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This thesis deals with lower bounds for the minimax risk in general decision-theoretic
problems. Such bounds are useful for assessing the quality of decision rules. After
providing a unified treatment of existing techniques, we prove new lower bounds
which involve f-divergences, a general class of dissimilarity measures between proba-
bility measures. The proofs of our bounds rely on elementary convexity facts and are
extremely simple. Special cases and straightforward corollaries of our results include
many well-known lower bounds. As applications, we study a covariance matrix esti-
mation problem and the problem of estimation of convex bodies from noisy support

function measurements.
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Chapter 1

Introduction

In statistical decision theory, a widespread way of assessing the quality of a given
decision rule is to compare its maximum possible risk to the minimax risk of the
problem. One uses the maximum risk of the decision rule as opposed to working with
its risk directly because the risk typically depends on the unknown parameter. It
is however typically impossible (especially in nonparametric problems) to determine
the minimax risk exactly. Consequently, one attempts to obtain good lower bounds
on the minimax risk and the maximum risk of a given decision rule is then compared
to these lower bounds. Lower bounds on the minimax risk are the subject of this
thesis.

Chapter 2 provides a unified view of the techniques commonly used in the lit-
erature to establish minimax bounds. We explain why techniques due to Le Cam,
Assouad and Fano are all simple consequences of a well known expression for the
Bayes risk in general decision-theoretic problems.

In Chapter 3, we prove a class of lower bounds for the minimax risk (one for each
convex function f) using f-divergences between the underlying probability measures.

The f-divergences are a general class of measures of dissimilarity between probability



measures. Kullback-Leibler divergence, chi-squared divergence, total variation dis-
tance distance and Hellinger distance are all special cases of f-divergences. The proof
of our bound is extremely simple: it is based on an elementary pointwise inequality
and a couple of applications of Jensen’s inequality. Special cases and straightfor-
ward corollaries of our bound include well-known minimax lower bounds like Fano’s
inequality and Pinsker’s inequality.

We also generalize a technique of Yang and Barron (1999) for obtaining minimax
lower bounds using covering and packing numbers of the whole parameter space. The
results in Yang and Barron (1999), which are based on Kullback-Leibler divergences,
have been successfully applied to several nonparametric problems with very large
(infinite-dimensional) parameter spaces. On the other hand, for finite dimensional
problems, their results usually produce sub-optimal rates, which lends support to the
statistical folklore that global covering and packing numbers alone are not enough to
recover classical parametric rates of convergence. As Chapter 3 shows, the folklore
is wrong as far as lower bounds are concerned: with a different f-divergence (chi-
squared), the analogue of the results of Yang and Barron (1999) does give the correct

rate for several finite dimensional problems.

Remark 1.0.1. After the paper Guntuboyina (2011), on which Chapter 3 is based,
was accepted, Professor Alexander Gushchin pointed out to me that one of the main
theorems of Chapter 3 appears in his paper, Gushchin (2003). The details of the

overlap with Gushchin’s paper are described in Section 3.4 of Chapter 3.

In Chapter 4, we illustrate the use of the bounds from Chapter 3 by means of an
application to a covariance matrix estimation problem, which was recently studied
by Cai, Zhang, and Zhou (2010).

Chapter 5 presents another illustration of our bounds. We study the problem of



estimating a compact, convex set from noisy support function measurements. We
improve results due to Gardner, Kiderlen, and Milanfar (2006) by identifying the

correct (achievable) minimax rate for the problem.
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Chapter 2

Standard Minimax lower bounds

2.1 Introduction

This chapter reviews commonly used methods for bounding the minimax risk from
below in statistical problems. We work in the standard decision-theoretic setting
(see Ferguson, 1967, Chapter 1). Let © and A denote the parameter space and
action space respectively with the (non-negative) loss function denoted by L(6,a).
We observe X whose distribution Py depends on the unknown parameter value. It
is assumed that P is a probability measure on a space X’ having a density py with
respect to a common dominating sigma finite measure p. (Nonrandomized) Decision
rules are functions mapping X to A. The risk of a decision rule 0 is defined by
EoL(0,0(X)), where Ey denotes expectation taken under the assumption that X is

distributed according to FPy. The minimax risk for this problem is defined by

Riinimax := inf sup EgL(0, (X))
% geo

We first prove a general minimax lower bound that is based on a classically known

exact expression for the Bayes risk in decision-theoretic problems. We then demon-



strate that standard lower bound techniques due to Le Cam, Assouad and Fano can
all be viewed as simple corollaries of this general bound. Previously (see, for ex-
ample, Yu, 1997 and Tsybakov, 2009, Chapter 2), these three techniques have been

treated separately.

2.2 General Minimax Lower Bound

The minimax risk Rinimax 1S bounded from below by the Bayes risk with respect
to every proper prior. Let w be a probability measure on ©. The Bayes risk with
respect to w is defined by

Rigages(w) = inf /@ EoL (0, 0(X) )u(d6).

0

The inequality Ruminimax > RBayes(w) holds for every w. The decision rule 9 for which
Rpayes(w) is minimized can be determined as a posterior expected loss given the
data (Lehmann and Casella, 1998, page 228), which results in an exact expression

for Rpayes(w). Indeed, for every 0, assuming conditions for interchanging the order

of integration, we have

[ B0 wt@n) = [ [ LOs@aut@pldn) > [ Busantas)

where By, 1(z) = infoea By (2) and B ;(z) = [g L(6, a)ps(x)w(dh). Morever,
equality is achieved for 9(z) := argmin,. 4 By 1(%,a). Thus Rpages(w) is equal to
f + Bu, r(x)p(dx) and we have the following minimax lower bound:
Rinimax > / By (z)pu(dx) for every w. (2.1)
X



2.3 Review of Standard Techniques

Standard lower bound techniques including those of Assouad, Le Cam and Fano
are reviewed here. These bounds are well-known but we shall provide simple proofs
using the general bound (2.1). Our main point is that each of these bounds is a
special case of (2.1) for a particular choice of the prior w. In fact, all minimax lower
bound techniques that I know are based on bounding from below the Bayes risk with
respect to a prior w. Since the right hand side of (2.1) is exactly equal to the Bayes
risk under w, other minimax lower bound techniques that we do not discuss in this
chapter (e.g., Massart, 2007, Corollary 2.18 and Cai and Low, 2011, Corollary 1) can
also be derived from (2.1).

In the sequel, the following notions are often used:
1. d(@l, 92) = lnf{L(@l, &) + L(eg, CL) ac A} for 61, 92 € 0.
2. d(©1,0,) :=inf{d(6,,0:) : 0, € ©1,05 € Oy} for subsets ©; and O, of O.

3. We say that a finite subset F' of © is n-separated if d(6;,02) > n for all 6,,0 € F

4. For finitely many probability measures Pi,..., Py on X and weights p; >

0, Zfil pi = 1, we define

To(Pr,...,Pn):=1— [ max [ppi(x)] p(dz) where p; := dP;/dpu.
v 1IN
When the probability measures P, ..., Py are clear from the context, we just

write 7,. Also, when p; = 1/N, we simply write 7(Py,..., Py) or 7.

5. Hamming distance on the hypercube {0,1}™: Y(r,7") =>>7" {m # 7/}.



6. The total variation distance || — Q||7v between two probability measures P
and () is defined as = f » [P — q|dp where p and ¢ denote the densities of P and

@ with respect to p.
7. Testing affinity [|[P A Q|1 := [(p A q)dp =2F(P,Q) =1 —||P — Q||rv.

8. Kullback-Leibler divergence, D;(P||Q) = [plog(p/q)du. We use D; for the
Kullback-Leibler divergence because it is a member (for a = 1) of a family of

divergences D, introduced in the next chapter.

Example 2.3.1 (Multiple Hypothesis Testing). Suppose that © = A = {1,..., N}

and L(0,a) = {6 # a}. Then,

Ruinimax > Tp(Pr, ..., Pn) for every p; > 0, Zpi = 1. (2.2)

=1

This is a direct consequence of (2.1). Indeed, for every a € A and z € X, we can

write
BZL Z{a Z}pz sz a ),Oa

It follows therefore that inf,c 4 BS 1 (z) = >, pi(z)pi — max;[p;(z)p;] from which (2.2)
immediately follows.

]

The bound (2.1), with a multiplicative factor, can be obtained for Ryinimax €ven in

general decision-theoretic problems, as explained in the following example.

Example 2.3.2. [General Testing Bound] For every n-separated finite subset F' of

O, we have

Roinimax = gfp(Pg,H € F) for all Po = 0,0 € F with Zpg =1. (23)

0cF



This can be proved from (2.1) by choosing w to be the discrete probability measure
on F with w{f} = pp,0 € F. Indeed, for this prior w, we use the inequality
L(6,a) > (n/2){L(0,a) > n/2} to write

By 1(x (Z pope (T Zpepe J{L(0,a) < 7]/2}>

0eF 0cF

for every a € A and z € X. Because F is n-separated, for every action a, the loss

L(6,a) is strictly smaller than 7/2 for at most § € F. It follows therefore that

(Z popo(T —ax [popo(x )])
0eF

which implies (2.1).

]

Example 2.3.3 (Assouad). Suppose that © and A denote the hypercube {0,1}™

with the loss function L(6,a) = Y(0,a) = >.7" {0; # a;}. Then

> 1Py A Polr (2.4)

m
Rminimax 5

(9 9/

We shall prove this using (2.1) by taking w to be the uniform probability measure

on O. For every a € A and = € X,

B x(x —2mz > {6 # aidpoo)

=1 0e{0,1}™

and consequently

1§:m. (Zoe _ope() Ze;eizlpﬂ(x))'

om—1 ’ om—1



Thus by (2.1),

m

mlnlmax -
2 Z

=1

( e 3 p9> . (2_(,”_1) 3 Pg)
6:0,=0 0:0;,=1

Each of the terms in the above summation can be seen to be bounded from below

1

by minvyg,ey=1 ||Ps A Po||1 which gives (2.4).
[

Assouad’s method also applies to general problems as explained below.

Example 2.3.4 (General Assouad). Consider a map ¢ : {0,1}" — © and suppose
that ¢ is a positive real number such that d(¢(7),9¥(7")) > (Y (1, 7") for every pair

7,7 € {0,1}™. Then

m( )
minimax Z P, /\ ‘P 2.5
Ruinimax 2 == 00 [ Pyr) A Py 1 (2.5)

In order to prove this, for a € A, we define 7, € {0, 1}™ by 7, := argmin_ L(¢(7), a).

Then

L((7),a) + L($(1a), @)

L(¥(7),a) > 5

> 2T(1,7,).

D [

Thus by choosing w to be the image of the uniform probability measure on {0,1}™
under the map v, we get

1
om Z (7, Ta) Py (2)

7€{0,1}™

Bg),L(ﬁ) >

DO |y

for every x € X and a € A. From here, we proceed as in the previous example to
obtain (2.5).
O

Example 2.3.5 (Le Cam). Let w; and wy be two probability measures that are

10



supported on subsets ©; and Oy of the parameter space respectively. Also let my

and my denote the marginal densities of X with respect to w; and ws respectively i.e.,

mi(z) == [ po(x)w;(dh) for i = 1,2. Le Cam (1973) proved the following inequality
1

Rminimax > id (917 @2) Hml A mQ‘ |1 . (26)

For its proof, we use (2.1) with the mixture prior w = (w; + ws)/2. For every x € X

and a € A,
a 1 a 1 a
Bw,L(x) - §Bw1,L('x> + §Bw2,L(x)
1 1
S 1 : 1 :
> 2m1(a:) ellgglL(Gl,&) + 2m2(a:) 0;2(1;2 L(6,a)

> %min (my(z), ma(x)) d (O, 05),

which, at once, implies (2.6).

