STAT C206A / MATH C223A : Stein's method and applications Fall 2007

Lecture 23
Lecture date: Oct. 19, 2007 Scribe: Partha Dey

Recall that, in the Sherrington Kirkpatrick model, the probability of a configuration o =
(o), e {—1,+1}V is

N
P(O') = Zﬁl exp <\/’% ZJ: 9ij0i0; + h Zz; UZ'>
where (gi;)1<i<j<n are i.i.d. standard gaussian random variables and
3 N
In= ), eXp(ﬁ ZgijUinJthJi)
oc{—1,+1}V i<j i=1

is the normalizing constant. Suppose o', o? are i.i.d. configurations from this Gibbs mea-

sure given g = (g;j)i<j. The overlap between o', 02 is defined as

1 N
E 1_2
R12:N' lO',L‘O‘Z‘.
1=

Suppose (-) denotes conditional expectation w.r.t. the Gibbs measure given g and v denotes
unconditional expectation, i.e. v(f) = E(f). Then we have the following result.

Theorem 1 3 5y > 0 such that for all B € [0, By] and for all h

B%(1 — q)?
+

log Zn

— log2 + Elog cosh(Bzy/q + h)

where q satisfies ¢ = EtanhQ(ﬁz\/a +h) and z ~ N(0,1).

Idea of the proof: Choose any arbitary number ¢ € [0,1]. Consider the alternative Gibbs
measure o exp(Zi\;l(Bzi\/@—i— h)oi) where z1, 29, ..., zn are i.i.d. N(0, 1) random variables
independent of g. Let 1y be the unconditional law of this Gibbs measure. Note that o;’s are
independent under this Gibbs measure (both conditionally and unconditionally) and this
measure is easier to handle. Also

B > g
ﬁ Z gij0i0j+h20izz<2li+h>m

1<i<j<N i=1 i=1
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where [; = ﬁ Zjvzl ji 9ij05- The main idea is to show that for [ sufficiently small, with a
proper choice of ¢ one can compare vy and v “in some sense”. In the last lecture we proved
that N~!(log Zy — Elog Zy) — 0 in probability. Today we’ll prove that

B*(1—q)*
4

log Z
E< OgNN> < log 2 + Elog cosh(82,/7 + h) + forall ¢ €[0,1], 82 0,1 € R.

Lemma 2 (Gaussian Interpolation) Suppose X = (X1,...,X,) andY = (Y1,...,Y,)
are two centered gaussian random vectors independent of each other. Let F: R"™ — R be a
C? function and let

o(t) = EF(VtX +V1-1Y).

Then we have

g O*F
EX;X;)—-EY;Y,)) E
3 (B0) ~ BO)) (530

(VIX + /1 - tY)).

N —

¢'(t) =

In particular we have

1
EF(X)—EF(Y)_/O o (t)dt.

Proof: Exercise. O
For each o € {—1,+1}V, let
3 N
U = —F— Zgijaiaj and Vg = ﬁﬁZzzoz
VN i<y i=1

Then the normalizing constants in the S-K model and in the alternative model are

ZN = Zexp(ua - hZoi) and Z% = zjexp(v,7 + hZai)

respectively. So if we define a function Z : RI-LAY LR as

Z(x) = Z We exp(Tq)

oc{-1,+1}N

where = (2o)ge{—1,4+1}v and we = exp(h SN 0y), we have Zy = Z(u), Z% = Z(v)
where u = {ug}toef_1,1137 and v = {Vo}ge(1, 413~ Let

_ log Z(x)

F(x) for z € RN

23-2



and ¢(t) = EF(v/tu + /1 — tv). We are interested in

Clearly we have

oOF 0 <logZ(a:)>_ 1

@ We exp(Tq)

ory Oxo N - NZ(z
O*F 1 1
= - TWo o T N\ Vo o) Lig=r}.
and 020z, N(Z(m))2w We exp(Te + )+NZ(as)w exp(Tqa) - L{o—r}

Let U(o!,0%) = 3E(ug1Uy2 — Vg1042). Then

J=Y U(al,ag)E< O°F (\fu+\/1—tv)>

0% ;10 42

1 we exp(Viug + /1 — tvg)
—= Z Ulo,o) Z

1 Z U(o! 0_2)wa1w,,2 exp(Vt(tugr + tug2) + V1 — t(vg1 + v42))
N Z?

ol o2

where Z; = ) weo exp(Vtug + /1 —tvg). For each t € [0,1] we have a gibbs measure
o exp(Vtug + V1 —tvg + h Y 0;) where uy = % ZKJ- gijoioj and ve = B./q le\il 2i05.
Let (-); denote the expectation w.r.t. this gibbs measure. Let v, denote the unconditional
expectation. Then

1
¢'(t) = ~ EU(o,0)) ~ E(U(c',0%)):)
Now
1 2 32 B#*q al 1 al 2
Uet %) = g B((Cawolo(Cauoted) ) - B ((X 203 20)

1<j 1<j i=1 =1

5221212 52‘1%12

2N i<j 2 i=1
N N

»32 1_2\2 52‘] 1.2

AN (; i 07) N Q;Uzaz

2N 1 B2qN

1\ y) g e

3 1 #*q

— *U(O’l,O'Q):Z R%Q N —TRIQ
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Note that

1 - p? 1\ g

Now plugging in the values of U(eo,o),U(o!, 0?) we have

2 2 2 2 2 2
0= (5 -50) - (Seim+ L) = -2 B - 0+ 5
This gives, in particular,
(1) gw(0)+52(14_q>2 V0<g<1

Now note that

] N
©(0) = NElog( Z Hexp((ﬁzi\/& + h)ai))

oe{—1,+1}V i=1
1 N
= Elog [ [(exp(B2i /g + h) + exp(—Bziv/q — 1)
i=1
L X
=N Z Elog (2 cosh(5zi\/q + h)) = log2 + Elog cosh(8z/q + h)
i=1
where z ~ N(0,1). So for any 0 < g < 1, we have

B*(1 —q)?
+ =

log Z
E ( OgNN> <log2+ Elogcosh(6Z./q + h)

This inequality is called Guerra’s inequality and this holds for all 3 > 0,h € R.

Exercise 3 Prove that the R.H.S. of Guerra’s inequality is minimized when

q = Etanh?(32,/q + h).
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