STAT C206A / MATH C223A : Talagrand - TAP Equations 1

Lecture 25
Lecture date: Oct 24, 2007 Scribe: John Zhu

Latala’s Result: If 3 < 1/2 then for 2s < 1 — 432

1

v(exp(sN(Ri2 —q)%)) < = v((Ri2 — 9)*) <

V1 —2s—4p32 NFk
so the overlap is concentrated.
Exercise 1: Using this result show that for any fixed p,
K(p
B((0102--0y) — 01} (o) -+~ (0))? < K@)(Baz — ) < )

Exercise 2: The above expectation goes to 0 even if p grows with N. How fast can it grow?

The 1st exercise means that any collection of spins at p locations are approximately
independent.

4

Hints for Exercise 1: use induction on p and note if o',..., 0% are 4 configurations

then Ry — Riq — Ros + Ryy = (€=0kle’=a"),

Exercise 3: (A Talagrand research problem) Show the total variation distribution
distance between the joint law of o1, ... 0, and the product of marginals — 0 as N — oc.

dpleZe — 5 ((Rig—q)?) + 2 (1— q)2 Since vy((Ria—q)2) = O(%) VO<t<1
thus,

log Z 2(1—q)? 1
E ogN N = o(1) = (0) + 5(4(1)) + O(N> =log 2 + E(log cosh(8Z./q + h))
Thouless - Anderson - Palmer Equations: The random quantities (01), (02), ... {(oN)
satisfy an approximate system of equations
3 N
(0;) ~ tanh( > gijloy) +h =1 —-q)o)) i=12,...,N
VN AT

Talagrand in 2003 gave the first rigorous proof.
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Suppose 3 < 1/2,h = 0. Then ¢ = 0, and so E(R12) < . Let [; = \/% E?;L#i gijo; be
the “local field” at site i. We will look at the annealed (i.e. unconditional) distribution of [;.

Take any smooth function f: R — R

N
v(lif(l)) \IF; [915(; f(11)) \FZE ~(05.f(1))]
i<0'f(l )) = 0 Z J]f(ll( ))eXp(\ﬁZr<sgrsaras)
691]' J Ve aglj Zr exp(\/% Zr<s gTSUTUS)

S, [oif ((0)) e exp(-++) + 0/ (b (o) Fyono exp(--)|

>oexp(rr)
Sy @) exp() (= B

_ (Z eXp(' . ))2 <ZT: \/Na'lo'] p( ))

Ay P or ) - Ll 1))
Thus

) = 2Lt w) - Yo ) - 230 N Bl ) (1)
=2
and
(031 {0103) = ((la(rkodo?).

So

N
1 1
¥ Ll o) = (f(h (ot i) +O().
Jj=
Exercise 4: Under ( ), what is the conditional expectation of o1 given o9, ...onN7

l1 is a function of o9,...0n, so (o1f(l1)) = (tanh(Bl1)f(l1)). Combining the steps
we get,
1
v (f'(ly) — (I — Btanh (B 1)) =0(—=
(f'h) = (-8 (801)) f(1)) (\/]V)
For any suitable probability density p, if X ~ p then for any suitable f we have E(f'(X) +

% f(X)) = 0 (integration by parts), and the converse is also true. Thus, the annealed

distribution of /; must be close to the distribution with density p that satisfies

d
T log p(x) = —(z — ftanh fz).
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This implies
2
log p(z) = const — % + log cosh(fx)

= p(z) = Const cosh(ﬁx)e*"’“ﬂ/2 = Const (670707&)2/2 + 67("”5)2/2).

Thus, as N — oo, the annealed distribution of /1 tends to the symmetric mixture of N(3,1)
and N(—0,1).
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