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Latala’s Result: If β < 1/2 then for 2s < 1− 4β2

ν(exp(sN(R1,2 − q)2)) ≤ 1√
1− 2s− 4β2

⇒ ν((R1,2 − q)2k) ≤
(Ck)k

Nk
for all k

so the overlap is concentrated.

Exercise 1: Using this result show that for any fixed p,

E(〈σ1σ2 · · ·σp〉 − 〈σ1〉〈σ2〉 · · · 〈σp〉)2 ≤ K(p)ν((R1,2 − q)2) ≤ K(p)
N

Exercise 2: The above expectation goes to 0 even if p grows with N . How fast can it grow?

The 1st exercise means that any collection of spins at p locations are approximately
independent.

Hints for Exercise 1: use induction on p and note if σ1, . . . , σ4 are 4 configurations
then R1,3 −R1,4 −R2,3 +R3,4 = (σ1−σ2)·(σ3−σ4)

N .

Exercise 3: (A Talagrand research problem) Show the total variation distribution
distance between the joint law of σ1, . . . σp and the product of marginals → 0 as N →∞.

d
dt E

logZt

N = −β2

4 νt((R1,2 − q)2) + β2

4 (1 − q)2. Since νt((R1,2 − q)2) = O( 1
N ) ∀ 0 ≤ t ≤ 1

thus,

E
logZN
N

= ϕ(1) = ϕ(0) +
β2(1− q)2)

4
+O(

1
N

) = log 2 + E(log cosh(βZ
√
q + h))

Thouless - Anderson - Palmer Equations: The random quantities 〈σ1〉, 〈σ2〉, . . . 〈σN 〉
satisfy an approximate system of equations

〈σi〉 ≈ tanh(
β√
N

N∑
j=1,j 6=i

gij〈σj〉+ h− β2(1− q)〈σi〉) i = 1, 2, . . . , N

Talagrand in 2003 gave the first rigorous proof.
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Suppose β < 1/2, h = 0. Then q = 0, and so E〈R1,2〉 ≤ c
N . Let li = 1√

N

∑N
j=1,j 6=i gijσj be

the “local field” at site i. We will look at the annealed (i.e. unconditional) distribution of l1.

Take any smooth function f : R→ R

ν(l1f(l1)) =
1√
N

N∑
j=2

E[g1j〈σjf(l1)〉] =
1√
N

N∑
j=2

E[
∂

∂g1j
〈σjf(l1)〉]

∂

∂g1j
〈σjf(l1)〉 =

∂

∂g1j

∑
σ σjf(l1(σ)) exp( β√

N

∑
r<s grsσrσs)∑

r exp( β√
N

∑
r<s grsσrσs)

=

∑
σ

[
σjf

′(l1(σ)) σj√
N

exp(· · · ) + σjf(l1(σ)) β√
N
σ1σj exp(· · · )

]
∑

σ exp(· · · )

−
∑

σ f(l1(σ)) exp(· · · )
(
∑

exp(· · · ))2

(∑
r

β√
N
σ1σj exp(· · · )

)

=
〈f ′(l1)〉√

N
+

β√
N
〈σ1f(l1)〉 − β√

N
〈σjf(l1)〉〈σ1σj〉

Thus

ν(l1f(l1)) =
N − 1
N

ν(f ′(l1))− β(N − 1)
N

ν(σ1f(l1))− β

N

∑
j=2

N E〈σjf(l1)〉〈σ1σj〉

and
〈σjf(l1)〉〈σ1σj〉 = 〈f(l1(σ1))σ1

jσ
2
jσ

2
1〉.

So
1
N

N∑
j=2

〈σjf(l1)〉〈σ1σj〉 = 〈f(l1(σ1))σ2
1R1,2〉+O(

1
N

).

Exercise 4: Under 〈 〉, what is the conditional expectation of σ1 given σ2, . . . σN?

l1 is a function of σ2, . . . σN , so 〈σ1f(l1)〉 = 〈tanh(βl1)f(l1)〉. Combining the steps
we get,

ν
(
f ′(l1)− (l1 − β tanh (βl1)) f(l1)

)
= O(

1√
N

)

For any suitable probability density ρ, if X ∼ ρ then for any suitable f we have E(f ′(X) +
ρ′(X)
ρ(X) f(X)) = 0 (integration by parts), and the converse is also true. Thus, the annealed
distribution of l1 must be close to the distribution with density ρ that satisfies

d

dx
log ρ(x) = −(x− β tanhβx).
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This implies

log ρ(x) = const − x2

2
+ log cosh(βx)

⇒ ρ(x) = Const cosh(βx)e−x
2/2 = Const (e−(x−β)2/2 + e−(x+β)2/2).

Thus, as N →∞, the annealed distribution of l1 tends to the symmetric mixture of N(β, 1)
and N(−β, 1).
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