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1. Introduction and Summary

A concept that has been finding Increasing use in the
analysis of one dimensional, real stochastic processes 1is that
of an analytic signal, (see 1-4). This concept has proven useful
because 1t allows one to give a mathematically precise definition
of the notions of envelope, instantaneous phase, and frequency,
that fits in with the heuristic conception that communication
engineers have long had of these quantities. The purpose of
this memorandum is to develop practical formulas that may be used
to estimate the analytic signal, envelope, instantaneous phase
and instantaneous frequency corresponding to a given observed
stretch of a continuous or discrete time series.

To be more explicit let X(t) be a function in Lg(—W,m)

[—

for example, i.e.

f {X(t)}gdt ¢ .

The analytic signal corresponding to X(t) is defined

by @(t) = lim &(z), where z = t + i8, and

-0 .
®(z) = A j ) 4

T1



the integral being taken 1n the Cauchy principal value sense.
One can show that ®(z) is an analytic function for & > 0 and

that ®(t) = X(t) + 1¥(t) where X(t) and Y(t) are related by,

x(t) = % J %&%l dr

- OO
N 00
1 X
Y(t) = - E'j ;é%l dt
-0

the integrals being taken in the Cauchy principal value sense

once again. Y(t) is called the conjugate signal of X(t),

| & V//{X }2 + {Y } is called the envelope of X(t),

arg ¢(t) = 0 is called the instantaneous phase and %ﬁ 51 P

the instantaneous frequency.

It can be seen that Y(t) above 1s the Hilbert transform
of X(t), consequently in order to estimate the above defined
quantities one needs a practilcal method of realizing a Hilbert
transform given a particular observed signal.

Continuing, suppose that one has observed a stretch

of the real time series,
{xj, j =0, 1, *2,..} if discrete
{x(¢t), -=< t < w} if continuous.

Assume that the series has a harmonic representation

of the form,



X, = j et 9%z (w) (1) if discrete

jeed
X(t) = f 'eitwdz(w) (1)* 1if continuous.
-0
The conjugate series of the given series in this case

are given by,
T

X; = -1 j ( sgn uﬁeijwdz(w) (2)
-T
X*(t) = -1 f ( sgn w)eitwdz(w) (2)*

- 00

Formulae corresponding to (1), (1)*, (2), (2)*

demonstrating the real quallity of the given series are,

T ]

Xj = 2 j (cosjwda(w) + sinjwdp(w)) (3)
e _
I ]
X; =2 f (sinjwda(w) - cosjwds(w)) (3)*
|0 _
[ ® -
X(£) =2 f (cosjwda(w) + sinjwdp(w)) (4)
0 _
X*(t) = 2 Jz(sinjwda(w) - cosjodB(w)) (4)*
| 70 ) —



where

z(w) = a(w) - 1p(w).

The problem 1s now as follows; from a given observed
stretch of Xj’ {X(t)}, estimate the corresponding stretch of
Xy, {xx(e)}.

On the way to the development of the computing
formulae mentioned above, a method is developed for the
practical realization of a filter with any desired transfer
function.

2. Filter Design

Consider the following general problem; it is desired
to find a finite Fourier approximation to a function with a
Fourier series expansion on [-m, T].

i.e., given

o0
flw) = % %ao + E:akcos ko + bk sin kw | - T L O LT
k=1

where
T T
a, = J f(w) cos wkdw, b, = j f(w) sin wkdw,
-T -1

1t is desired to approximate f(w) by a finite Fouriler series say,

n

1

Fha, + E:kk(akcosw K + b, sin wk)
k=1

-

glw) = K



g

Suppose,

o
£
I
b
POf

n
%D + }:%kcos wk
k=1

v
Sogle) = j H(w-y) f(y)dy = f H(y) f(w-y)dy
-1 -1

Consequently to effect the desired approximation one
sees that 1t is desirable to have the "window" H(w) approximate
the Dirac &-function. Put this way the given problem isg
equivalent to the problem of the choice of gz window through which
to view the power spectrum when attempting to estimate it.

Solutions which have been proposed for this problem include,

MNe =151 - k/n; 1 - 2a + 23 cos™

sinkv/n

km/n *

See [1] for example.

The result obtained is thus the following; if one
wishes a finite Fourier approximation one should take the
product of the k-th coefficients in the infinite Fourier gseries
and a convergence factor kk‘ A reasonable choice of the %k
appears to be any choice that works well in the analysis of

power spectra.

