STAT C206A / MATH C223A : Stein’'s method and applications 1

Lecture 24
Lecture date: October 22, 2007 Scribe: Joel Mefford

Continuing with the Sherrington-Kirkpatrick model.
Vg €[0,11,V 2 0,Yh e R

21_ 2
B q)}, 0

1
E(N logZN) < inf{10g2+E10gcosh (Bzvg +h) + 2
q

where z ~ N(0, 1).

Exercise 1 (From the previous lecture) Show that the right hand side of Equation 1 is minimized
when

g = Etanh® (Bz /g + h).

Now,
’ _ ﬂz 2 ﬁz 2
@)= = E(Ri—q), + (1= g,
where R = % Z/IV o-i1 0'?. This implies that, VO < g < 1,
1 2(1 - ¢)?
~ElogZy = ¢(1) < p(0) + 01"

and
¢(0) = log2 + Elog cosh (Bz /g + 1),

where z ~ N(0, 1).
Thus,

2

! : B*(1-q)
NElogZN <inf<log2 + Elogcosh (Bz+/g + h) + ————— .
q

4

From exercise 1, the right hand side of this equation is minimized when ¢ = E tanh? (,BZ Vg + h).
Exercise 2 Show that if h > 0, equation (2) has exactly one root.

From the formula for ¢’(¢), we see that approximate equality for eqation 2 holds if and only if g is
such that E<(R12 - q)2>t ~0for0<t<1.
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Conversely, if E <(R 12— q)2>t ~ 0,Y0 < t < 1 holds, then we must have approximate equality in
Equation 2. Therefore, ¢ must satisfy ¢ = E tanh? (,BZ Vg + h)

Let us take ¢ = g(8, 1) such that ¢ = E tanh? (,BZ Vg + h).
First, we observe that at t = 0, the coordinates are independent under (- ).
(oidg = 1-Ploi=1)+(-1)-P(o; =-1)
tanh (ﬁzi V2 + h)
1.2 1 2
<0-i i >o <O-i >o <O-i >o
@
tanh? (Bz; g + h)

Here, 0! and o2 are i.i.d. from the Gibbs measure, and

N N
1 1.2 _1 2
Rpx = N i:El 007 (Rip)y = N ;:1 tanh” (Bzi Vg + h).

. jid
Since 71,22, ...,znv =~ N(0, 1),

N

1

N Z tanh® (8z; /g + h) ~ Etanh? (8z; /g + h) = q.
i=1

Thus, under (-)j, we have Rj» = g with high probability.

In fact, for 1 < %,

vo (exp (AN(R12 - g)?)) < ﬁ (3)

Exercise 3 Derive equation (3).

Latala’s Proof of the concentration of the overlap

Theorem 4 If3 < 1, for2s < 1-48% v =,
1

vexp(sNR12 — g)?) <

Thus, ’
(Ck)
v(Ri2 - 9™ < NE

Proof: Take any function f = f(o!, o) of a pair of spin configurations.
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Claim

d /
G vi(f)

2
S (R = 07 ) = 22 (Rsa = 00 ) = 20 (Ras = 4 ) + 3w (Rsa - 97|
If f > 0 everywhere,
2
%Vt(f) < % [Vt ((RIZ - Q)zf) +3v ((R34 - 61)2)] -

Taking f = (Ri2 — ¢)*,

N 2
ViR =g < S [ Rio = %+ 3 (Ras - 0 (Ria - 0]

Now,

(Vz (Raq — Q)2k+2)k% (Vz (Ri2 - 6])2“2)"%

vi(Ria — @)™+

Vi ((R34 - @*(Ri2 - Q)Zk)

IA

Combining, we get

ViR — @)% < 2NB*: (Rip — )2,

Multiplying both sides by % and summing over k, we have
’ N2
v, (exp (ANR12 — 9)7)) < 2NB2, ((R1 — )PV B12707)

It follows that

d%v, exp ((/l - Ztﬁz) NRyy - q)z) <0.

In partiicular,
141 (exp {(/l - 2,32) N (R12 - C])}) <V (e/lN(Rlz—Q)z) .

So, forA =5+ 2,82 < %, we get our results: For 8 < %, for2s <1 - 4,82,

1

vexp (SN(Rlz - 6])2) <
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