
Stat 260/CS 294-102. Learning in Sequential Decision
Problems.

Peter Bartlett

1. Linear bandits.

• Exponential weights with unbiased loss estimates.

• Controlling loss estimates and their variance.
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Recall: Linear bandits

At roundt,

• Strategy choosesat ∈ A ⊂ R
d.

• Adversary chooseslinear lossℓt ∈ L ⊆ [−1, 1]A.

• Strategy sees lossℓt(at).

Loss islinear in action.

Aim to minimize pseudo-regret:

Rn = E

n∑

t=1

ℓt(at)− inf
a∈A

E

n∑

t=1

ℓt(a).
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Exponential weights for linear bandits

GivenA, distributionµ onA, mixing coefficientγ > 0, learning

rateη > 0,

setq1 uniform onA.

for t = 1, 2, . . . , n,

1. pt = (1− γ)qt + γµ

2. chooseat ∼ pt

3. observeℓTt at

4. updateqt+1(a) ∝ qt(a) exp(−ηℓ̃Tt a)),

where ℓ̃t = Σ−1
t ata

T
t ℓt,

Σt = Ea∼pt
aaT .
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Unbiased loss estimates

• Assumespan(A) = R
d (otherwise, we can project to a lower

dimension) and thatµ has support on ad-dimensional set. So

Ea∼pt
aaT has rankd.

• Strategy observesaTt ℓt andat, so it can compute

ℓ̃t = Σ−1
t at

(
aTt ℓt

)
.

• ℓ̃t is unbiased:

E

[

ℓ̃t|Ft−1

]

=
(
Ea∼pt

aaT
)−1 (

Eat∼pt
ata

T
t

)
ℓt = ℓt.
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Regret bound

Theorem: Forη supa∈A

∣
∣
∣ℓ̃Tt a

∣
∣
∣ ≤ 1,

Rn ≤ γn+
log |A|

η
+ (e− 2)η

n∑

t=1

EEa∼pt

(

ℓ̃Tt a
)2

.

So we need to controlη times the magnitude of the loss estimates,

η sup
a∈A

∣
∣
∣ℓ̃Tt a

∣
∣
∣

and the variance term,

EEa∼pt

(

ℓ̃Tt a
)2

.
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Proof

The regret is

E

[
n∑

t=1

(
ℓTt at − ℓTt a

∗)
]

.

We’ve seen that, given historyFt−1,

E

[

ℓ̃t|Ft−1

]

= E
[
Σ−1

t ata
T
t ℓt|Ft−1

]
= E [ℓt|Ft−1] .

Lemma: Some unbiased estimates involvingℓ̃t:

E
[
ℓTt a
]
= E

[

ℓ̃Tt a
]

,

E
[
ℓTt at

]
= E

[
∑

a∈A
pt(a)E

[

ℓ̃t

∣
∣
∣Ft−1

]T

a

]

= E

[
∑

a∈A
pt(a)ℓ̃

T
t a

]

.
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Proof

So we can write the strategy’s expected cumulative loss as

E

n∑

t=1

ℓTt at = E

n∑

t=1

∑

a∈A
pt(a)ℓ̃

T
t a.

We’ll give up on the loss incurred in the exploration trials:

n∑

t=1

∑

a∈A
pt(a)ℓ̃

T
t a =

n∑

t=1

∑

a∈A
((1− γ)qt(a) + γµ(a)) ℓ̃Tt a

= (1− γ)

(
n∑

t=1

∑

a∈A
qt(a)ℓ̃

T
t a

)

+ γ
n∑

t=1

∑

a∈A
µ(a)ℓ̃Tt a

︸ ︷︷ ︸

exploration

.
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Proof

For qt, we follow the standard analysis (see Adversarial Bandits), but

instead of using non-negativity of thẽℓs, we use a lower bound:

logE exp (−η(X − EX)) ≤ E (exp(−ηX)− 1 + ηX)

≤ (e− 2)η2EX2,

where the last inequality usesexp(−x) ≤ 1− x+ (e− 2)x2 for x ≥ −1.

