mixtures.

3.1 Collapsed Gibbs sampling

In the collapsed Gibbssampler for a DP mixture with conjugatebasemeasure(Esco-
bar and West,1995),we integrate out the random measureG and distinct parameter
valuesf � �

1; : : : ; � �
jcjg. The Markov chain is thus de�ned only on the latent partition

of the data, c = f c1; : : : ; cN g.
Denote the data by x = f x1; x2; : : : ; xN g. For n 2 f 1; : : : ; N g, the algorithm

iterativ ely sampleseach group assignment Cn , conditional on the partition of the
rest of the data c� n . Note that Cn can be assignedto oneof jc� n j + 1 values: either
the nth data point is in a group with other data points, or in a group by itself.

By exchangeability, Cn is drawn from the following multinomial distribution:

p(ck
n = 1j x; c� n ; �; � ) / p(xn j x � n ; c� n ; ck

n = 1; � )p(ck
n = 1j c� n ; � ): (6)

The �rst term is a ratio of normalizing constants of the posterior distribution of the
kth parameter,one including and oneexcluding the nth data point:

p(xn j x � n ; c� n ; ck
n = 1; � ) =

exp
n

a(� 1 +
P

m6= n ck
mX m + X n ; � 2 +

P
m6= n ck

m + 1)
o

exp
n

a(� 1 +
P

m ck
mX m ; � 2 +

P
m6= n ck

m )
o :

(7)
The secondterm is given by the P�olya urn scheme:

p(ck
n = 1j c� n ) /

�
jc� n jk if k is an existing group in the partition
� if k is a new group in the partition,

(8)

7



wherejc� n jk denotesthe number of data in the kth group of the partition.
Once this chain has reached its stationary distribution, we collect B samples

f c1; : : : ; cB g to approximate the posterior. The approximate predictive distribution
is an averageof the predictive distributions for each of the collectedsamples:

p(xN +1 j x1; : : : ; xN ; � ; � ) =
1
B

BX

b=1

p(xN +1 j cb; x; � ; � ):

For a particular sample,that distribution is:

p(xN +1 j c; x; � ; � ) =
jcj+1X

k=1

p(ck
N +1 = 1j c)p(x j c; x; ck

N +1 = 1):

When G0 is not conjugate, the integral in Equation (7) doesnot have a simple
closedform. E�ectiv e algorithms for handling this caseare given in Neal (2000).

3.2 Blo cked Gibbs sampling

In the collapsedGibbs sampler,the distribution of each partition group variable Cn

depends on the most recently sampledvalues of the other variables. Thus, these
variables must be updated one at a time, which could potentially slow down the
algorithm when comparedto a blocking strategy. To this end, Ishwaran and James
(2001) developed an inferencealgorithm basedon the TDP described in Section2.
By explicitly samplingan approximation of G, this model allows for a blocked Gibbs
sampler,in which collectionsof variablescan be updated simultaneously.

The state of the Markov chain consistsof the beta variablesV = f V1; : : : ; VK � 1g,
the component parameters� � = f � �

1; : : : ; � �
K g, and the component assignment vari-

ablesZ = f Z1; : : : ; ZN g. The blocked Gibbs sampler iterates betweenthe following
three steps:

1. For n 2 f 1; : : : ; N g, independently sampleZn from:

p(zk
n = 1j v; � � ; x) = � kp(xn j � �

k);

where� k is the function of v given in Equation (4).

2. For k 2 f 1; : : : ; K g, independently sampleVk from Beta(
 k;1; 
 k;2), where:


 k;1 = 1 +
P N

n=1 zk
n


 k;2 = � +
P K

i= k+1

P N
n=1 zi

n :
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This step follows from the conjugacybetweenthe multinomial data z and the
truncated stick-breaking construction, which is a generalizedDirichlet distri-
bution (Connor and Mosimann, 1969).