In the continuous case, suppose,

[24]
o) = %? j e () g¢.

-0



Approximation is to be made by

T
g(w) = = j e 100 (£)F(t)dt.
T

Let

T
H(w) = = j e 10 (£) gt
_T

Then,

oG

glw) = j H(w-y) £(y)dy

e OO

as before, and the same considerations as gilven previously indi-

cate reasonable cholces of A(t) as belng,

I

INGD! 1; 1 - t/T; 1 - 2a + 2a cos Tt/T;

sinWt T
Tt /T °

3. Hilbert Transform

Suppose that one wishes to estimate the conjugate
series corresponding to a glven observed stretch of a time series

by means of a linear fillter applied to the observed stretch, 1l.e.,

estimate,
n
X bX':XaX (3)
S K-k
- 1
or
T
X*(t) by X' (t) = j A(s)X(t-s)ds (4)



oy

From (3)

£

- 7 -

Consider the discrete case,

" T
X3 = E:ak jﬁ el(j-K)wdz(w)
-n

-1

T n .
= f e 1o {JZJake°lK&}-dz(w). (5)
- -n

Comparing this to (2), one wishes

n
~-1kw .
Ejake K near -1 sgn .

-n
Choose Ay = -a.
One wishes EIZJaksin kK near sgn w.

1
The Fourier expansion of sgn w is

3 5

4 (g1 sin y
sgn o = 2 512 X 3% . sin 5x '.\

Considerations of the previous section indicate as g

reasonable choice of ak,

Ly

"}'{“k,KOdd

[
S10N

= 0 k even,

the method of choosing %k having been indicated previously.

to be,

*
Summing up a reasonable estimate of Xj would appear



-8 -
n

J E:ak X5

-1

>
i

2 . 1 N

=05 ag, 41 =7 TrFl  “2k+l”

a_y T T8y 8oy

In the continuous case similar considerations indicate

as a choice of X'(t),

T
Xr(t) = % j ééil X(t-s)ds.
-T

Note that in this case, as T—-w, a good choilce of

A(s) is 1 and

v m

-0 -0

oo o0
X' (t) = i‘f Eigiﬁl ds = l‘j %g%l ds,

i.e., it 1s the Hilbert transformation of X(t) as desired.

4, General Filter

Suppose that one wishes to realize a filter with transfer
function Y(w), 1.e., given a stretch of time seriles Xj or X(t)
one wishes the corresponding stretch of filtered time series XS or

X’(t) where

X3 = Y(w) eijwdz(w)
T
xr(t) = | v(w) e *®az(w).

for some Y(w).



X

pp—
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As in section 2, to realize the required filter all
that one needs to do is to perform a Fourier series expansion
and then use a finite part of that series in conjunction with a
set of convergence factors Kk. E.g. suppose one wishes to
construct a filter whose effect on & given discrete time series

will be to leave the power spectrum unaltered, but to cause a

phase advance of a for frequencies between Wy and Wo,

where

and for negative frequencies Y(w) 1is obtained from Y(-0) = v*(w),
the condition for a realizable filter,

In this case,

T Lok irk  lwgk | Liwgk iw)k
1wk _ e -1 e ~-e ia ~-e
2 f e Y(w)dw = 2 T T + 2e L "
O 4
=fk-}~igk kK £ 0
= or | : k

To realize this transfer function from (5), Y(wy will

be approximated by



- 10 -

n n

' -ikw
§:ake = a_ +-}:(ak+a_k)cos kW
-1 1

(a_K~ak)51n K.

+
=

The preceding conditions indicate the cholce,

a, = Evko
a, ta_, = fkkk
a_y T oAy T Behy
. B fk+gk \
-k 2 Kk
a, = fkﬁgk%
k 2 k
In general if,
1 .
Y(w) = 5 £ +2f, cos wk + 1 Zg, sin ok

one takes a, given by the immedlately preceding relations.

5. Estimation of the Envelope, Phase and Frequency

Having estimated the conjugate signal to a gilven
observed signal and consequently the analytic signal, one 1s
now in a position to attempt to estimate the corresponding envelope,
phase and frequency.

One might think that he should estimate the envelope

oy,



- 11 -

R(t) = /{x(e)}% + {xr(6)F2

for example., However it is a fact that a signal and its conjugate
signal have the same power spectrum, so it is more meaningful to
calculate the envelope after the given signal has been filtered by
a filter that does not affect phases and that has a similar effect
on the power spectrum to the effect of the filter used in the
estimation of the conjugate signal.

