STAT 206A: Polynomials of Random Variables 2

Lecture 2

Lecture date: September 1, 2005 Scribe: Richard Liang

In this lecture, we discuss the space L?(j1) of square-integrable functions on a probability
space (£, F, u), and introduce the notions of a standard basis for this space, and of tensor
products.

1 L*(p)

Define our probability space (€2, F, ). Let f be a random variable on this space, and we
outline some notation.

Bf = | fau
Varf = |f—Ef|3
Cov(f,g) = E((f—-Ef)(9—Eg)
(f,9) = E(fg)

Definition 1 L?(u) = {f:Q — R,|fla < co}; that is, L*(u) is the space of square-
integrable random variables on the space (2, F, 1).

Example 2 Let Q be a finite set, taking F = 22, and let the measure . be non-degenerate,
s0 that p(w) > 0 for all w € Q. In this case, L*(u) is just (RI |- |9), since any real-valued
function on a finite set is square-summable.

2 Standard bases

We next define the notion of a standard basis.

Definition 3 A subset B = {ug,uy,us,...} of L?(u) is a standard basis of L?(u) if:
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e the functions u; are orthonormal;
e and ug = 1.

If B is a standard basis, then for a separable space, by the orthonormality if dim(L?(u)) = oo
and f € L?(u1), then

=Y (fu)w
=0

7

(that is,

— 0

‘f = (fru)us
=0

as n — o0). We will only consider separable spaces.

2

It is well known that if L?(u) is separable, then it has a standard basis.
Exercise 4 (1 point) Prove that if Q2 is finite, then it has a standard basis.

The following basic properties of a standard basis will be useful.

Lemma 5 Let {ug,u1,us,...} be a standard basis, and let f,g € L*(u), so we can write
f= Zfio a;ju; and g = Zzoio biu;. Then:

e Ef =qp

o |fI3=2 4

o Cov(f,g) =3 Z; aibi
e Var(f) =, a?

Exercise 6 (1 point) Prove Lemma 5 when §) is finite.

(As a hint, we will show how to prove the third point.

Cov(f.g) = (f-Ef.g-Eg)

o o
= <Z a;u;, Z biui> by the first point
i=1 i=1

oo
= > ab
i=1

as desired.)
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Example 7 (2 point space) In this simple example, we define Q = {—1,1}, and for —1 <
0 <1, define the measure on this space g by po({1}) = (146)/2 and pp({—1}) = (1—-6)/2.
Thus, writing X (w) =w , EX = 0. (We will write, as shorthand for this space, {—1,1}.)

A standard basis for this space {u,v} can be determined as follows. We must take u = 1.
Then, we need EV =0 and EV? = 1. Since on 2-point space any function must be linear,
we can write V(w) = aw +b. EV =0, so

ad+b=0
=b=—ab
=V (w) =a(w —0).

Then, using the condition EV? = 1, we get:

EV? = d’E(X —6)?)
®E(X? - 20X + 6%)
a’(1 —6?)

|
—_

1
1—62

=q =

]

So, we get a unique standard basis {1, )i:zQ}' In particular, if 6 = 0, the basis is just
{1, X}.

Example 8 A more interesting example is for the space Q = [n], the cyclic group Z,,, with
the uniform measure. A character is a function f : Z, — C which satisfies f(x + y) =

f@)f(y).

Claim: The set of characters is a standard basis.

In showing this, first we note two properties of characters: f(0) =1, and f(1)" =1 since
the group is cyclic. Therefore the characters are exactly, for 0 < j <n —1,

£(k) = exp (m;‘k) .

n

This is a standard basis: fo =1, |f;|3 =1, and
1 n—1
(i fi) = = i) f(r)
r=0

1 n—1
E Z fj—k(r);
r=0
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and this sum is 0 when j # k, because

n— n—1
Z filr) = Z fi(r +1) by cyclic-ness
= r=0

. n—1
= exp (T) Z fi(r)
r=0

and so if I # 0, the exponent on the right hand side is not 0, so the sum must be 0.

