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1. INTRODUCTION

There are many situations in which it is possible to derive a simple estimate of some
parameter but yet in which it is difficult to obtain an idea of the accuracy of the esti-
mate. J. W. Tukey [4], [5] has suggested a procedure that may be used in a broad class
of instances of the above type to obtain an approximate confidence interval for the
parameter. The procedure may be used whenever a suitable form of repetition can be
identified in the data, and basically involves the linear combination of an estimate
based on all the data with a corresponding estimate based on parts thereof.

Tukey has called this procedure the Jackknife®. Quoting from [5], “The procedure
described here shares two characteristics with a Boy Scout Jackknife:

(1) wide applicability to very many different problems, and

(2) inferiority to special tools for those problems for which special tools have been

designed and built.”

To be more explicit concerning the technique, suppose that the data is separated
into r portions. Let y be the estimate based on all the data, y, (read “y not i”)
that based on all but the i® portion, and y,; (read “y pseudo i”) defined by
Yoi=ry-(r=-Dyu.

Previous to Tukey’s work M. Quenouille [3] had suggested the use of the estimator
¥p = Z ¥,/ r, rather than the estimator y, in view of its reduced bias property in certain
situations. Being more explicit if,

1
Ey=9+A/n+°(‘;),
then

1
Eyp=0+o(;).

Tukey goes further. In addition to suggesting the use of the estimator y,, he suggests
that Student’s 1 may be applied to the y,; as if they were independent observations,
(which they generally are not), to obtain an approximate confidence interval. Specif-
jcally one may approximate the distribution of,

yp"e
VEWu -yt r(r-1)

by ¢ on (r - 1) degrees of freedom. This is the Jackknife procedure.

1 This research was carried out while the author had the support of a Research Training Fellowship
of the Social Science Research Council. ,

* Presently at Bell Telephone Laboratories, Incorporated, and Princeton University.

3 A large pocketknife with multipurpose blades.
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Tukey has justified this procedure for the class of estimates that are functions of
linear statistics. In this paper, the procedure is justified asymptotically, and the pro-
perties of the y,; are investigated, for the case of a maximum likelihood estimate of
a real parameter 0.

2. ASYMPTOTIC DISTRIBUTION
Let x;, X3, ..., X, be a sample from a distribution with density function f(x, 6).

Subject to regularity conditions the maximum likelihood estimate 6 of 0 based on the .

n observations satisfies,

0 log f(x;, 6) 0 log f(x;, 0) 5 P log f(x;, 6%)

+(6-0)x -0,

p> t=3Z

26 0=26 26 002
where 6* lies between é and 0,
021 , 0 ) )
Let/ = ~-E [%_)] be the Fisher information.
Now
’ — A 0 log f(x;, 6)
‘/”(6‘9)=ET Viel+y, (1)

where y is a random variable that tends to zero in probability as n tends to infinity
because p lim 6* = 6,
Suppose n = rs, r and s being integers. Divide the data into r groups, each con-

taining s observations. Let 6; denote the maximum likelihood estimate derived from
the r (s — 1) observations obtained by omitting the j* group.

As above,
A o1 1 0
Vr(s-1) (ej-6)=(>j;)——°%/\/r(s—l)l+yj, @

(Z) denoting the summation over all observations except those in the j® group.
J
From (1) and (2)

yp,--ﬂ=rzalﬁéf—éxi’—e)/nl+ry/\/?z-—y,\/r(r—l)/n, (3)

J
? denoting summation over the j* group. Thus

2 log f (x;, 6) -
Y-8 =Z——"— Il + ry |Va-3V7(r=1) /7, “@
where y = (3, + ...+ 3,)/r.
If r is held constant while 7 —» oo , it follows from the Central Limit Theorem ap-
plied to (4) that, —
Vn(y,-6) - NQO,1/I)
since ry -/ r(r - 1) 7 tends to zero in probability.

It is possible to say even more than this. From (3), because the ry —4/r(r-1) ¥

tend to zero in probability, the A/ n (¥,;-9) tend to be independent N (0, r/I) variates.
This in turn implies, invoking a theorem in [8], that,

.vp-e

VEGi-ylr(ir-1)

2%
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tends to #,_,. An asymptotic justification of Tukey’s procedure has consequently been
derived for this case.

It must be noted that another, basically simpler technique, is available for the con-
struction of approximate confidence intervals. Namely evaluate the r maximum likeli-
hood estimates based on the s observations in each of the r subdivisions. These esti-
mates are certainly independent and asymptotically normal. Consequently they may
be used to construct a ¢ statistic and an associated approximate confidence interval.

It is seen therefore that in order to carry out comparisons, terms of a higher order

A
will have to be included in the expansions for 9, y,; and y,. In the next section these

A
higher order terms will be investigated and the estimates 6 and y, will be compared
as regards asymptotic means, variances, mean-squared errors and skewnesses.