So if ηℓ̃Tt a ≥ −1 for all a ∈ A, the previous analysis shows that, for any

a∗ ∈ A, the first term above satisfies

n∑

t=1

∑

a∈A
qt(a)ℓ̃

T
t a ≤

n∑

t=1

ℓ̃Tt a
∗ +

log |A|
η

+ (e− 2)η
n∑

t=1

∑

a∈A
qt(a)

(

ℓ̃Tt a
)2

.
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Proof

Combining, and using the fact that(1− γ)qt(a) ≤ pt(a),

n∑

t=1

∑

a∈A
pt(a)ℓ̃

T
t a ≤

n∑

t=1

ℓ̃Tt a
∗

+ (exploration) +
log |A|

η
+ (e− 2)η

n∑

t=1

∑

a∈A
pt(a)

(

ℓ̃Tt a
)2

.

The unbiasedness lemma gives

Rn ≤ γn+
log |A|

η
+ (e− 2)η

n∑

t=1

Ea∼pt

(

ℓ̃Tt a
)2

.
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Controlling variance

Lemma: ForL ⊂ [−1, 1]A, the variance term is bounded:

EEa∼pt

(

ℓ̃Tt a
)2

≤ d.

E

(

ℓ̃Tt a
)2

= aTE
(

ℓ̃tℓ̃
T
t

)

a

= aTE
((

ℓTt at
)2

Σ−1
t ata

T
t Σ

−1
t

)

a

≤ aTΣ−1
t E

(
ata

T
t

)
Σ−1

t a

= aTΣ−1
t a.

Ea∼pt
E

(

ℓ̃Tt a
)2

≤ E tr
(
aTΣ−1

t a
)
= tr

(
Σ−1

t E
(
aaT

))
= tr (I) = d.
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Controlling the magnitude of the estimator

Lemma: ForL ⊂ [−1, 1]A,
∣
∣
∣ℓ̃Tt a

∣
∣
∣ ≤ sup

a,b∈A
aTΣ−1

t b.

∣
∣
∣ℓ̃Tt a

∣
∣
∣ =

∣
∣
∣aTt ℓt

(
Σ−1

t at
)T

a
∣
∣
∣

≤
∣
∣aTt ℓt

∣
∣
∣
∣aTt Σ

−1
t a

∣
∣

≤ sup
a,b∈A

aTΣ−1
t b.

We’ll see that typicallysupa,b∈A aTΣ−1
t b ≤ cd/γ.
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Regret bound

Theorem: ForL ⊂ [−1, 1]A, if

sup
a,b∈A

aTΣ−1
t b ≤ cd

γ
,

settingη =

√

log |A|
n ((e− 2)d+ cd)

γ = cdη

givesRn ≤ 2
√

n(d+ cd) log |A|.
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Barycentric spanner

(Suppose thatA ⊆ R
d spansRd .)

A barycentric spanner of A is a set{b1, . . . , bd} that spansRd and

satisfies:

for all a ∈ A there is anα ∈ [−1, 1]d such thata = Bα, where

B =
(

b1 · · · bd

)

.

• Every compactA has a barycentric spanner.

• If linear functions can be efficiently optimized overA, then there is

an efficient algorithm for finding an approximate barycentric spanner

(that is,|αi| ≤ 1 + δ; O(d2 log d/δ) linear optimizations).
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Barycentric spanner

Lemma: If {b1, . . . , bd} ⊂ A maximizesdet(B), then it is a

barycentric spanner.