]

Example 2.3.6 (Fano). Fano’s inequality states that for every finite n-separated

subset of © with cardinality denoted by N, we have

U

Rminimax Z 5 (1 (27)

 log2+ N ZeeFDl(PGHP))

log N ’
where P := Y, Py/N. The quantity J; := Y, D1(Fp||P)/N is known as the
Jensen-Shannon divergence. It is also Shannon’s mutual information (Cover and
Thomas, 2006, Page 19) between the random parameter 6 distributed according to
the uniform distribution on F' and the observation X whose conditional distribution

given 0 equals Fy.

The general testing bound: Rpinimax > (1/2)7(Py, 0 € F) is the first step in the

11



proof of (2.7). The next step is to prove that

log 2 + % Y ger D1 (Pl P).
log N

F(Pp0eF)>1— (2.8)

Kemperman (1969, Page 135) provided a simple proof of (2.8) using the following

elementary inequality: For nonnegative numbers aq, ..., ay,

(logN max a; < Zal log ( ) where a := (a; +--- 4+ an)/N. (2.9)

For a proof of (2.9), assume, without loss of generality, that ) . a; = 1 and a; =
maxi<;<y @&;. Then (2.9) is equivalent to the inequality > .a;log(b;/a;) < 0 where
by =1/2and b; = 1/(2N),7 = 2,..., N and this latter inequality is just a consequence
of Jensen’s inequality (using the convexity of x +— logz and > . a, =1> ). b;).

Kemperman proved (2.8) by applying (2.9) to the nonnegative numbers py(x), 0 €
F for a fixed z € X and integrating both sides of the resulting inequality with respect
to p.

The inequality (2.7) has been extensively used in the nonparametric statistics
literature for obtaining minimax lower bounds, important works being Ibragimov
and Has'minskii (1977, 1980, 1981); Has'minskii (1978); Birgé (1983, 1986); Yang
and Barron (1999).

O

12
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Chapter 3

Bounds via f-divergences

3.1 f-divergences: What are they?

In this chapter, we shall prove minimax lower bounds using f-divergences.

Let f : (0,00) — R be a convex function with f(1) = 0. The limits f(0) :=
lim, o f(z) and f'(c0) := limu o f(z)/2 exist by convexity although they can be
+00.

For two probability measures P and () having densities p and ¢ with respect to

i, Ali and Silvey (1966) defined the f-divergence Dy(P||@) between P and @) by

Dy(P||Q) = Qf(p/q) + f'(00) P{g = 0}. (3.1)

This notion was also independently introduced by Csiszar (1963).

D¢(P||Q) can be viewed as a measure of distance between P and ). It is usually
not a metric however with the exception of the total variation distance ||P — Q||rv,
which corresponds to f(z) = | —1|/2 (an interesting fact, whose proof can be found
in Vajda, 2009, is that Dy is a metric if and only if it equals, up to a constant, the

total variation distance).

15



When P is absolutely continuous with respect to @), the second term in the right
hand side of (3.1) equals zero (note the convention co x 0 = 0) and thus the definition
reduces to Qf(p/q). When f(x) = |z —1|/2, the second term is necessary in order to
ensure that (3.1) agrees with the usual definition for total variation distance in the
case when ) does not dominate P. For convex functions f with f’(co) = oo (such
as xlogx or 22 — 1), D(P||Q) equals +0o when P is not absolutely continuous with
respect to Q).

It is easily checked that the right hand side above is unchanged if f(z) is replaced
by f(z)+c(xz—1) for any constant ¢. With an appropriate choice of ¢, we can always
arrange for f to be minimized at z = 1 which, because f(1) = 0, ensures that f is
nonnegative.

D;(P||Q) is convex in each argument; convexity in P is obvious while convexity
in @ follows from D¢(P||Q) = D (Q||P) for f*(z) =z f(1/x).

The power divergences constitute an important subfamily of the f-divergences.

They correspond to the convex functions f,, a € R defined by

x*—1 for a¢l0,1]
1—2* forae(0,1)

rlogz fora=1

—logx fora=0

For simplicity, we shall denote the divergence Dy by D,. One has the identity

D, (P||Q) = D1-4(Q||P). Some examples of power divergences are:
1. Kullback-Leibler divergence: a = 1; D1(P||Q) = [ plog(p/q)dp.
2. Chi-squared divergence: o = 2; Do(P||Q) = [(p*/q)dp.
3. Square of the Hellinger distance: o = 1/2; Dyo(P||Q) =1 — [ \/pqdp.

16



The total variation distance ||P — Q||ry is an f-divergence (with f(z) = |z — 1]/2)
but not a power divergence.

The power divergences are particularly handy in applications where the under-
lying probabilities are product measures, for which the calculation of power diver-

gences reduces to calculations on the marginal distributions. Indeed, it can be readily

checked that

[Im (Da(P]|Q:) +1) =1 for a ¢ [0, 1]
Do (Prx -+ x Bl|Qux - x Qu) =14 1-T[", (1 - Da(P]|Q;)) for a € (0,1)

> im1 Da(P]|Qi) for a € {0,1}
3.2 Main Result

Consider the quantity 7 = 7(Py,...,Py) = 1 — % J max; p;dp for probability mea-
sures Py, ..., Py having densities py, . .., py with respect to . As explained in Chap-
ter 2, the quantity 7(Py,..., Py) appears in almost all the standard minimax lower
bound techniques. For example, the general testing bound uses 7#( P, . .., Py) directly
and the methods of Assouad and Le Cam use the affinity term || P ABy|| = 27( Py, P).

The following theorem provides a lower bound for 7 in terms of f-divergences. As
we shall demonstrate in the rest of this chapter, it implies a number of very useful

lower bounds for the minimax risk in general decision-theoretic problems.

Theorem 3.2.1. Consider probability measures Py, ..., Py on a space X and a con-
vex function f on (0,00) with f(1) = 0. For every probability measure Q) on X, we

have Y1, Di(B||Q) > g(7) where 7 = (P, ..., Py) and

o) = F (NG =)+ (= 17 (575 ) (3:2)

17



Proof. To make the basic idea clearer, we assume that P, ..., Py are all dominated
by () and write p; for the density of P; with respect to (). For the undominated case,
see the proof of Theorem 3.3.1. We start with the following simple inequality for

nonnegative numbers ay, ..., ay

>~ f@) > flmaxa) + (N = 1)f (Z — ) . (3.3)

To see this, assume without loss of generality that a; = max; a;, rewrite the sum
> flai) as flar) + (N —1) > 55(f(a;)/(N —1)) and use convexity on the final sum.

We now fix x € X and apply (3.3) with a; := p;(x) to obtain

> (i) = f(maxpi(x)) + (N = 1)f <Zi1pi($:f;axipz‘(x)> |

=1

The required inequality >, Df(B||Q) > g(7) is now deduced by integrating both
sides of the above pointwise inequality with respect to () and using Jensen’s inequality

on the right hand side. O

Remark 3.2.1. As already mentioned in Remark 1.0.1, after the journal acceptance
of the paper Guntuboyina (2011), on which the present chapter is based, Professor
Alexander Gushchin brought to my notice the fact that the above theorem appears
in Gushchin (2003). The extent of the overlap with Gushchin’s paper and the differ-
ences between our’s and Gushchin’s proof of the theorem are described in Section 3.4

of Chapter 3.

Remark 3.2.2. The special case of Theorem 3.2.1 for the Kullback-Leibler divergence
(f(x) = xlog ) has appeared in the literature previously: implicitly in Han and Verdu
(1994, Proof of Theorem 1) and explicitly, without proof, in Birgé (2005, Theorem

3). The proof in Han and Verdi (1994) is based on information-theoretic arguments.

18



The following argument shows that Theorem 3.2.1 provides a lower bound for 7.
Note that 7 is at most 1 —1/N (which directly follows from the definition of 7) and g
is non-increasing on [0, 1 —1/N]. To see this, observe that for every a € (0,1 —1/N],

we have

B gy () - v -,

where ¢} and f] represent left derivatives and f}, represents right derivative (note
that f; and fj exist because of the convexity of f). Because Na/(N—1) < N(1—a)
for every a € [0,1 — 1/N] and f is convex, we see that ¢} (a) < 0 for every a €
(0,1 — 1/N] which implies that g is non-increasing on [0,1 — 1/N].

We also note that the convexity of f implies that g is convex as well. The following
techniques are useful for converting the inequality given in Theorem 3.2.1 into an

explicit lower bound for 7:

1. Explicit inversion of g: For certain functions f, the function g given by (3.2)

can be explicitly inverted. Examples are given below.

(a) (Chi-squared divergence) For f(x) = fo(z) = 2 — 1,

N? 1 2 1 2
F) = l———7) >N*(1—-——7) .
9(r) N—l( N 7") ( N r>

Because 7 < 1—1/N, the inequality ), Do(F;||Q) > g(7) can be inverted

to yield

N .
7(Py,...,Py)>1— % - \/%\/le D;(RHQ) for every Q. (3.4)

(b) (Total variation distance) For f(z) = |z — 1|/2, because ¥ < 1 — 1/N,

it can be checked that g(7) = N — 1 — N7. We, thus, have the explicit
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inequality:

1 Y5 P = Qv
N N

r>1-— for every Q.
2. Lower bounds for ¢: Lower bounds for ¢ can often lead to useful inequalities.
For example, if f(z) = f.(x) = * — 1 with a > 1, then the function g has the

simple lower bound:

g(r) = N*(1—-7)* =N+ (N —1) (N—l >

N7 (03
! ) > NY(1—-7)“—=N.

This results in the following explicit bound for 7:

1/a
1 N D, (P
r>1-— (Na_l + 2z NCE 1”@)) for every Q and e > 1. (3.5)

When « = 2, the above inequality is weaker than (3.4) but for large N, the

two bounds are almost the same.

3. Linear approximation for g: We have a seemingly crude method that works
for every f. Because the function ¢ is convex and non-increasing, for every a
in (0,1 —1/N], the left derivative g} (a) is less than or equal to 0 and g¢(7) is at
least g(a) + g(a)(F — a). Theorem 3.2.1 implies therefore that >, D¢(B||Q)

is at least g(a) + g} (a)(7 — a) which, when rearranged, results in

4 ZZ]\; Dy(Fi||Q) — g(a) (3.6)

r>a
g1.(a)

for every @ and a € (0,1 — 1/N] with g} (a) < 0. As explained in Section 3.6,

this crude result is strong enough for Theorem 3.2.1 to yield Fano’s inequality.
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3.3 A more general result

In this section, we show that the method of proof used for Theorem 3.2.1 also gives an
inequality for 7, = 7y (P1, ..., Py) = 1 — [ max;(w;p;)dp for general weights w; > 0
with ), w; = 1. This result has been included here just for completeness and will
not be used in the sequel. Theorem 3.2.1 is a special case of the following theorem
obtained by taking w; = 1/N. Moreover, in the proof of the following theorem, we

do not necessarily assume that P, ..., Py are dominated by Q.