3. ASYMPTOTIC MEANS AND VARIANCES

Under regularity conditions, in a neighborhood of 6,

0 zz:alogf(A],G)/ (9 6)282 logafe(zx,-, 6)/n

(b -0 _ 2 log/(x, 0%

2n 063 ’ ©)
where 0% lies between 6 and 6.
Let
g =2 w over the i group;
i logf(A,, 6) ,
bi -_— z ( 662 + ]) ” *” ” ” »
9% log f(x;, 6%)
C; = 2 (_W———J) » » » s
where
9% log f (x, )
-]
Inverting (5) about the origin,
§-0=Sa/nl+ZaTb/nl®+J(a)|2nI
+o[(Ta)/nt+ (Eb)?/nt+ (Zc)in], (6)
and similarly, 3
6 -0 = B - ) . - 2 I2
6,-0 (‘J)_:)a,/(n n/r)I—}—(%a,g)b,/(n nfril
+J(53) g/ (n-njry21*+ol...]
Therefore,
Voi-0=ra/nl+ {raZb-Xa 2b;r2/(r—l)+a_,Zb,-r’/(r-l)
+ bZart/(r-1)-ab r2f(r-1D}—== 212 ¥
And finally,

Vo O—Za/nl—}—(}: a;b)yr{ntl*(r- 1)+J(2 a;a)r[2nI3(r- 1)+o[ J
®
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Because the expansions (6) and (8) are valid only in a neighborhood of the origin,

they may not be used to find the true large sample means, variances etc. of -6 and
¥, - 6. At many points in the statistical literature writers have proceeded to find
“large sample means” etc. from such local expansions without questioning the validity
of the operation. One must however proceed cautiously.

A well-defined way of proceeding is the following. Let Rbe a bounded open interval
containing the origin. The expected value of a random variable x, truncated to the
interval R may often be calculated to a certain order in 1/n, and it may happen that
this expected value is independent of the particular interval R selected, to the given
order. If this occurs call E(x,||R) the asymptotic mean of x, about the origin,
(x, 1] R denotes the random variable x, truncated to the interval R), and denote it

by avg.\',, . (Note that avgx,, is only defined uptoa certain order.) A case may be made

and has been made elsewhere, [1], [6], [7] for the use of truncated characteristics of
this form as more representative when considering the large sample properties of
sequences of random variables. In the particular case under consideration it turns out

that with regularity conditions similar to those in [2] the random variables § and ¥p
may be truncated effectively in the manner described above, and now the expansions
(6) and (8) may be used to obtain the following asymptotic average values,

aveb = 0 =y /nlE LT/ 2012+ 0 (/N
_ 3 log f(x, O (2 log f(x, 9 /
*‘“‘“E[( 56 560 “)]

avgyp=6+o(1/n).

where,

Note the reduced bias of yp.
a\if:—)(é—())2 = 1/nl 4 2pn /I + Jgo /[ n?1*
< poe/n2F® + 2(un)? [ 2t + 3unJ/ 2] + 3J2[4n*lt 40 (1/n?
avE (yy = O = 1 /0] + Uy + () + J#/2 & 2 Tun] rf(r-1nr
+o0(/n%. )

Note that the mean squared error of y, will not always be smaller than that of 0,
but in many situations it will.

ave (yp - ) = oo n21° + 6y w*I° + 3 Jnl* +o(1/n)
ave (B - B)® = pao/n2I® + pn/ntI® + 97/ w2132 + o (1/n?)
Note that in many situations ¥, will be closer to asymptotic normality than 6.
It is also instructive to see to what degree one can approximate var Y
by S (yp-dpi)t /T (r—1- Employing the expansion (7) one finds,
ave S (=Rl r(r=D=1/nl+ 2rpg | (r =D r2ld + rduge/ (r= D n*lt
+2r(r-2 [Tpe + @u)?]/ (r =17 welt 4+ 2r(r=2) Jun | (r =1 021
+r(@-2J%(r- H2atld 4+ o(1/n?).
This should be compared with expression (9), which gives va?y,, too(l/nd.

Concerning the comparison of the estimate y,, and the estimated alluded to at the
end of Section 2, i.e. the one based on the simple sample split, the latter estimate’s

|
b
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mean etc. are easily obtained from the above formulas pertaining to the maximum
likelihood estimate since the estimate is the mean of r independent maximum likeli-
hood estimates each based on s observations. When this comparison is carried out,
¥, is seen to be superior with respect to mean squared error and asymptotic normality
in many situations.
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RESUME

L’objet de cet article est de donner une justification asymptotique d’une technique générale due a
Tukey pour construire des intervalles de confiance. L’auteur traite surtout des estimateurs obtenus
par la méthode du maximum de vraisemblance.

La technique est la suivante. Etant donné un échantillon, on le divise en r parties. Soit y un estima-
teur calculé 3 partir de I'échantillon total, y;; des estimateurs calculés, 3 partir de cet échantillon ol
la partie i est supprimée, et yp; = ry — (r—1) y(i). La technique de Tukey consiste & construire une
intervalle de confiance en considérant les yp; comme des estimateurs indépendants du parameétre
intéressé. L’auteur traite des caractéristiques de cette technique.
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