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Lecture 12
Lecture date: October 6, 2005 Scribe: Lionel Levine

Recall that an operator T : LP(Q2, u) — L9(2, ) is (p, q)-hypercontractive (1 < p < q) if

1T fllg < 11 f1lp
for all f € LP(Q, p).

Proposition 1 Let T; : LP(Qy,p;) — LY, ), @« = 1,2, If Ty and Ty are (p,q)-
hypercontractive, so is T1 @ 1.

The proof uses the following fact, which is known as the generalized Minkowski inequality.

Exercise 2 (1 pt) Given f : (Q,p1) X (Q2,02) — R and z € Qq, let ||fllzp = [|92]lps
where g, (y) = f(x,y); let || f|lyp be defined analogously for y € Qa. Prove that if 1 <p <q

A Ve g < AT

Y,q Hp'

Proof:[Proof of Proposition 1] Let T' = T ® To. Then T = TyTy, where T} = T1 ® 1,
T5 =1 ® T,. By Fubini’s theorem and the generalized Minkowski inequality
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Recall that the Bonami-Beckner operator T,y on L*({1,—1}) is given by
Ty(f) =nf+ A =n)Ef.

Here 1) is a parameter taking values in [0, 1]. The aim of this lecture is to prove the following
theorem of Bonami and Beckner.

p—1

Theorem 3 T, is (p, q)-hypercontractive if n* < p
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We are really interested in tensor products T, @ ...® T, acting on L?({1,—1}%). According
to Proposition 1, the tensor product is (p, ¢)-hypercontractive whenever T;, is.

Exercise 4 (1 pts) Show that the bound on n in the theorem is tight, i.e. the converse holds.

For p > 1 let p’ be the unique solution to % + }% = 1. Recall that in Holder’s inequality

1 £glle < 1 f1lpllgll

equality is attained when g = |f|?/?’. Hence

11y = sup{[[fgllr : llglly = 1}- (1)

Lemma 5 [t suffices to prove Theorem 3 under the following assumptions.

(1) 7* =t

7

S

=

(2) 1<p<g<2

Proof: If n? < %, choose p* < p for which n? = IZ_—_ll. If the theorem holds with n

satisfying (1), then by the monotonicity of norms we have

T fllg < M1l < 1Sl

so it holds in general.

For condition (2), note that by continuity, if the theorem holds for 1 < p < ¢ < 2, then it
holds for 1 < p < ¢ < 2. There are two remaining cases.

Case 1: 2<p<gq Thenl < ¢ <p <2,andsince (p—1)(p' —1)=1=(¢—1)(¢ — 1)
we have n? = f]% = g,j. Thus we may assume that T, is (¢, p’)-hypercontractive. By (1)

and the self-adjoint property (“reversibility”) of T;,, we have

| Taflle = sup{llgTyfllr = llglly =1}
sup{[[fTpgllr = llglly =1}

1 llp sup{lTyglly = llglley =1}
11l

where in the last step we have used the fact that ||7,9||, < ||g|q-
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Case 2: p < 2 < q. We will use the “semigroup property” of the Bonami-Beckner operators,
i.e. the fact that T,,,, = T,,T,,. Write n = mne, where n = p—1, 5 = q%l. By
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case 1 we may assume T}, is (2, ¢)-hypercontractive, and since p < 2 we may assume Ty, is
(p, 2)-hypercontractive, hence

1 Tofllg = T Ton Fllg < 1T fllz < {1 f1lp-

a

Proof:[Proof of Theorem 3] Since || T}|g| ||l > ||Ty9]|q our test function g can be taken
nonnegative. Moreover if g > 0 and g #Z 0 then T7_.g > 0 for any € > 0. Since T, =
T - Ti—., by continuity in 7 we may assume g > 0. After scaling by a positive constant

factor, g has the form g(z) =1 + ax with |a| < 1. Thus T,g(x) =1 4 anz and

1 1
[ Ty9lld = 5(1 + an)? + 5(1 —an)?

o q 2n, 2n
= (g )
n>0
Using the fact that (1 + z)P/7 <1+ Pz for x > —1, we obtain

p q 2n, 2
P — - mn, 2n
Tl =1+ 25 () e

n>1

: P _ p 2n p P q 2n
Since [[g]lp = >_,>0 < om >a it suffices to show ( om > >k ( om >17 for all n > 1.
p—1

q—1
(5) 50" - G g (=)
1

)R

m=2
<

Indeed, recalling n? = we obtain

where in the last step we have used the assumption 1 < p < g < 2. O

This takes care of the space {1,—1}¢. The following theorem of Oleszkiewicz gives the
(2, g)-constant of hypercontractivity for the more general spaces {—1,1}¢.

Theorem 6 If u(—1) = a, pu(l) = B with o < B8, then T, is (2, q)-hypercontractive if
(21 — 2/

2 .
n° < o(2,q) = TRy, B T (2)

and (p, 2)-hypercontractive if
ﬂ2—2/p _ a2—2/p

2 .—
n <o(p,2):= Bal—2/p — q31-2/p ¥
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Exercise 7 (10 pts + final project) In the setting of the above theorem, find the (p,q)
constant of hypercontractivity. (This is an open problem.)

Exercise 8 (1 pt) In the above theorem, show how to get o(2,q) from o(p,2) and vice
versa.

Exercise 9 (4 pts) Prove either (3) or (2).

Exercise 10 (8 pts + final project) Find a short (<1 page) proof of either (3) or (2).
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