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1 A recap

For 8 < 1/2 in the Sherrington-Kirkpatric (S-K) model, we showed a bound on the overlap
R12:

(Ch)*

- M

E <(R12 — Q)2k> <
where ¢ = Eftanh?(3Z,/g + h)] and Z ~ N(0,1). This means that the overlap is concen-
trated. When h = 0 this implies that

E(R3) < (?\Z)k , (2)

so Ris is close to 0 in this case. This result was crucial in showing that for A = 0 the
quantity

N
1
S
has a limiting annealed distribution

SN(B,1) + SN (=B,1) @

We also proved that the quenched distribution of I3 converges in probability to (4) by
showing that

P
(f'(l1) = (n = Btanh(B)) f (L)) — 0 . (5)
Note that this convergence is in probability on the space of probability measures.

Finally, we also found a CLT for the Hamiltonian ) g;jo;0; when h = 0. When h # 0 the
limiting distribution of the Hamiltonian is not known.
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2 The TAP equations

Today we will start looking at the Thouless-Anderson-Palmer (TAP) equations, which are

a collection of self-consistent equations for the quenched average value for i =1,2,..., N:
N
(o) tanh | L= 7 gle) + = 821 = a){or) ©)
j=1j#i
Furthermore, it is true that
(0;) —% tanh(B2./q + h) (7)

where z ~ N(0,1). Moreover, (01),(02), ..., {(0p) are asymptotically independent for fixed
pas N — oo.

The concentration of the overlaps implies that

(o104) = (oi)(a;) , (8)

which in turn implies

1 Y 1Y
NZUi = <NZUz‘> (9)

i=1 i=1
= o (10)
= N 0;
L, E[tanh(82y/q + )] (11)
Similarly, since Ris — g,
Ri2 = (Ry2) (12)
1
- N Z<Uz‘>2 (13)
i=1
L, Bltanh?(B2/g + h)] . (14)
This shows why ¢ must satisfy
q = Eftanh?(B2,/q + h)] . (15)
For simplicity of notation, let us define
1 N
Ty = ﬁ Z 9ij{0j) — B(1 — q){o) (16)
j=Lj#i
so that the TAP equations say
(0;) = tanh(Br; + h) . (17)

Note that r; is a function of g only. It can be shown that r; <, N(0,q).
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3 A sketch of the proof

First, note that the conditional expectation of o given o9, ..., is just tanh(5l; + h), so
(o1) = (tanh(Bl; + h)) . (18)
Now the goal is to approximate the distribution of [;.

We first reparameterize Gaussian mixtures. Given a,b, u, o2, let VYa b 02 denote the prob-
ability density on R proportional to

o o (1Y )

Exercise Show that 1, , 2 is the same as pyp, 2 + (1 — p)g,, 2, where @, ;> is the
density N'(u,02), p1 = p + ao?, ps = p — aoc?, and

exp(ap +b)

= ) 20
P exp(ap + b) + exp(—ap — b) (20)
If X ~yp 02, then
E[tanh(aX + b)] = tanh(aE[X] + b — (2p — 1)a®0?) (21)
= tanh(ap + b) . (22)

The term —(2p — 1)a®0? is called the Onsager correction term, and is what allows us to
move the expectation inside the tanh. The quenched distribution of /1 is approximately

V3.hr1,1—q, and SO
(tanh(Bl; + h)) = tanh(Br1 + h) (23)

and 1 = (l1) — B(1 — ¢)(o1). The quenched distribution is a random distribution with
parameter 7.

The Stein characterizing operator for ¢ , 52 is

Tf(z) = f(z) - <”’°U_2“ — atanh(az + b)) £(2) (24)
To see this, look at
F@)+ (5 108 vapnen@)) F0). (29)

Recall that for the characteristic operator, if X ~ 1, , ;2 then E[T f(x)] = 0 for all f and
conversely.
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We have to show that

E <f’(l1) - <111 :21 — Btanh(Bl; + h)) f(l1)>2 —0. (26)

It is instructive to consider the contrast with the annealed equation. If E(-) — 0 then we’ve
proved nothing. This comes from r; not being a constant. However, a quenched equation
implies a distributional result because r; is a constant, given g.

The remaining steps are then

1. Start with

2. Then use the approximation Lemma to show that
E hj = E 28
U 891 (28)

3. Recognize, after some computation and using Rjs = ¢, that (26) and (28) are the
same.

The full details of these arguments can be found in the paper (S. Chatterjee, Spin Glasses
and Stein’s Method, arXiv:0706.3500v1 [math.PR]).
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