3. For k 2 f 1; : : : ; K g, independently sample� �
k from p(� �

k j � k). This distribution
is in the samefamily as the basemeasure,with parameters:

� k;1 = � 1 +
P

i 6= n zk
i x i

� k;2 = � 2 +
P

i 6= n zk
i :

(9)

After the chain has reached its stationary distribution, we collect B samples
and construct an approximate predictive distribution. Again, this distribution is
an averageof the predictive distributions for each of the collected samples. The
predictive distribution for a particular sampleis:

p(xN +1 j z; x; � ; � ) =
KX

k=1

E [� i j 
 1; : : : ; 
 k ] p(xN +1 j � k); (10)

whereE [� i j 
 1; : : : ; 
 k ] is the expectation of the product of independent beta variables
given in Equation (4). This distribution only dependson z; the other variablesare
neededin the Gibbs samplingprocedure,but can be integrated out here.

The TDP samplerreadily handlesnon-conjugacyof G0, provided that there is a
method of sampling � �

i from its posterior.

3.3 Placing a prior on the scaling parameter

A commonextensionto the DP mixture model involvesplacing a prior on the scal-
ing parameter � , which determineshow quickly the number of components grows
with the data. For the urn-based samplers, Escobar and West (1995) place a
Gamma(s1; s2) prior on � and implement the corresponding Gibbs updates with
auxiliary variable methods.

In the TDP mixture, the gammadistribution is computationally convenient be-
causeit is conjugate to Beta(1; � ) (seeAppendix A). The Gibbs updates for � are
thus:

� j f v; s1; s2g � Gamma

 

s1 + K � 1; s2 �
K � 1X

i =1

log(1 � vi )

!

: (11)
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4 Variational inference for the DP mixture

Variational inferenceprovidesan alternative, deterministic methodology for approx-
imating likelihoods and posteriorsin an intractable probabilistic model (Wainwright
and Jordan, 2003). We �rst review the basic idea in the context of the exponential
family of distributions, and then turn to its application to DP mixture models.

Considerthe exponential family indexedby the natural parameter � :

p(z j � ) = expf � T t(z) � a(� )gh(z);

where t(z) is the vector of su�cien t statistics. The cumulant generating function
a(� ), alsoknown as the log partition function, is de�ned as follows:

a(� ) = log
Z

expf � T t(z)gh(z)dz:

As discussedby Wainwright and Jordan (2003), this quantit y can alsobe expressed
variationally as:

a(� ) = sup
� 2M

f � T � � a� (� )g; (12)

wherea� (� ) is the Fenchel-Legendreconjugateof a(� ) (Rockafellar, 1970),and M is
the setof realizableexpected su�cient statistics: M = f � : � =

R
t(z)p(z)h(z)dz; for somepg:

There is a one-to-onemapping betweenparameters� and the interior of M (Brown,
1986). Accordingly, the interior of M is often referredto as the set of mean param-
eters.

Let � (� ) be a natural parameter corresponding to the mean parameter � 2 M ;
thus E� [t(Z )] = � . Let q(z j � (� )) denotethe corresponding density. Given � 2 M ,
a short calculation shows that a� (� ) is the negative entropy of q:

a� (� ) = E� (� ) [logq(Z j � (� ))] : (13)

Given its de�nition as a Fenchel conjugate,the negative entropy is convex.
In many models of interest, a(� ) is not feasibleto compute becauseof the com-

plexity of M or the lack of any explicit form for a� (� ). However, we can bound a(� )
using Equation (12):

a(� ) � � T � � a� (� ); (14)

for any meanparameter � 2 M . Moreover, the tightnessof the bound is measured
by a Kullback-Leibler divergenceexpressedin terms of a mixed parameterization:

D(q(z j � (� )) jj p(z j � )) = E� (� ) [logq(z j � (� )) � logp(z j � )]

= � (� )T � � a(� (� )) � � T � + a(� )

= a(� ) � � T � + a� (� (� )) : (15)
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Mean-�eld variational methods are a special classof variational methods that are
basedon maximizing the bound in Equation (14) with respect to a subsetM tract

of the spaceM of realizable mean parameters. In particular, M tract is chosenso
that a� (� (� )) can be evaluated tractably and so that the maximization over M tract

can be performed tractably. Equivalently, given the result in Equation (15), mean-
�eld variational methods minimize the KL divergenceD(q(z j � (� )) jj p(z j � )) with
respect to its �rst argument.

