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Lecture 8
Lecture date: Sept. 14, 2007 Scribe: Laura Derksen

1 Exchangeable pairs

Recall that a pair of random variables is called exchangeable if (W, W’) and (W', W) are
equal in distribution.

During the last lecture we obtained an upper bound on the Wasserstein distance between
such a W and a Gaussian random variable Z:

Theorem 1 Let Z be a standard Gaussian random variable. If (W, W') is an exchangeable
pair of r.v.’s, B(W' — W|W) = —AW for some 0 < A < 1, and E(W?) =1 (or E(W' —
W)2) = 2)), then

Wass(W, Z) < \/iVar <E <21)\(W’ — W)2|W)> + % E(|W —W[?). (1)

Intuitively, if E(W' —W|W) = =AW, E(W' = W)?) = 2XA+0(\), and E(|W' =W |?) = o())
then Wass(W, Z) = o(1).

Usually the quantity %(W’ — W)? is not concentrated. However, we will often have a
o-algebra F such that W is measurable with respect to F and

E <21)\(W’ — W)2|]-'>

is concentrated. By Jensen’s inequality,
1 1
Var (E <2)\(W’ — W)2|W)> < Var <E (w(w’ — W)2|]-'>) .

2 Example: CLT for the scaled sum of i.i.d. random vari-
ables

Let X1, Xo, ..., X, be ii.d. random variables with mean 0 and variance 1. Let

1 n
w=—> X,
Vi



As seen last lecture, we define W’ as follows:
1 X7
W/ = = Z XJ + =
i vn
where the index [ is chosen uniformly at random from {1,2,...,n} and X; is independent
from, and equal in distribution to the other X;’s.

Then E(W —W|W) = —2W so A= 1. E (& (W’ — W)?|W) is hard to compute. However,

n

we can write 5 (W — W)? = L(X] — X;)?, and if F is 0(X1, X5, ..., Xp) then

Lo w2ir) = L L3y
E<2>\(W W) |f>—2+2n;Xi,

which is concentrated.

3 Hoeffding combinatorial central limit theorem

Suppose (aij);fj:l is an array of numbers. Let m be a uniform random permutation of
{1,2,...,n}. Let W =371 tingiy-

We would like to say something about how close % is to the standard Gaussian
ar

distribution N(0, 1).
Hoeffding’s original proof involved a sequence of matrices (ag-l))zj:l and gave conditions
for convergence to normality. The method of moments was used for the proof. The idea is

to show that i
W, — E(W,)
Var(W,,)

(2Kk)! for k£ even.

2k k!

converges to 0 for k odd, and to
Bolthausen (’83 or ’84) proved a Berry-Esseen bound for finite n using Stein’s method.
We assume the following, without loss of generality:
n n 1 n
2

Zaij:O, Zaij:()andmlz aij:1. (2)

7=1 =1 7,7=1
To see why this does not compromise generality, for an arbitrary (a; j)?”j:l we define

n

1
aj. = ﬁ E QAij,

=1
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i=1

and
dij = Qi — Q. — Q.5 + Q...

Now,

n n n n
Z&ij = Zaij — Zai. — Za.j +ZCL‘.
: =1 : : :
n
= Zaij Z a;j — Zaw + — Z Qg
=1

3,j=1 5,j=1
= 0.

Similarly, we can check that the other assumptions in (2) are satisfied by (a;;).
We define

n
ZEL )—Zaml Zaz Zaﬂ + na.. _Za”” — na..
i=1 i=1

It can easily be checked that

justifying (2).

We now return to our original problem, and assume (2). Then we have

azﬂ'z § aij =0,

so E(W) = 0. For the variance, we can write

Var ZV&T Qi (i) +ZCOV Qi (i) JW(J))
i#]

First,
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SO

ZVar(am(,-)) = % Z az;.
i=1

ij=1
Now we will calculate the covariance.

COV(aiw(i)aajw(j)) = E(aiﬁ(i)ajw(j))
1

— it Qs
n—1 Z ik Wjl

k,l#k

—1
= )
k

where the last equality comes from the fact that ), 2k Ol = —Qjk.

We now obtain

—1
> Cov(@in(iy, ajn() = — > aiajk

it ii K
1 2
= 771(”_ 1) %aik.

Combining the variance and covariance calculations above, and keeping (2) in mind, we

obtain
n

Var(W) = ! Z a?, = 1.

n—14= "
1,j=1

Next, we will create an exchangeable pair (m,7’') by defining 7’ = 7o (I,J) and W' =
> ie1 @i (i) Where (I,J) is a uniformly random transposition.

To be continued in the next lecture.
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