The instantaneous phase is given by,
X(t) = R(t) cos Py Y(t) = R(t) sin P, .

Due to sampling variability @t when calculated from the above

formulas may Jump about considerably, and consequently one may
wish to smooth the estimates in some way. A reasonable way to
proceed 1s as follows, smooth the cos @t and sin mt calculated
from the above formulas by some sort of a moving average, call

the results ay and 6t. Estimate the phase by @t where

i@t

(lt+ lﬁt =I‘t

It may be difficult to estimate the instantaneous
frequency, 5%-é% wt, due to the fact that @t skips through

multiples of 27, A formula that avoids this difficulty 1is,

Ao = oeos o O in o 4
Efwt = CO8 @t at sin @t - s8in @t gf Cos @t.
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6. Choice of the Convergence Factors

A variety of convergence factors %k have appeared
in the literature. Calculations were carried out for the
choice of n = 7 and the results are appended 1n graphical form.
The function that one is trying to approximate is sgn w,
(equivalent to the search for a Hilbert transform in the discrete

case). A list of the A 's employed follows with the originator's

k
name.
A ‘
Kk Originator
1. FOURIER
1 - K/N FEJER
1 - K°/N° CESARO
(SIN TK/N)/(TK/N) RIEMANN
(1-K/N)COS TK/N + 2 SIN TK/N BOHMAN
1 - 6K°(1-K/N) /N° K ¢ N/2 JENSEN - DE LA VALLE POUSSIN
2(1-K/N)3 K> N/2
54 + .46 COS TK/N | | TUKEY
-K® /N? 2,2
{% (COS 3TK/2N) /(1-9KZ/N°) K # N/3 | PRESENT WRITER
/4 K = N/3




- 13 -

7. Acknowledgement

The writer would like to acknowledge the help of
Professor J. W. Tukey especially in connection with the practical

suggestions of Section 5.

MH-1215-DRB-mgw D. R. BRILLINGER

Att,
Figures 1-8



- 14 -

REFERENCES

V. I. BUNIMOVITCH, The fluctuation process as a vibration

with random amplitude and phase. J.Tech. Phys., U.S.S.R.,

14 (1949), p. 1231.

J. DUGUNDJI, Envelopes and pre-envelopes of real waveforms.

Trans. I.R.E., IT-4 (1958), pp. 53-57.

J. R, V. OSWALD, Theory of analytic bandlimited signals

applied to carrier systems. CT-3 (1956), pp. 244-251,

R. DEUTSCH, Nonlinear transformations of random processes.

Prentice-Hall, Englewood Cliffs, 1962.

G. M. JENKINS, General considerations in the analysis of

spectra. Technometrics, 3, pp. 133-166.



LS

\.0

//\/\ /\\/\\
[N
.\ |
| w M
\ |
— | “.f
RV VA B |




| — K/N

it

M

ey e o

w73

an/3

w
m,,
W
|
,
W

“-W/3

-an/3

-R

F'§

-0

Ou

-\-0

b2



"
V/-.

o

an/3

sz

-/

-an/s

b

\+0

O.

-10

-a



Mk =

SIN WK/N
ERATERRL S
TK/N

b

3

-2

-0

R

-k

-N

w/s

/3



%h:: e 54 4 %o COS TK/N

R

AN/3

w/s

O

-y

-1‘/5

-7

L

4

o.

-2
%

-0

i l



/3

ﬂ/3

% ,
++
b4
N
5 T T
xX
o
1
< T~
(3} W /
P —
=
~ w
[}
o
[V
L g
2
N
= T
q kE
T
4
<

-.“/s

- A3

-

b
o

. .8~
%

¥

P

—,oo
.-(wl



(R

L0

0

-1:0

-k

- X SIN T K/N
A= (1= ¥w)cos TR/N + w /
- :
{
|
i
|
: .
Y
|
4
i e
1 ) *
i
\ / |
‘-.— gl __._1.’*.. —

-

-3%/3

—R/a

w3



| - 6 K"(t- KINY/NP o¢ K< N/
‘ ®
N M= ‘1(&-K/N)3 NI S

-

i \
i
i
i
1
i
H
L +
%
~
!

A

-10

e

i

i

i
-

§

i
——t

-T

-1%/3‘

-R/3

w/3

r/3