If the distribution of interest is a posterior, then a(� ) is the log likelihood. Con-
sider in particular a latent variable probabilistic model with hyperparameters� ,
observed variables x = f x1; : : : ; xN g, and latent variables z = f z1; : : : ; zM g. The
posterior can be written as:

p(z j x; � ) = expf logp(z; x j � ) � logp(x j � )g; (16)

and the bound in Equation (14) appliesdirectly. We have:

logp(x j � ) � Eq [logp(x; Z j � )] � Eq [logq(Z)] : (17)

This equationholds for any q via Jensen'sinequality, but, asour analysishasshown,
it is useful speci�cally for q of the form q(z j � (� )) for � 2 M tract .

A straightforward way to construct tractable subfamilies of exponential fam-
ily distributions is to consider factorized families, in which each factor is an ex-
ponential family distribution depending on a so-calledvariational parameter. In
particular, let us considerdistributions of the form q(z j � ) =

Q M
i=1 q(zi j � i ), where

� = f � 1; � 2; :::; � M g are variational parameters. Using this classof distributions, we
simplify the likelihood bound using the chain rule:

logp(x j � ) � logp(x j � )+
MX

m=1

Eq [logp(Zm j x; Z1; : : : ; Zm� 1; � )]�
MX

m=1

Eq [logq(Zm j � m )] :

(18)
To obtain the best approximation available within the factorized subfamily, we now
wish to optimize this expressionwith respect to � i .

To optimize with respect to � i , reorder z such that zi is last in the list. The
portion of Equation (18) depending on � i is:

` i = Eq [logp(zi j z� i ; x; � )] � Eq [logq(zi j � i )] : (19)

Given our assumptionthat the variational distribution q(zi j � i ) is in the exponential
family, we have:

q(zi j � i ) = h(zi ) expf � T
i zi � a(� i )g;
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and Equation (19) simpli�es as follows:

` i = Eq
�
logp(Z i j Z � i ; x; � ) � logh(Z i ) � � T

i Z i + a(� i )
�

= Eq [logp(Z i j Z � i ; x; � )] � Eq [logh(Z i )] � � T
i a0(� i ) + a(� i );

becauseEq [Z i ] = a0(� i ). The derivative with respect to � i is:

@
@� i

` i =
@

@� i
(Eq [logp(Z i j Z � i ; x; � )] � Eq [logh(Z i )]) � � T

i a00(� i ): (20)

Thus the optimal � i satis�es:

� i = [a00(� i )]� 1

�
@

@� i
Eq [logp(Z i j Z � i ; x; � )] �

@
@� i

Eq [logh(Z i )]
�

: (21)

The result in Equation (21) is general. In many applications of mean�eld meth-
ods, a further simpli�cation is achieved. In particular, when the conditional distri-
bution p(zi j z� i ; x; � ) is an exponential family distribution 2, we have:

p(zi j z� i ; x; � ) = h(zi ) expf gi (z� i ; x; � )T zi � a(gi (z� i ; x; � ))g;

where gi (z� i ; x; � ) denotesthe natural parameter for zi when conditioning on the
remaining latent variables and the observations. This yields simpli�ed expressions
for the expectedlog probability of Z i and its �rst derivative:

Eq [logp(Z i j Z � i ; x; � )] = E [logh(Z i )] + Eq [gi (Z � i ; x; � )]T a0(� i ) � Eq [a(gi (Z � i ; x; � ))]
@

@� i
Eq [logp(Z i j Z � i ; x; � )] =

@
@� i

Eq [logh(Z i )] + Eq [gi (Z � i ; x; � )]T a00(� i ):

Using the �rst derivative in Equation (21), the maximum is attained at:

� i = Eq [gi (Z � i ; x; � )] : (22)