Theorem 3.3.1. For every f: (0,00) — R and every probability measure @,

éwim(BHQ) >Wf (1 ;fw) F(—W)f (1 f”W) , (3.7)

where W = [, wrQ(dx) with T(x) := argmax, ;. y(wip;(x)).

Proof. We assume, without loss of generality, that all the weights wy,...,wy are
strictly positive. Suppose dP;/du = p;,i = 1,...,N and dQ/du = q. Consider
the following pointwise inequality: For nonnegative numbers aq,...,ay and every

1<7<N,

sz‘f(az‘) > w,fla;) + (1 —w,)f (Zz‘—l w;ia; — w7a7> |

1—w;

Applying this inequality to a; = p;(z)/q(x) and 7 := T'(z) = argmax;(w;p;(z)) for a

fixed = with ¢(x) > 0, we obtain

iw’f (Pi($)> Z wr@) [ (pm—)@)) +(1—wrw)f (Zi wipi{®) = wrePre) (x)) .

i=1 q() q(x) (1 —wr@)q(x)

Integrating both sides with respect to @), we obtain that ). w;Qf(p:;/q) is greater
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than or equal to

LV/f(@EﬁQ)Qmmrul—wv/f(zl%ﬁ@ﬂ_w““”m)mem(a&

where W = [ wr,)Q(dz) and

1-— wT(m)

L Q(da).

Qdr) = L0QMr)  and  Q'(d) =

By the application of Jensen’s inequality to each of the terms in (3.8), we deduce

that > . w;,Qf(pi/q) is greater than or equal to

max; (w;p;) > wip; — max; (w;p;)
Wf(/ —du)+(1—W)f( i dp) .
oy W {g>0} =W

Also note that >, w; P,{q = 0} equals

max; (wipi )

it (1—W) > wipi — max;(w;p;)

W
{q=0} w {q=0} 1-w

dp.

By the definition of D;(P||Q), we deduce that >, w;Ds(F;||Q) is bounded from

below by WT; + (1 — W)T, where T7 and Ty equal

max; (w;p;) > , max; (w;p;)
A TR g ——d
(L ) <0 |

and

E L WiP; — maxi(wipi) / § : w;p; — maXi(wipi)
f ( : 7 du | + f'(o0) : dp
{g>0} 1 - {q=0} 1-W

respectively. Now by the convexity of f, the inequality f(yo)+ (y —vo)f'(00) > f(y)

holds for every 0 < gy, < y. Using this with yy := f{q>0} max; (w;p; )dpu/W and
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y = [ max;(w;p;)du/W, we obtain that Ty > f((1 —7,)/W). It is similarly shown
that Ty > f(r,/(1 — W) which implies that W1} 4 (1 — W)T5 is larger than or equal

to the right hand side of (3.7). O

3.4 Overlap with Gushchin (2003)

As mentioned in Remark 3.2.1, Professor Alexander Gushchin pointed out to me
(after the acceptance of Guntuboyina, 2011) that Theorem 3.2.1 and its non-uniform
prior version, Theorem 3.3.1, appear in his paper Gushchin (2003). Specifically,
in a different notation, Theorem 3.2.1 appears as Theorem 1 and inequality (3.7)
appears in Section 4.3 in Gushchin (2003). Except for these two theorems and the
observation that Fano’s inequality is a special case of Theorem 3.2.1 (which we make
in Section 3.6), there is no other overlap between this thesis and Gushchin (2003).
Also, the proof of Theorem 3.2.1 (and Theorem 3.3.1) given in Gushchin (2003)
is different from our proof. In order to make this transparent, we shall sketch

Gushchin’s proof of Theorem 3.2.1 here:

1. The proof starts with the observation that 3, D;(P;||Q)/N equals D;(P||Q)
where P and @ denote probability measures on X x {1,..., N} defined by
P(B x {i}) = P(B)/N and Q(B x {i}) = Q(B)/N for B C X.

2. Let Ay,..., Ay denote a partition of X such that p;(x) equals max; p;(x) for
x € A;. Consider the test function ¢ on X x {1,..., N} defined by ¢(z,7) =
{x ¢ A;}. Tt can be checked that P¢ =7 and Q(1 — ¢) = 1/N.

3. Gushchin (2003) then invokes a general result (Liese and Vajda, 1987, Theorem
1.24) relating f-divergences to the type I and type II errors of tests to deduce

Theorem (3.2.1).
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Our proof, which is based on the elementary pointwise inequality (3.3) and two

applications of Jensen’s inequality, is clearly simpler.

3.5 Special Case: N =2

For N = 2, Theorem 3.2.1 gives

Dp(Pl|Q) + Ds(P||Q) = f(2(1 = 7)) + f(27).

The quantity 7(P;, P») is related to the total variation distance V' between P; and
P, via V. =1—-27(P;, P,). Thus the above inequality can be rewritten in terms of

total variation distance as follows:
Dy(P1|Q) + Dy(P||Q) > f(A+ V) + f(1-V) for every Q. (3.9)

We have singled out this special case of Theorem 3.2.1 because

1. It adds to the many inequalities that exist in the literature which relate the

f-divergence between two probability measures to their total variation distance.

2. As may be recalled from the previous chapter, lower bounds for 7( Py, P,), which
also equals one-half the affinity ||P; A Ps||1, for two probability measures Py

and P, are necessary for the application of the bounds of Assouad and Le Cam.

Inequality (3.9) is new although its special case for f(z) = xlogz has been
obtained by Topsge (2000, Equation (24)). Topsge (2000) also explained how to use

this inequality to deduce Pinsker’s inequality with sharp constant: Dy (Py||P) > 2V2.
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3.6 Fano’s inequality

Fano’s inequality, which is commonly used in nonparametric statistics, bounds 7

from below using the Kullback-Leibler divergence between the P;’s and their average,

P:(P1++PN)/N

o log2+ 452N, Di(BIP)
- log N

. (3.10)

It is a consequence of (3.6) for f(r) = zlogx, Q = P and a = (N —1)/(2N — 1).

Indeed, with these choices, (3.6) gives

oo log(@N —1)/N) + > Di(P|P)
- log N
which clearly implies (3.10) because log((2N — 1)/N) < log2. It may be helpful
to note here that for the Kullback-Leibler divergence D, the probability measure
@ which minimizes Y, D1(P||Q) equals P and this follows from the following well-
known identity (sometimes referred to as the compensation identity, see for exam-
ple Topsge, 2000, Page 1603):

N N

> Di(P||Q) =Y Di(R||P) + NDy(P||Q)  for every Q.

i=1 =1

Remark 3.6.1. Our proof of Theorem 3.2.1 is similar in spirit to Kemperman’s
proof of Fano’s inequality described in the last chapter (see Example 2.3.6). The
starting point in both proofs is a pointwise inequality involving the maximum of a

finite number of nonnegative numbers. Kemperman’s proof starts with the pointwise
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inequality:

N
2a;
mlog N < Zai log ( a ) for a; > 0 with m := max aj;. (3.11)

; a 1<i<N
=1

By homogeneity, we may assume that >, a; = 1. The inequality is then equivalent
to

Zai loga; > —log2 — (1 —m)log N. (3.12)

Our proof of Theorem 3.2.1 starts with (3.3) which, for f(z) = zlogz and ), a, =1

becomes
N
Zai loga; > mlogm + (1 —m)log(l —m) — (1 —m)log(N — 1). (3.13)
i=1

This inequality is stronger than Kemperman’s inequality (3.12) because of the ele-

mentary inequality: mlogm + (1 —m)log(1l —m) > —log?2 for all m € [0, 1].

3.7 Upper bounds for infg >, Ds(F||Q)

For successful application of Theorem 3.2.1, one needs useful upper bounds for the
quantity J; := info SN, Dy(P||Q)/N. When f = f,, we write J, for J;. Such
bounds are provided in this section.

For f(z) = xlogx, the following inequality has been frequently used in the liter-

ature (see, for example, Birgé, 1983 and Nemirovski, 2000):

N
1 _ 1
Jp < NZDI(PiHP) < W;D1<R||Pj) < Hzl,?XDl(PiHPj)'

i=1

This is just a consequence of the convexity of D;(P||Q) in @ and, for the same reason,

holds for all f-divergences. The inequality is analogous to using max(a; — a;)* as
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an upper bound for inf, 32V (a; — ¢)2/N and, quite often, max; ; D;(P;||P;) is not a
good upper bound for J;.
Yang and Barron (1999, Page 1571) improved the upper bound in the case of the

Kullback-Leibler divergence. Specifically, they showed that for every set of probabil-

ity measures Q1, ..., Qu,
| N
lngZ;Dl(PZHQ) <log M+ max min Di(P]|Q;) (3.14)
The M probability measures @)y, ..., Qs can be viewed as an approximation of the

N probability measures Py,..., Py. The term max; min; D;(F;||Q;) then denotes
the approximation error, measured via the Kullback-Leibler divergence. The right
hand side of inequality (3.14) can therefore be made small if it is possible to choose
not too many probability measures @)1, ..., Qs which well approximate the given set
of probability measures Py, ..., Py.

Inequality (3.14) can be rewritten using covering numbers. For € > 0, let M(e)
denote the smallest number M for which there exist probability measures Q)+, ..., Qs
that form an e-cover for Py,..., Py in the Kullback-Leibler divergence i.e.,

i 11Q;) < € <i<
1£1§I}\4D1(P’||Q]) <e for every 1 <i < N.

Then (3.14) is equivalent to
1 N
inf ;m(gu@ < inf (log M (€) + €%) . (3.15)

Note that log M (€) is a decreasing function of €. The right hand side of the above in-
equality involves the usual increasing versus decreasing trade-off. The next Theorem

generalizes the bound (3.14) to arbitrary f-divergences.
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Theorem 3.7.1. Let Q1,...,Qn be probability measures having densities qi, . ..,y
respectively with respect to pi. Let us denote their average by Q = (Q1+-+-+Qp) /M
with ¢ = (@14 - -+qn) /M. Then for every convex function f on (0,00) with f(1) =0,

we have

1<j<M i

st%if; min [ A (28w (1257 ) S0+ PP g =0} (310

Proof. We assume, without loss of generality, that f(0) < oo. Clearly for each

ie{l,...,N},

Dy(rlIR) = [

X

0|1 () - 10 + 50 + ror =0},

The convexity of f implies that the map y — y[f(a/y) — f(0)] is non-increasing for
every nonnegative a. Using this and the fact that § > ¢;/M for every j, we get that

for every i € {1,..., N},

DAPIQ) < min [ 2] (M2) = 10)] du+ 10+ 0P, 1= 0}

1<j<M | M q;
Inequality (3.16) is deduced by averaging these inequalities over 1 <1i < V. O]

For f(z) = xlogx, the inequality (3.16) gives
N
Ji <log M+ —3 min Dy(P|Q;) + 0o+ P{g = 0}
1 > 1og N ot ; 1\L3 7 q .