Proof. Fora = Bα,

|det(B)| ≥
∣
∣
∣det

(

a b2 · · · bd

)∣
∣
∣

=

∣
∣
∣
∣
∣

∑

i

αi det
(

bi b2 · · · bd

)
∣
∣
∣
∣
∣

= |α1| |det(B)| .
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Barycentric spanner

Theorem: For A ⊆ [−1, 1]d andµ uniform on a barycentric

spanner ofA,

sup
a,b∈A

aTΣ−1
t b ≤ d2

γ

(that is,cd ≤ d2). Hence,

Rn ≤ 2d
√

2n log |A|.

Σt =
γ

d
BBT + (1− γ)

∑

a∈A
qt(a)aa

T

︸ ︷︷ ︸

M

.
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Barycentric spanner: Proof

sup
a,b∈A

aTΣ−1
t b ≤ sup

α,β∈[−1,1]d
αTBTΣ−1

t Bβ

≤ sup
‖α‖=‖β‖=

√
d

αTBTΣ−1
t Bβ

= dλmax

(
BTΣ−1

t B
)

= dλmax

(
B−1ΣtB

−T
)−1

=
d

λmin

(
B−1

(
γ
dBBT +M

)
B−T

)

≤ d2

γλmin (B−1BBTB−T )
=

d2

γ
,

whereλmax(·) andλmin(·) denote the largest and smallest eigenvalues.
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Other exploration distributions

Lemma:

sup
a,b∈A

aTΣ−1
t b ≤ supa∈A ‖a‖22

γλmin (Ea∼µ[aaT ])
.

sup
a,b∈A

aTΣ−1
t b ≤ sup

a∈A
‖a‖22λmax

(
Σ−1

t

)

=
supa∈A ‖a‖22
λmin (Σt)

.

λmin (Σt) = min
‖v‖=1

∑

a∈A
pt(a)v

T aaT v

≥ γ min
‖v‖=1

∑

a∈A
µ(a)vT aaT v = γλmin

(
Ea∼µ[aa

T ]
)
.
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John’s distribution

Theorem: [John’s Theorem] For any convex setA ⊂ R
d, denote

the ellipsoid of minimal volume containing it as

E =
{
x ∈ R

d : (x− c)TM(x− c) ≤ 1
}
.

Then there is a set{u1, . . . , um} ⊆ E ∩A of m ≤ d(d+1)/2+1

contact points and a distributionp on this set such that anyx ∈ R
d

can be written

x = c+ d

m∑

i=1

pi〈x− c, ui − c〉(ui − c),

where〈·, ·〉 is the inner product for which the minimal ellipsoid is

the unit ball about its centerc: 〈x, y〉 = xTMy.
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John’s distribution

This shows that

x− c = d
∑

i

pi(ui − c)(ui − c)TM(x− c)

⇔ x̃ = d
∑

i

piũiũ
T
i x̃

⇔ 1

d
I =

∑

i

piũiũ
T
i ,

whereũi = M1/2(ui − c), and similarly forx̃. Setting the exploration

distributionµ to be the distributionp over the set of transformed contact

pointsũi, we see that, fora, b ∈ A,

ãTEu∼µuu
T b̃ =

1

d
ãT b̃.
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John’s distribution

So if we shift the origin of the setA and of theui (and the corresponding

introduction of a constant component in the losses), we have

sup
a,b∈A

aTΣ−1
t b ≤ d

γ
,

that is,cd ≤ d. Hence,

Rn ≤ 2
√

2nd log |A|.
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Exploration distributions

• (Dani, Hayes, Kakade, 2008):
Forµ uniform overbarycentric spanner,

Rn = O
(

d
√

n log |A|
)

= Õ
(

d3/2
√
n
)

.

• (Cesa-Bianchi and Lugosi, 2009):
For several combinatorial problems,A ⊆ {0, 1}d, µ uniform overA
gives

supa∈A ‖a‖22
λmin (Ea∼µ[aaT ])

= O(d),

so

Rn = O
(√

dn log |A|
)

= Õ
(
d
√
n
)
.

• (Bubeck, Cesa-Bianchi and Kakade, 2009):John’s Theorem:
Õ (d

√
n).
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