Wede�ne a coordinate ascent algorithm basedon Equation (22) by iterativ ely updat-
ing � i for i 2 f 1; : : : ; N g. Such an algorithm �nds a local maximum of Equation (17)
by Proposition 2.7.1 of Bertsekas (1999), under the condition that the right-hand

2Examples in which p(zi j z� i ; x ; � ) is an exponential family distribution include Kalman �lters,
hidden Markov models, mixture models, hierarchical Bayesianmodels with conjugate and mixture
of conjugate priors, and the hierarchical nonparametric Bayesianmodelswhich are the focusof this
paper.
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side of Equation (19) is strictly convex. Further perspectiveson algorithms of this
kind can be found in Xing et al. (2003) and Beal (2003).

Notice the interesting relationship of this algorithm to the Gibbs sampler. In
Gibbs sampling, we iterativ ely draw the latent variables zi from the distribution
p(zi j z� i ; x; � ). In mean-�eld variational inference,we iterativ ely update the vari-
ational parametersof zi to be equal to the expected value of the parameter gi of
the conditional distribution p(zi j z� i ; x; � ), wherethe expectation is taken under the
variational distribution. 3

4.1 Variational inference for DP mixtures

Wedevelopa mean-�eld variational algorithm for the DP mixture basedon the stick-
breaking representation of the DP mixture in Figure 1. Using this representation,
the bound on the likelihood given in Equation (17) becomes:

logp(x j � ; � ) � Eq [logp(V j � )] + Eq [logp(� � j � )]

+
NX

n=1

(Eq [logp(Zn j V )] + Eq [logp(xn j Zn )])

� Eq [logq(Z; V ; � � )] :

(23)

The issuethat we must face to make use of this bound is that of constructing an
approximation to the distribution of the in�nite-dimensional random measureG,
expressedin terms of the in�nite setsV = f V1; V2; : : :g and � � = f � �

1; � �
2; : : :g. Our

approach is basedon using truncated stick-breaking representations for the varia-
tional distributions. Thus, we �x a value T and let q(vT = 1) = 1. As in the
truncated Dirichlet process,under the truncated variational distribution, the mix-
ture proportions � t areequalto zerofor t > T and we canthus ignorethe parameters
� �

t for t > T.
The factorizeddistribution that we proposeto useasa basisfor mean-�eld vari-

ational inferenceis thus of the following form:

q(v; � � ; z; T) =
T � 1Y

t=1

q(vi j 
 i )
TY

t=1

q(� �
t j � t )

NY

n=1

q(zn j � n ); (24)

where 
 n are the parametersfor a beta distribution, � t are natural parametersfor
the distributions of � �

t , and � n are parametersfor a multinomial distribution.

3This relationship has inspired the software package VIBES (Bishop et al., 2003), which is a
variational version of the popular BUGS package(Gilks et al., 1996).
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Notice that in the model of Figure 1, the variablesV , � � , and Z are each iden-
tically distributed, whereas,under the variational distribution, there is a di�eren t
parameterfor each variable. For example,the choiceof the mixture component zn for
the nth data point is governedby a multinomial distribution indexedby a variational
parameter � n that dependson n. This re
ects the conditional nature of variational
inference.

We emphasizethe di�erence betweenrole that truncation plays in our variational
method and the role that it plays in the blocked Gibbs sampler of Ishwaran and
James(2001) (seeSection3.2). The blocked Gibbs samplerestimatesthe posterior
of a truncated approximation to the DP. In contrast, we use a truncated stick-
breakingdistribution to approximate the true posteriorof a full DP mixture model|
the posterior itself is not truncated. The truncation level T is a variational parameter
which can be freely set; it is not a part of the prior model speci�cation.