This clearly implies (3.14) (note that the oo - P{g = 0} term is redundant because
if P is not absolutely continuous with respect to @, then min; D;(F||Q;) would be
+o00 for some 7).

Power divergences (f(x) = fo(z),a > 0) are considered in the examples below.
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Theorem 3.7.1 gives meaningful conclusions for power divergences only when o > 0
because f,(0) equals +00 when a < 0.
Analogous to Mj(€), let us define M,(¢) as the smallest number of probability

2

measures needed to form an e*-cover of Py, ..., Py in the D, divergence.

Example 3.7.2. Let f(x) = 2 — 1 with @ > 1. Applying inequality (3.16), we get

that
1 & _
Jo < MO (N; min Da(ayycgj)+1> —1+00-P{g=0}.

1<j<M

As a consequence, we obtain (note that the oo - P{g = 0} term is again redundant)

Jo < M1 <max min D, (B||Q;) + 1) — 1. (3.17)

1<iSN 1<j<M

Rewriting in terms of the cover numbers M, (¢), we get
< : 2 a—1 _ . .
Jo < inf (14 €*) Ma(e) 1 (3.18)

Note that M,(e) is a decreasing function of .

[]

Example 3.7.3. Let f(x) =1—2* for 0 < a < 1. The inequality (3.16) gives (note

that f!(c0) =0)

1 1 &
Jo <1 (1 - — min Da(HHQj)) :

M=« N ~1<j<m

and thus

Jo <1 —

(1 — max min DQ(PZ-,QJ»)).

1<i<N 1<j<M

Ml—a
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In terms of M,(€), we have

Jo <1 —sup(l — ) My(e)* .

e>0

Once again, the usual increasing versus decreasing trade-off is involved.

]

3.8 General Bounds

By combining Theorem 3.2.1: J; = infg Zfil D¢(P||Q)/N > g(r)/N with the upper
bound for J¢ given in Theorem 3.7.1, we get lower bounds for # in terms of covering
numbers of {P}, ..., Py} measured in terms of the divergence Dy. For example, in
the case of the convex function f,(z) = x* —1,a > 1 for which the inequality given
by Theorem 3.2.1 can be approximately inverted to yield (3.5), combining (3.18)

with (3.5) results in

(NG +e2)Ma(e)a1>1/a

No—1 + Na—1 for every € > 0 and o > 1.

f(Ph?PN)Z]-_(

When a = 2, we can use (3.4) instead of (3.5) to get

B 1 (1 + €2)Ms(e)
P, .. Pv)>1———4/—rF——~
T’( 1 ) N) = N N

for every € > 0.

One more special case is when o = 1 (Kullback-Leibler divergence). Here we com-

bine (3.10) with (3.15) to deduce

log 2 + log M, (€) + €
log N

7(Py,...,Py)>1 for every € > 0.
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If we employ the general testing bound (Chapter 2), then the above inequalities can
be converted to produce inequalities for the minimax risk in general decision-theoretic

problems. The general testing bound asserts that
Riinimax > (n/2)7(Py,0 € F) for every n-separated finite subset F' of ©.

Let us recall that a finite subset F' of O is n-separated if L(61,a) + L(0s,a) > n for
every a € A and 0,0y € F with 01 # 0,.

The testing lower bound, therefore, implies that for every n > 0 and every finite
n-separated subset F' of ©, the right hand side of each of the above three inequalities
multiplied by 1/2 would be a lower bound for Rpinimax. This leads to the following

three inequalities (the first inequality holds for every o > 1)

1 1 2 Ma - F a—1\ l/a
Rminimax 2 g (1 - ( + ( re ) <€’ ) ) ) (319)

Nafl Nozfl
1 1+ €e2)My(e; F
Rminimax Z g (1 - N - \/( e )N 2<6’ >> ) (32())
log 2 + log M (¢; F 2
Rminimax Z g (1 - °8 * Oi)g ;\5—67 >+ ‘ ) ) (321)

where N is the cardinality of F' and we have written M,(e; F') in place of M,(e)
to stress that the covering number corresponds to Fp,0 € F. Inequality (3.21) is
essentially due to Yang and Barron (1999) although they state their result for the
estimation problem from n independent and identically distributed observations.
The first step in the application of these inequalities to a specific problem is the
choice of n and the n-separated finite subset /' C ©. This is usually quite involved
and problem-specific. For example, refer to Chapter 4, where an application of these

inequalities to a covariance matrix estimation problem is provided.
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Yang and Barron (1999) suggested a clever way of applying (3.21) which does
not require explicit construction of an n-separated subset F'. Their first suggestion is
to take F' to be a mazimal (as opposed to arbitrary) n-separated subset of ©. Here
maximal means that F is n-separated and no F’ O F' is n-separated. For this F', they
recommend the trivial bound M;(¢; F') < M (€; ©). Here, the quantity M;(¢; ©), or
more generally, M, (¢;©) is the covering number: smallest M for which there exist

probability measures ()1, ...,y such that

. ) 2
nin D, (F||Q;) <€ for every 6 € ©.

These ideas lead to the following lower bound:

Rminimax Z sup Q <1

n>0,e>0

~ log2 +log M (& ©) + 62)

Tog N (1) (3.22)

where N(7n) denotes the size of a maximal n-separated subset of ©.

Exactly parallel treatment of (3.19) and (3.21) leads to the following two bounds:

_ Ja
Ui 1 (1+€*)Ma(e;0)" 1>1
Rminimax 2 su — 11— + 3.23

n>0,e>0p,a>1 2 ( (N(ﬁ)al N(n)e—t (3:29)

and

n 1 (1+€)Ms(e;0)
Rminimax Z a l——— - . 3.24
v ( N \/ NG 324

The application of these inequalities just requires a lower bound on N(n) and an
upper bound on M,(¢;©). Unlike the previous inequalities, these bounds do not
involve an explicit n-separated subset of the parameter space.

The quantity N(n) only depends on the structure of the parameter space © with

respect to the loss function. It has no relation to the observational distributions
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Py,0 € ©. On the other hand, the quantity M,(¢; ©) depends only on these proba-
bility distributions and has no connection to the loss function. Both these quantities
capture the global structure of the problem and thus, each of the above three in-
equalities can be termed as a global minimazx lower bound.

Yang and Barron (1999) successfully applied inequality (3.22) to obtain optimal
rate minimax lower bounds for standard nonparametric density estimation and re-
gression problems where N(n) and M;(¢;©) can be deduced from available results
in approximation theory (for the performance of (3.22) on parametric estimation
problems; see Section 3.9). In Chapter 5, we shall present a new application of these
global bounds. Specifically, we shall employ the inequality (3.24) to prove a minimax
lower bound having the optimal rate for the problem of estimating a convex set from
noisy measurements of its support function.

We would like to remark, however, that these global bounds are not useful in ap-
plications where the quantities N(n) and M, (e; ©) are infinite or difficult to bound.
This is the case, for example, in the covariance matrix estimation problem considered
in Chapter 4, where it is problematic to apply the global bounds. In such situations,
as we show for the covariance matrix estimation problem in Chapter 4, the inequal-
ities (3.19), (3.20), (3.21) can still be effectively employed to result in optimal lower

bounds.

3.9 Differences between the Global Bounds

In this section, we shall present examples of estimation problems where the global
lower bound (3.22) yields results that are quite different in character from those given
by inequalities (3.23) and (3.24). Specifically, we shall consider standard parametric

estimation problems. In these problems, it has been observed by Yang and Barron
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(1999, Page 1574) that (3.22) only results in sub-optimal lower bounds for the mini-
max risk. We show, on the other hand, that (3.24) (and (3.23)) produce rate-optimal
lower bounds.

According to statistical folklore, one needs more than global covering number
bounds (also known as global metric entropy bounds) to capture the usual mini-
max rate (under squared error loss) for classical parametric estimation problems.

Indeed, Yang and Barron (1999, Page 1574-1575) were quite explicit on this point:

For smooth finite-dimensional models, the minimax risk can be solved
using some traditional statistical methods (such as Bayes procedures,
Cramér-Rao inequality, Van Tree’s inequality, etc.), but these techniques
require more than the entropy condition. If local entropy conditions are
used instead of those on global entropy, results can be obtained suitable

for both parametric and nonparametric families of densities.

Nevertheless, as shown by the following examples, inequalities (3.24) and (3.23), that
are based on divergences D, with respect to a > 1 as opposed to a = 1, can derive
lower bounds with optimal rates of convergence from global bounds.

We would like to stress here that these examples are presented merely as toy ex-
amples to note a difference between the two global bounds (3.22) and (3.24) (which
provides a justification for using divergences other than the Kullback-Leibler diver-
gence for minimax lower bounds) and also to emphasize the fact that global char-
acteristics are enough to obtain minimax lower bounds even in finite dimensional
problems. In each of the following examples, obtaining the optimal minimax lower
bound is actually quite simple using other techniques.

In the first three examples, we take the parameter space © to be a bounded

interval of the real line and we consider the problem of estimating a parameter
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f € © from n independent observations distrbuted according to my, where my is a
probability measure on the real line. The probability measure Py accordingly equals
the n-fold product of my.

We work with the usual squared error loss L(6,a) = (f — a)?. Because d(6;,63) =
inf,cr(L(01,a)+L(0g,a)) > (01—05)?/2, the quantity N(n) appearing in (3.22), (3.24)
and (3.23), which is the size of a maximal 7-separated subset of ©, is larger than
cin~ /2 for n < ny where ¢ and 7, are positive constants depending on the bounded
parameter space alone. We encounter more positive constants c, cs, c3, ¢4, C5, €g and
€1 in the examples all of which depend possibly on the parameter space alone and
thus, independent of n.

In the following, we focus on the performance of inequality (3.24). The behavior

of (3.23) for [ > 1 is similar to the [ = 2 case.

Example 3.9.1. Suppose that my equals the normal distribution with mean 6 and
variance 1. The chi-squared divergence Dy(Pp||Py) equals exp (n|f@ — 6'|*) — 1 which
implies that Dy(Py||Py) < €* if and only if |§ — 6’| < \/log(1 + €2)/y/n. Thus
My(e; ©) < cay/n/+/log(1 + €2) for € < ¢y and consequently, from (3.24),

R, > sup U 1—\/—ﬁ—(77n)1/4 ol + ) .
" T ngnoege 2 €1 c14/log(1l + €2)

Taking € = ¢y and n = c3/n, we get

C3 V€3 1/4
R,>—(1- — ) 3.25
~ 2n ( civ/n “ 64) (3:25)

where ¢4 depends only on ¢q,ce and €5. Hence by choosing c3 small, we get that
R, > ¢/n for all large n.

]

35



The next two examples consider standard irregular parametric estimation prob-

lems.

Example 3.9.2. Suppose that O is a compact interval of the positive real line that
is bounded away from zero and suppose that my denotes the uniform distribution
on [0,60]. The chi-squared divergence, Do(FPy||Py), equals (¢'/6)" — 1 if § < 0" and
oo otherwise. It follows accordingly that Do(Py||Ps) < € provided 0 < n(f' — ) <
Olog(1 + €%). Because © is compact and bounded away from zero, My(e;0) <

can/log(1 + €?) for € < eg. Applying (3.24), we obtain

ca(1+€?)
R, > = —\/n .
= b ( cp log(1 4+ 62)>

77§770,6§60

Taking € = ¢y and n = c3/n?, we get that

C
Roz g <1 -2 Cil’»/%“) ’

ncy

where ¢, depends only on ¢q, ¢y and €. Hence by choosing cs sufficiently small, we
get that R,, > ¢/n? for all large n. This is the optimal minimax rate for this problem
as can be seen by estimating # by the maximum of the observations.

