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Recall that an operator T : Lp(Ω, µ) → Lq(Ω, µ) is (p, q)-hypercontractive (1 ≤ p < q) if

||Tf ||q ≤ ||f ||p

for all f ∈ Lp(Ω, µ).

Proposition 1 Let Ti : Lp(Ωi, µi) → Lq(Ωi, µi), i = 1, 2. If T1 and T2 are (p, q)-
hypercontractive, so is T1 ⊗ T2.

The proof uses the following fact, which is known as the generalized Minkowski inequality.

Exercise 2 (1 pt) Given f : (Ω1, µ1) × (Ω2, µ2) → R and x ∈ Ω1, let ||f ||x,p = ||gx||p,
where gx(y) = f(x, y); let ||f ||y,p be defined analogously for y ∈ Ω2. Prove that if 1 ≤ p ≤ q

|| ||f ||x,p ||q ≤ || ||f ||y,q ||p.

Proof:[Proof of Proposition 1] Let T = T1 ⊗ T2. Then T = T ∗
1 T ∗

2 , where T ∗
1 = T1 ⊗ 1,

T ∗
2 = 1⊗ T2. By Fubini’s theorem and the generalized Minkowski inequality

||Tf ||q = || ||T ∗
1 (T ∗

2 f)||x,q ||q
≤ || ||T ∗

2 f ||x,p ||q
≤ || ||T ∗

2 f ||y,q ||p
≤ || ||f ||y,p ||p
= ||f ||p.

2

Recall that the Bonami-Beckner operator Tη on L2({1,−1}0) is given by

Tη(f) = ηf + (1− η)Ef.

Here η is a parameter taking values in [0, 1]. The aim of this lecture is to prove the following
theorem of Bonami and Beckner.

Theorem 3 Tη is (p, q)-hypercontractive if η2 ≤ p−1
q−1 .
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We are really interested in tensor products Tη⊗ . . .⊗Tη acting on L2({1,−1}n
0 ). According

to Proposition 1, the tensor product is (p, q)-hypercontractive whenever Tη is.

Exercise 4 (1 pts) Show that the bound on η in the theorem is tight, i.e. the converse holds.

For p > 1 let p′ be the unique solution to 1
p + 1

p′ = 1. Recall that in Holder’s inequality

||fg||1 ≤ ||f ||p||g||p′

equality is attained when g = |f |p/p′ . Hence

||f ||p = sup{||fg||1 : ||g||p′ = 1}. (1)

Lemma 5 It suffices to prove Theorem 3 under the following assumptions.

(1) η2 = p−1
q−1 ;

(2) 1 < p < q < 2.

Proof: If η2 < p−1
q−1 , choose p∗ < p for which η2 = p∗−1

q−1 . If the theorem holds with η
satisfying (1), then by the monotonicity of norms we have

||Tηf ||q ≤ ||f ||p∗ ≤ ||f ||p,

so it holds in general.

For condition (2), note that by continuity, if the theorem holds for 1 < p < q < 2, then it
holds for 1 ≤ p < q ≤ 2. There are two remaining cases.

Case 1: 2 < p < q. Then 1 < q′ < p′ < 2, and since (p − 1)(p′ − 1) = 1 = (q − 1)(q′ − 1)
we have η2 = p−1

q−1 = q′−1
p′−1 . Thus we may assume that Tη is (q′, p′)-hypercontractive. By (1)

and the self-adjoint property (“reversibility”) of Tη, we have

||Tηf ||q = sup{||gTηf ||1 : ||g||q′ = 1}
= sup{||fTηg||1 : ||g||q′ = 1}
≤ ||f ||p sup{||Tηg||p′ : ||g||q′ = 1}
≤ ||f ||p

where in the last step we have used the fact that ||Tηg||p′ ≤ ||g||q′ .

Case 2: p < 2 < q. We will use the “semigroup property” of the Bonami-Beckner operators,
i.e. the fact that Tη1η2 = Tη1Tη2 . Write η = η1η2, where η2

1 = p − 1, η2
2 = 1

q−1 . By

12-2



case 1 we may assume Tη1 is (2, q)-hypercontractive, and since p < 2 we may assume Tη2 is
(p, 2)-hypercontractive, hence

||Tηf ||q = ||Tη2Tη1f ||q ≤ ||Tη1f ||2 ≤ ||f ||p.

2

Proof:[Proof of Theorem 3] Since || Tη|g| ||q ≥ ||Tηg||q our test function g can be taken
nonnegative. Moreover if g ≥ 0 and g 6≡ 0 then T1−εg > 0 for any ε > 0. Since Tη =
T η

1−ε
T1−ε, by continuity in η we may assume g > 0. After scaling by a positive constant

factor, g has the form g(x) = 1 + ax with |a| < 1. Thus Tηg(x) = 1 + aηx and

||Tηg||qq =
1
2
(1 + aη)q +

1
2
(1− aη)q

=
∑
n≥0

(
q
2n

)
a2nη2n.

Using the fact that (1 + x)p/q ≤ 1 + p
q x for x ≥ −1, we obtain

||Tηg||pq = 1 +
p

q

∑
n≥1

(
q
2n

)
a2nη2n.

Since ||g||pp =
∑

n≥0

(
p
2n

)
a2n it suffices to show

(
p
2n

)
≥ p

q

(
q
2n

)
η2n for all n ≥ 1.

Indeed, recalling η2 = p−1
q−1 we obtain(

p
2n

)−1
p

q

(
q
2n

)
η2n =

(q − 1)(q − 2) . . . (q − 2n + 1)
(p− 1)(p− 2) . . . (p− 2n + 1)

(
p− 1
q − 1

)n

=
(

p− 1
q − 1

)n−1 2n−1∏
m=2

(
m− q

m− p

)
≤ 1

where in the last step we have used the assumption 1 < p < q < 2. 2

This takes care of the space {1,−1}0. The following theorem of Oleszkiewicz gives the
(2, q)-constant of hypercontractivity for the more general spaces {−1, 1}θ.

Theorem 6 If µ(−1) = α, µ(1) = β with α < β, then Tη is (2, q)-hypercontractive if

η2 ≤ σ(2, q) :=
β2/q − α2/q

α2/q−1β − β2/q−1α
. (2)

and (p, 2)-hypercontractive if

η2 ≤ σ(p, 2) :=
β2−2/p − α2−2/p

βα1−2/p − αβ1−2/p
(3)
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Exercise 7 (10 pts + final project) In the setting of the above theorem, find the (p,q)
constant of hypercontractivity. (This is an open problem.)

Exercise 8 (1 pt) In the above theorem, show how to get σ(2, q) from σ(p, 2) and vice
versa.

Exercise 9 (4 pts) Prove either (3) or (2).

Exercise 10 (8 pts + final project) Find a short (<1 page) proof of either (3) or (2).

12-4