4.2 Coordinate-ascen t algorithm

We now derive a coordinate-ascent algorithm for optimizing the bound in Equa-
tion (23) with respect to the variational parameters.The third term in the bound is
the only term that requiresattention, as all of the other terms in the bound involve
standard computations in the exponential family. We rewrite the third term using
indicator random variables:

Eq [logp(Zn j V )] = Eq

h
log

� Q T
i=1 (1 � Vi )1[Zn >i ]V Z i

n
i

�i

=
P T

i=1 q(zn > i )E [log(1 � Vi )] + q(zn = i )E [logVi ] ;

where:

q(zn = i ) = � n;i

q(zn > i ) =
P K

j = i+1 � n;j

E [logVi ] = 	( 
 i; 1) � 	( 
 i; 1 + 
 i; 2)

E [log(1 � Vi )] = 	( 
 i; 2) � 	( 
 i; 1 + 
 i; 2):

(Note that 	 is the digammafunction arising from the derivative of the log normal-
ization factor in the beta distribution.)

We now usethe generalexpressionin Equation (21) to derive a mean-�eld coor-
dinate ascent algorithm. Computing the derivativeswith respect to the variational
parameters,the bound in Equation (23) is optimized via the following setof updates,
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for t 2 f 1; : : : ; Tg and n 2 f 1; : : : ; N g:


 t;1 = 1 +
P

n � n;t (25)


 t;2 = � +
P

n

P T
j = t+1 � n;j (26)

� t;1 = � 1 +
P

n � n;t xn (27)

� t;2 = � 2 +
P

n � n;t : (28)

� n;t / exp(S); (29)

where:

S = E [logVt j 
 t ] + E [� t j � t ]
T X n � E [a(� t ) j � t ] �

TX

j = t+1

E [log(1 � Vj ) j 
 j ] :

Iterating theseupdatesoptimizes Equation (23) with respect to the variational pa-
rametersde�ned in Equation (24). That is, we �nd q(v; � � ; z) which, when plugged
in to the factored expressiondisplayed in Equation (24), yield a distribution that is
a mean-�eld approximation to the true posterior.

Practical applications of variational methods must addressinitialization of the
variational distribution. While the algorithm yields a bound for any starting values
of the variational parameters,poor choicesof initialization can lead to local maxima
that yield poor bounds. We initialize the variational distribution by incrementally
updating the parametersaccordingto a random permutation of the data points. In
a sense,this is a variational versionof sequential importance sampling. We run the
algorithm multiple times and choosethe �nal parametersettings that give the best
bound on the marginal likelihood.

Given a (possiblylocally) optimal set of variational parameters,the approximate
predictive distribution is:

p(xN +1 j z; x; � ; � ) =
TX

t=1

Eq [� t j 
 ] Eq [p(xN +1 j � t )] : (30)

This approximation has a form similar to the approximate predictive distribution
under the blocked Gibbs samplerin Equation (10). In the variational case,however,
the averagingis doneparametrically via the variational distribution rather than by
a Monte Carlo integral.

When G0 is not conjugate,a simple coordinate ascent update for � i may not be
available if p(� �

i j z; x; � ) is not in the exponential family. However, if G0 is a mixture
of conjugatepriors, then a simple coordinate ascent algorithm is available.
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Finally, we extend the variational inferencealgorithm to posterior updates for
the scalingparameter � with a Gamma(s1; s2) prior. Using the exact posterior of �
in Equation (11), the variational posterior Gamma(w1; w2) distribution is:

w1 = s1 + T � 1

w2 = s2 �
T � 1X

i =1

Eq [log(1 � Vi )]);

and we replace� with its expectation Eq [� j w] = w1=w2 in the updates for 
 t;2 in
Equation (26).

4.3 Discussion

Qualitativ ely, variational methodso�er several potential advantagesover Gibbs sam-
pling. They are deterministic, and have an optimization criterion given by Equa-
tion (23) that can be usedto assessconvergence.In contrast, assessingconvergence
of a Gibbs sampler|namely , determining when the Markov chain has reached its
stationary distribution|is an active �eld of research. Theoretical bounds on the
mixing time are of little practical use,and there is no consensuson how to choose
amongthe several empirical methodsdevelopedfor this purpose(Robert and Casella,
1999).