]

Example 3.9.3. Suppose that my denotes the uniform distribution on the interval
0,0 + 1]. We argue that M(e;0) < o/ (14 €*)/" — 1) for e < €. To see this,
let us define € so that 2¢ := (1 + €?)'/® — 1 and let G denote an €-grid of points in
the interval ©; G would contain at most ¢y /€’ points when € < ¢y. For a point « in
the grid, let @), denote the n-fold product of the uniform distribution on the interval
la, e + 1 + 2€']. Now, for a fixed 6 € ©, let a denote the point in the grid such that

a <0 < a+¢€. It can then be checked that the chi-squared divergence between Py
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and @, is equal to (1+2¢')" —1 = 2. Hence Ms(e, ©) can be taken to be the number
of probability measures ()., which is the same as the number of points in G. This
proves the claimed upper bound on M;(€; ).

It can be checked by elementary calculus (Taylor expansion, for example) that

the inequality

2 1 1
1+ _1>5 - 2 (1-2) e
(+€) - n 2n n ¢

holds for € < v/2 (in fact for all €, but for € > \/5, the right hand side above may be

negative). Therefore for e < min(ey, v/2), we get that

2ncs
M, (e < .
Oy gy

From inequality (3.24), we get that for every n < 1 and e < min(eg, v/2),

n NI 2(1+ €?)cy
25 (1 T o V”\/ﬁ\/c1 (22— (1 1/n)e4)) ‘

If we now take ¢ = min(eg, 1) and n = c3/n?, we see that the quantity inside the

/4

parantheses converges (as n — o0) to 1 — cé cy where ¢4 depends only on ¢y, co
and €. Therefore by choosing cs sufficiently small, we get that R, > ¢/n?. This is
the optimal minimax rate for this problem as can be seen by estimating 6 by the

minimum of the observations.

]

Next, we consider a d-dimensional normal mean estimation problem and show

that the bound given by (3.24) has the correct dependence on the dimension d.

Example 3.9.4. Let © denote the ball in R? of radius I' centered at the origin.
Let us consider the problem of estimating § € © from an observation X distributed

according to the normal distribution with mean # and variance covariance matrix
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0214, where I; denotes the identity matrix of order d. Thus Py denotes the N (6, 0%1,)
distribution. We assume squared error loss: L(6,a) = |0 — al|*.

We use inequality (3.24) to show that the minimax risk R for this problem is
larger than or equal to a constant multiple of do? when I’ > o/d.

The first step is to note that by standard volumetric arguments, we can take

r\‘ 3r ’
N(n) = (\/—2_7) My (e,0) = (m/W) (3.26)

whenever o4/log(1 + €2) <T.
Applying inequality (3.24) with (3.26), we get that, for every n > 0 and € > 0

such that o4/log(1 + €?) <T', we have

>l <1 . (@) § (3@)“ e ) |

2 § o (1+ )i

Now by elementary calculus, it can be checked that the function € — /1 + €2 /(log(1+
€2))%* is minimized (subject to o+/log(1 + €2) < T') when 1+ ¢ = e¥2. We then get

d /4
n V21 36en
> —[1-1—=) - .
R—i3182< (F) (o?d) )

We now take 1 = c;do? and since I' > U\/E, we obtain

that

610'2d

>
R_Z

(1= (2¢1)"? — (36€cy)™*) .

We can therefore choose ¢; small enough to obtain that R > cdo? for a constant
¢ that is independent of d. Up to constants independent of d, this lower bound is
optimal for the minimax risk R because EyL(X,0) = do?.

O
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Chapter 4

Covariance Matrix Estimation

4.1 Introduction

In this chapter we illustrate the use of the methods from the previous two chap-
ters to reprove a recent minimax lower bound due to Cai, Zhang, and Zhou (2010),
henceforth referred to as CZZ, for the following covariance matrix estimation prob-
lem. Let Xy,..., X, beindependent p x 1 random vectors each distributed according
to N,(0,), the p-variate normal distribution with mean zero and covariance ma-
trix X, where ¥ € M(a) for some o > 0. The set M(«) is defined to be the set
of all p x p covariance matrices (oy;) for which |oy;| < |i — j|7* ! for i # j and
whose eigenvalues all lie in [0,2]. The goal is to estimate ¥ € M (a) under the loss
function L(X1,Ys) := ||X; — Xs||?%, where || - || denotes spectral (or operator) norm:
||A]] == max{[|Az|| : [|«]| < 1}.

Amongst other results, CZZ showed that

R.(a) :=inf sup EyL(%,%) > ¢ n~ /Gt if p > cont/et) (4.1)
Y TeM(w)

where ¢; and ¢y are positive constants depending on « alone.
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CZZ proved this inequality by constructing a map ¢ : {0,1}'" — M(«) and

applying Assouad’s inequality,

m( )
Rn(O{) 2 ml/r)1:1 HP¢(7—) A\ P’lb(T/)Hl (42)

T Y (7,7

where ¢ satisfies d(¢(7), 9 (")) > (> {n # 7/} for all 7,7 € {0,1}™. Here
d(X1,%s) = infy (L(X1,X) + L(X2,Y)), the infimum being over all covariance ma-
trices . Also, for ¥ € M(a), Ps denotes the probability measure ® ;N (0, X).

CZZ’s proof is described in the next section. The covariance matrices ¢(7) in
CZZ’s construction can be viewed as perturbations of the identity matrix, which is an
interior element of the parameter space M(«a). We show, in Section 4.4, that (4.1)
can also be proved by the use of Assouad’s inequality with another construction ¢(7)
whose members are perturbations of a matrix 7" which can be considered to be near
the boundary (as opposed to the interior) of M(«a). Specifically, we use (4.2) with the
map ¢ : {0,1}"™ — M(a) where each ¢(7) is a perturbation of the matrix 7" = (¢;;)
with ¢; = 1 and t;; = v|i — 7|7, for some small, positive constant 7.

In Section 4.5, we show how the inequalities from Chapter 3, can also be used to

prove (4.1). Recall the following minimax lower bounds from Chapter 3,

n log2 + log My (e; F) + €2
> (1= .
Ro(a) 2 3 (1 log N , (4.3)
and
n 1 (1+e2)Msy(e; F)
> (1 — - . .
R,(a) > 5 (1 N N (4.4)

Here FF C M(«) is n-separated i.e., it satisfies d(A, Ay) > n for all Ay, Ay € F with
Ay # As. Also N denotes the cardinality of F, and M;(e; F') and Ms(e; F') denote

the smallest number of probability measures needed to cover {P4 : A € F'} up to
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€2 in the Kullback-Leibler divergence and the chi-squared divergence respectively.

In Section 4.5, we prove (4.1) by applying these inequalities with F' chosen to be a
well-separated subset of perturbations of 7T'.

The inequality (4.3), due to Yang and Barron (1999), was intended by them to be
used in situations where the (global) covering numbers of the entire parameter space
are available. For this covariance matrix estimation problem however, the covering
numbers of the parameter space M(«) are unknown and hence, can not be used to
bound the local covering number M, (e; F'). Instead, we bound M (¢; F') and Ms(¢; F)
from above directly without recourse to global covering bounds. This use of (4.3) in
a situation where the global covering numbers are unknown is new.

Before proceeding, we put this problem in the decision theoretic setting considered
in Chapter 2 by taking © = M(«), the action space to consist of all covariance
matrices and the loss function, L(3;,%s) = [|X; — Xs||*. The distance function

d(31,Xs) has, by triangle inequality, the following simple lower bound:

1, 1
d(1, %) > 5 inf (% = S + (|22 - 2|)* > 1% = Dol (4.5)

Throughout this chapter, we shall use ¢ to denote a positive constant that depends
on « alone (and hence has no relation to n or p) and whose specific value may change

from place to place.
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4.2 The proof of CZZ

Working with the assumption p > 2n!/Ze+1) CZZ applied (4.2) to m = n!/(aFD

and ¢ : {0,1}"™ — M(«a) defined by

(1) i= Ly + c m~ @D zm: 7. B(k,m), (4.6)

k=1

where B(k,m) := (b;;) with b;; taking the value 1 if either (i =k, k+1 < j < 2m)
or (j =k, k+1<i<2m) and the value 0 otherwise and ¢ is a constant (depending
on « alone) that is small enough so that (1) € M(a) for every 7 € {0, 1}™.

To control each of the terms appearing in right hand side of (4.2), CZZ proved

the following pair of inequalities:

d (1), () > X (7,7 )ym ™2 and mi/n:

Pyy A Pyion |y >
¢ i | Pyry A Pyl > ¢

N
The required inequality (4.1) is a direct consequence of the application of Assouad’s

inequality (4.2) with the above pair of inequalities.

4.3 Finite Parameter Subset Construction

In this section, a finite subset of matrices in M(«) are described whose elements are

perturbations of the matrix 7" defined by ¢; = 1 and ¢;; = v|i — j|~**

where 7 is a
positive real number to be specified shortly. In subsequent sections, different proofs
of (4.1) based on this construction are provided.

Fix a positive integer k£ < p/2 and partition T as

Tll T12
T —

TL Ty
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where Ty; is k x k and Ty is (p — k) x (p — k). For each 7 € {0,1}*, consider the
following matrix
T S(1)T:
T(T):= o (7)The : where S(7) := diag(7y, ..., Tx).
TIJ;S(T) T22
Lemma 4.3.1. If 0 < vy} 5, [7*=1 < 1/6, then the eigenvalues of T(T) lie in the

interval (2/3,4/3) for every T € {0, 1}*.

Proof. Fix 7 € {0,1}*. The assumption on v ensures that T'(7) is diagonally dom-
inated. We shall denote the (i, )™ entry of T'(7) by t;;(7). Let A be an eigenvalue
of T(7) and assume that x # 0 satisfies T'(7)r = Az. This can be rewritten as
(A = ta(7))xi = 32, 2 tij(T)x; for every i. Using this for the index g for which
|z4,| = max; |z;| (note that this implies that z;, # 0 because = # 0) and noting that

tii(7) =1 for all i, we get

A= ]z | < Z |3 ()] < |x20|2'721 o

J:g#%0 >1

Thus if y is chosen as in the statement of the lemma, we would obtain that |\ — 1] <

1/3 or A € (2/3,4/3). 0

For use in the subsequent sections, we need the following two results which provide
lower bounds for d(T(7),T(7')) and upper bounds for divergences between Pr(-y and

Pr(;y respectively.