3 Tensor products

For the probability spaces (21, F1, 11) and (Q2, Fa, 12), we can consider the product space
(1 X Qa, F1 X Fa, 11 X p2), where the measure pq x g is defined by, for A € F; and B € Fo,
p1 X p2(Ax B) = 1 (A)uz(B), and we deal with L2 (1 x o) = L2(Qq x Qa, F1 X Fa, p11 X 12).

Definition 9 Let f € L*(u1) and g € L%*(u2). Define the tensor product of f and g,
f@ge L xp), by
(f@g)(z,y) = f(x)g(y).

An important property of tensor products is given by the following:

Proposition 10 Let f1, fo € L?(u1) and g1, g2 € L?(uz2). Then

(fi®g1, fa®g2) = (f1, f2) (91, 92) -

In particular,
E(fi®g1) =EfiEg:.

The second part follows directly from the first part by setting fo = go = 1. The first part
comes from Fubini’s theorem:

(i®og, fo®g2) = /f1®91)(3: Y)(f2 ® g2)(, y)dp () X pa(y)
= /fl 2)91(y) fo(2)g2(y)dpr ¥ po

Fubini = = / f1(z) f2(x)dp / 91(y)g2(y)dpe
= (f1,f2) (91, 92) -

Dealing with tensor products requires many indices; to clean up the notation, we make the
following convenient definition.
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Definition 11 I is a multi-index if I = (i1,42,...,i,) € N (here N is taken to be the set
of integers > 0). The weight of I is |I| = |{k : i, = 0}|.

If we have bases for the spaces

Ul = {ué,u%,,u}t} - LQ(:U’I)
U2 = {u%,u%,,ui} - LQ(:UZ)
U™ = {ul . u™Yy C L2 ()

we can define, for a multi-index I, uy = u}l ® u% ® -+ @u" . Furthermore, we can define
Ul'®@U?®---®U™ to be all elements of the form u; for any multi-index I. The following
lemma shows that this is a natural object to consider.

Lemma 12 If U’ is a standard basis of L*(u;) for alli from 1 tom, then U'@U?®---@U™
is a standard basis of L ([Ti%y ;).

Proof: (For finite spaces) For convenience, we write U for U ® U? ® --- ® U™. First we
seethat 1 =1®1®---®1isin U. Secondly,

m
(urug) =TT (o)

k=1
= 41,7 by the above proposition,

so the uys are orthonormal. Finally, checking that the number of these u; equals the
dimension of the whole space completes the argument (in the finite case). O

Example 13 Write {-1,1}" = {—1, l}ggm. We found above the standard bases for each
of the component spaces. By the above lemma, then, a standard basis for the product space
is given by, for all S C [m],

wi—H

Us(wi,wa,...,wm) = H \/17_—92

€S

For example, if 0 =0,

Us(wi,wa,...,wn) = Hwi.
€S

Example 14 A more interesting example of the kinds of spaces that arise as tensor products
are finite Abelian groups. If Q = G is a finite Abelian group under the uniform measure, we
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can write G = G1 X Ga X -+ - X G, where the G;s are cyclic groups. We showed above that
standard bases for such groups are given by their sets of characters; the above lemma thus
tells us that a standard basis for G is given by the products 11 (w1)a(w2) - - - Y (wg), where
Y 1s a character for G;.

Definition 15 Let (€, F;, j1;) be probability spaces, and let U' be a standard basis for L*(u;)
for alli. For S C [n], define L%(I]; i) to be the space spanned by ur, where the multi-index
I is such that:

o ifjcS,i;#0; and

o ifj ¢S, i;=0.

This is the space of all functions that are not constant in any of the indices in .S. The next
Lemma relates these sets to the spaces of all functions that may vary in any of the indices
of S.

Lemma 16 Let L|2,5'(Hi i) C L3I, i) be the space spanned by all functions of the form
flz1,...,zn) = g((xi)ies); (Think of the | as representing a restriction to S, as these are
functions that are only allowed to depend on indices in S.) Then

2 N 2 )
(I00) = e, (110
(the @ represents an orthogonal sum).

Proof: (For the finite case) The orthogonality of the spaces is clear by definition. If T C S,
then clearly LZ([]; pi) C L|25(Hi ;). Finally, counting dimensions completes the proof. O

Corollary 17 The spaces Lg do not depend on the basis.

This will be proven in the next lecture.
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