Furthermore, in this context, the variational technique provides an explicit esti-
mate of the in�nite-dimensional parameterG by using the truncated stick-breaking
construction. The best Gibbs samplers(e.g., the collapsedGibbs sampler)marginal-
ize out G and rely on the P�olya urn schemerepresentation (Neal, 2000). This pre-
cludescomputation of quantities, such as quantiles, which cannot be expressedas
expectations of G. (SeeGelfand and Kottas (2002) for a method which combines
urn-basedsamplingand TDP-basedblocked sampling to computesuch quantities.)

But thereareseveralpotential disadvantagesof variational methodsaswell. First,
variational methods are deterministic optimization proceduresthat can fall prey to
local minima. Local minima can be mitigated with restarts, or removed via the in-
corporation of additional variational parameters,but thesestrategiesmay slow the
overall convergenceof the procedureand nullify the advantageover MCMC. Second,
any given �xed variational representation yields only an approximation to the pos-
terior. There are methods for consideringhierarchies of variational representations
that approach the posterior in the limit, but thesemethods may again incur serious
computational costs. Lacking a theory by which theseissuescan be evaluated in the
generalsetting of DP mixtures, we turn to experimental evaluation.
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Figure 2: The approximate predictive distribution given by variational inferenceat
di�eren t stagesof the algorithm. The data are 100 points generatedby a Gaussian
DP mixture model with �xed diagonal covariance.

5 Empirical comparison

We studied the performanceof the variational algorithm of Section4 and the Gibbs
samplersof Section 3 in the setting of GaussianDP mixtures. Thus, likelihood is
Gaussianwith �xed covariance matrix � and the Dirichlet processmixes over the
mean of the Gaussian. The basemeasurefor the DP is Gaussian,with covariance
given by � =� 2, which is conjugateto the likelihood.

Figure 2 providesan illustrativ eexampleof the variational inferencealgorithm on
a small problem involving 100data points sampledfrom a two-dimensionalGaussian
DP mixture with diagonal covariance. Each panel in the �gure illustrates the data
and the predictive distribution given by the variational inferencealgorithm, with
truncation level 20. As seenin the �rst panel, the initialization of the variational
parametersyields a largely 
at distribution on the data. After one iteration, the
algorithm hasfound the modesof the predictive distribution and, after convergence,
it has further re�ned those modes. Even though 20 mixture components are repre-
sented in the variational distribution, the �tted approximate posterior only uses�v e
of them.

To comparethe variational inferencealgorithm to the Gibbs samplingalgorithms,
weconducteda systematicsetof experiments in which the dimensionality of the data
was varied from 5 to 50. In each case,we generated100 data from a GaussianDP
mixture model of the chosendimensionality and generated100 additional points as
held-out data. In testing on the held-out data, each point is treated as the 101st
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Figure 3: (Left) Convergencetime acrossten datasetsper dimensionfor variational
inference,TDP Gibbs sampling,and the collapsedGibbs sampler(grey barsarestan-
dard error). (Right) Averageheld-out log likelihood for the corresponding predictive
distributions.

data point in the collection.
The covariancematrix was given by the autocorrelation matrix for a �rst-order

autogressive process,chosensothat the components are highly dependent (� = 0:9).
The basemeasurewas a zero-meanGaussianwith covariance appropriately scaled
for comparisonacrossdimensions.The scalingparameter � was set equal to one.

We ran all algorithms to convergenceand measurethe computation time.4 Con-
vergencewasassessedin the following way. For the Gibbs samplers,weassessconver-
genceto the stationary distribution with the diagnosticgiven by Raftery and Lewis
(1992),and collect 25 additional samplesto estimatethe predictive distribution (the
samediagnostic provides an appropriate lag at which to collect uncorrelated sam-
ples). The TDP approximation and variational posterior approximation are both
truncated at 20 components. For the variational inferencealgorithm we measure
convergenceby the relative changein the likelihood bound, stopping the algorithm
when it is lessthan 1e� 10. Note that there is a certain inevitable arbitrariness in
thesechoices;in generalit is di�cult to envisagemeasuresof computation time that
allow stochastic MCMC algorithms and deterministic variational algorithms to be