Lemma 4.3.2. For every 7,7 € {0,1}", we have

A(T(r), T(7)) > ¢ k=27 '0(r,7)  with Y(r,7) Z{Tl 47} (4.7)
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Proof. Fix 7,7 € {0,1}" with 7 # 7/. According to inequality (4.5), d(T(7), T(7')) >
|T(7) — T(7")||*/2. To bound the spectral norm of T'(7) — T(7') from below, let v
denote the p x 1 vector (0O, 1k,0p72k)T, where 05 and 0,_5; denote the £ x 1 and
(2p — k) x 1 vectors of zeros respectively and 1; denotes the vector of ones. Clearly
||v]|*> =k and (T'(1) — T(7'))v is of the form (u,0)” with u = (uy,...,u;)? given by

ur = (1 — 7)) z]:=1 trk+s. Thus

k
ur| = {7 A7} Alr—k—s|
s=1

2%—1
>{r A7} i = ek £ )
i=k
Therefore,
k
) =TI 2 D2 2 P47 ()

Using a new constant ¢ for ¢*y? and noting that ||v||*> = k, we obtain the required

inequality (4.7). O

The Frobenius norm of a matrix A is defined by [|Al|r := /3", ; a;. The follow-
ing result gives an upper bound for divergences (chi-squared, Kullback-Leibler and
total variation) between Pr(;y and Pr(; in terms of the Frobenius norm of the dif-
ference T'(7) —T'(7'). It is based on a more general result, Theorem 4.6.1 (stated and
proved in the Appendix), that relates the chi-squared divergence between two zero
mean normal distrbutions to the Frobenius norm of the difference of their covariance

matrices.

Lemma 4.3.3. For every 7,7 € {0,1}*, the following inequalities hold, provided
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IT(7) = T(T)I[F < 2/9,

an
Da(Prio1Pren) < exo (T = Tl ) 1 (4.)
3n |2
Du(Pry 1 Prie) < 2T () — T (4.9)
and
3n ,
1Py A P |, 2 1=/ ST = T (4.10)

Moreover, the Frobenius norm ||T (1) — T(7)||r has the following bound:

22a+3,}/
200+ 1

17(r) = T()[[F < Z {n# i} (k—it 1) (4.11)

Proof. Fix 7,7 € {0,1}* with 7 # 7/. The proof of (4.8) is provided below. Inequal-

ities (4.9) and (4.10) follow from (4.8) because
Di(Prer||Prey) <log (1 + Da(Prn||Pre)))

which is a consequence of Jensen’s inequality and

D1 (Pro || Pr
121_\/ L(Pro)| | Pre)

|| Priry A Priry : :

which is a consequence of Pinsker’s inequality. Let x? denote the chi-squared diver-
gence between two zero mean normal distributions with covariance matrices 7'(7)
and T'(7') respectively. Because Pr(;) is the n-fold product of the p-variate normal

distribution with mean zero and covariance matrix 7'(7), it follows from the formula
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for Dy in terms of the marginal chi-squared divergences that

D2(PT(T)||PT(T/)) = (1 + X2)n — 1

From inequality (4.16) in Theorem (4.6.1), we have

IT() = T(T’)H%) _1

s e ( N2 (T(7))

provided ||T(1) — T(7)||% < 2/9. The following conditions that were required in

Theorem 4.6.1 for (4.16) to hold:
25" > 55" and 2|[5; — Syl [f < A2 (2)

are satisfied for 31 = T(7) and Xy = T(7'), provided ||T(7) — T(7)||% < 2/9,
because all the eigenvalues of T'(7) and T'(7') lie in (2/3,4/3). This proves inequali-
ties (4.8), (4.9) and (4.10).

For (4.11), note that, by definition of Frobenius norm,

k p k
|T(7) = T(7)||% < QZ{T" £} Y <2y Z{” I

j=k+1 j>k—i+1

Now, by the elementary inequality j 2072 < fjjﬂ(x/Q)*Q“*de for j > 1, we obtain

00 22a+2
Z j—2a—2 S 22a+2/ $—2a—2dx — (k - Z + 1)—20{—1'
e k—i+1 200+ 1
j>k—i+1
The preceding two inequalities imply (4.11) and the proof is complete. O
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Remark 4.3.1. From the bound (4.11), it follows that

22a+3

T _T ANV < fY ‘—204"!‘1‘
I70) = T < 3] S

We shall assume for the remainder of this chapter that the constant v satisfies the
condition in Lemma 4.5.1 and is chosen small enough so that ||T(7)—T(7')||% < 2/9

so that all the three inequalities (4.8), (4.9) and (4.10) hold for every 7,7' € {0, 1}*.

4.4 Proof by Assouad’s inequality

In this section, (4.1) is proved by the application of Assouad’s inequality (4.2) to the
matrices T(7), 7 € {0, 1}* described in the previous section.

It might seem natural to apply Assouad’s inequality to m = k and ¢(7) = T'(7).
But this would not yield (4.1). The reason is that the matrices T'((0,...,0,0)) and

T((0,...,0,1)) are quite far away from each other which leads to the affinity term

Miny(r7/)=1 HPT(T) A PT(T/)| ) being rather small.

The bound (4.1) can be proved by taking m = k/2 and applying Assouad’s in-
equality to ¢(0) =T((01,...,0m,0,...,0)),0 € {0,1}". The right hand side of (4.2)
can then be bounded from below by the following inequalities:

90— . n
A(#(6), $(¢) 2 Y(6,6)k7** " and_min_ [[Pyo) A Poonll 2 1 =4/ ey

(6,0

The first inequality above directly follows from Lemma 4.3.2. The second inequality
is a consequence of inequalities (4.10) and (4.11) in Lemma 4.3.3. Indeed, (4.10)
bounds the affinity in terms of the Frobenius norm ||¢(0) — ¢(0")||r and, using (4.11),

this Frobenius norm can be bounded, for 6,6 € {0,1}" with T(6,60") = 1, in the
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following way (note that m = k/2)

2a+3 m k—2a—1

16(0) = (6")][ < % +1Z{9 # O (k—i+1)27t < = (k: m+1)7271 <

Cc

Assouad’s inequality (4.2) with the above pair of inequalities gives

Rp(a) > ck™2 (1 — H%) for every k with 1 <k < p/2.

By choosing k = (2n/c)"/2**1) (note that this choice of k& would require the assump-

tion p > cyn'/ 2+ for a constant cy), we obtain (4.1).

4.5 Proofs using Inequalities (4.3) and (4.4)

We provide proofs of (4.1) using the inequalities (4.3) and (4.4). The set F' will be
chosen to be a sufficiently well-separated subset of {T'(7) : 7 € {0,1}*}. By the
Varshamov-Gilbert lemma (see for example Massart, 2007, Lemma 4.7), there exists
a subset W of {0,1}"* with [W| > exp(k/8) such that Y(7,7') = 3..{r # 7/} > k/4
for all 7,7/ € W with 7 # 7/. We take F' := {T'(7) : 7 € W} so that, by construction,

= |F| = [W| > exp(k/8).

According to Lemma 4.3.2, d(T(7),T(7')) > ck™2* whenever Y(7,7') > k/4
which implies that F is an n-separated subset of M («a) with 7 := ck™=2%.

To bound the covering numbers of P4, A € F, let us fix 1 <[ < k and define, for

each u € {0, 1},

S(u) :=T(0,...,0,u1,...,up—141) and Q, := Pg(y).
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The inequality (4.11) gives

1T(T) = S(, ..., m)|[7 < %Z(’f —i+1)7 < 1(k — ) (4.12)

- C
=1

and thus, by (4.9), the following inequalities hold if u = (7, ..., 7%):

| 3

D, (PT(T)HQu) < —(k-— 1)720‘ and Dy (PT(T)HQU) < exp (%(k} o l)f2a) 1

c

It follows therefore that Q,,u € {0, 1}¥~*! covers P4, A € F up to €2 in Kullback-
Leibler divergence and up to €3 in chi-squared divergence where €5 := n(k —1)72%/c
and €2 := exp (n(k —1)72%/c) — 1. As a direct consequence, M (er; F) < 28=1 and
My(eg; F) < 28-1+1 Therefore, from (4.3),

Ro(a) > ek [1 - ik (k I+ ﬁ)] (4.13)

C

and from (4.4),

Ro(a) > ck™2 [1 — exp (%) — exp (% ((k_% + (k- 1)) - 1_/2)] (4.14)

for every k < p/2 and 1 <l < k.

Each of the above two inequalities imply (4.1). Indeed, taking k — [ = n'/(a+1D
and k = 4n'/o*+Y /¢ in (4.13) implies (4.1).

Also, by taking k — [ = n'/®**Y and k = (32/c)(1 + B)n'/*) for B > 0

in (4.14), we get

—2B —2B
R,(a) > ck™2 [1 —2exp <—n1/(2a+1))} > ck™2 [1 — 2exp (—)}
c c
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from which (4.1) is obtained by taking B = (clog4)/2.

/(2a+1

Note that the choice of k necessitates that p > cyn! ) for a large enough

constant cs.

4.6 Appendix: Divergences between Gaussians

In this section, we shall prove a bound on the chi-squared divergence (which, in turn,
implies bounds on the Kullback-Leibler divergence and testing affinity) between two
zero mean gaussians by the Frobenius norm of the difference of their covariance

matrices. The Frobenius norm of a matrix A is defined as

I|A|p = Zagj = Vtr(AAT) = \/tr(AT A).

Two immediate consequences of the above definition are:
L. ||Allr = ||UA||r = ||AU||p for every orthogonal matrix U.

2. ||A]|% min; d? < ||DAJ||% < ||A||% max; d? for every diagonal matrix D with

diagonal entries d;. Exactly the same relation holds if DA is replaced by AD.

Theorem 4.6.1. The chi-squared divergence x* between two normal distributions

with mean 0 and covariance matrices 31 and ¥y satisfies

: 1A\ P —

X < (1- m X -1 provided 2X7 > X5 7. (4.15)
where A := Y, — Yy and || - || denotes the Frobenius norm. Moreover, if 2||Al% <
A2, (3), then

All7
2 < Al y g 4.16
o (5 1
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Proof. When 2¥7 > ¥5! it can checked by a routine calculation that

-1/2

2
= ‘1 . (E;WAE;W) —1

where A = ¥; — ¥ and | - | denotes determinant. Let Aq,..., A\, be the eigenvalues
of the symmetric matrix 35, /?A¥; "% Then 2 = [(1=A)...(1=23)]" Y21 and

consequently, by an elementary inequality, x* < (1 =3, )\?);1/ 2

— 1. Observe that
YA = HEQ_UQAE;I/Q‘ ‘1 Suppose that ¥ = UAUT for an orthogonal matrix U
and a positive definite diagonal matrix A. Then £,/? = UA=Y2U7 and by properties
of the Frobenius norm, we have

[UTAUIE _ lIAlL
(D) A (5)

p
Z}\? _ H22_1/2A22—1/2 2 HA’WUTAUA*WHi <
F
i=1

This completes the proof of (4.15). The inequality (4.16) is a consequence of the

elementary inequality 1 —x > e 2% for 0 < x < 1/2. ]
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Chapter 5

Estimation of Convex Sets

5.1 Introduction

In this chapter, we study the problem of estimating a compact, convex set from noisy
support function measurements. We use techniques described in Chapter 3 to prove
a minimax lower bound. We also construct an estimator that achieves the lower
bound up to multiplicative constants.

The support function hx of a compact, convex subset K of R? (d > 2) is defined
for w in the unit sphere, S ! := {z : Y ,2? = 1} by hg(u) = sup,cx (T, u),
where (z,u) = ), z;u;. The support function is a fundamental quantity in convex
geometry and a key fact (Schneider, 1993, Section 1.7 or Rockafellar, 1970, Section
13) is that K = N,cga-1 {a: e Re: (x,u) < hK(u)} which, in particular, implies that
K is uniquely determined by h.

We consider the problem of estimating K based on observations (u1, Y1), ..., (u,, Y,)

under the following three assumptions:

1. Y, = hg(w;) + & where &, ..., &, are independent normal random variables

with mean zero and known variance o2,
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2. uq,...,u, are independently distributed according to the uniform distribution

on 9471,
3. uy,...,u, are independent of &,...,&,.

We summarize the history of this problem and provide motivation for its study
in the next section.

We prove upper and lower bounds for the minimax risk

R(n) = R(n;o,T) :=inf sup Exl*(K, K)

K Kerd4(r)

with

(K, K') = /Sd_l(hK(u) — hyr(uw))?dv(u),

where K4(I") denotes the set of all compact, convex sets contained in the ball of
radius I' centered at the origin, and v denotes the uniform probability measure on
S9-1 We assume that o and ' are known so that estimators in the definition of
R(n) are allowed to depend on them.

Specifically, we show that, in every dimension d > 2, the minimax risk R(n) is
bounded from above and below by constant multiples (which depend on d, o and
') of n=%/(4+3) The lower bound is proved in Section 5.3 using an inequality from
Chapter 3, and the upper bound is proved in Section 5.4.

A word on notation: In this chapter, by a constant, we mean a positive quantity
that depends on the dimension d alone. We shall denote such constants by ¢, C, ¢y, ¢
etc. and by dg and €g. We are never explicit about the precise value of these constants

and their value may change with every occurence.
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5.2 Background

In two and three dimensions, the problem of recovering a compact, convex set from
noisy support function measurements was studied in the context of certain engineer-
ing applications. For example, Prince and Willsky (1990), who were the first to
propose the regression model Y; = hg(u;) + & for this problem, were motivated by
application to Computed Tomography. Lele, Kulkarni, and Willsky (1992) showed
how solutions to this problem can be applied to target reconstruction from resolved
laser-radar measurements in the presence of registration errors. Gregor and Rannou
(2002) considered applications to Projection Magnetic Resonance Imaging.
Additional motivation for studying this problem comes from the fact that it has

a similar flavour to well-studied regression problems. For example,

1. Tt is essentially a nonparametric function estimation problem where the true
function is assumed to be the support function of a compact, convex set i.e.,
there is an implicit convexity-based constraint on the true regression function.
Regression and density esimation problems with explicit such constraints e.g.,
log-concave density estimation and convex regression have received much at-

tention.

2. The model Y; = max,cx (z,u) + & can also be viewed as a variant of the
usual linear regression model where the dependent variable is modeled as the
maximum of linear combinations of the explanatory variables over a set of
parameter values and the interest lies in estimating the convex hull of the set
of parameters. While we do not know if this maximum regression model has
been used outside the context of convex set estimation, the idea of combining
linear functions of independent variables into nonlinear algorithmic prediction

models for the response variable is familiar (as in neural networks).

57



The least squares estimator has been the most commonly used estimator for this

problem. It is defined as

K = argminz (Y; — hp(u))?, (5.1)

L =1

where the minimum is taken over all compact, convex subsets L. The minimizer
here is not unique and one can always take it to be a polyhedron. This estimator,
for d = 2, was first proposed by Prince and Willsky (1990), who assumed that
uy,...,u, are evenly spaced on the unit circle and that the error variables &, ..., &,
are normal with mean zero. They also proposed an algorithm for computing it based
on quadratic programming. Lele et al. (1992) extended this algorithm to include the
case of non-evenly spaced uy, ..., u, as well. Recently, Gardner and Kiderlen (2009)
proposed an algorithm for computing a minimizer of the least squares criterion for
every dimension d > 2 and every sequence uyq, . . ., Uy.

In addition to the least squares estimator, Prince and Willsky (1990) and Lele
et al. (1992) also proposed estimators (in the case d = 2) designed to take advantage
of certain forms of prior knowledge, when available, about the true compact, convex
set. These estimators are all based on a least squares minimization.

Fisher, Hall, Turlach, and Watson (1997) proposed estimators for d = 2 that are
not based on the least squares criterion. They assumed that the support function
hk, viewed as a function on the unit circle or on the interval (—, 7|, is smooth and
estimated it using periodic versions of standard nonparametric regression techniques
such as local regression, kernel smoothing and splines. They suggested a way to
convert the estimator of hy into an estimator for K using a formula, which works
for smooth hg, for the boundary of K in terms of hx. Hall and Turlach (1999)

added a corner-finding technique to the method of Fisher et al. (1997) to estimate
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two-dimensional convex sets with certain types of corners.

There are relatively fewer theoretical results in the literature. Fisher et al. (1997,
Theorem 4.1) stated a theorem without proof which appears to imply consistency and
certain rates of convergence for their estimator under certain smoothness assumptions
on the support function of the true compact, convex set K. Gardner, Kiderlen, and
Milanfar (2006) proved consistency of the least squares estimator and also derived

rates of convergence. They worked with the following assumptions:

1. uq,us, ... are deterministic satisfying

max min |ju — ;|| = O(n~Y/@) as n — 0o,
wesd-1 1<i<n

2. &1,&, ... are independent normal with mean zero and variance o2,

3. K is contained in a ball of radius I' centered at the origin with I' > ¢%/2.

Their Theorem 6.2 showed that ¢*(K, Kls) = Oy0r(Bn) as n approaches oo almost

surely, where

n~@+3)  when d = 2,3,4
Bn=1< nY%(logn)®> whend=5 (5.2)

n~2/(d=1)" " when d > 6.

Here Oy, r is the usual big-O notation where the constant involved depends on
d,o and I'. Gardner et al. (2006, Theorem 6.2) provided explicit expressions for the
dependence of the constant with respect to ¢ and I' (but not d) which we have not
shown here because our interest only lies in the dependence on n.

As part of our proof of the upper bound for the minimax risk, we construct an

estimator with improved rates.
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5.3 Lower Bound

The following theorem shows that R(n) is at least n=*/(+3) up to a multiplicative

constant that depends only on d, o and I'.

Theorem 5.3.1. There exist two positive constants ¢ and C' depending only on d

(and independent of n, o and I') such that

R(n) > co®/(@+3)p2Ad-D/(d+3) =4/(d+3) whenever n > C(o/T)2. (5.3)

For the proof, we put this problem in the general decision-theoretic framework
of Chapter 3 and use an inequality proved in Section 3.8. Let © = K¢(T") and the
action space A consist of all possible compact, convex subsets of R%. The loss function
equals L(K,K’) = (*(K,K'). For K € O, let Px denote the joint distribution of

(u1, Y1), ..., (un, Yn). It may be recalled that a subset F' of © is called n-separated if

Ii(n& (€2<K1, K) + EZ(KQ, K)) 2 n for all Kla KQ € F with Kl 7£ KQ.
€

We use the following global minimax lower bound proved in Chapter 3 (see Sec-

tion 3.8):

2 .
R(n) > g (1 — Nl — \/(1 ) My(s @)) for every n > 0 and € > 0, (5.4)

where N(n) is the size of a maximal n-separated subset of © and My(e; ©) is the
number of probability measures needed to cover {FP,6 € ©} up to € in the chi-

squared divergence.

Proof. For the application of (5.4), we only need a lower bound for N(n) and an

60



upper bound for M (e; ©). We start with N(n). By the triangle inequality, we have

(K, K) + (K, K) > = (((Ky, K) 4 0Ky, K))* > ~02(K,, K>)

N —
N =

for every Ky, Ky and K. It follows therefore that N(n) > N(y/21;£), where N(;¢)
denotes the d-packing number of X¢(T") under the metric ¢ i.e., the size of a maximal
subset F' C K4(T') such that (K, Ky) > 6 for K, Ky € F with K; # K».

Bronshtein (1976, Theorem 4 and Remark 1) proved that there exist positive
constants ¢’ and §y depending only on d such that the d-packing number of KX%(T)
under the Hausdorfl metric is at least exp (¢/(I'/6)@~1/2) whenever § < I'dy. The
Hausdorff distance is defined as {5 (K, K') := sup,cga-1 |hx (u)—hg(u)| and is clearly
larger than ¢(K, K').

It turns out that Bronshtein’s result is true for the metric ¢ as well. This has
not been proved anywhere in the literature however. We provide a proof in the
Appendix (Theorem 5.5.1) by modifying Bronshtein’s proof appropriately and using

Varshamov-Gilbert lemma. Therefore, from Theorem 5.5.1, we have

) (d—1)/2
log N(n) > log N(\/2n;¢) > ¢ (%) for n < %65 /2. (5.5)
n

Let us now turn to M(e;©). For K, K’ € K4(T), the chi-squared divergence

Do (Pr || Px) satisfies

Dy = ([ o (080 ) o (80

o2 o2

As a result,

Dy(Pg||Px) < € whenever (g (K, K') < ¢ := o+/log(1 + €2)/+/n. (5.6)
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Let W be the ¢-covering number for K%(T') in the Hausdorff metric i.e., it is the
smallest W for which there exist sets K3, ..., Ky in K4(I') having the property that
for every set L € K4(I'), there exists a K; such that ¢y(L,K;) < ¢. Bronshtein
(1976, Theorem 3 and Remark 1) showed that there exist positive constants ¢’ and
¢o depending only on d such that log W, is at most ¢’(I'/¢')(4=1)/2 whenever € < Teg.

Consequently, from (5.6), we obtain

(d-1)/2
r
log Ms(e;0) < " ( v ) if log(1 + €) < nl%¢;/o*  (5.7)
o

Vlog(1 + €2)

We are now ready to apply (5.4). Let us define the following two quantities

Y

(d—1)/(d+3)
n(n) = ¢ o8/ @EITAED/ @), ~4/@+3) 41d o (n) = <F\/ﬁ)
o

where ¢ is a positive constant that depends on d alone and will be specified shortly.

Also let €2(n) = exp(a?(n)) — 1. By (5.5) and (5.7), we have
log N(n) > ¢4 D/402(n) and log Ma(e; ©) < ¢'a?(n),

provided
n(n) < T253/2 and o?(n) < nlZe/o”. (5.8)

Inequality (5.4) with n = n(n) and € = €(n) gives the following lower bound for R(n):

2
77(2n) 1 — exp (—a(n)c'e@D/M4) exp <Oé én)(l s C/C(dl)/4)):| '

If we choose ¢ so that ¢c=(4=V/* = 2(1 + ¢”), then




If the condition (1 + ¢”)a?(n) > 2log4 holds, then the above inequality implies
R(n) > n(n)/4. This condition as well as (5.8) hold provided n > C(c/T')? for a

large enough C'. O

Remark 5.3.1. In the above proof, our assumptions about the design unit vectors

Uy, ..., U, were only used via

2 KK/
DZ(PKHPK’) S exp (M> — 1.

o2

This inequality is actually true for every joint distribution of (uy,...,u,) as long
as they are independent of the errors &y, ..., &,. Consequently, ¢ n=*@+3) is q lower
bound for the minimazx risk for any arbitrary choice of the design unit vectors provided

they are independent of &1, ...,&,.