4All timing computations were made on a Pentium I I I 1GHZ desktop machine.
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Figure 4: Held-out likelihood as a function of iteration of the variational inference
algorithm for a 50-dimensionalsimulated dataset. The relative changein likelihood
bound is labeledat selectediterations.

comparedin a standardizedway. Nonetheless,we have madewhat we considerto be
reasonable,pragmatic choices. Note in particular that the choice of stopping time
for the variational algorithm is quite conservative, as illustrated in Figure 4.

Figure 3 (left) illustrates the averageconvergencetime acrossten datasetsper
dimension,for dimensionsranging from 5 to 50. With the caveatsin mind regarding
convergencetime measurement, it appears that the variational algorithm is quite
competitiv e with the MCMC algorithms. The variational algorithm was faster and
exhibited signi�cantly lessvariancein its convergencetime. Moreover, there is little
evidenceof an increasein convergencetime acrossdimensionality for the variational
algorithm.

Note that the collapsedGibbs sampler converged faster than the TDP Gibbs
sampler. Though an iteration of collapsedGibbs is slower than an iteration of TDP
Gibbs, the TDP Gibbs sampler required a longer burn-in and greater lag to obtain
uncorrelatedsamples.This is illustrated in the exampleautocorrelation plots of Fig-
ure 5. Comparingthe two MCMC algorithms, we �nd no advantageto the truncated
approximation.

Figure 3 (right) illustrates the average log likelihood assignedto the held-out
data by the approximate predictivedistributions. First, notice that the collapsedDP
Gibbs sampler assignedthe samelikelihood as the posterior from the TDP Gibbs
sampler|an indication of the quality of a TDP for approximating a DP. More im-
portantly, however, the predictive distribution based on the variational posterior
assigneda similar scoreas thosebasedon samplesfrom the true posterior. Though
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Figure 5: Autocorrelationplots on the sizeof the largestcomponent for the truncated
DP Gibbs sampler(left) and collapsedGibbs sampler(right) in an exampledataset
of 50-dimensionalGaussiandata.

it is basedon an approximation to the true posterior, the resulting predictive distri-
butions are very accuratefor this classof DP mixtures.

6 Image analysis

Finite Gaussianmixture modelsarewidely usedin computervision to model natural
imagesfor the purposesof automatic clustering, retrieval, and classi�cation (Barnard
et al., 2003;Jeonet al., 2003). Theseapplicationsare often large-scaledata analysis
problems, involving thousandsof data points (images) in hundreds of dimensions
(pixels). The appropriate number of mixture components to usein theseproblemsis
generallyunknown, and DP mixtures would seemto provide an attractiv e extension
of current methods. This deployment of DP mixtures in such problems requires,
however, inferential methods that are computationally e�cien t. To demonstrate
the applicability of our variational approach to DP mixtures in the setting of large
datasets,we analyzeda collection of 5000imagesfrom the Associated Pressunder
the assumptionsof a GaussianDP mixture model.

Each imageis reducedto a 192-dimensionalreal-valued vector given by an 8 � 8
grid of averagered, green,and blue values. The overall meanis subtracted to yield a
datasetwith meanzero. We �t a model which is a DP mixture in which the mixture
components areGaussianwith mean� and covariancematrix � 2I . The basemeasure
G0 is a product measure|Gamma(4,2) for � 2 and N (0; 5� 2) for � . Furthermore, we
placea Gamma(1,1)prior on the DP scalingparameter� , asdescribedin Section4.1.
We usea truncation level of 150 for the variational distribution.