5.4 Upper Bound

The following theorem shows that R(n) is at most n=%(@*3) up to a multiplicative

constant that depends only on d, o and I'.

Theorem 5.4.1. There exist two positive constants ¢ and C depending only on d

(and independent of n, o and I") such that

c(I?/o? _ _ .
R(n) < %08/(d+3)r2(d 1)/(d+3)n 4/(d+3) zfn > C(O’/F)2 (59)

For each finite subset F of K(T), let us define the least squares estimator K by

Kp = argminz (Y; — hp(u;))”.

LeF ‘=
We shall show that, if F' is chosen appropriately, then supgeicar Exl*(K, K F) is
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bounded from above by the right hand side of (5.9).
Our proof is based on a general estimation result described next. This general
result is an adaptation of a technique due to Li (1999) and Barron, Li, Huang, and

Luo (2008) for obtaining risk bounds for penalized likelihood estimators.

5.4.1 A general estimation result

Consider an estimation problem in which we want to estimate 6 € ©, under a loss
function L, based on an observation X whose distribution P, depends on the un-
known 0. We assume that P has a density py with respect to a common dominating
measure /.

Let §(X) := arg maxgep pg (X) denote the maximum likelihood estimator over a
finite subset F' of ©. The following method of obtaining an upper bound is based on
an idea of Li (1999) and Barron et al. (2008). For every § € ©, #* € F and o > 0,

we can write

oo ((PacoX)\° po(X)
= log [ X0 | 22~ + alog
( po(X) po+(X)
Taking expectation with respect to X under the probability measure P, on both

sides and using Jensen’s inequality, we obtain

. ) o (x)\“
oL (9,9()()) < log E, (eLwﬁ(X)) (%) ) aDy(Pyl|Py)

, (X))
LONE (Pe( )
2 "\ po(X)

0'cF

~— —

SlOg —|—OéD1<P9HP9*),
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where D1 (Fy||Py+) denotes the Kullback-Leibler divergence between P, and Pp-.

Since this is true for any arbitrary 6* € F', we get that

~ / / X) @
< Lo, (Pol i 2.
EyL (9, e(X)) < log [Z e" K, (pe(X) +amin D (Fy[[Fy-)

0'cF

In particular, for the following choice of the loss function L,

po(X)\*
L(6,0") := —logE ( ) : 5.10
( ) ’ PH(X) ( )
we would obtain
sup EgL(6, 6(X)) < log|F| + avsup min D; (Py||P-). (5.11)
) pco 0" €F

Note that for o« = 1/2, the loss function (5.10) is known as the Bhattacharyya

divergence (see Bhattacharyya, 1943).

5.4.2 Application of the general result

We apply inequality (5.11) to our problem with © = K4(T") and P, the joint distri-
bution of (u1,Y1),..., (u,, Y,). Also, let px denote the density of Pk with respect
to the dominating measure (v ® Leb)™ where Leb denotes Lebesgue measure on the
real line. It can be easily checked that (X below stands for the observation vector

comprising of u;, Y;, i = 1,...,n) for K, K’ € K4T'), we have

Ex (if;g)))a - ( / exp (-% (he (1) — hK/(u))Z) du(u))n (5.12)
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and

n

202%(}(, K'). (5.13)

Dy (Px||Prr) = 2% / (he () — hyr (u)? duv(u) =

Therefore, inequality (5.11) implies that the risk

Ex {— log ( / exp (-% (hi(u) — hkF(u))Q) dy(u)ﬂ (5.14)

of K is bounded from above by

log]F] «Q ) /
T 07 B O K.

Because — logxz > 1 —x, the above upper bound also holds for the risk when the loss

function is taken to be the power divergence D, (Pk||Pk), for a € (0,1):

202

Do(Prer|| Prc) = / (1 ~exp (_M (hae () — hK/(u))2)> dv(u).

For K,K' € K4T'), the loss function ¢?(K, K') can be bounded from above by a

multiple of D, (K, K’) for a € (0,1). Indeed, for K, K’ € K4(T'), we have

(1 — ) (hgr(u) — hg(u))? _ 20(1 - oI
202 - 02

and since the convex function x +— e~* lies below the chord joining the points (0, 1)

and (2a(1 — @)I'?/0?, exp(—2a(1 — a)T?/c?)), it can be checked that

412
P(K,K') <

— 1 —exp(—2a(l — cv)F2/<72)DO‘(K7 K.
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We have therefore shown that

412 /o o? a ,
g10g|F|+§}§}£€ (K,K")| .

Exl*(K, Kp) <
k(K i) < 1 —exp(—2a(1 — a)I?/0?)
(5.15)

According to Bronshtein (1976, Theorem 3 and Remark 1), there exist positive con-

stants ¢ and €y depending only on d and a finite subset £’ C K(T') such that

I @72
log |F| < ¢ (—) and sup min (K, K') < é
€ KeK(T) K'eF

whenever € < I'ey. With this choice of F' and a = 1/2, inequality (5.15) gives

N AT2 /o2 o2 /T @D/2 2
Exl*(K, Kp) < /o [C“ <_) n

- 11— exp<—2a(1 _ Q)F2/02) n c Z , (516)

for every € < I'ey. If we now choose

€= 0_4/(d+3)F(d—l)/(d+3)n—2/(d+3)’

then ¢ < I'ey provided n > C(o/T)? for a large enough constant C' depending only

on d and the required inequality (5.9) follows from (5.16).

5.5 Appendix: A Packing Number Bound

In this section, we prove that the 7-packing number N (8;4) of K4T) under the ¢
metric is at least exp(c(I'/§)(4=1/2) for a positive ¢ and sufficiently small 1. This
result was needed in the proof of our minimax lower bound. Bronshtein (1976, The-

orem 4 and Remark 1) proved this for the Haussdorff metric £ which is larger than

l.
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Theorem 5.5.1. There exist positive constants oy and ¢ depending only on d such

- Y\ @-H/2
N(§;¢) > exp | c <—> whenever n < T'ng.

that

J

The following lemma will be used in the proof of the above theorem. Let B

denote the unit ball in R?.

Lemma 5.5.2. For a fivzed 0 < n < 1/8 and a unit vector v, consider the following

two subsets of the unit ball B:

D(1) := B and D(0) :== BN{z: (z,v) <1—n}.

Then (*(D(0), D(1)) > cen'“*3)/2 for a positive constant ¢ that depends only on d.

We first provide the proof of Theorem 5.5.1 using the above lemma, which will

be proved subsequently.

Proof of Theorem 5.5.1. We observe that, by scaling, it is enough to prove for I' = 1.
We loosely follow Bronshtein (1976, Proof of Theorem 4). We fix 0 < n < 1/8 and
let vy,..., v, be unit vectors such that the Euclidean distance between v; and v; is
at least 24/2n for ¢« # j. Since the e-packing number of the unit sphere under the
Euclidean metric is > ce!~¢ for 0 < € < 1, we assume that m > ¢;n*=9/2 for a
positive constant ¢; that depends only on d.

For each 7 € {0,1}™, we define the compact, convex set

K(7):=Dy(m) NN D7)

where D;(7;) equals BN{z : (z,v;) <1—n} when 7; = 0 and B when 7; = 1, where

B denotes the unit ball in R?. By the choice of vy, ..., v,,, it follows that the sets
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Bn{z: (x,v;) > 1 —n} are disjoint. As a result, we have

CIK(7), K () = Y 3(D;(0), D;(1)) = (7, 7)*(D1(0), Da(1)),
LT T,
for every 7, 7" € {0, 1}™ where Y(7,7") := Y {7 # 7/} denotes the Hamming distance
between 7 and 7. By Lemma 5.5.2, we get (2(K (), K (7)) > e X(7, 7/)n\%*3)/2 where
co depends on d alone.

We recall the Varshamov-Gilbert lemma used in the previous chapter to assert
the existence of a subset W of {0,1}" with |[W| > exp(m/8) such that Y(r,7") =
YoAn # 1} >m/dforall T,7" € W with 7 # 7',

Therefore, for every 7,7 € W with 7 # 7/, we get (note that m > ¢;n1~9/2)

C(K(r),K()) > %Trm7(d+3)/2 > %nz.
Taking § := ny/c1c2/4, we see that, whenever § < ,/cic3/16, {K(7), 7 € W} is a

d-packing subset of K4(I') in the £2-metric of size M where

MG gy s s(-d))2 o (2 "2
logM>§2 n > co with ¢ := — .

g 8 4/ C1C2
The proof is complete. O

For the proof of Lemma 5.5.2, we recall an elementary fact about spherical caps.
For a unit vector z and a real number 0 < § < 1, consider the spherical cap S(z; )
centered at x of radius 0 consisting of all unit vectors whose Euclidean distance to
x is at most d. It can be checked that this spherical cap consists of precisely those

unit vectors which form an angle of at most a with the vector z, where « is related

69



to ¢ through

52 V4 — 62

COs «x 9 and sim 5

A standard result is that v(S(z;d)) equals ¢ [ sin® ¢ dt where the constant ¢ only

depends on d. This integral can be bounded from below in the following simple way:

@ @ sin® o
/ sin®=2¢ dt > / sin® 2t cost dt > ,

and for an upper bound, we note

@ * cost sin® ! o
/ sin?2¢ dt < / sin® 2t dt < ————
0 0

cos a (d—1)cosa

We thus have ¢;sin®'a < v(S(x;6)) < cpsin? ' a/cosa for constants ¢; and ¢,
depending on d alone. Writing cos o and sin «v in terms of ¢ and using the assumption

that 0 < 6 < 1, we obtain that
C16%7 1 < w(S(x;9)) < Cp0?t, (5.17)

for positive constants C; and Cy depending only on d.

Proof of Lemma 5.5.2. Tt can be checked that the support functions of D(0) and
D(1) differ only for unit vectors in the spherical cap S(v,+/2n). This spherical cap
consists of all unit vectors which form an angle of at most o with v where cosax = 1—n).
In fact, if 8 denotes the angle between an arbitrary unit vector u and v, it can be

verified by elementary trigonometry that

(1—cos(a—0)) if0<60<aq,
hp) (u) = hp)(u) = (5.18)

0 otherwise.
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For a fixed 0 < b < 1, let 0 < § < a denote the angle for which 1 — cos(a — 3) = b.
It follows from (5.18) that the difference in the support functions of D(0) and D(1)
is at least by for all unit vectors in the spherical cap consisting of all unit vectors
forming an angle of at most 3 with v. This spherical cap can be denoted by S(v,t)
where t is given by t? := 2(1 — cos 3). Therefore (2(D(0), D(1)) > b*n*v(S(v,t)).
It is easy to check that t? < 2(1 — cosa) < 2n. Also, t > sin 8 and sin § can be

bounded from below in the following way

1 —bn=cos(a—f) <cosa+sinasinF <1 —n+4/2nsin .

Thus t > sinf > (1 —b)y/n/2 and from (5.17), it follows that

€2(D(0),D(1)) > cn2b2td_1 > ch(l _ b)d—ln(d+3)/2

for all 0 < b < 1. Choosing b = 1/2 will yield ¢2(D(0), D(1)) > en(d+3)/2, O
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