The variational algorithm required approximately 4 hours to converge. The re-
sulting approximate posterior uses79 mixture components to describe the collec-

20



Figure 6: Four sample clusters from a DP mixture analysis of 5000 imagesfrom
the Associated Press. The left-most column is the posterior mean of each cluster
followed by the top ten imagesassociated with it. Theseclusterscapture patterns in
the data, such as basketball shots,outdoor sceneson gray days, faces,and pictures
with blue backgrounds.

tion. Figure 7 (Left) illustrates the expected number of imagesallocated to each
component. Figure 6 illustrates the ten pictures with highestapproximate posterior
probability associated with each of four of the components. Theseclusters appear
to capture pictures with basketball shots, outdoor sceneson gray days, faces,and
pictures with blue backgrounds.

Figure 7 (Right) illustrates the prior for the scaling parameter � as well as the
approximate posterior given by the �tted variational distribution. We seethat the
approximate posterior is peaked and rather di�eren t from the prior, indicating that
the data have provided information regarding � . Moreover, the peak is centered
around a largevalueof � , suggestingthat the parametric model is inadequatein this
case.

7 Conclusions

Bayesiannonparametricmodelsbasedon the Dirichlet processare powerful tools for

exible data analysis. They o�er the inferential strengths of the Bayesianapproach
together with a degreeof robustnessthat is not always associated with the Bayesian
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Figure 7: (Left) The expected number of imagesallocated to each component in
the variational posterior. The posterior uses79 components to describe the data.
(Right) The prior for the scalingparameter � and the approximate posterior given
by its variational distribution.

approach. For thesebene�ts to be realized,however, the computational issuesasso-
ciated with Bayesianinferencemust remain a signi�cant part of the research agenda.
MCMC methods have becomethe leading paradigm for computational Bayesianin-
ference,but long convergencetimes can hinder their usefulness,particularly in the
context of large collectionsof multiv ariate and highly-correlated data. It would be
wise to explorea variety of methods for �tting Bayesiannonparametricmodels.

We have developed a mean-�eld variational inferencealgorithm for the Dirichlet
processmixture model and demonstratedits applicability to the kinds of multiv ariate
data for which Gibbs samplingalgorithms can exhibit slow convergence.Variational
inferencewas faster than Gibbs sampling in our simulations, and its convergence
time was independent of dimensionality for the rangewhich we tested.

Both variational and MCMC methods have strengths and weaknesses,and it is
unlikely that one methodology will dominate the other in general. While MCMC
sampling provides theoretical guaranteesof accuracy, variational inferenceprovides
a fast, deterministic approximation to otherwiseunattainable posteriors. Moreover,
both MCMC and variational inferenceare computational paradigms, providing a
wide variety of speci�c algorithmic approacheswhich trade o� speed,accuracyand
easeof implementation in di�eren t ways. We have investigated the deployment of
the simplest form of variational method for DP mixtures|a mean-�eld variational
algorithm|but it worth noting that other variational approaches, such as those
described in Wainwright and Jordan (2003), are alsoworthy of considerationin the
nonparametriccontext.
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A A conjugate prior for the scaling parameter

In this appendix weshow that a gammaprior for the scalingparameter� is conjugate
to the stick lengths in the stick-breaking representation of the Dirichlet process.

Recall that the Vn are distributed as Beta(1; � ):

p(v j � ) = � (1 � v) � � 1:

Writing this in the canonicalexponential family form:

p(v j � ) = (1=(1 � v)) expf � log(1 � v) + log� g;

we seethat h(v) = 1=(1 � v), t(v) = log(1 � v), and a(� ) = � log� . Thus, we need
a distribution in which t(� ) = h� ; log� i .

Considerthe gammadistribution for � with shape parameters1 and inversescale
parameters2:

p(� j s1; s2) =
ss1

2

�( s1)
� s1 � 1 expf� s2� g:
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In its canonicalform the distribution on � is:

p(� j s1; s2) = (1=� ) expf� s2� + s1 log� � a(s1; s2)g;

which is conjugateto Beta(1; � ). The log normalizer is:

a(s1; s2) = log�( s1) � s1 logs2;

and the posterior parametersconditional on data f v1; : : : ; vK g are:

ŝ2 = s2 �
KX

i =1

log(1 � vi )

ŝ1 = s1 + K :
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